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Letter from the Authors 


Dear Colleagues, 


Across the country, Developmental Math courses are in a state of flux, and we as instructors are 

at the center of it all. As many of our institutions are grappling with the challenges of placement, 
retention, and graduation rates, we are on the front lines with our students—supporting all of them 
in their educational journey. 


Flexibility—No Matter Your Course Format! 


The three of us each teach differently, as do many of our current users. The Miller/O’Neill/Hyde 
series is designed for successful use in a variety of course formats, both traditional and modern— 
classroom lecture settings, flipped classrooms, hybrid classes, and online-only classes. 


Ease of Instructor Preparation 


We’ve all had to fill in for a colleague, pick up a last-minute section, or find ourselves running across 
campus to yet a different course. The Miller/O’Neill/Hyde series is carefully designed to support 
instructors teaching in a variety of different settings and circumstances. Experienced, senior faculty 
members can draw from a massive library of static and algorithmic content found in ALEKS to 
meticulously build assignments and assessments sharply tailored to individual student needs. Newer 
instructors and part-time adjunct instructors, on the other hand, will find support through a wide 
range of digital resources and prebuilt assignments ready to go on Day One. With these tools, 
instructors with limited time to prepare for class can still facilitate successful student outcomes. 


Many instructors want to incorporate discovery-based learning and groupwork into their courses but 
don’t have time to write or find quality materials. Each section of the text has numerous discovery- 
based activities that we have tested in our own classrooms. These are found in the text and Student 
Resource Manual along with other targeted worksheets for additional practice and materials for a 
student portfolio. 


Student Success—Now and in the Future 


Too often our math placement tests fail our students, which can lead to frustration, anxiety, and 
often withdrawal from their education journey. We encourage you to learn more about ALEKS 
Placement, Preparation, and Learning (ALEKS PPL), which uses adaptive learning technology to place 
students appropriately. No matter the skills they come in with, the Miller/O’Neill/Hyde series provides 
resources and support that uniquely position them for success in that course and for their next 
course. Whether they need a brush-up on their basic skills, ADA supportive materials, or advanced 
topics to help them cross the bridge to the next level, we’ve created a support system for them. 


We hope you are as excited as we are about the series and the supporting resources and services that 
accompany it. Please reach out to any of us with any questions or comments you have about our 
texts. 


Julie Miller Molly O’Neill Nancy Hyde —= 
ba 
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The Miller/O’Neill/Hyde 
Developmental Math Series 


Julie Miller, Molly O’Neill, and Nancy Hyde originally wrote their developmental math series because students were 
entering their College Algebra course underprepared. The students were not mathematically mature enough to 
understand the concepts of math, nor were they fully engaged with the material. The authors began their developmental 
mathematics offerings with Intermediate Algebra to help bridge that gap. This in turn evolved into several series of 
textbooks from Prealgebra through Precalculus to help students at all levels before Calculus. 


What sets all of the Miller/O’ Neill/Hyde series apart is that they address course content through an author-created 
digital package that maintains a consistent voice and notation throughout the program. This consistency—in videos, 
PowerPoints, Lecture Notes, and Integrated Video and Study Guides—coupled with the power of ALEKS, ensures 
that students master the skills necessary to be successful in Developmental Math through Precalculus and prepares 
them for the Calculus sequence. 


Developmental Math Series 
The Developmental Math series is traditional in approach, delivering a purposeful balance of skills and 
conceptual development. It places a strong emphasis on conceptual learning to prepare students for success 
in subsequent courses. 

Basic College Mathematics, Third Edition 

Prealgebra, Third Edition 

Prealgebra & Introductory Algebra, Second Edition 

Beginning Algebra, Sixth Edition 

Beginning & Intermediate Algebra, Sixth Edition 

Intermediate Algebra, Sixth Edition 

Developmental Mathematics: Prealgebra, Beginning Algebra, & Intermediate Algebra, Second Edition 


The Miller/Gerken College Algebra/Precalculus Series 
The Precalculus series serves as the bridge from Developmental Math coursework to future courses by 
emphasizing the skills and concepts needed for Calculus. 

College Algebra with Corequisite Support, First Edition 

College Algebra, Second Edition 

College Algebra and Trigonometry, First Edition 

Precalculus, First Edition 
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To the Student 


Take a deep breath and know that you aren’t alone. Your instructor, fellow students, and we, your 
authors, are here to help you learn and master the material for this course and prepare you for future 
courses. You may feel like math just isn’t your thing, or maybe it’s been a long time since you've had a 
math class—that’s okay! 


We wrote the text and all the supporting materials with you in mind. Most of our students aren’t really 
sure how to be successful in math, but we can help with that. 


As you begin your class, we'd like to offer some specific suggestions: 


1. Attend class. Arrive on time and be prepared. If your instructor has asked you to read prior to 
attending class—do it. How often have you sat in class and thought you understood the material, 
only to get home and realize you don’t know how to get started? By reading and trying a couple of 
Skill Practice exercises, which follow each example, you will be able to ask questions and gain 
clarification from your instructor when needed. 


2. Bean active learner. Whether you are at lecture, watching an author lecture or exercise video, or 
are reading the text, pick up a pencil and work out the examples given. Math is learned only by 
doing; we like to say, “Math is not a spectator sport.” If you like a bit more guidance, we encourage 
you to use the Integrated Video and Study Guide. It was designed to provide structure and note- 
taking for lectures and while watching the accompanying videos. 


3. Schedule time to do some math every day. Exercise, foreign language study, and math are three 
things that you must do every day to get the results you want. If you are used to cramming and 
doing all of your work in a few hours on a weekend, you should know that even mathematicians 
start making silly errors after an hour or so! Check your answers. Skill Practice exercises all have 
the answers at the bottom of that page. Odd-numbered exercises throughout the text have 
answers in the back of the text. If you didn’t get it right, don’t throw in the towel. Try again, 
revisit an example, or bring your questions to class for extra help. 


4. Prepare for quizzes and exams. Each chapter has a set of Chapter Review Exercises at the end to 
help you integrate all of the important concepts. In addition, there is a detailed Chapter Summary 
and a Chapter Test. If you use ALEKS, use all of the tools available within the program to test your 
understanding. 


5. Use your resources. This text comes with numerous supporting resources designed to help you 
succeed in this class and in your future classes. Additionally, your instructor can direct you to 
resources within your institution or community. Form a student study group. Teaching others is 
a great way to strengthen your own understanding, and they might be able to return the favor if 
you get stuck. 


We wish you all the best in this class and in your educational journey! 


Julie Miller Molly O’Neill Nancy Hyde 


Student Guide to the Text 


Clear, Precise Writing 
Learning from our own students, we have written this text in simple and accessible language. Our goal is to keep you 
engaged and supported throughout your coursework. 


Call-Outs 
Just as your instructor will share tips and math advice in class, we provide call-outs throughout the text to offer tips 
and warn against common mistakes. 

¢ Tip boxes offer additional insight into a concept or procedure. 

e Avoiding Mistakes help fend off common student errors. 


¢ For Review boxes positioned strategically throughout the text remind students of key skills relating to the 
current topic. 


Examples 


e Each example is step-by-step, with thorough annotation to the right explaining each step. 


¢ Following each example is a similar Skill Practice exercise to give you a chance to test your understanding. 
You will find the answer at the bottom of the page—providing a quick check. 


Exercise Sets 
Each type of exercise is built so you can successfully learn the materials and show your mastery on exams. 


e Activities for discovery-based learning appear before the exercise sets to walk students through the concepts 
presented in each section of the text. 


Study Skills Exercises integrate your studies of math concepts with strategies for helping you grow as a student 
overall. 


e Vocabulary and Key Concept Exercises check your understanding of the language and ideas presented within the 
section. 


e Prerequisite Review exercises keep fresh your knowledge of math content already learned by providing practice 
with concepts explored in previous sections. 


e Concept Exercises assess your comprehension of the specific math concepts presented within the section. 


e Mixed Exercises evaluate your ability to successfully complete exercises that combine multiple concepts presented 
within the section. 


e Expanding Your Skills challenge you with advanced skills practice exercises around the concepts presented 
within the section. 


¢ Problem Recognition Exercises appear in strategic locations in each chapter of the text. These will require you to 
distinguish between similar problem types and to determine what type of problem-solving technique to apply. 


e Technology Exercises appear where appropriate. 


End-of-Chapter Materials 


The features at the end of each chapter are perfect for reviewing before test time. 
e Section-by-section summaries provide references to key concepts, examples, and vocabulary. 
e Chapter Review Exercises provide additional opportunities to practice material from the entire chapter. 


¢ Chapter tests are an excellent way to test your complete understanding of the chapter concepts. os 


Get Better Results 


How Will Miller/O’Neill/Hyde Help Your 
Students Get Better Results? 


Clarity, Quality, and Accuracy 


Julie Miller, Molly O’Neill, and Nancy Hyde know what students need to be successful in mathematics. 
Better results come from clarity in their exposition, quality of step-by-step worked examples, and 
accuracy of their exercise sets; but it takes more than just great authors to build a textbook series to 
help students achieve success in mathematics. Our authors worked with a strong team of mathematics 
instructors from around the country to ensure that the clarity, quality, and accuracy you expect from the 
Miller/O’ Neill/Hyde series was included in this edition. 


Exercise Sets 


Comprehensive sets of exercises are available for every student level. Julie Miller, Molly O’Neill, and 
Nancy Hyde worked with a board of advisors from across the country to offer the appropriate depth 
and breadth of exercises for your students. Problem Recognition Exercises were created to improve 
student performance while testing. 


Practice exercise sets help students progress from skill development to conceptual understanding. 
Student tested and instructor approved, the Miller/O’Neill/Hyde exercise sets will help your students 
get better results. 


Vv 


Activities for Discovery-Based Learning 
Prerequisite Review Exercises 

Problem Recognition Exercises 

Skill Practice Exercises 

Study Skills Exercises 

Mixed Exercises 

Expanding Your Skills Exercises 
Vocabulary and Key Concepts Exercises 
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Technology Exercises 


Step-By-Step Pedagogy 
This text provides enhanced step-by-step learning tools to help students get better results. 
> For Review tips placed in the margin guide students back to related prerequisite skills needed for 
full understanding of course-level topics. 
> Worked Examples provide an “easy-to-understand” approach, clearly guiding each student 
through a step-by-step approach to master each practice exercise for better comprehension. 
> TIPs offer students extra cautious direction to help improve understanding through hints and 
further insight. 


>» Avoiding Mistakes boxes alert students to common errors and provide practical ways to avoid 
them. Both of these learning aids will help students get better results by showing how to work 
through a problem using a clearly defined step-by-step methodology that has been class 
tested and student approved. 


Get Better Results 


Formula for Student Success 


Step-by-Step Worked Examples 
> Do you get the feeling that there is a disconnect between your students’ class work and homework? 
> Do your students have trouble finding worked examples that match the practice exercises? 
> Do you prefer that your students see examples in the textbook that match the ones you use in class? 


Miller/O’Neill/Hyde’s Worked Examples offer a clear, concise methodology that replicates the 
mathematical processes used in the authors’ classroom lectures. 


| Example1 | Determining the Order of a Matrix 


Determine the order of each matrix. 


1.9 
[; 7 a Be eleace dita b cl 
a. le ‘. ° 
5 x V7 72 ea 
aa 001 


Solution: 
a. This matrix has two rows and three columns. Therefore, it is a 2 x 3 matrix. 


b. This matrix has four rows and one column. Therefore, it is a 4 x 1 matrix. 
A matrix with one column is called a column matrix. 


c. This matrix has three rows and three columns. Therefore, it is a 3 x 3 matrix. 
A matrix with the same number of rows and columns is called a square matrix. 


d. This matrix has one row and three columns. Therefore, it is a 1 x 3 matrix. 
A matrix with one row is called a row matrix. 


Skill Practice Determine the order of the matrix. 


nee | 


Classroom Examples 


To ensure that the classroom experience also matches the examples in the text 
and the practice exercises, we have included references to even-numbered 
exercises to be used as Classroom Examples. These exercises are highlighted in 
the Practice Exercises at the end of each section. 


| Example 5 _| Finding the x- and y-Intercepts of a Line 


Given 2x + 4y = 8, find the x- and y-intercepts. Then graph the equation. 


Solution: 
To find the x-intercept, substitute To find the y-intercept, substitute 
y=0. x=0. 
2x+4y =8 2x+4y =8 
2x + 4(0) = 8 2(0) +4y = 8 
2x=8 4y =8 
x=4 y=2 


The x-intercept is (4, 0). The y-intercept is (0, 2). 
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Quality Learning Tools 


For Review Boxes 
; ae ie F . oa : : FOR REVIEW 
Throughout the text, just-in-time tips and reminders of prerequisite skills appear in the sea ; ; 
(Je at the sum of an expression 
margin alongside the concepts for which they are needed. References to prior sections sities 4 a Ps a 
are given for cases where more comprehensive review is available earlier in the text. 4y + (-4y) =0 


TIP and Avoiding Mistakes Boxes 


TIP and Avoiding Mistakes boxes have been created based on the authors’ classroom experiences—they have also been 
integrated into the Worked Examples. These pedagogical tools will help students get better results by learning how to 
work through a problem using a clearly defined step-by-step methodology. 


Avoiding Mistakes 
Boxes: 


Simplifying a Radical Expression 


Simplify. 2¥>9 Avoiding Mistakes boxes 
10 . 
are integrated throughout 
Solution: the textbook to alert 
nat = i * 2 25 is the greatest perfect square in the radicand. students to common 
errors and how to avoid 
mi _ Simplify the radical. them. 
Avoiding Mistakes 
«ders _ . 
= Simplify the fraction to lowest terms. The expression 73 cannot 
be simplified further because one 
factor of 2 is in the radicand and the 
on eee eee eee eee eee PP POPC Ce CO CC OCCOeC OCC OCCOO CO OCCCOCOOOOOCOOOOOOOOOOOCOSOCOOCTCOOSOS Coes other is outside the radical. 
Skill Practice Simplify. 
9, 2300 
“30 
TIP Boxes 
hen solving a literal equation for a specified variable, there is sometimes more Teaching tips are usually 
than one way to express your final answer. This flexibility often presents difficulty for revealed only in the 
students. Students may leave their answer in one form, but the answer given in the text classroom. Not anymore! 
may look different. Yet both forms may be correct. To know if your answer is equiva- TIP boxes offer students 


lent to the form given in the text, you must try to manipulate it to look like the answer 
in the book, a process called form fitting. 

The literal equation from Example 4 can be written in several different forms. The 
quantity (2A — b,h)/h can be split into two fractions. 


helpful hints and extra 
direction to help improve 
understanding and 
provide further insight. 


b= 2A= bah _ 2A _ bh _ 2A 
= = = 
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Better Exercise Sets and Better Practice Yield Better Results 
> Do your students have trouble with problem solving? 
> Do you want to help students overcome math anxiety? 
> Do you want to help your students improve performance on math assessments? 


Problem Recognition Exercises 


Problem Recognition Exercises present a collection of problems that look similar to a student upon first glance, but are actually 
quite different in the manner of their individual solutions. Students sharpen critical thinking skills and better develop their 
“solution recall” to help them distinguish the method needed to solve an exercise—an essential skill in mathematics. 


Problem Recognition Exercises were tested in the 
authors’ developmental mathematics classes and were 
created to improve student performance on tests. 


Problem Recognition Exercises 


Rational Equations vs. Expressions 


3 10 1 = é 2 
= Da, Simplify, “i 
eres WS PR Sead Se edb 


1. a. Simplify. 


2g 10 1 x 2 
b. Solve. ap = =0 b. Solve. + =1 
: w-5 w-25 wt5 ae 2x+4 3x+6 
ce. Identify each problem in parts (a) and (b) as ce. Identify each problem in parts (a) and (b) as 
either an equation or an expression. either an equation or an expression. 


For Exercises 3—20, first ask yourself whether the problem is an expression to simplify or an equation to solve. Then simplify 
or solve as indicated. 
2 1 1 4 7 1 3 


= a ar 5. a 7 = 
a+4a+3 at3 c+6 7 +8c+12 yr-y-2 ytl y-2 


0 


3 1 5 6 12 8 3 


6 2 =O reas 
* $22 bai” Pepe "eal ee * 5t-20 1-4 
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Student-Centered Applications 


92. °"™Tc is a radionuclide of technetium that is widely used in nuclear medicine. Although its half-life is only 


. p ie < 6 hr, the isotope is continuously produced via the decay of its longer-lived parent °’Mo (molybdenum-99), whose 

The Miller/O Neill/Hyde Board of Advisors half-life is as SEE 3 jen the Mo peste cows") are ne hospitals in which the "Te can be 
pa rtnered with our authors to bring the best “milked” as needed over a period of a few weeks. Once separated from its parent, the °""Tc may be chemically 

incorporated into a variety of imaging agents, each of which is designed to be taken up by a specific target organ 

applications from every region in the cou ntry! within the body. Special cameras, sensitive to the gamma rays emitted by the technetium, are then used to record 


‘ . ; a “picture” (similar in appearance to an X-ray film) of the selected organ. 
These applications include real data and a . ; Pane . 
Suppose a technician prepares a sample of °°" Tc-pyrophosphate to image the heart of a patient suspected of 


topics that are more relevant and interesting having had a mild heart attack. If the injection contains 10 millicuries (mCi) of °™Tec at 1:00 p.M., then the amount of 


5 technetium still present is given b 
to today’s student. 7 ais ; 
T= 10e70-1155" 


oom 


where ¢ > 0 represents the time in hours after 1:00 P.M. and 7(/) represents the amount o: Tc (in millicuries) 


still present. 


a. How many millicuries of Te will remain at 4:20 p.m. when the image is recorded? Round to the nearest 
tenth of a millicurie. 


b. How long will it take for the radioactive level of the °"™Tc to reach 2 mCi? Round to the nearest tenth of 
an hour. 


Activities 

Each section of the text ends with an activity that steps the student through the major concepts of the section. The 
purpose of the activities is to promote active, discovery-based learning for the student. The implementation of the 
activities is flexible for a variety of delivery methods. For face-to-face classes, the activities can be used to break up 
lecture by covering the exercises intermittently during the class. For the flipped classroom and hybrid classes, students 
can watch the videos and try the activities. Then, in the classroom, the instructor can go over the activities or have the 
students compare their answers in groups. For online classes, the activities provide great discussion questions. 


Section 2.6 Activity 


A.1. Given a set of ordered pairs, how can you determine whether the relation defines y as a function of x? 


For Exercises A.2—A.3, consider the given relation. 
a. Do any two ordered pairs have the same x value but different y values? 
b. Is the relation a function? 
AL2s {\(—5, 1) G4) (]25:6); (=5; 2); (0; —3)} 
A.3. {(1, 6); @; 11), (8, 6), (—3, 1), (0:4, —0:5)} 


A.4, a. For the graph given, draw a vertical line through the point (4, 2). 
Does the vertical line intersect the graph at any other point? 


y 


b. Does this graph define y as a function of x? 


c. Using this example, explain how the vertical line test is used to Sereda cee ie means eel 
determine if a graph defines y as a function of x. -2 


A.5. Consider the equation y = 2x + 1. 
a. If x = 3, what is the corresponding y value? 
b. Write the result of part (a) as an ordered pair (x, y). 
A.6. Consider the function defined by f(x) = 2x + 1. 
a. Find f(3). That is, evaluate the function for x = 3 by substituting 3 for x. 
b. Write the result of part (a) as an ordered pair (x, y). 
c. Refer to Exercise A.5 and compare the results. 


A.7. Given g(x) = —.. find the function values if possible. 


oS 
a. 2(2) b. g(—3) 
c. g(0) d. g(1) 

A.8. Refer to gx) = 5 = 1 from Exercise A.7. 


a. What value(s) of x must be excluded from the domain of g? Why? 
b. Write the domain of g in interval notation. 
A.9. Given h(x) = Vx + 2, find the function values if possible. 
a. h(-1) b. A(2) 
ec. A(7) d. h(—6) 
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Additional Supplements 


Lecture Videos Created by the Authors 


Julie Miller began creating these lecture videos for her own students to use when they were absent from class. The student 
response was overwhelmingly positive, prompting the author team to create the lecture videos for their entire developmental 
math book series. In these videos, the authors walk students through the learning objectives using the same language and 
procedures outlined in the book. Students learn and review right alongside the author! Students can also access the written 
notes that accompany the videos. 


Integrated Video and Study Workbooks 


The Integrated Video and Study Workbooks were built to be used in conjunction with the Miller/O’Neill/Hyde Developmental 
Math series online lecture videos. These new video guides allow students to consolidate their notes as they work through the 
material in the book, and they provide students with an opportunity to focus their studies on particular topics that they are strug- 
gling with rather than entire chapters at a time. Each video guide contains written examples to reinforce the content students 
are watching in the corresponding lecture video, along with additional written exercises for extra practice. There is also space 
provided for students to take their own notes alongside the guided notes already provided. By the end of the academic term, 
the video guides will not only be a robust study resource for exams, but will serve as a portfolio showcasing the hard work of 
students throughout the term. 


Dynamic Math Animations 


The authors have constructed a series of animations to illustrate difficult concepts where static images and text fall short. 
The animations leverage the use of on-screen movement and morphing shapes to give students an interactive approach 
to conceptual learning. Some provide a virtual laboratory for which an application is simulated and where students can 
collect data points for analysis and modeling. Others provide interactive question-and-answer sessions to test conceptual 
learning. 


Exercise Videos 


The authors, along with a team of faculty who have used the Miller/O’Neill/Hyde textbooks for many years, have created 
exercise videos for designated exercises in the textbook. These videos cover a representative sample of the main objectives 
in each section of the text. Each presenter works through selected problems, following the solution methodology employed 
in the text. 


The video series is available online as part of ALEKS 360. The videos are closed-captioned for the hearing impaired and meet 
the Americans with Disabilities Act Standards for Accessible Design. 


Student Resource Manual 


The Student Resource Manual (SRM), created by the authors, is a printable, electronic supplement available to students through 
ALEKS. Instructors can also choose to customize this manual and package it with their course materials. With increasing 
demands on faculty schedules, this resource offers a convenient means for both full-time and adjunct faculty to promote active 
learning and success strategies in the classroom. 


This manual supports the series in a variety of different ways: 


« Additional group activities developed by the authors to supplement what is already available in the text 


- Discovery-based classroom activities written by the authors for each section 


* Excel activities that not only provide students with numerical insights into algebraic concepts, but also teach simple 
computer skills to manipulate data in a spreadsheet 


Get Better Results 


- Worksheets for extra practice written by the authors, including Problem Recognition Exercise Worksheets 
- Lecture Notes designed to help students organize and take notes on key concepts 
« Materials for a student portfolio 


Annotated Instructor’s Edition 


In the Annotated Instructor’s Edition (AIE), answers to all exercises appear adjacent to each exercise in a color used only for 
annotations. The A/E also contains Instructor Notes that appear in the margin. These notes offer instructors assistance with 
lecture preparation. In addition, there are Classroom Examples referenced in the text that are highlighted in the Practice Exer- 
cises. Also found in the A/E are icons within the Practice Exercises that serve to guide instructors in their preparation of home- 
work assignments and lessons. 


PowerPoints 


The PowerPoints present key concepts and definitions with fully editable slides that follow the textbook. An instructor may 
project the slides in class or post to a website in an online course. 


Test Bank 


Among the supplements is a computerized test bank using the algorithm-based testing software TestGen’ to create customized 
exams quickly. Hundreds of text-specific, open-ended, and multiple-choice questions are included in the question bank. 


ALEKS PPL: Pave the Path to Graduation with Placement, Preparation, and Learning 


« Success in College Begins with Appropriate Course Placement: A student’s first math course is critical to his or her 
success. With a unique combination of adaptive assessment and personalized learning, ALEKS Placement, Preparation, 
and Learning (PPL) accurately measures the student’s math foundation and creates a personalized learning module to 
review and refresh lost knowledge. This allows the student to be placed and successful in the right course, expediting the 
student’s path to complete their degree. 

+ The Right Placement Creates Greater Value: Students invest thousands of dollars in their education. ALEKS PPL helps 
students optimize course enrollment by avoiding courses they don’t need to take and helping them pass the courses they 
do need to take. With more accurate student placement, institutions will retain the students that they recruit initially, 
increasing their recruitment investment and decreasing their DFW rates. Understanding where your incoming students 
are placing helps you to plan and develop course schedules and allocate resources efficiently. 


+ See ALEKS PPL in Action: http://bit.ly/ALEKSPPL 


fa create’ 


McGraw-Hill Create allows you to select and arrange content to match your unique teaching style, add chapters from McGraw- 
Hill textbooks, personalize content with your syllabus or lecture notes, create a cover design, and receive your PDF review copy 
in minutes! Order a print or eBook for use in your course, and update your material as often as you'd like. Additional third-party 
content can be selected from a number of special collections on Create. Visit McGraw-Hill Create to browse Create Collections: 
http://create.mheducation.com. 


Our Commitment to Market 
Development and Accuracy 


McGraw Hill’s development process is an ongoing, market-oriented approach to building accurate and innovative print and 
digital products. We begin developing a series by partnering with authors who have a vision for positively impacting student 
success. Next, we share these ideas and the manuscript with instructors to review and provide feedback to ensure that the 
authors’ ideas represent the needs of that discipline. Throughout multiple drafts, we help our authors to incorporate ideas 
and suggestions from reviewers to ensure that the series follows the pulse of today’s classroom. With all editions, we commit 
to accuracy in the print text, supplements, and online platforms. In addition to involving instructors as we develop our content, 
we also perform accuracy checks throughout the various stages of development and production. Through our commitment to 
this process, we are confident that our series features content that has been thoughtfully developed and vetted to meet the 
needs of both instructors and students. 
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Mathematics and Consistency 


Many of the activities we perform every day follow a 
natural order. For example, we would not put on our 
shoes before putting on our socks, nor would a doctor 
begin surgery before giving an anesthetic. 

In mathematics, it is also necessary to follow a 
prescribed order of operations to simplify an algebraic 
expression. This is important, for example, because 
we would not want two different engineers working 
on a space probe to Mars to interpret a mathematical 
statement differently. 

Suppose that the high temperature for a summer 
day near the equator of Mars is 20°C. To convert this 
to degrees Fahrenheit F, we would substitute 20 for C 
in the equation. 


Substitute 20 for C 
es 


F= oC+32 F = 2(20) + 32 


In this expression, the operation between 2 and 20 is 
implied multiplication, and it is universally understood 
that multiplication is performed before addition. Thus, Digital Vision/Getty Images 


F= 320) +32 =36+32=68. The temperature in Fahrenheit is 68°F. 


If an engineer had erroneously added 20 and 32 first and then multiplied by 2, a different temperature of 93.6°F would 
result. This illustrates the importance of a prescribed order for mathematical operations. 
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Section R.1 Sets of Numbers and Interval Notation 


Concepts 


hWN = 


. The Set of Real Numbers 
. Inequalities 

. Interval Notation 

. Translations Involving 


Inequalities 


1. The Set of Real Numbers 


Algebra is a powerful mathematical tool that is used to solve real-world problems in 
science, business, and many other fields. We begin our study of algebra with a review of 
basic definitions and notations used to express algebraic relationships. 

In mathematics, a collection of items (called elements) is called a set, and the set 
braces { } are used to enclose the elements of the set. For example, the set {a, e, i, 0, u} 
represents the vowels in the English alphabet. The set {1, 3, 5, 7} represents the first four 
positive odd numbers. Another method to express a set is to describe the elements of the 
set by using set-builder notation. Consider the set {a, e, i, 0, u} in set-builder notation. 


description of set 
A 
i hi 


Set-builder notation: {x |x is a vowel in the English alphabet 


\. A 


“the set of” “all.x” “such that” “x is a vowel in the English alphabet” 


Consider the set {1, 3, 5, 7} in set-builder notation. 


description of set 
A 


c Y 


Set-builder notation: {x | x is an odd number between 0 and 8} 


| 


“the set of” “all x” “such that” “x is an odd number between 0 and 8” 


Several sets of numbers are used extensively in algebra. The numbers you are familiar 
with in day-to-day calculations are elements of the set of real numbers. These numbers 
can be represented graphically on a horizontal number line with a point labeled as 0. 
Positive real numbers are graphed to the right of 0, and negative real numbers are graphed 
to the left. Each point on the number line corresponds to exactly one real number, and for 
this reason, the line is called the real number line (Figure R-1). 


| | | | | | | | | | | 
T T T T T T T T T T T iz 


-5 -4 -3 —-2 -1 0 1 2 3 4 5 
<———_ Negative numbers Positive numbers ————>- 


Figure R-1 
Several sets of numbers are subsets (or part) of the set of real numbers. These are 
The set of natural numbers 
The set of whole numbers 
The set of integers 
The set of rational numbers 


The set of irrational numbers 


Natural Numbers, Whole Numbers, and Integers 
The set of natural numbers is {1, 2, 3,...}. 


The set of whole numbers is {0, 1, 2, 3,...}. 
The set of integers is {..., —3, —2, -1, 0, 1, 2,3, ...}. 


Section R.1| Sets of Numbers and Interval Notation 


The set of rational numbers consists of all the numbers that can be defined as a ratio of two 
integers. 


Rational Numbers 


The set of rational numbers is {|p and q are integers and q does not equal zero}. 


| Example1 | Identifying Rational Numbers 


Show that each number is a rational number by finding two integers whose ratio 
equals the given number. 


a. = b. 8 c. 0.6 d. 0.87 
Solution: 


a. =! is a rational number because it can be expressed as the ratio of the integers 
—4 and 7. 


b. 8 is a rational number because it can be expressed as the ratio of the integers 8 
and | (8 = 8). In this example we see that an integer is also a rational number. 


c. 0.6 represents the repeating decimal 0.6666666 . . . and can be expressed as the 
ratio of 2 and 3 (0.6 = 2), In this example we see that a repeating decimal is a 
rational number. 


d. 0.87 is the ratio of 87 and 100 (0.87 = #4). In this example we see that a 
terminating decimal is a rational number. 


Skill Practice Show that the numbers are rational by writing them as a ratio of 
integers. 


2,02 4. 0.45 


Some real numbers such as the number z (pi) cannot be represented by the ratio of two 
integers. In decimal form, an irrational number is a nonterminating, nonrepeating decimal. 
The value of z, for example, can be approximated as a & 3.1415926535897932. However, 
the decimal digits continue indefinitely with no pattern. Other examples of irrational numbers 
are the square roots of nonperfect squares, such as V3 and V/10. 


tional Numbers 


The set of irrational numbers is a subset of the real numbers whose elements cannot 
be written as a ratio of two integers. 


Note: An irrational number cannot be written as a terminating decimal or as a repeat- 
ing decimal. 


The set of real numbers consists of both the rational numbers and the irrational num- 
bers. The relationships among the sets of numbers discussed thus far are illustrated in 
Figure R-2. 


ul! => Any rational number 
can be represented by a 
terminating decimal or by a 
repeating decimal. 


Answers 


1. 


3. 


wl | 
o| 5 
= 


ISTUDY 


Answer 


[a foar| vs | 


Natural 


Chapter R- Review of Basic Algebraic Concepts 


Whole 


Integer 


Rational 


SIS |S |S 


Irrational 


Real 


»~ 


Real numbers 


Rational Trrational 
numbers 0.25 numbers 


2 
7 0.3 


vis 


ON 2I22 M2228 


Figure R-2 


| Example 2_| Classifying Numbers by Set 


Check the set(s) to which each number belongs. The numbers may belong to more 
than one set. 


=6) 
v23 | | 
=] | 
3 | 
| 


| 
23 | 


ro 


Solution: 


Skill Practice 
5. Check the set(s) to which each number belongs. 


Natural 
Whole 
Integer 
Rational 
Irrational 
Real 


Section R.1| Sets of Numbers and Interval Notation 


2. Inequalities 


The relative value of two numbers can be compared by using the real number line. We 
say that a is less than b (written mathematically as a < b) if a lies to the left of b on the 
number line. 


a<b 


We say that a is greater than b (written mathematically as a > b) if a lies to the right of b 
on the number line. 


a>b 


From looking at the number line, note that a > b is the same as b < a. Table R-1 summa- 
rizes the relational operators that compare two real numbers a and b. 


Table R-1 
“Mathematical Expression | ‘Translation | Other Meanings 
a<b ais less than b b exceeds a 
b is greater than a 
a>b ais greater than b a exceeds b 
b is less than a 
a<b ais less than or equal to b ais at most b 
ais no more than b 
a>b ais greater than or equal to b ais no less than b 
ais at least b 
H=D ais equal to b 
#b ais not equal to b 
xb ais approximately equal to b 


The symbols <, >, <, >, and # are called inequality signs, and the expressions a < b, a> b, 


=> 


a<b,a>b, and a bare called inequalities. 


| _Example3 | Ordering Real Numbers 


Fill in the blank with the appropriate inequality sign: < or > 


. —2 —5 b. = = . -13 -13 
a : 5 c 
Solution: 
A A 
a2. > —-5 -6-5-4-3-2-1 012 3 4 5 6 


b. To compare 4 and 3, write the fractions as equivalent fractions with a common 


denominator. 
4 5 20 3 7 21 
—-— = and —-- = 
T @ 35 5 7 35 : , 
7 5 
Because — < 2h then a 2 3 na > 
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FOR REVIEW 


Recall that an inequality may be 
written with the variable on either 
side of the inequality sign. The 
statement x > —2 is equivalent to 
—2<x. 


Answers 
6> 72> &< 


ce. -1.3__2  -1.33333... -13. ,-13 


Skill Practice Fill in the blanks with the appropriate sign, < or >. 


1 
6. 2 —12 7— 
4 


2 
= 8. —7.2 =e) 
9 


3. Interval Notation 


The set {x|x > 3} represents all real numbers greater than or equal to 3. This set can be 
illustrated graphically on the number line. 


=> By convention, a closed circle @ or a square 
See VN ee ae bracket [ is used to indicate that an “endpoint” 
(x = 3) is included in the set. 


-5-4-3-2-1 012 3 4 5 


The set {x |x > 3} represents all real numbers strictly greater than 3. This set can be illus- 
trated graphically on the number line. 


==> By convention, an open circle © or a parenthe- 
tee ee sis ( is used to indicate that an “endpoint” 
(x = 3) is not included in the set. 


$—-}—}—* 
=§s4-9422-1'0.1:2 3 4.5 


Notice that the sets {x|x >3} and {x|x > 3} consist of an infinite number of elements that 
cannot all be listed. Another method to represent the elements of such sets is by using 
interval notation. To understand interval notation, first consider the real number line, 
which extends infinitely far to the left and right. The symbol oo is used to represent infinity. 
The symbol —oo is used to represent negative infinity. 


a eo 
0 


To express a set of real numbers in interval notation, sketch the graph first, using the symbols 
( )or[  ]. Then use these symbols at the endpoints to define the interval. 


Expressing Sets by Using Interval Notation 


Graph each set on the number line, and express the set in interval notation. 


a. {x|x>-—-2} b. {plp>-—2} 


Solution: 


a. Set-builder notation: {x|x>-—2} 


Interval notation: [—2, co) 
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The graph of the set {x|x > -—2} “begins” at —2 and extends infinitely far to the 
right. The corresponding interval notation “begins” at —2 and extends to co. Notice 
that a square bracket [ is used at —2 for both the graph and the interval notation 
to include x = —2. A parenthesis is always used at co and at —co because there is 
no endpoint. 


b. Set-builder notation: {p|p>-—2} 


Graph: oor ee ee ee ee 
a5 44. -3.22 =1 0 
| 


—2 (oe) 


Interval notation: (—2, co) 


Skill Practice Graph each set, and express the set in interval notation. 
9. {w|w>-7} 10. {x|x<0} 


In general, we use the following guidelines when applying interval notation. 


Using Interval Notation 


e The endpoints used in interval notation are always written from left to right. That 
is, the smaller number is written first, followed by a comma, followed by the 
larger number. 

Parentheses ) or ( indicate that an endpoint is excluded from the set. 
Square brackets ] or [ indicate that an endpoint is included in the set. 
Parentheses are always used with oo or —oo 


| ExampleS | Expressing Sets by Using Interval Notation 


Graph each set on the number line, and express the set in interval notation. 


a. {z|z<-3} b. (#|—4<2< 2} 


Solution: 


a. Set-builder notation: {z|z<-3 


Graph: -3 


T 
-5 -4 -3 -2 -1 0 1 2 3 4 =5 


(- - 


Interval notation: (—co, -3 


The graph of the set {z|z< —3} extends infinitely far to the left. Interval notation 
is always written from left to right. Therefore, —co is written first, followed by a 
comma, and then followed by the right-hand endpoint —3. 


b. The inequality —4 < x < 2 means that x is greater than —4 and also less than or Answers 
equal to 2. More concisely, we can say that x represents the real numbers between —— 
—4 and 2, including the endpoint, 2. =F 


Set-builder notation: {x|-4<x<2} 

Graph: — ; 0 
-5 -4 -3 -2 -1 

Interval notation: (—4, 2] 


[STUDY 
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Answers 


[-$, oo) 
12. Seed 
=i] 4 
[-7, 4) 
13. m> 30 
14. m>45 


15. 10<m<20 


Skill Practice Graph the set on the number line, and express the set in interval notation. 
11. {w|w > -3 12. {y|-7<y<4} 


Table R-2 summarizes interval notation. 


Table R-2 


(a, 00) SSS [a, 00) ——— 
a a 
(—00, a) —]} (—o0, a] ——__f__- 
a a 
(a, b) $n) > [a, b] SS 
a b a b 
(a, b] $s [a, b) $n} > 
a b a b 


4. Translations Involving Inequalities 


In Table R-1, we learned that phrases such as at least, at most, no more than, no less than, 
and between can be translated into mathematical terms by using inequality signs. 


Sentice lranslating Inequalities 


The intensity of a hurricane is often defined according to its maximum sustained 
winds, for which wind speed is measured to the nearest mile per hour. Translate the 
italicized phrases into mathematical inequalities. 


a. A tropical storm is updated to hurricane status if the sustained wind speed, w, is 
at least 74 mph. 


b. Hurricanes are categorized according to intensity by the Saffir-Simpson scale. 
On a scale of | to 5, a category 5 hurricane is the most destructive. A category 
5 hurricane has sustained winds, w, exceeding 155 mph. 


c. A category 4 hurricane has sustained winds, w, of at least 131 mph but no more 
than 155 mph. 


Solution: 
a. w>74 mph b. w> 155 mph ce. 131 mph <w< 155 mph 


Skill Practice Translate the italicized phrase to a mathematical inequality. 

13. The gas mileage, m, for an economy car is at least 30 mpg. 

14. The gas mileage, m, for a motorcycle is more than 45 mpg. 

15. The gas mileage, m, for an SUV is at least 10 mpg, but no more than 20 mpg. 
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Section R.1 Activity 


For Exercises A.1-A.6, refer to set A. A= {= 25, V7, 0. - 4, 25} 


A.1. Which elements from A are natural numbers? 
A.2. Which elements from A are whole numbers? 
A.3. Which elements from A are integers? 

A.4. Which elements from A are rational numbers? 
A.5. Which elements from A are irrational numbers? 


A.6. Plot the elements from A on the number line. 


f 1 
=—S=—t—oso7—il 0) i 3} 4b oF 


i 


Inequality statements surround us in day-to-day life. In Exercises A.7—A.9, let x represent the unknown quantity, and 
write a mathematical inequality to represent the given statement. 


A.7. A child must be at least 44 inches tall to ride Space Mountain. 
A.8. According to the posted speed limit on a country road, a driver traveling at most 35 mph will not get a speeding ticket. 
A.9. To preregister to vote in the United States, a person must be at least 16, but less than 18 years old. 

A.10. a. Graph the inequality x < 1. = 


b. Graph the inequality x < 1. > 


c. Explain when to use parentheses, ( or ), versus brackets [ or ], when graphing an inequality. 


. Write the inequality x < | in interval notation. 
. Write the inequality x < 1 in interval notation. 


> Oo a 


. Explain when to use parentheses, ( or ), versus brackets [ or ], when using interval notation. 


For Exercises A.11—A.12, write the set in interval notation. 


AdL Gl=4e7<—1) iNsbs, {x]3<x} 


Practice Exercises | Section Rt 


Study Skills Exercises 


Mindset plays an important role in your approach to learning mathematics. Mindset consists of our thoughts, beliefs, and 
attitudes about our abilities based on lifetime experiences. There are two types of mindsets: fixed mindsets and growth 
mindsets. People with a fixed mindset believe that they are born with a certain amount of intelligence that cannot be 
changed despite their actions. On the other hand, a person with a growth mindset believes that intelligence is dynamic and 


can be increased with effort and learning. What type of mindset do you have? Think about the following questions: 


@ Have you said to yourself, “I’m just not good at math’? 
© Do you believe you lack the necessary skills to understand math? 


© Can you recall an experience that has positively impacted your self-confidence in mathematics? 


[STUDY 


10 Chapter R_ Review of Basic Algebraic Concepts 


Prerequisite Review 
For Exercises R.1-R.4, fill in the blank with <, >, or =. 


Ray 3/85: lel=3.84 R2. -59.7/ | -59.8 R3. y 


R.5. a. Write the first six digits to the right of the decimal point for the repeating decimal 0.835. 
. Round 0.835 to the thousandths place. 
. Round 0.835 to the hundredths place. 


. Write the first six digits to the right of the decimal point for the repeating decimal 0.265. 
. Round 0.265 to the tenths place. 
. Round 0.265 to the ten-thousandths place. 


. Order the numbers from least to greatest. 
a. 2.45, 2.45, 2.45, 2.44999 
b. —2.45, —2.45, —2.45, —2.44999 


. Order the numbers from least to greatest. 
a 3.1735) 3173499. 37, 3.2 
b. —3.1735, —3.173499, —3.17, -3.2 


Vocabulary and Key Concepts 
1. a. In mathematics, a well-defined collection of elements is called a 

b. The statements a < b, a> b, and a ¢ b are examples of 
. The statement a < b is read as “ 


c 
d. The statement c > d is read as “ — 


e. The statement 546 isreadas“__ CC” 
f. The symbol co represents ________ and — oo represents 
g. The set of real numbers greater than 5 can be written in set-builder notation as ____ and in 


notation as (5, oo). 
h. The interval (—2, 5] (includes/excludes) the value —2 and (includes/excludes) the value 5. 


i. When expressing interval notation, use a (parenthesis/bracket) with infinity. 


Concept 1: The Set of Real Numbers 


2. Determine the two consecutive integers between which the given number is located on the number line. 
19 2 


a. b. -—= c. —4.6 d. xz 
4 3 
3. Plot the numbers on the number line. 4. Plot the numbers on the number line. 
z 1 1 3 
1.7, 2, —5, 4.2 12.0: 23222 = 
{10-355 
t+} —_}— + }—_ + —_ +> —_+—_ +—_+—_ +> 
-6-5-4-3-2-1 12 3 4 3 6 
-5 -4-3-2-1 i 23 4 3 6 7 


For Exercises 5—10, show that each number is a rational number by finding a ratio of two integers equal to the given 
number. (See Example 1.) 


3 3 
5. -10 6. 7— 
4 


[STUDY 
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8. —0.1 9. 0 10. 0.35 


11. Check the sets to which each number belongs. (See Example 2.) 


12. Check the sets to which each number belongs. 


co| 


i 
ins 


Suloues 
ool 


N| 00 


= 
NI 


Concept 2: Inequalities 
For Exercises 13-20, fill in the blanks with the appropriate symbol: < or >. (See Example 3.) 


13. -9__ -1 14. 0___-6 15. 0.15__ 0.15 16. -2.5_ -2.5 
5 10 21 17 5 1 13 17 
17. = — 18. —— —— 19, —— —= 20. —— —_—— 
2 Ff ? 5 OU4 . 8” C—O Y 1S~ 12 
Concept 3: Interval Notation 
For Exercises 21—28, express the set in interval notation. 
21... —__—————— —— ne 3. ———___> 
2 5 0 
6 
24. > 25. ——_—- 26. ——- 
9 =5 0 -1 15 
27. ———_—_—__ 28. ———_——_——_—=_ 


-47 12.8 


12 
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For Exercises 29-46, graph the sets and express each set in interval notation. (See Examples 4-5.) 


29 


35. 


38. 


41. 


44, 


. {x|x>-1} 
» {2|-4< 2} 
{x|-2.5<x<4.5} 


> 


All real numbers greater 
than 2.34. 


All real numbers not less 
than 2. 


> 


All real numbers between —7 
and —1. 


30. 


33. 


36. 


39. 


42. 


{x|x <3} 


{wlw <3} 


i<)-6<2=< 0) 


All real numbers greater than 3. 


All real numbers no more 
than 5. 


a 


. All real numbers between 


—3 and 0, inclusive. 


31. 


34. 


37. 


40. 


43. 


46. 


{y|-22 y} 


{p|p>-4} 


> 


All real numbers less than —3. 


> 


All real numbers less than 4. 


> 


All real numbers between —4 
and 4. 


> 


All real numbers between —1 
and 6, inclusive. 


For Exercises 47-54, write an expression in words that describes the set of numbers given by each interval. 
(Answers may vary.) 


47. (—00, —4) 48. 


51. 


[—180, 90] 


52. (3.2, 00) 


49. (—2,7] 


53. (—0o, 00) 


Concept 4: Translations Involving Inequalities 


For Exercises 55-64, write the expressions as an inequality. (See Example 6.) 


55. The age, a, to get in to see a certain movie is at 


57. 


59. 


61. 


63. 


least 18 years old. 


The cost, c, to have dinner at Jack’s Café is at 58. 
most $25. no less than 40. 
The wind speed, s, for an F-5 tornado is no less 60. 


than 261 mph. 


more than 25 years. 


After a summer drought, the total rainfall, r, for 62. 
June, July, and August was no more than 4.5 in. 


To play in a certain division of a tennis tournament, 64. 
a player’s age, a, must be at least 18 years but not 


50. (—3.9, 0) 


54. (—co, —1] 


56. Winston is a cat that was picked up at the Humane 


Society. His age, a, at the time was no more than 2 years. 


The number of hours, /, that Katlyn spent studying was 


The high temperature, f, for a certain December day in 


Albany is at most 26°F. 


29 years. 


Jessica works for a networking firm. Her salary, s, is at 
least $85,000 per year. 


The average age, a, of students at Central Community 
College is estimated to be between 25 years and 
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The following chart defines the ranges for normal blood pressure, high normal blood pressure, and high blood pressure 
(hypertension). All values are measured in millimeters of mercury (mm Hg). (Source: American Heart Association.) 


Normal Systolic less than 130 Diastolic less than 85 
High normal Systolic 130-139, inclusive Diastolic 85-89, inclusive 
Hypertension Systolic 140 or greater Diastolic 90 or greater 


For Exercises 65-68, write an inequality using the variable p that represents each condition. 


65. Normal systolic blood pressure 66. Diastolic pressure in hypertension 


67. High normal range for systolic pressure 68. Systolic pressure in hypertension 


A pH scale determines whether a solution is acidic or alkaline. The pH scale runs from 0 to 14, with 0 being the most acidic 
and 14 being the most alkaline. A pH of 7 is neutral (distilled water has a pH of 7). 


For Exercises 69-72, write the pH ranges as inequalities and label the substances as acidic or alkaline. 


69. Lemon juice: 2.2 through 2.4, inclusive 70. Eggs: 7.6 through 8.0, inclusive 


71. Carbonated soft drinks: 3.0 through 3.5, inclusive 72. Milk: 6.6 through 6.9, inclusive 


Operations on Real Numbers /Section R.2 


1. Opposite and Absolute Value Concepts 

Several key definitions are associated with the set of real numbers and constitute the foun- 1. Opposite and Absolute 
dation of algebra. Two important definitions are the opposite of a real number and the Value 

absolute value of a real number. 2. Addition and Subtraction of 


Real Numbers 


— 3. Multiplication and Division 
Opposite of a Real Number of Real Numbers 


Two numbers that are the same distance from 0 but on opposite sides of 0 on the 


4. Exponential Expressions 
number line are called opposites of each other. 5. Square Roots 

6. Order of Operations 

7. 


Symbolically, we denote the opposite of a real number a as —a. 
. Evaluating Formulas 


The numbers —4 and 4 are opposites of each other. Similarly, the numbers 3 and —3 are 
opposites. 


-4 Opposites 4 


i 1 i i i i 1 (eee 
-6-5 4-3-2] 0 if? 3 4 5 6 


—3 Opposites 3 


The absolute value of a real number a, denoted |a|, is the distance between a and 0 on 
the number line. Note: The absolute value of any real number is nonnegative. 


For example: |5|=5 I-51=5 I5|=5 
and 5 units 5 units 
—5/=5 t+} +} —_ + —_ +> + —_ + —_ + —_ + + 
| [= -6-5-4-3-2-1 012 3 4 5 6 


ISTUDY 
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| Example | Evaluating Absolute Value Expressions 


Simplify the expressions. 
5 
. |-2.5 Aa ies . —|-4 
a. |—2.5| b i ce. —|—-4 
Solution: 
a. |-2.5| =2.5 page. oa 
5 2|22 Sj eS 
4| 4 =§-S=4=3-221 98 1-2 3 4.46 
SS 
c. —|—4| = -(4) = -4 2.5 units 


Skill Practice Simplify. 


1. |-9.2| 


The absolute value of a number a is its distance from zero on the number line. The definition 
of |a| may also be given algebraically depending on whether a is negative or nonnegative. 


FOR REVIEW 


Recall that two numbers that are 
added are called addends. The 
result of the addition is called the 
sum. 

—_—_—_—— eee 


This definition states that if a is positive or zero, then |a| equals a itself. If a is a negative 
number, then |a| equals the opposite of a. For example, 


9] =9 Because 9 is positive, |9| equals the number 9 itself. 


|-7|=7 Because —7 is negative, |—7| equals the opposite of —7, 
which is 7. 


2. Addition and Subtraction of Real Numbers 


Answers 
4.9.2 2. 3. -2 
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| Example2 _| Adding Real Numbers 


Perform the indicated operations. 


2 (6) b. -10.3 + 13.8 eee (-15) 
6 4 
Solution: 
a. —2 + (-6) First find the absolute value of the addends. 


|-2}=2 and |-6|=6 
= —(2 + 6) Add their absolute values and apply the common 
sign. In this case, the common sign is negative. 
Common sign is negative. 
=-8 The sum is —8. 
b. —10.3 + 13.8 First find the absolute value of the addends. 
|-10.3)}=10.3 and = [13.8] = 13.8 


The absolute value of 13.8 is greater than the 
absolute value of —10.3. Therefore, the sum is 
positive. 


= +(13.8 — 10.3) Subtract the smaller absolute value from the 
larger absolute value. 


Apply the sign of the number with the larger absolute value. 


= 3.5 
5 1 1 
€ 6 + = 4 FOR REVIEW 
5 5 : 1 ; The LCD of two fractions is the 
6 + “4 Write — a as a fraction. product of unique prime factors 
from each denominator. Each factor 
Sie 2 eS . . is raised to the highest power to 
= ae + (4) The least common denominator (LCD) is 12. which Ak-dechrs, From Puaaple 
Write each fraction with the LCD. 2c), 
a is + (3) Find the absolute value of the addends. 6=2'-3! 
10|_ 10 15|_ 15 sae 
pimp ™ “pl Io The LCD of Sand —3is 27-3! = 12. 
The absolute value of —+3 is greater than the 
absolute value of +9. Therefore, the sum is negative. 
ae (2 7 5) Subtract the smaller absolute value from the larger 
absolute value. 


ibe 12 
Apply the sign of the number with the larger absolute value. 


Skill Practice Perform the indicated operations. 


4, -44+(-1) 5. —2.6+ 1.8 6. —1+ (-) 


Answers é 
4. —5 5. -0.8 6. = 
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FOR REVIEW 


Write a mixed number as an 
improper fraction as follows. Mul- 
tiply the whole number by the 
denominator of the fraction. Then 
add the numerator. Write the result 
over the denominator. 


2 4@)+2 

ao 3 
_1242_ 14 
~~ 30° 3 


Answers 


1 25 
7. -17 8.53 9 255 oF 1D 


Subtraction of real numbers is defined in terms of the addition process. To subtract two real 
numbers, add the opposite of the second number to the first number. 


jubtraction of Real Numbers 


If a and b are real numbers, then a-—b=a+(-b) 


PESTLE Subtracting Real Numbers 


Perform the indicated operations. 


5 ,2 
. -13-5 b. 2.7 — (-3.8 2-4 
' ae naa 
Solution: 
a. -13-—5 
= —13 + (-5) Add the opposite of the second number to 
the first number. 
=-18 Add. 
b. 2.7 — (—3.8) 
= 2.7 + (3.8) Add the opposite of the second number to 
the first number. 
= 6.5 Add. 
a 2 
> 4 
=o 8 
35 ( *) Add the opposite of the second number to 
= —+(-4— : 
2 3 the first number. 
5 14 : : F 
=F + -=) Write the mixed number as a fraction. 
5 


The least common denominator is 6. 


| 
tw 
wo} uo 
+ 
ing, 
| 
— 
— 
NN 
Sites. 


Get a common denominator and add. 


Skill Practice Subtract. 
7. -9-8 8. 1.1 — (—4.2) 9. 7725 
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3. Multiplication and Division of Real Numbers 


The sign of the product of two real numbers is determined by the signs of the factors. 


Multiplication of Real Numbers 


1. The product of two real numbers with the same sign is positive. 
2. The product of two real numbers with different signs is negative. 


3. The product of any real number and zero is zero. 


Multiplying Real Numbers 


Multiply the real numbers. 
2, 9 1 3 

. (2)(-5.1 b. —~-= ~ (-3-]|-— 

eins 38 6 ( )( 


3 10 
Solution: 
a. (2)(—5.1) 
=-10.2 Different signs. The product is negative. 
9 
Ds. == 
3 8 
18 : : : . 
= aa Different signs. The product is negative. 
3 Sts ai 
— Simplify to lowest terms. 


OT A number and its 


10 3 : : reciprocal have the same 
= (->) (-) Write the mixed number as a fraction. 


3 10 sign. For example: 
: Sen 
= 30 Same signs. The product is positive. 3 10 
d a-ta1 
=1 Simplify to lowest terms. at Bo 
Skill Practice Multiply. 
5 14 1 8 
10. (-5)(2.2 2. (-=) 12) (-55) (-=) 
ee) 7 15 4 3 
Notice from Example 4(c) that (—42)(—7) = 1. If the product of two numbers is 1, then 
the numbers are reciprocals. That is, the reciprocal of a real number a is 4. Furthermore, 
a-t=1. 
Answers 


10. -11 11. -; 12. 14 
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Recall that subtraction of real numbers was defined in terms of addition. In a similar way, 
division of real numbers can be defined in terms of multiplication. 


Multiply 


Because division of real numbers can be expressed in terms of multiplication, the sign rules 
that apply to multiplication also apply to division. 


ineeed0o=65 fo ohgs : 
2 Dividing two numbers of the same sign 


( >) =5 produces a positive quotient. 


Dividing two numbers of opposite 
signs produces a negative quotient. 


The relationship between multiplication and division can be used to investigate properties 
3 and 4 from the preceding box. For example, 


ie Because 6:0=0V7 


ris undefined Because there is no number that when multiplied by 0 will equal 6 
Note: The quotient of 0 and 0 cannot be determined. Evaluating an expression of the 
form ?=? is equivalent to asking, “What number times zero will equal 0?” That is, 


(0)(?) =0. Any real number will satisfy this requirement; however, expressions involving 
§ are usually discussed in advanced mathematics courses. 


ISTUDY 
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| Example 5 | Dividing Real Numbers 


Divide the real numbers. Write the answer as a fraction or whole number. 


—42 —96 1 2 -8 
_— b. —— . 3 +f = d. — 
ae 144 > 710 ( 5) a 
CT Muttipiication may 
Solution: be used to check a division 
—A2 problem. 
a. —— = —6 Different signs. The quotient is negative. = ee 
ae 
-96 2 Check: (7)(-6) = —42 ¥ 
b. 4a 3 Same signs. The quotient is positive. Simplify. 
1 2 
C35 -=) 
10 ( 5 
_ 31 ( >) Write the mixed number as an improper fraction, and ae : 
“JO, 2 multiply by the reciprocal of the second number. Avoiding Mistakes 
; If the numerator and denominator 
31f ¥ of a fraction have opposite signs, 
= Ww =) then the quotient will be negative. 
2 Therefore, a fraction has the same 
31 ; ; ; ; : value whether the negative sign is 
aa’ Different signs. The quotient is negative. written in the numerator, in the 
tian L444 Kau dune 00d G05 eae GRSKR RATES SEAR baNi aS 5440 MRaNEERREdoa bdo baRSaeseadSoS denominator, or in front of the 
fraction. 
d.-8 8 Same signs. The quotient is positive. 3-31 31 
ae Because 7 does not divide into 8 evenly, the answer can cde Gea 
be left as a fraction. 
Skill Practice Divide. 
ig i is, 2220 16. 
—2 —4 3 —2 
4. Exponential Expressions 
To simplify the process of repeated multiplication, exponential notation is often used. For 
example, the quantity 3 - 3 - 3 - 3 - 3 can be written as 3° (3 to the fifth power). 
Definition of b” 
Let b represent any real number and v represent a positive integer. Then 
b= Dolce... 
n factors of b 
b" is read as “b to the nth power.” 
b is called the base and n is called the exponent, or power. 
b’ is read as “b squared,” and b is read as “b cubed.” 
Answers 
13. -21 14.7 
1 1 
15. —— 16. 5 
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Answers 
17. 8 18. 100 
19. -100 20. aul 


64 


Example 6 Evaluating Exponential Expressions 


Simplify the expression. 


3 
a. 5° b. (—2)' c. —2* d. (-3) 
Solution: 
4.5 S555 The base is 5, and the exponent is 3. 
= 125 


b. (—2)4 = (—2)(—2)(—2)(—2) The base is —2, and the exponent is 4. 
The exponent 4 applies to the entire 


= 16 
contents of the parentheses. 
ec. —24 = -[2-2-2-2] The base is 2, and the exponent is 4. 
S246 Because no parentheses enclose the 


negative sign, the exponent applies to only 2. 


i) |=+ The quantity —2* can also be interpreted as —1- 27. 


=F = ])o FS =o (Do Do Ds D==18 


i 1 1 1 4 : 
d. (->] =(-<](-=> 5 The base is —3, and the exponent is 3. 


Skill Practice Simplify. 
3} 
17. 2? 18. (—10)° 19. —10° 20. (-3) 


5. Square Roots 


The inverse operation to squaring a number is to find its square roots. For example, finding 
a square root of 9 is equivalent to asking, “What number when squared equals 9?” One 
obvious answer is 3, because (3)* = 9. However, —3 is also a square root of 9 because 
(—3)? = 9. For now, we will focus on the principal square root, which is always taken to 
be nonnegative. 

The symbol V , called a radical sign, is used to denote the principal square root of a 
number. Therefore, the principal square root of 9 can be written as V9. The expression 
64 represents the principal square root of 64. 
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Evaluating Square Roots 


Evaluate the expressions, if possible. 


a. V81 b. {a c. V—-16 d. —V16 


Solution: 
a. /81=9 because (9)?=81 


b ae because = = ca 
" \64 8 8) 64 
c. V—-16 is not a real number because no real number when squared 


will be negative. 


~V16 =—(V16) = -4. 


d. —/16 =—4 because 


Skill Practice Evaluate the expressions, if possible. 


21. V5 22. a 23, V=A 24. -V9 


Example 7(c) illustrates that the square root of a negative number is not a real number 
because no real number when squared will be negative. 


Square Root of a Negative Number 


Let a be a negative real number. Then V4 is not a real number. 


6. Order of Operations 


When algebraic expressions contain numerous operations, it is important to use the proper 
order of operations. Parentheses (_ ), brackets [ ], and braces {_ } are used for grouping 
numbers and algebraic expressions. It is important to recognize that operations must be 
done first within parentheses and other grouping symbols. 


ler of Operations 


First, simplify expressions within parentheses and other grouping symbols. 
These include absolute value bars, fraction bars, and radicals. If embedded 
parentheses are present, start with the innermost parentheses. 


Evaluate expressions involving exponents, radicals, and absolute values. 


Perform multiplication or division in the order in which they occur from 
left to right. 

Perform addition or subtraction in the order in which they occur from left 
to right. 


Answers 


7 
21. 5 22. 10 


23. Not areal number 
24. -3 


21 
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Applying the Order of Operations 


Simplify the expression. 10 —-[2-4(6 —8)]? + V16-—7 


Solution: 
e . . 2 _ 
Avoiding Mistakes 10 — [2-46 — 8)]" + V16—7 
Don’ttrytoperformtoomany =. = 10—[2-4(-2)° + V9 Simplify inside the innermost 
steps at once. Taking a shortcut parentheses and inside the radical. 
may result in a careless error. ; : . ee 
For each step rewrite the entire = 10-[2+8P+ V9 Simplify within square brackets. 
expression, changing only the Perform multiplication before addition 
operation being evaluated. or subtraction. 
= 10-[10/ + V9 
= 10- 100+3 Simplify the exponential expression 
and the radical. 
= -90+4+3 Perform addition or subtraction in 
the order in which they appear from 
left to right. 
Skill Practice Simplify the expression. 
25. 36+27-3-[(18—5)-2+6] 
Setlsckee, Applying the Order of Operations 
Simplify the expression. oe 
Solution: 
|(-3)? + (5° — 3)| ere : 
—— Simplify numerator and denominator separately. 
252-30) ree eee 
_ \(—3)? + (25 — 3) Numerator: Simplify within the inner 
~ 5(2) parentheses. 
Denominator: Perform division and 
multiplication (left to right). 
_ \(-39 + (22)| Numerator: Simplify inner parentheses. 
~ 10 Denominator: Multiply. 
= nit 24 Simplify exponent. 
= ral Add within the absolute value. 
= = ors Evaluate the absolute value and simplify. 
Skill Practice Simplify the expression. 
26. -—|5-7|+11 
Answers (-1-—2)° 


25. —5 26. 1 


[STUDY 


Section R.2. Operations on Real Numbers 


7. Evaluating Formulas 


An algebraic expression or formula involves operations on numbers and variables. A 
variable is a letter that may represent any numerical value. To evaluate an expression or 
formula, we substitute known values of the variables into the expression. Then we follow 
the order of operations. 

It is important to note that some formulas from geometry use Greek letters (such as z) 
and some use variables with subscripts. A subscript is a number or letter written to the right 
of and below a variable. For example, the area of a trapezoid is given by A=4(b, + by)h. 
The values b, and b, (read as “‘b sub 1” and “b sub 2’) represent two different bases of the 
trapezoid (Figure R-3). 


Senate Evaluating a Formula 


A homeowner in North Carolina wants to buy protective film for a trapezoid-shaped 
window. The film will adhere to shattered glass in the event that the glass breaks during 
a bad storm. Find the area of the window whose dimensions are given in Figure R-4. 


b, =4.0 ft 
by =2.5 ft 
h=5.0ft 
Figure R-4 
Solution: 
A=1,+b)h 
2 
ok Substitute b, = 4.0 ft, b, = 2.5 ft, and 
= 5 (4.0 ft + 2.5 ft)(5.0 ft) h=5Oft 
= 3(6.5 ft)(5.0 ft) Simplify inside parentheses. 
=1625 Multiply from left to right. 


The area of the window is 16.25 ft. 


Skill Practice 


27. Use the formula given in Example 10 to find the area of the trapezoid. 


by = 5 in. 


by — 
; a) 


Figure R-3 


i) |= Subscripts should 


not be confused with 
superscripts, which are 
written above a variable. 
Superscripts are used to 
denote powers. 


[oy ot [OF 


Answer 
27. The area is 85 in.” 


23 


24 
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Section R.2 Activity 


A.1. 


A.2. 


A.3. 


ao & & oaesp, 


ao So f} 


. What does the notation |—6| mean? 

. Simplify |—6]. 

. Simplify |—10]. 

. Add. —6 + (—10) 

. In general, how do you add two numbers with the same sign? 
. Simplify |—23]. 

. Simplify |4}. 


Add. —23 + 4 


. In general, how to you add two numbers with different signs? 


. What is the opposite of —8? 

. Write the statement 2 — (—8) as an equivalent addition statement. 

. Simplify 2 — (—8). 

. In general, a subtraction statement a — b is equivalent to what addition statement? 


For Exercises A.4—A.6, write an equivalent addition statement and simplify. 


A.6. 


A.7. 


A.8. 


AY. 


Consider the sum. (—3) + (—3) + (—3) + (—3) 


a. 
. Write a multiplication statement that represents this sum. 


crn fn oe & 


Is this sum positive or negative? 


. In general, the product of two numbers with opposite signs is (choose one: positive/negative). By contrast, 


the product of two numbers of the same sign is (choose one: positive/negative) 


. What is the reciprocal of —2? 

. Write the statement 12 + (—2) as an equivalent multiplication statement. 

. Simplify 12 + (—2). 

. In general for b # 0, a division statement a + b is equivalent to what multiplication statement? 

. Because a division statement can be written in terms of multiplication, the same sign rules that apply to the 


product of two real numbers apply to the quotient of two real numbers. 
e Thus, the quotient of two numbers of the same sign is (choose one: positive/negative). 
e The quotient of two numbers of different signs is (choose one: positive/negative). 


. Fill in the blanks. —15 + (—3) = ia because —3 - [ =-15 
. Fill in the blanks. 0 +4 = because 4 - =0 
c. 


Explain why 4 + 0 is undefined. 


For Exercises A.10—A.17, perform the indicated operations. 


A.10. a. —20+ 4 b. —20-4 c. —20 - (4) ib === 
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Sn, ff 10 2 _ f_20 2, f 20 2 = f 10 
Seas aa a Bans ea) Za) ¢ Rela 
A.12. a. -4.2+0 AA3. a -3.(-2) 

b. 0 (—4.2) 343 

Tae 

Milas? AS, a) (23) 

b. 3? heoy 

c. 34 c. (—3)4 
A.16. a. —5? A.17. a. V16 

b. (—5)? eee TG 

c. —5° c. V—16 

dey 


For Exercises A.18—A.19, divide your paper into two columns vertically. Use the order of operations to simplify 
the expression in the left column. In the right column, write a description of each step. 


A.18. 52 + 26 — 3(1 — 6)? 
Simplify the expression here... Explain each step here... 
= 2 
Ago, lore 
10° — 8° 
Simplify the expression here... Explain each step here... 


Practice Exercises | Section R.2 


Study Skills Exercise 


Reading comprehension in a mathematics course is essential. Reading comprehension can range from understanding 
mathematical operations and symbols to solving lengthy word problems. When reading mathematics, it is not unusual to 
find multiple symbolic representations for mathematical expressions. For example, 


@ Write four different ways to express 5 x 4 using different notations. 


You will also find different ways to express a mathematical statement in words. For example, 


® Write three different English statements that represent 8 — 5. 
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Prerequisite Review 


For Exercises R.1—-R.8, simplify the expressions. 


R.1. a. b. 
R.3. a. =: b. 


R.5. 


R.7. 


Vocabulary and Key Concepts 


1. a. Two numbers that are the same distance from 0 but on opposite sides of 0 on the number line are 


called 

b. The absolute value of a real number, a, is denoted by and is the distance between a and on the 
number line. 

c. Given the expression b”, the value b is called the and is called the exponent or 
power. 

d. The symbol V is calleda________ sign and is used to find the principal______ root of a 
nonnegative real number. 

e. If ais a nonzero real number, then the reciprocal of a is _______. The product of a number and its 


reciprocal is 
f. If either a or b is zero then ab = 
g. Ifa=Oandb40,then$= Sand Gis 
2. If a and bare both negative, then a + b will be (positive/negative) and ab will be (positive/negative). 


3. Ifa<Oand b> 0, and if |a| < |b], then the sign of a + b will be (positive/negative) and the sign of ¢ will be 
(positive/negative). 


4. The expression a -b=a+___. If a>0 and b <0, then the sign of a — bis 
For Exercises 5-6, fill in the blank with <, >, or =. 

5. Ifa<0Oandb <0, then ab 0. 

6. Ifa<Oandb <0, then = 0. 


Concept 1: Opposite and Absolute Value 


7. If the absolute value of a number can be thought of as 8. Ifa number is negative, then its opposite 
its distance from zero, explain why an absolute value will be 
can never be negative. Pe : 
8 a. Positive. b. Negative. 
9. If a number is negative, then its reciprocal 10. If a number is negative, then its absolute value 
will be will be 


a. Positive. b. Negative. a. Positive. b. Negative. 


11. Complete the table. (See Example 1.) 
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12. Complete the table. 


13. —|6| 
16. —|2| 
19. |2+(-5)| 


__|-6| 


es 


——— |2| + |-5| 


Concept 2: Addition and Subtraction of Real Numbers 


For Exercises 21-36, add or subtract as indicated. (See Examples 2-3.) 


21. -84+4 


25. —17—(-10) 


29. 6.3 - 15.8 
2 1 

33, 24(-21 
s+ ( 3) 


Concept 3: Multiplication and Division of Real Numbers 


For Exercises 37-52, perform the indicated operation. (See Examples 4-5.) 


37. 4(-8) 


41. cea 
a0 


45. 7+0 


49. (—1.2)(-3.1) 


Concept 4: Exponential Expressions 


For Exercises 53-60, evaluate the expression. (See Example 6.) 


53. 4 


57. (-7) 


2 
3 
-{ 14 
-l 
Undefined 
-0.3 24 
For Exercises 13-20, fill in the blank with the appropriate symbol (<, >, =). (See Example 1.) 
14, —(-5) —|-5| 15. |—4| _____|4| 
17. -|-1| 1 18. -3 —|-7| 
20. |44+3|______ |4] + |3] 
22. 3+(-7) 23. —12+(-7) 24. —5 + (-11) 
26. —14 —(-2) 27. 5—(-9) 28. 8 — (-4) 
30. —21.9-4.7 31. 15-9.6 32. 4.8 — 10 
4 4 5 14 2 
4, —— l= 5. —~-— .-6-= 
ane ( 7) a 54s ORES 
2 12 5 7 
. —21 .=- 40. (-—])- | -1— 
26 GB) eG 7 0. (-5)-( ii) 
1 2 43, eee 44, 2 = (-12) 
—24 8 3 7 
46. =z +0 47. 0+ (-3) 48. 0=11 
50. (4.6)(—2.25) 5], —- 59, 3 
. (4. : ‘a 3 
54, —23 55. -7° 56. —34 
5\? 10\7 
58. (—5)? 59. (2) 60. () 
(-5) 3 9 
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Concept 5: Square Roots 


For Exercises 61-68, evaluate the expression, if possible. (See Example 7.) 


61. V9 62. V1 63. V4 64. V—36 
65. it 66. 2 67. —V/49 68. —V/100 


Concept 6: Order of Operations 
For Exercises 69-96, simplify by using the order of operations. (See Examples 8-9.) 


69. 5433 70. 10—24 1. 5-23 72.12 +2 
73. (2+3) 74. (4-193 75, 2243? 16. 4-13 
7. 641022-3=4 78. 12+3-4—18 79. 42—(5 —2)?-3 80. 5 — 3(8 +4) 
2 a 3 5 9 1 /2.5\ 5 
81. 2—5(9 —4V25 82. 5°—(VO4422 83. (-2) ree 4. 5 (3 +3) 2 
( ) oea2) 5) ~5°9" 10 a \8 0) 6 
V10— 8? V16—7 +32 
85. 1.75 + 0.25 — (1.25)" 86. 5.4 — (0.3)? + 0.09 87. ———— 88. 
aa # VI6— V4 
89. -|-114+5|+|7-2| 00, -j-8- 3/83) 
91. 25 —2[(7 — 3) +4] + VI8—2 92, V29—2? + [8 —3(6 —2)] 24-5 
3 2x2: 
gg. Des of ER =Ces71 
6— 1628-3 40-6 —8=2 


\o 
On 


2 _A\2 2 3 \2 _(_-9)72 
: (5) +(° *) +(°2*) 96. ( 2 ) = 8 — (-2) 
2 5 10 2>+1 la 
For Exercises 97-98, find the average of the set of data values by adding the values and dividing by the number of values. 


97. Find the average low temperature for a week in 
January in St. John’s, Newfoundland. Round to 
the nearest tenth of a degree. 


Low 


fest || IEC | SilEXC | —207E | SIC | ANC || sxe | IN 


98. Find the average high temperature for a week in 
January in St. John’s, Newfoundland. Round to 
the nearest tenth of a degree. 


High 
temperature | —2°C | —6°C | —7°C | O0°C Ie Sx || Ic 


Concept 7: Evaluating Formulas 


99. The formula C= (F — 32) converts temperatures in the Fahrenheit scale to the Celsius scale. Find the equivalent 
Celsius temperature for each Fahrenheit temperature. 


a. 77°F b. 212°F c. 32°F d. —40°F 


100. The formula F =2C + 32 converts Celsius temperatures to Fahrenheit temperatures. Find the equivalent Fahrenheit 
temperature for each Celsius temperature. 


a. —5°C b. O°C c 3 d. —40°C 
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The equation G; = 4c + 4h represents the amount of gasoline used (in gal) for an economy car to drive c miles in the city 


and h miles on the highway. The equation G; = 75c + 7kh represents the amount of gasoline used for a truck to make the same 
trip. Use these formulas for Exercises 101-102. 


101. Determine the amount of gas used by an economy car that travels 33 mi in the city and 80 mi on the highway. 
102. Determine the amount of gas used by a truck that travels 33 mi in the city and 80 mi on the highway. 


Use an appropriate formula from geometry to answer Exercises 103-112. 


For Exercises 103-106, find the area. (See Example 10.) 


103. Trapezoid 104. Parallelogram 105. Triangle 106. Rectangle 
Sin. 8.5m 
z yd 
2 in. 
‘- Té yd 
4 in. 


5.2cm 
For Exercises 107-112, find the volume. (Use the z key on your calculator, and round the final answer to one decimal place.) 


107. Sphere 108. Sphere 109. Right circular cone 


110. Right circular cone 111. Right circular cylinder 


h=5 in. 


Technology Connections 


12 9 
—2 


113. Which expression when entered into a graphing calculator will yield the correct value of 


12/46-2 or 126-2) 


24-6 


114. Which expression when entered into a graphing calculator will yield the correct value of ? 


(24-6)/3 or 24-6/3 
115. Verify your solution to Exercise 87 by entering the expression into a graphing calculator: 
(Vv (10? — 87))/3? 
116. Verify your solution to Exercise 88 by entering the expression into a graphing calculator: 


(Vv (16-7) +3°M(V (16) — V (4)) 
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Section R.3 Simplifying Algebraic Expressions 
1. Recognizing Terms, Factors, and Coefficients 


1. Recognizing Terms, Factors, 
and Coefficients 


2. Properties of Real Numbers 
3. Simplifying Expressions 


Answers 


4. —2x?, 5x, ; -y 


A term is a constant or the product of a constant and one or more variables. An algebraic 
expression is a single term or a sum of two or more terms. For example, the expression 


—6x°+5xyz-11 or 6x? +5xyz+(-11) 


consists of the terms —6x’, 5xyz, and —11. 

The terms —6x” and 5xyz are variable terms, and the term —11 is called a constant 
term. It is important to distinguish between a term and the factors within a term. For 
example, the quantity 5xyz is one term, but the values 5, x, y, and z are factors within the 
term. The constant factor in a term is called the numerical coefficient or simply coefficient 
of the term. In the terms —6x’, 5xyz, and —11, the coefficients are —6, 5, and —11, respec- 
tively. A term containing only variables such as xy has a coefficient of 1. 

Terms are called like terms if they each have the same variables and the correspond- 
ing variables are raised to the same powers. For example: 


Like Terms Unlike Terms 
—6t and 4t —6t and 4s (different variables) 
1.8ab and —3ab 1.8xy and —3x (different variables) 
4°P ands"? 4° and —s*d (different powers) 
4 and 6 4p and 4 (different variables) 


| Example1 | Identifying Terms, Factors, Coefficients, 


and Like Terms 


a. List the terms of the expression. —4x° — Tx + 3 

b. Identify the coefficient of the term. yz 

c. Identify the pair of like terms. 16b,4b° or ~— 4c, te 
Solution: 


a. The terms of the expression —4x” — 7x + 3 are —4x°, —7x, and 3. 
b. The term yz? can be written as lyz*; therefore, the coefficient is 1. 


c. 4c, —tc are like terms because they have the same variable raised to the same 
power. 


Skill Practice Given: —2x” + 5x + 5 -y 


1. List the terms of the expression. 
2. Which term is the constant term? 
3. Identify the coefficient of the term —y’. 


2. Properties of Real Numbers 


Section R.3 Simplifying Algebraic Expressions 


Simplifying algebraic expressions requires several important properties of real numbers 
that are stated in Table R-3. Assume that a, b, and c represent real numbers or real-valued 


algebraic expressions. 


Table R-3 


Commutative property |} a+b=b+a 5+3=3+5 The order in which 
of addition two real numbers are 
added or multiplied 
Commutative property | a-b=b-a (5)(3) = (3)(5) does not affect the 
of multiplication result. 
Associative property (a+b)+c (Zar 3D) aP 7 The manner in which 
of addition =at+(b+c) =2+(3+7) real numbers are 


Associative property 


(a- b)c=a(b-c) 


(Cl) i 2 (Cra) 


grouped under 
addition or 


of multiplication multiplication does 
not affect the result. 
Distributive property a(b +c) 3(5 + 2) A factor outside the 
of multiplication =ab+ac =) nse 169) parentheses is 
over addition multiplied by each 
term inside the 
parentheses. 
Identity property 0 is the identity 5+0=0+5=5 | Any number added 
of addition element for to the identity 
addition because element 0 will 
a+0=0+a=a remain unchanged. 
Identity property 1 is the identity Jol SiieSS5 Any number multiplied 
of multiplication element for by the identity 
multiplication element 1 will 
because remain unchanged. 
@l=Siloasa 
Inverse property a and (—a) are 3+(-3)=0 The sum of a number 
of addition additive inverses and its additive 
because inverse (opposite) 
a+(-a)=0 is the identity 
and element 0. 
(-—a)+a=0 
Inverse property of aand } are 5-s=1 The product of a 
multiplication multiplicative number and its 
inverses because multiplicative 
0 il Saad inverse (reciprocal) 
a is the identity 
il 
—-:a=1 element 1. 
a 
(provided a # 0) 


The properties of real numbers are used to multiply algebraic expressions. To multiply 
a term by an algebraic expression containing more than one term, we apply the distributive 
property of multiplication over addition. 
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| Example 2 _| Applying the Distributive Property 


Apply the distributive property. 


a. 4(2x +5) b. —(-3.4q¢+5.77) 
2 3 
c. —3(a + 2b — 5c) d. -=(-9x+2y-5) 
Solution: 


A™ 
a. 4(2x + 5) 
= 4(2x) + 4(5) Apply the distributive property. 
= 8x + 20 Simplify, using the associative 


property of multiplication. 


b. —(—3.4q +5.7r) The negative sign preceding the 
parentheses can be interpreted as a 
factor of —1. 


= —1(-3.4q + 5.7r) 
= —1(-3.4qg) + (-1)(5.7r) Apply the distributive property. 
= 3.4q —5.7r 


en applying the 
distributive property, a c. —3(a + 2b — 5c) 
negative factor preceding the _—_ 32 ay deaieahedibul t 
parentheses will change the 3(a) + (—3)(2b) + (—3)(-Se) pply the distributive property. 


signs of the terms within the = -—3a-— 6b + 15c Simplify. 
parentheses. 


—3a — 6b + 15c _ 2 is ‘ (2) (3 ) i (2)-5 Apply the distributive 
~>3 3/\8 4 3 property. 
= oH a xy + “ Simplify. 
= 6x- : yt s Simplify to lowest terms. 
Skill Practice Apply the distributive property. 
4. 10(30y — 40) 5. —(7t— 1.65 + 9.2) 
6. —2(4x — 3y — 6) ls —3(-4a +7) 
Answers 
: a a 92 Notice that the parentheses are removed after the distributive property is applied. Sometimes 
6. —8x + Gy + 2 this is referred to as clearing parentheses. 


Two terms can be added or subtracted only if they are like terms. To add or subtract 


7 
7. 2a-= : Bie egcongie : 
ae like terms, we use the distributive property, as shown in Example 3. 
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| Example 3 | Using the Distributive Property to Add 


and Subtract Like Terms 


Add and subtract as indicated. 


a. —8x + 3x b. 4.75y — 9.25y + y’ 
Solution: 
a. —8x + 3x 
= (-8 +3)x Apply the distributive property. 
= (—5)x Simplify. 
= —5x 


b. 4.75y* — 9.25y? + y’ 


= 4.75y’ — 9.25y" + ly” Notice that y’ is interpreted as ly”. 
= (4.75 — 9.25 4+ ly’ Apply the distributive property. 

= (-3.5)y* Simplify. 

= —3.5y 


Skill Practice Combine /ike terms. 
8. —4y + Ty 9. a —6.2a°+2.8a 


Although the distributive property is used to add and subtract like terms, it is tedious to 
write each step. Observe that adding or subtracting /ike terms is a matter of combining the 
coefficients and leaving the variable factors unchanged. This can be shown in one step. 
This shortcut will be used throughout the text. For example: 


rte ff 1.f. &. 
4w+7w = llw 8ab* + 10ab* — 5ab* = 13ab 


3. Simplifying Expressions 


Clearing parentheses and combining /ike terms are important tools for simplifying algebraic 
expressions. This is demonstrated in Example 4. 


Clearing Parentheses and Combining Like Terms 


Simplify by clearing parentheses and combining like terms. 


a. 4—3(2x-8)-1 b. —(3s — 11f — 5(2t+ 8s) — 10s 


Solution: 
a. 4—3(2x —8)-1 


=4-6x+24-1 Apply the distributive property. 
= -6x+44+24-1 Group like terms. 
= —6x +27 Combine like terms. 


Answers 


8. 3y 9. —2.4c° 
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b. —(s — 119 — 5(2t+ 8s) — 10s 


= —3s+4+ 11t- 10t— 40s — 10s Apply the distributive property. 
= —3s — 40s — 10s + 11r— 10¢ Group like terms. 
=-53s+t Combine like terms. 


Skill Practice Simplify by clearing parentheses and combining like terms. 
10. 7 —2(3x-4) -5 11. —(6z— 10y) — 4(3z + y) - 8y 


WESETLE Clearing Parentheses and Combining Like Terms 


Simplify by clearing parentheses and combining /ike terms. 


a. 2[1.5x + 4.77 — 5.2x) — 3x] b. GW —6)- (<w + 4) 


By using the Solution: 


commutative property of 2. _ 

addition, the expression Be A ele eee 

—51.88x + 9.4x? can also be = 2[1.5x+ 4.7x7 — 24.44x — 3x] Apply the distributive property 

written as 9.4x? + (—51.88x) to the inner parentheses. 

or simply 9.4x? — 51.88x. 

Although the expressions = 2[1.5x — 24.44x — 3x + 4.727] Group like terms. 

are all equal, it is customary 

FOUUIES the nerane in = 2[-25.94x + 4.727] Combine like terms. 

descending order of the ett fant 

powers of ihe variable. = —51.88x + 9.4x° Apply the distributive property. 
= 9.4x? — 51.88x 


b. —(w —6)- (j¥ +4) 


= Sw + : - zw -4 Apply the distributive property. 
1 Mo : 

=-w+2- av -4 Simplify fractions. 

4 1 Group like terms and find a common 
= —-w--w+2-4 : 

4 4 denominator. 

5 ee. ys 
= rs —2 Combine like terms. 


Skill Practice Simplify by clearing parentheses and combining like terms. 


12. 4[1.4a + 2.2(a’ — 6a)] — 5.1a” 13. —S(4p -1)- 2 =?) 


Answers 
10. —6x +10 11. —2y — 18z 
9 11 


2 — aco 
12. 370° —47.2a 13. Pt > 
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Section R.3 Activity 


A.1. a. Simplify —3 + 9. b. Simplify 9 + (—3). 
c. Which property of real numbers do these expressions illustrate? 
A.2. a. Simplify —10 - (—3). b. Simplify —3 - (—10). 


c. Which property of real numbers do these expressions illustrate? 


A.3. Describe the commutative properties of addition and multiplication. 


A.4. a. Simplify —2 + (3 + 8). b. Simplify (—2 + 3) + 8. 
c. Which property of real numbers do these expressions illustrate? 
A.5. a. Simplify 4 - (—3 - 5). b. Simplify [4 - (—3)] - 5. 


c. Which property of real numbers do these expressions illustrate? 
A.6. Describe the associative properties of addition and multiplication. 


A.7. a. What happens when you add 0 to any real number? 


a 
b. What is the identity element of addition? 


A.8. a. What happens when you multiply any real number by 1? 
b. What is the identity element of multiplication? 

A.9. a. Give the opposite and reciprocal of —S. 
b. What happens when you add a number and its opposite, such as —5 + 5? 
c. What happens when you multiply a number by its reciprocal, such as —5 - -; y 
d. Another name for the opposite of a real number is ____ inverse. 
e. Another name for the reciprocal of a real number is _________ inverse. 

A.10. a. Simplify —3(4 + 6). b. Simplify —3(4) + (—3)(6). 


c. Which property of real numbers do these expressions illustrate? 


A.11. Consider the expression 4a” — ab + 6b* — 7. 
a. List the terms of the expression. 
b. List the coefficients of each term. 
c. Identify the constant term. 


For Exercises A.12—A.13, simplify the expression by combining /ike terms. 


I he eel 
lie meats te 


For Exercises A.14—A.15, simplify the expression by clearing parentheses (applying the distributive property). 


NG ee A.13. qa a 


A.14. —(8b + 5c — 3d) A.15. s (4x° + 6x — 10) 
For Exercises A.16—A.17, simplify the expression by clearing parentheses and combining like terms. 


A.16. 12m — 3(m + 2n) +11n A.17. 5[2 + 3(c* — 5) — (4c? - 6c)] 
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ee Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.16, simplify the expressions. 


R.1. a. —4+6 A, fh =O) tb (2) 3. a —4-3 
. 6+(-4) 5 =2 sp (CY) » do (—4) 


410 a m8 16) 
O38 aeeee| : S62 (= 18) 


5(1 +3) 309 +1) aa: ED) 
 Sellessoe . 3-94+3-1 Bes) 


ie 


S13} a2 (ar 10) [Dae (=D) ar 15. a. 10 - [-3 - 5] 
» (S34 ©) ar IO » Yar (1 sp IZ) b . [10-(—3)] -5 


Vocabulary and Key Concepts 


1. a. Given the expression 8x + cd — 3y + 90, the terms 8x, cd, and —3y are variable terms, whereas 90 is a 
term. 


b. The constant factor in a term is called the 


, and the exponent is 


c. Given the expression x, the value of the coefficient is 


d. Terms that have the same variables, with corresponding variables raised to the same powers, are called 
terms. 


2. Write an expression with three terms, coefficients —3, 2, and 4 and using the variables a, b, and c. 


3. a. Apply the commutative property of addition: x + —7 = 
b. Apply the commutative property of multiplication: y -(—4) = 


4. a. Apply the associative property of addition: -3 + (9+ x) = 
b. Apply the associative property of multiplication: 3(57) = 


5. a. Fill in the blank: 5 - =5 6. a. Fill in the blank: 5 - =0 
b. Fill in the blank: 5 - =] b. Fill in the blank: 5 - =-5 
7. a. Fill in the blank: —3 + =0 8. Fill in the blank: 3(4 + 8) =3- +3- 


b. Fill in the blank: ‘ + =0 


Concept 1: Recognizing Terms, Factors, and Coefficients 
For Exercises 9-12: 
a. Determine the number of terms in the expression. 
b. Identify the constant term. 
c. List the coefficients of each term, separated by commas. (See Example 1.) 
9, 2x3 — 5S5xy +6 10. a’ —4ab-—b°+8 
ll. pq-7+¢ -4q+p 12. 7x-— 1+ 3xy 


Concept 2: Properties of Real Numbers 


Section R.3 Simplifying Algebraic Expressions 


For Exercises 13-30, match each expression with the appropriate property. 


11 
13. 34+-—=—+3 
v5 at 


15. 10+0=10 
17. (64+8)+2=6+(8+2) 
19. 6- 


21. 9(4- 12) =(9-4)12 


23. 42-1=42 


25. (13-416=(41 - 13)6 
27. 8+(-8)=0 


29. 3(y + 10) = 3(10 + y) 


20. 


22. 


24. 


26. 


28. 


30. 


© 7.2(4 + 1) =7.2(4) + 7.21) 


~ 7-1=7 


» (44419)+7=(094+4)4+7 


2+(-2)=0 


(;+2)20=5+40 


6x + 3) =6x+ 18 
21+0=21 


5(3 -7)=(5 - 3)7 


. Commutative property of 


addition 


. Associative property of 


multiplication 


. Distributive property of 


multiplication over addition 


. Commutative property 


of multiplication 


. Associative property 


of addition 


. Identity property of 


addition 


. Identity property of 


multiplication 


. Inverse property of 


addition 


. Inverse property of 


multiplication 


For Exercises 31-42, clear parentheses by applying the distributive property. (See Example 2.) 


31. 2(x—3y +8) 


34, —4(—8x + 6y +32) 
1/ 5 
40. 5(—7.2y +23) 


Concept 3: Simplifying Expressions 


For Exercises 43-80, clear parentheses and combine like terms. (See Examples 3-5.) 


44. 


43. 8y—2x+y+t5y 

46. 6g-94+3¢ —¢° +10 
49, m—4n?+3+5n?-9 
52. —6m’n — 3mn* — 2m’n 
55. 8(x-3)+1 

58. 4(z — 4) — 3z 


61. -9-42-z)+1 


32. 


35. 


38. 


41. 


47. 


50. 


53. 


56. 


59. 


62. 


5(—2a + 4b — 9c) 


—(—7Tw + 5z) 


3 4 
—2/6y Aya 
AG y+5) 


2(7¢ — 8) — 5(6d — f) 


—9a+a-—b+5a 
2p — Tp’ — 5p + 6p” 
x + 2y> — 2x — 8y° 
14xy? — 5y? + 2xy? 
—4(b+ 2) —3 
—(10w-1)+9+w 


34+ 3(4-w)-11 


33. 


36. 


39. 


42. 


45. 


48. 


51. 


54. 


57. 


60. 
63. 


~10(4s — 9f — 3) 


= (2999-175) 
3(2.6x — 4.1) 


-2(-3¢ +) - 7(5s + 20 


4p? — 2p + 3p —6+ 2p" 
5a’ — 2a— Ta’ +6a+4 
Sab + 2ab + 8a 

Suv + 3u? + Suv + 4u? 
~2(c + 3) —2c 


=<Gy 7) —4 4 3y 


4(2s — 7) —(s — 2) 
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64. 2(t—3) -(t-7) i BSW): SSS Hoe 
67; 8e-4@= 2) 204 1) 6 68. 6G =2)=30y—5)—3 69. 34-20) +5¢ 
70. “(3d +6) —4d 1. 3.1(2x+2) —4(1.2x - 1) 72. 4.5(5 —y) +3(1.9y +1) 
73. 2|5(5a+3)-@+a+4] 74. -3|3(b- 2) - 26+ 4) - 60? 
75. (2y—5)—2y—y’) —3y 76. —(x+6) +30 + 1) + 2x 
77. 2.2{4 — 8[6x — 1.5(x +4) — 6] + 7.5x} 78, —3.2 — {6.ly — 4[9 — (2y + 2.5)] +7y} 
1 2 2 1 4 1 
79. —(24n ~ 16m) — =m ~ 18n ~ 2) +5 80, (25a — 20b) - “(21a — 14b-+2) +5 


Expanding Your Skills 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


What is the identity element for addition? Use it in an example. 
What is the identity element for multiplication? Use it in an example. 
What is another name for a multiplicative inverse? 

What is another name for an additive inverse? 

Is the operation of subtraction commutative? If not, give an example. 
Is the operation of division commutative? If not, give an example. 


Given the rectangular regions: 


ytz y z 


. Write an expression for the area of region A. (Do not simplify.) 


as © 


. Write an expression for the area of region B. 


c. Write an expression for the area of region C. 


Q 


. Add the expressions for the areas of regions B and C. 


e. Show that the area of region A is equal to the sum of the areas of regions B and C. What property of real numbers 
does this illustrate? 
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ChapterR Summary 
| SectionR.1 | Sets of Numbers and Interval Notation 


Key Concepts 


Natural numbers: {1, 2, 3,...} 
Whole numbers: {0, 1, 2, 3,...} 
Integers: {..., —3,-2, —1,0,1,2,3,...} 


Rational numbers: {2 | p and q are integers and g # of 
q 


Rational numbers include all terminating and repeating 
decimals. 


Irrational numbers: A subset of the real numbers whose 
elements cannot be written as a ratio of two integers. 


Irrational numbers cannot be written as repeating or 
terminating decimals. 


Real numbers: {x|.x is rational or x is irrational} 


a<b “a is less than b” 

a>b “ais greater than b” 

a<b “a is less than or equal to b” 
ab “ais greater than or equal to b” 
a<x<b “x is between a and b” 


Examples 


Example 1 


Some rational numbers are: 
4, 0.5, 0.3 


Some irrational numbers are: 


V1, V2,a 
Example 2 
Set-Builder Interval 
Notation Notation Graph 
{x|x> 3} (3, co) ——— 
3 
{x|x>3} [3, 00) a 
3 
{x|x <3} (—o0, 3) <)> 
3 
{x|x < 3} (00, 3] —-"—__ 
3 


| SectionR.2 | Operations on Real Numbers 


Key Concepts 
The reciprocal of a number a # 0 is 4. 
The opposite of a number a is —a. 


The absolute value of a, denoted |al, is its distance from 
zero on the number line. 


jaj=a_ ifa>0 
ja|=-a ifa<0O 


Addition of Real Numbers 


Same Signs: Add the absolute values of the numbers, and 
apply the common sign to the sum. 

Unlike Signs: Subtract the smaller absolute value from the 
larger absolute value. Then apply the sign of the number 
having the larger absolute value. 


Examples 
Example 1 


The reciprocal of —5 is -2 


The opposite of —5 is 5. 


The absolute value of —5 is 5. 


Example 2 


34(-=<7 
—54+7=2 
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Subtraction of Real Numbers 


Add the opposite of the second number to the first number. 
a—b=a+Cb) 


Multiplication and Division of Real Numbers 


Same Signs: Product or quotient is positive. 
Opposite Signs: Product or quotient is negative. 


The product of any real number and 0 is 0. 
The quotient of 0 and a nonzero number is 0. 
The quotient of a nonzero number and 0 is undefined. 


Exponents and Radicals 


b'=b-b-b-b (bis the base, 4 is the exponent) 
Vb is the principal square root of b (Vis the radical sign). 


Order of Operations 


1. Simplify expressions within parentheses and other 
grouping symbols first. 

2. Evaluate expressions involving exponents, radicals, and 
absolute values. 

3. Perform multiplication or division in order from left to 
right. 

4. Perform addition or subtraction in order from left to 
right. 


Example 3 
7—(-5)=74+6)=12 


| SectionR.3 Simplifying Algebraic Expressions 


Key Concepts 


A term is a constant or the product or quotient of a constant 
and one or more variables. 


e A variable term contains at least one variable. 
e A constant term has no variable. 


The coefficient of a term is the numerical factor of the term. 


Like terms have the same variables, and the corresponding 
variables are raised to the same powers. 


Distributive Property of Multiplication over Addition 


a(b+c)=ab+ac 


Example 4 
(-3)(-4) = 12 oe = 
6 1 
—2 =-] fa Sa eeoe 
(-2)(5) = -10 525 
(-7)(0) =0 0+9=0 
—3 + 0 is undefined 
Example 5 
6°=6-6-6=216 
V100 = 10 
Example 6 
10-—5(3 —1)° + V16 
= 10-5(2) + V16 
= 10-5(4)+ 4 
= 10-—20+4 
=-10+4 
= —-6 
Examples 
Example 1 
—2x Variable term has coefficient —2. 
xy Variable term has coefficient 1. 
6 Constant term has coefficient 6. 
Example 2 


4ab’ and 2ab’ are like terms. 


Example 3 
2(x + 4y) =2x 4+ 8y 


—(a+ 6b — 5c) =—-a-6b+5c 
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Two terms can be added or subtracted if they are like terms. Example 4 
First clear parentheses before adding or subtracting like Aes a 
terms. 
= 9d 
Example 5 


~2[w —4(w —2)] +3 
= —2[w—4w+8]4+3 


= —2[-3w+8]+3 
= 6w- 16+3 
= 6w- 13 


Chapter R Review Exercises 


Section R.1 Section R.2 
1. Find a number that is a whole number but not a For Exercises 14-15, find the opposite, reciprocal, and 
natural number. absolute value. 
4 
. 15. — 
For Exercises 2—3, answers may vary. a8 9 


2. List three rational numbers that are not integers. 


For Exercises 16-17, simplify the exponents and the 
3. List five integers, two of which are not whole radicals. 


numbers. 
16. 4, V4 17. 257, 25 


For Exercises 4—9, write an expression in words that 


: F : i — fe he indi tions. 
describes the set of numbers given by each interval. Bik Eker en 1 es Dee OHNE Nc ae epe ens 


(Answers may vary.) 18. 64+ (8) 19. (—2) —(—5) 
ae I8) Be (0120) 20. 8(—2.7) 21. (-1.1)(7.41) 
6. [-6, —3] 7. (8, 0) 
ee) 8 
8. (—oo, 13] 9. (—00, 00) e ? 
7 a ee ee ome es 
For Exercises 10-12, graph each set and write the set in as ae a a 6 
interval notation. 
10. {x|x <2} 26. 2-43 -7) 27. 12(2)-8 
> —4—5(1 —3) 4(—3) + 2(5) 
11. {x|0 <x} 28. 24+8-2 29. 40+5-6 


30. 37+ 2(|-10 +5] +5) 
12. {x|-l<x<5} 


31. -91 + V4(V25 - 13)? 


3(3 —8)° 4(5 — 2)? 


13. True or false? x < 3 is equivalent to 3 > x 32. i837 : B-7-5] 
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34. Given h=4gr + vot + Ao, find h if g = —32, vy = 64, 
hy = 256, and t = 4. 


35. Find the area of a parallelogram with base 42 in. and 
height 18 in. 


Section R.3 


For Exercises 36-39, apply the distributive property and 
simplify. 


36. 3(x+ Sy) 37. 3( + 8y—5) 


1. a. List the integers between —5 and 2, inclusive. 


b. List three rational numbers between | and 2. 
(Answers may vary.) 


2. Write the opposite, reciprocal, and absolute value for 
each number. 


b. 4 c. 0 


3. Explain the difference between the interval [4, 00) 
and (4, oo). 


4. Answer true or false: The set {x|x > 5} is the same 
as {x|5 <x} 


For Exercises 5—6, graph the inequality and express the set 
in interval notation. 


5. {yly<-3 6. {p|12<p} 


For Exercises 7-8, write each English phrase as an 
algebraic statement. 


7. xis no more than 5. 8. pis at least 7. 


For Exercises 9—12, simplify the expression. 


ee 2 
9, |-8|-42-3=v4 19, 10 

-1+43? 
u. (14, /4) 12. -8+3-2 
. (-24 4/2 8: 


38. —(—4x + 10y — z) 39. —(13a—b—5c) 


For Exercises 40-43, clear parentheses if necessary, and 
combine /ike terms. 


40. 5—6q+13q—- 19 41. 189 +3-17p+ 8p 


42. 7-—3(y+4)-3y 


43. “(8x _4)4 5(6x +4) 


For Exercises 44-45, answers may vary. 
44. Write an example of the commutative property of 


addition. 


45. Write an example of the associative property of 
multiplication. 


ChapterR Test 


13. Given z=~—*, find z when n = 16, x= 18, 
olVn 
o = 1.8, and wp = 17.5. (Round the answer to | 
decimal place.) 


For Exercises 14—16, simplify the expressions. 


14. 55+2-7b+6- 14 


15. —3(4 -— x) + 9 - 1) —-S(Qx - 4) 
1 5, 
16. Peal -1)- (3° -5) 


For Exercises 17—20, answer true or false. 


17. (x+y) +2=2+(%+y) is an example of the 
associative property of addition. 


18. (2-3)-5=(3-2)-5 is an example of the 
commutative property of multiplication. 


19. (Se + 5)6 = 3x +2 is an example of the 


distributive property of multiplication over 
addition. 


20. (10+ y)+z=10+4 (vy +z) is an example of the 
associative property of addition. 


Linear Equations and 


Inequalities in One 
Variable 


CHAPTER OUTLINE 


1.1 Linear Equations in One Variable 44 
Problem Recognition Exercises: Equations Versus Expressions 58 
1.2 Applications of Linear Equations in One Variable 59 
1.3 Applications to Geometry and Literal Equations 73 
1.4 Linear Inequalities in One Variable 82 
1.5 Compound Inequalities 93 
1.6 Absolute Value Equations 108 
1.7 Absolute Value Inequalities 115 
Problem Recognition Exercises: Identifying Equations and Inequalities 126 


Mathematics in Construction 


The construction of the Golden Gate Bridge in San Francisco 
from 1932 to 1937 is perhaps one of the greatest architectural 
achievements of the twentieth century. The total length of the 
bridge including the approaches spans 1.7 miles and has a 
total weight of 887,000 tons. The bridge has two main cables 
that pass over the tops of two large towers. Together these 
cables contain 80,000 miles of steel wire—enough to circle 
the earth three times. 

During the construction of the bridge, workers had to 
contend with foggy conditions, strong ocean currents, and 
powerful winds sweeping in from the Pacific Ocean. Eleven 
men lost their lives during construction. 

The design and implementation of an engineering project 
of this magnitude requires solving a variety of different types ventdusud/Getty Images 
of equations. In this chapter, we present linear equations in 
one variable and the manner in which to solve them. 


° pa oo ° ae 
oo oa so” as 3 o 6 n 43 
° 7° ae ° a ° a 
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— Seetion 1.1. Linear Equations in One Variable 
1. Linear Equations in One Variable 


1. Linear Equations in One 
Variable 

2. Solving Linear Equations 

3. Clearing Fractions and 
Decimals 

4. Conditional Equations, 
Contradictions, and 
Identities 


An equation is a statement that indicates that two quantities are equal. The following are 
equations. 


x=-4 pt+3=11 —2z = -—20 


All equations have an equal sign. Furthermore, notice that the equal sign separates the 
equation into two parts, the left-hand side and the right-hand side. A solution to an 
equation is a value of the variable that makes the equation a true statement. Substituting 
a solution to an equation for the variable makes the right-hand side equal to the left- 
hand side. 


Equation Solution Check 
pt+3=11 8 p+3=11 


Substitute 8 for p. 
f+ 3= lie Right-hand side equals 
left-hand side. 
—2z=—20 10 —2z = —20 


Y Substitute 10 for z. 
—2(10) = —20 ¥ Right-hand side equals 
left-hand side. 


The solution set to an equation is the set of all solutions to an equation. We write the 
solution set using set braces. For example: 


Equation Solution set 
This equation has one solution. 
p+3=11 » {8} 
2 This equation has two solutions. 
¢=16 ———__ ee. fe 


Throughout this text we will learn to recognize and solve several different types of 
equations, but in this chapter, we will focus on the specific type of equation called a linear 
equation in one variable. 


Definition of a Linear Equation in One Variable 


= 


Let a, b, and c be real numbers such that a # 0. A linear equation in one variable is 
an equation that can be written in the form 


ax+b=c 


Note: A linear equation in one variable is often called a first-degree equation because 


the variable x has an implied exponent of 1. 
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2. Solving Linear Equations 


To solve a linear equation, the goal is to simplify the equation to isolate the variable. Each 
step used in simplifying an equation results in an equivalent equation. Equivalent equa- 
tions have the same solution set. For example, the equations 2x +3 =7 and 2x=4 are 
equivalent because {2} is the solution set for both equations. 

To solve an equation, we may use the addition, subtraction, multiplication, and 
division properties of equality. These properties state that adding, subtracting, multiply- 
ing, or dividing the same quantity on each side of an equation results in an equivalent 
equation. 


Addition and Subtraction Properties of Equality 


Let a, b, and c represent real numbers. 
Addition property of equality: Ifa=), thena+c=b+t+c. 
*Subtraction property of equality: Ifa=b, thna-—c=b-c. 


*The subtraction property of equality follows directly from the addition property, because subtraction 
is defined in terms of addition. 


If a+(-c) =b+(-c) 
then, a-c=b-c 


Multiplication and Division Properties of Equality 

Let a, b, and c represent real numbers with c 4 0. 

Multiplication property of equality: Ifa=b, thena-c=b-c. 
*Division property of equality: If a=), then f= 2 
GAG 


*The division property of equality follows directly from the multiplication property, because division is 
defined as multiplication by the reciprocal. 


| Example1 | Solving a Linear Equation 


Solve the equation. 12+x=40 
Solution: 


12+x=40 
12-12+x=40-12 To isolate x, subtract 12 from both sides. 
x = 28 Simplify. 
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Answers 


1 
1. {-6} 2. {3} 


3. {80} 4. {2} 
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Linear Equations and Inequalities in One Variable 


The solution set is {28}. 


Skill Practice Solve the equation. 
1. x-S5=-11 


Check: 12+x=40 
12 + (28) = 40 
40=40/ True 


| Example2 | Solving Linear Equations 


Solve each equation. 


3 4 w 
eo oo 
a SP 75 , 2 
Solution: 
_ oe: eee 
5° ~ 15 


The solution set is \-s}: 


b. 4a 
) 


Ww 


N 


2.2(4) = 22(35) 
8.8 =w 


The solution set is {8.8}. 


c. -x=6 
~1(-x) = -16) 
x=-6 


The solution set is {—6}. 


Skill Practice Solve the equations. 


t 
ie pS [se 
5 5 ae: 


To isolate p, multiply both sides by the 


reciprocal of 5" 


Multiply fractions. 


The value - checks in the original 


equation. 


To isolate w, multiply both sides by 2.2. 


The value 8.8 checks in the original equation. 


To isolate x, multiply both sides by —1. 


The value —6 checks in the original equation. 
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For more complicated linear equations, several steps are required to isolate the variable. 
These steps are listed below. 


| Example 3 | Solving a Linear Equation 


Solve the linear equation and check the answer. 


3x+1=-7 


Solution: 
3x+1=-7 
3x+1—-l1=-7-1 Subtract 1 from both sides. 


3x = -8 Combine like terms. 
3x _ -8 To isolate x, divide both sides of the equation by 3. 
3 3 
8 er 
x= “3 Simplify. 


Check: 3x+12-7 


-8+1= 
FOR REVIEW 


Recall that it is important to use paren- 
theses when making a substitution. 


The solution set is \-3}: 


3x+1=-7 
Skill Practice Solve the linear equation and check the answer. : )+1=-7 
5, 5x—19=-23 3(-) #1=-7 


Answer 


(3 
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Solving a Linear Equation 


Solve the linear equation and check the answer. 


llz+2=5(z-2) 


Solution: 
llz+2 =5(z-2) 
llz+2=5z-10 Apply the distributive property to clear 


parentheses. 


llz—5z+2=5z—5z-10 Subtract 5z from both sides. 


6z+2=-10 Combine like terms. 
6z+2-2=-10-2 Subtract 2 from both sides. 
6z = -12 Combine like terms. 
6-12 To isolate z, divide both sides of the equation 
6 6 by 6. 
z=—-2 Simplify. 


Check: 11z+2=5(z-2) 
11(—2) +2 4 5(-2 — 2) 
—224+2 4 5(-4) 
-202-20VY True 


The solution set is {—2}. 


Skill Practice Solve the equations. 
6. 7+2(y-—3)=6y+3 


| Example 5 | Solving a Linear Equation 


Solve the equation. —3(x-4)+2=7-(*4+1) 
Solution: 
—3(4-4)+2=7-(«4+1) 
—3x+124+2=7-x-1 Clear parentheses. 
—3x+14=-x+6 Combine like terms. 
—3x+x+14=-x+x+4+6 Add x to both sides of the equation. 
—2x+14=6 Combine like terms. 
—2x+ 14-14=6- 14 Subtract 14 from both sides. 
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—2x = -8 
~2x _ -8 
=9 23 

x=4 


The solution set is {4}. 


Skill Practice Solve the equation. 
7. 42t+2)-6(t-1)=6-t 


Solving a Linear Equation 


—4[y — 3 — 5)] = 26 — 5y) 


Solve the equation. 
Solution: 
—4ly— 3 = 9)] = 206 — Sy) 
—4[y — 3y + 15] = 12 - 10y 
—4[—2y + 15] = 12 - 10y 
8y — 60 = 12 —- 10y 
8y + 10y — 60 = 12 — 10y+ 10y 


18y — 60 = 12 

18y — 60 + 60 = 12+ 60 
18y = 72 
eed 
18 «18 
y=4 


The solution set is {4}. 


Skill Practice Solve the equation. 
8. 3[p + 2(p — 2)] = 4(p — 3) 
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Combine like terms. 
To isolate x, divide both sides by —2. 


Simplify. The solution checks in the 
original equation. 


Clear parentheses. 

Combine like terms. 

Clear parentheses. 

Add 10y to both sides of the equation. 
Combine like terms. 


Add 60 to both sides of the equation. 


To isolate y, divide both sides by 18. 


The solution checks. 


3. Clearing Fractions and Decimals 


When an equation contains fractions or decimals, it is sometimes helpful to clear the frac- 
tions and decimals. This is accomplished by multiplying both sides of the equation by the 
least common denominator (LCD) of all terms within the equation. This is demonstrated in 


Example 7. 


Answers 


8 
7. {-2} 8. {0} 
3 
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FOR REVIEW 


Recall that an integer can be 
written as a fraction with a denom- 


inator of 1. 


slearing fractions 
is an application of the 
multiplication property of 
equality. We are multiplying 
both sides of the equation 
by the same number. 


Answer 
9. {-2} 


Solving a Linear Equation by Clearing Fractions 


1 1 1 
Ive th ion. pa —w—-1l1=—(w-4 
Solve the equation rd + a yw ) 
Solution: 
1 1 
— —w-l=~(w-4 
ae + 3 ad ) 
Jy + or -l= ay —2 Clear parentheses 
ae E 
1 1 1 Multiply both sides of 
12-(— —w-1)=12-|=w-2 
( . a (5» the equation by the 
LCD of all terms. In 
this case, the LCD is 12. 
3 4 6 
e . wt 2 ‘a w+ 2 . (-t) = a wt 2 : (-2) Apply the distributive 
? 4 ' property. 
3w + 4w -— 12 = 6w - 24 
Tw — 12 = 6w -— 24 
w—-12=-—-24 Subtract 6w. 
w=-12 The solution checks. 


The solution set is {—12}. 


Skill Practice Solve the equation by first clearing the fractions. 


Solving a Linear Equation by Clearing Fractions 


x-2 x-4 x+4 
Solve. - =2+—— 
olve 5 + 10 
Solution: 
x=2_ x-4 _ 2 xt+4 The LCD of all 
5 2 1 10 terms in the 
equation is 10. 
10 ed _ 10(= x+4 Multiply both 
5 2 1 10 sides by 10. 
2, FS) 1 
Yo (x-2\ WB (x-4\ _ 10 (2), (x+4\ Apply the 
— =a: SS Sa | distributive 
1 A 1 - 1 1 1 i property. 
2(x-—2)-5@—-4) = 204+ 1(x+4) Clear fractions. 


Section 1.1 Linear Equations in One Variable 


2x-4-—5x+20=20+x+4 Apply the distributive 


property. 
—3x+ 16 =x+24 Simplify both sides of the 
equation. 
—4x+ 16 = 24 Subtract x from both sides. 
—4x = 8 Subtract 16 from both sides. 
Then divide by —4. 
x=-—2 The value —2 checks in the 


original equation. 
The solution set is {—2}. 


Skill Practice Solve the equation. 
10. 1 x+3_3x-2 
8 4 2 


The same procedure used to clear fractions in an equation can be used to clear decimals. 


Sense, Solving a Linear Equation by Clearing Decimals 
Solve the equation. 0.55x — 0.6 = 2.05x 


Solution: 


Recall that any terminating decimal can be written as a fraction. Therefore, the 
equation 0.55x — 0.6 = 2.05x is equivalent to 


55 6 _ 205 


100. 10 100° 


A convenient common denominator for all terms in this equation is 100. Multiplying 
both sides of the equation by 100 will have the effect of “moving” the decimal point 
2 places to the right. 


100(0.55x — 0.6) = 100(2.05x) Multiply both sides by 100 to clear decimals. 


55x — 60 = 205x 
—60 = 150x Subtract 55x from both sides. 
— =x To isolate x, divide both sides by 150. 
x= -. =-0.4 Simplify the fraction. The solution checks. 


The solution set is {—0.4}. 


Skill Practice Solve the equation by first clearing decimals. 
11. 2.2x+0.5 = 1.6x + 0.2 


Answers 


10. { : \ 11. {—0.5} 
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Chapter 1 


Linear Equations and Inequalities in One Variable 


4. Conditional Equations, Contradictions, 
and Identities 


The solution to a linear equation is the value of x that makes the equation a true statement. 
While linear equations have one unique solution, some equations have no solution, and 
others have infinitely many solutions. 


I. Conditional Equations 


An equation that is true for some values of the variable but false for other values is called 
a conditional equation. The equation x + 4 = 6 is a conditional equation because it is true 
on the condition that x = 2. For other values of x, the statement x + 4 = 6 is false. The solu- 
tion set is {2}. 


IL. ntradiction: 


Some equations have no solution, such as x + 1 =x +2. There is no value of x that when 
increased by | will equal the same value increased by 2. If we tried to solve the equation 
by subtracting x from both sides, we get the contradiction 1 = 2. 


xt+1l=x+2 
x—-xtl=x-x4+2 
1 =2 (contradiction ) 


This indicates that the equation has no solution. An equation that has no solution is called 
a contradiction. The solution set for a contradiction is the empty set. The empty set is the 
set with no elements and is denoted by { } or ©. 


III. Identities 


An equation that is true for all real numbers is called an identity. For example, consider the 
equation x + 4 =x + 4. Because the left- and right-hand sides are identical, any real number 
substituted for x will result in equal quantities on both sides. If we solve the equation, we 
get the identity 4 = 4. In such a case, the solution set is the set of real numbers. 


x+4=x4+4 
x—-x+4=x-x+4 
4=4 (identity) The solution set is the set of real numbers. 


In set-builder notation, we have {x | x is a real number}. 


Identifying Conditional Equations, Contradictions, 
and Identities 


Identify each equation as a conditional equation, a contradiction, or an identity. Then 
give the solution set. 


a. 3[x —(x + 1)] =—-2 
b. 5(3 +c) +2=2c+3c4+17 


ce. 4x-3=17 
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Solution: 
a. 3[x —(x+ 1)] = -2 


3[x-x-1] = -2 Clear parentheses. 
3[-1] = -2 Combine like terms. 
-3=-2 Contradiction 


This equation is a contradiction. The solution set is { }. 


b. 58 4+¢)+2=2c+3c4+17 


15+5¢+2=5c+17 Clear parentheses and combine /ike terms. ; 
nterval notation can 


S5e+17=5c+17 Identity also be used to express the 
set of real numbers, (—~, ©). 


0=0 
This equation is an identity. The solution set is {c|c is a real number}. 
ce. 4x-3=17 
4x = 20 
x=5 


This equation is a conditional equation. The solution set is {5}. 


Skill Practice Identify each equation as a conditional equation, an identity, or a 
contradiction. Then give the solution set. 

12. 2(—5x — 1) =2x-12x+6 13. 2(3x- 1)=6(x+ 1)-8 

14. 4x+1-—x=6x-2 


Answers 


12. Contradiction; { } 
13. Identity; {x|x is a real number} 
14. Conditional equation; {1} 


Section 1.1 Activity 


For Exercise A.1, solve the equations and indicate the operation used to isolate x. 


Al. a. x-4=12 
b. x+4= 12 


ce. 4x=12 


BG 
d. —= 12 
4 


A.2. Explain the steps you would take to solve the equation 2x — 3 = 7. 


For Exercises A.3—A.5, divide your paper into three columns. Solve the equation in the left column. Explain each step 
in the middle column. Check the answer and write the solution set in the right column. 


Solve and show all steps Explain in words Check 
A3 —-5x+6=41 —5x+6=41 
-5( )+6=41 
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A.3. 


A.5. 


A.6. 


A.7. 
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—-5x+6=41 A.4, —11t+4=-8r- 14 
5 —3(m + 4) =—-1-—2(m—-3)4+1 
: eal 5 1 
th tion=x->=14+-— 
Given the equation ao 5 + Tee 


a. Which value(s) can be used to clear the fractions? 
2, 3,4, 6, 12, 15, 18, 21, 24, 28, 36, 40, 48, 60 


b. Multiply. 2-0 (5) 


c. Multiply. 12- (-3) 
d. Multiply. eh) 


e. Multiply. 1D ea 
f. Solve the equation by first clearing fractions. 


Given the equation —3.9 — 1.2x = 7.84 — x, 


a. Which value(s) can be used to clear the decimals? 
10, 100, 1000, 10,000, 100,000 


. Multiply. 100 - (—3.9) 
. Multiply. 100 - (—1.2x) 
. Multiply. 100 - (7.84) 

. Multiply. 100 - (—x) 


Solve the equation. 


moane & 


For Exercises A.8—A.10, divide your paper into three columns. Solve the equation in the left column, explain each step 
in the middle column, and check the potential solution in the right column. 


A.10. 


A.11. 


A.12. 


A.13. 


Equation Explain Check 
a) 1 2 1 2 
S@+5)—3(Qx-=1 Alli eri) = EA )-1)=1 


D 1 _ 
. Beg ae 


9. 0.04(5x + 2) + 0.12(x — 3) = 0.04 


Swat wee ok 
10 4 5 


Explain why the equation x + 3 = x + 5 is a contradiction. Write the solution set. 


Explain why the equation 3x + 7 = 3(x + 2) + 1 is an identity. Write the solution set. 


The equation 4x — 1 = x + 14 is true under the condition that x = ____. Therefore, this equation is a conditional 
equation. Write the solution set. 
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Practice Exercises | Section 4.1 


Study Skills Exercise 


Class notes serve as a summary of key concepts that can be used later to prepare for tests. Look over the notes that you 
took today. Do you understand what you wrote? Identify any material or challenging problems that you need to revisit. 
Add any comments to make your notes clearer to you, or rewrite the notes in your own words. If there were any rules, 
definitions, or formulas, highlight them so that they can be easily found when studying for the test. 

Remember that note-taking skills are learned by practice. 


Prerequisite Review 


For Exercises R.1-R.8, simplify the expression. 


R11. —- 2¢ R.2. —4- ea 


R.3. n-2.14+2.1 R4. m+44-44 

R.5. —2y + 7y — 4 + 6y R.6. 2p-—9-4p+p 

R.7, —3 — 24 — x) + 83x - 4) R.8. 6 — Gm — 2) + 2 — 5m) 
For Exercises R.9-R.12, identify the least common denominator of the fractions. 


R.9. Boel ees R.10. cee es 
5 10 15 Al” 3} 18 


R.11. 


3 27 1 51 
eo end 
100° 1000’ *"* 70,000 379° 2"4 F000 


For Exercises R.13—R.16, evaluate the expression for the given value of x. 
R.13. -—8x+5 forx =3 R.14. 7 — 3x for x = —2 
R.15. 8 — 2(x — 4) + 5x for x = -6 R.16. 4x —7 -— 3(2x + 1) forx =5 


Vocabulary and Key Concepts 


1. An____ is a statement that indicates that two quantities are equal. 


> 


A ____________ to an equation is a value of the variable that makes the equation a true statement. 
c. An equation that can be written in the form ax + b= c (a #0) is called a ______ equation in one variable. 
d. A linear equation is also called a________ -degree equation because the degree on the variable is 1. 


e. The set of all solutions to an equation is called the 


f. Two equations are equivalent if they have the same _______ set. 


2. A_______ equation is true for some values of the variable, but false for other values. 
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. An equation that has no solution is called a 
. The set containing no elements is called the ______ and is denoted by 


. An equation that has all real numbers as its solution set is called an 


AN an — WwW 


. Which equation(s) are linear? 


1,1 1 1.1.1 


ce —4x+9=1 d. 4° +9=1 


Concept 1: Linear Equations in One Variable 


For Exercises 7-12, label the equation as linear or nonlinear. 


7. xw+1=5 8 10=x+6 9, °+7=9 
10. 34+°-x=4 1. -3=x 12. 5.2-—7x=0 


13. Use substitution to determine which value is the solution to 2x — 1=5. 


a. 2 b. 3 c. 0 d. —1 

14. Use substitution to determine which value is the solution to 2y — 3 = —2. 
a. 1 b. - c. 0 d. a 
2 2 


Concept 2: Solving Linear Equations 


For Exercises 15-44, solve the equation and check the solution. (See Examples 1-6.) 


15. x+7=19 16. -3+y=—28 17. -x=2 18. -1=3 

19. ta 20. —5=5 21. 5778 22. t=5 

23. 2.53=—2.31 24. -48=6.1+y 25. p—2.9=3.8 26. —4.2a = 4.494 
27. 6q7-4=62 28. 2w—15=15 29. 4y—17=35 30. 62-25 = 83 

31. -b-5=2 32. 6=-y+1 33. 3(x— 6) =2x—-5 34. 13y+-4=5(y—4) 
35. 6 —(t+ 2) =5(3r—4) 36. 1—5(p +2) =2(p + 13) 

37. 6(a+ 3) — 10 =—2(a— 4) 38. 8(b — 2) + 3b = —%(b — 1) 

39, -2[5- 22+ I]-4=26-2 40. 3[w —(10—w)]=7(w + 1) 

41. 6(-y + 4) -3Qy -3)=—-y+5 4 5y 42. 13+ 4w=-5(-w—6) + w+ 1) 


43. 14-2x+5x=—4(-2x —5)-6 44. 8—(p+2)+6p+7=p+13 


Section 1.1 


Concept 3: Clearing Fractions and Decimals 


For Exercises 45—56, solve the equations. (See Examples 7-9.) 


51. 


54. 


5 1 

= 2)=--g-=+2 
eat ) 91-37 

4 5q-6 @q 
~(2g + 6) — —==0 
3(24 + ) ra 3 
0.2x + 53.6=x 


46. 


49. 


52. 


55. 


1 9 2 
— 4 =-_--_ _ 
>t 10 +5 


oe 7 po 3 OF 
2 3°60 CS 


~3a4+9_2a-5_at2_4 


15 5 10 


0.75(m — 2) + 0.25m=0.5 


Concept 4: Conditional Equations, Contradictions, and Identities 


57. 


What is a conditional equation? 


58. Explain the difference between a contradiction and an identity. 
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47. 


50. 


53. 


56. 


1 3 1 
<== +p +1 
5? ) 5P +79? + 


dy 4 _Ssytl3y 
5 4 a 


6.3w—-15=4.8 


0.4(n + 10) + 0.6n = 2 


For Exercises 59-64, identify the equation as a conditional equation, a contradiction, or an identity. Then give the solution 
set. (See Example 10.) 


59. 


62. 


4x+1=2(2x+1)-1 


S(x+2)-7=3 


Mixed Exercises 


For Exercises 65—96, solve the equations. 


65. 
68. 
71. 


74, 


77. 


80. 


83. 


86. 


89. 


—-5b+9=-7]1 
15 =—-12+ 9x 
12b-8b-—8+13=4b+6-1 


2x + 3(¢—5)=15 
2 
0.75(8x — 4) = Pie —9) 


6(z — 2) =3z- 8+ 3z 
3 1 
3-21=3(3-52) 


2 = x+2_ 5x-2 
3 6 2 


0.48x — 0.08x = 0.12(260 — x) 


60. 


63. 


66. 


69. 
72. 


75. 


78. 


81. 


84. 


87. 


90. 


3x + 6 = 3x 


2x -44+ 8x=7x-8+4+3x 


—3x + 18 = —66 
10c +3 =—-3 + 12c 


474+2-—3z4+5=34+2+4 


6 Og 
24 8 
—~S(4z- 3) =-2 
5 = 
4[3 + 5(3 — b) + 2b] = 6 — 2b 


9 3 
57 8¥=8(5-w) 


2y=9 .3 
+-= 
io 2° 


0.07w + 0.06(140 — w) = 90 


61. 


64. 


67. 


70. 
73. 


76. 


79. 


82. 


85. 


88. 


91. 


—11x+4(¢— 3) =—2x—12 


—7x+8+4x=-3(x-3)-1 


16=-10+ 13x 
2w+21=6w-7 
S(x — 2) —2x=3x+7 


d_d _.5d_7 
5 10 20 10 


1(p +2) —4p =3p + 14 


11 


1 
aa —-—=-(2 

3 +3) 2 g2x+5) 
5 y-3_ 2yt+1 
4+ 8. 2 

2 


1 5 
0.5 0.25 =—x+— 
X+ an + 4 
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92. 0.2b + 5 2 7: 93. 0.3b—1.5=0.25(b+2)+0.05b 94. 0.1(a—1)=0.2540.7a 
95, — +3=3(5-)) 96. 5x—(8—x) =2[-4— (3 + 5x) — 13] 
Na cae ~ 


Expanding Your Skills 


97. A power company charges $0.12 per kilowatt-hour 98. For a student’s first semester at college, the college 
(kWh) and $14.89 in monthly taxes. The monthly charges $105 per credit-hour plus a one-time $50 
charge C (in $) is given by C=0.12h + 14.89 where admissions fee. The cost C (in $) for the first semes- 
his the number of kilowatt-hours used. If a family’s ter is given by C= 1054 + 50 where / is the number 
bill comes to $137.77, determine the number of credit-hours taken. If a student is billed $1415, 
of kilowatt-hours used. how many credit-hours is she taking? 

99. a. Simplify the expression. —2(y— 1) + 3(y+ 2) 100. a. Simplify the expression. 4w-— 8(2+ w) 

b. Solve the equation. —2(y—1)+3(v+2)=0 b. Solve the equation. 4w—8(2+w)=0 
c. Explain the difference between simplifying an c. Explain the difference between simplifying an 
expression and solving an equation. expression and solving an equation. 


Problem Recognition Exercises 


Equations Versus Expressions 


For Exercises 1—20, identify each exercise as an expression or an equation. Then simplify the expressions and solve the 


equations. 
1. 4x-24+6-8x 2. —3y-3-4y+8 3. 7h-1=2b4+4 
4. 10t+2=2-T7t 5. 4(a- 8) -7(2a+ 1) 6. 10(2x + 3) — 8(5 — x) 
7. 72—w)=5wt+8 8. 15(3 — 2y) =21 + 2y 9, 2(3x — 4) — 4(5x+ 1) =-8x4+7 
1 3 2 7 
10. 6(2 — 3a) — 2(8a+ 3) =—-12a— 19 1. 2v+2-4y— 
: 2 * 5" 3” 10 
7, 4& 8, iil 
i, el Sr 13. 20x —8+7x +28 =27x-9 14. 74+ 8w-12=3w-8+5w 
Deeriee let. 3 4 1 
15. =y--=—y+= 16. = =—z+1 17. 0.29c + 4.495 — 0.12 
5 6 8 Ba 6 5 + 3% xt c+ Cc 
18. 0.45k — 1.67 + 0.89 — 1.456k 19. 0.125(2p — 8) = 0.25(p — 4) 


20. 0.5u + 1.2 — 0.74u =0.8 — 0.24u + 0.4 
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Applications of Linear Equations in One Variable 


1. Introduction to Problem Solving 


One of the important uses of algebra is to develop mathematical models for understand- 
ing real-world phenomena. To solve an application problem, relevant information must be 
extracted from the wording of a problem and then translated into mathematical symbols. 
This is a skill that requires practice. The key is to stick with it and not to get discouraged. 


Problem-Solving Flowchart for Word Problems 


Step 1 Read the problem carefully e Familiarize yourself with the problem. Estimate 
i the answer, if possible. 
Y 
e Identify the unknown quantity or quantities. Let x 
Step 2 Assign labels to unknown quantities. represent one of the unknowns. Draw a picture 
and write down relevant formulas. 
Y 
Step 3 Write a verbal model. e Write an equation in words. 
Y 
Step 4 Write a mathematical equation e Replace the verbal model with a mathematical 
; equation using x or another variable. 
Yy 
Step 5 Solve the equation e Solve for the variable, using the steps for 
, solving linear equations. 
y e Once you’ve obtained a numerical value for the 
Tatenarek thé cesulés and wee variable, recall what it represents in the context of 
Step 6 a eae Bassey in cocnds the problem. Can this value be used to determine 
: other unknowns in the problem? Write an answer 


: to the word problem in words. 


To write an English statement as an algebraic expression, review the list of key terms given 
in Table 1-1. 


Table 1-1 
Addition: a+b Subtraction: a—b 
e the sum of a and b e the difference of a and b 
¢ aplusb * aminus b 
e badded toa e bsubtracted from a 
e bmore than a e adecreased by b 
e aincreased by b e bless than a 
e the total of a and b 
Multiplication: a-b Division: a+b, ¢ 
e the product of a and b ¢ the quotient of a and b 
e atimes b e adivided by b 
¢ amultiplied by b e bdivided into a 
e the ratio of a and b 
e aoverb 
° aperb 


Concepts 


4, 


Introduction to Problem 
Solving 


. Applications Involving 


Consecutive Integers 


. Applications Involving 


Percents and Rates 


. Applications Involving 


Principal and Interest 


. Applications Involving 


Mixtures 


. Applications Involving 


Distance, Rate, and Time 


Avoiding Mistakes 


Once you have reached a solution 
to a word problem, verify that it is 
reasonable in the context of the 
problem. 
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| Example | Translating and Solving a Linear Equation 


The sum of two numbers is 39. One number is 3 less than twice the other. What are 
the numbers? 


Solution: 
Step 1: Read the problem carefully. 


Step 2: Let x represent one number. 
Let 2x — 3 represent the other number. 
Step 3: (One number) + (other number) = 39 
Step 4: Replace the verbal model with a mathematical equation. 
(One number) + (other number) = 39 
x + (2x-3) =39 
Step 5: Solve for x. 
x + (2x —3) = 39 


3x —3 = 39 
3x = 42 
3x _ 42 
3 3 
x= 14 


Step 6: Interpret your results. Refer to step 2. 
One number is x: ————————————_> | 4 


The other number is 2x — 3: 
2(14) — 3 ————_> 25 


Answer: The numbers are 14 and 25. 


Skill Practice 


1. One number is 5 more than 3 times another number. The sum of the numbers is 45. 
Find the numbers. 


2. Applications Involving Consecutive Integers 
The word consecutive means “following one after the other in order.” 


e The numbers —2, —1, 0, 1, 2, and so on are examples of consecutive integers. Notice 
that two consecutive integers differ by 1. Therefore, if x represents an integer, then x + 1 
represents the next consecutive integer. 


e The numbers 2, 4, 6, 8, and so on are consecutive even integers. Consecutive even inte- 
gers differ by 2. Therefore, if x represents an even integer, then x + 2 represents the next 
consecutive even integer. 

e The numbers 15, 17, 19, and so on are consecutive odd integers. Consecutive odd inte- 
gers also differ by 2. Therefore, if x represents an odd integer, then x + 2 represents the 
next consecutive odd integer. 


Answer 
4. The numbers are 10 and 35. 
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Solving a Linear Equation Involving 
Consecutive Integers 


Three times the sum of two consecutive odd integers is 516. Find the integers. 


Solution: 


Step 1: Read the problem carefully. 
Step 2: Label the unknowns: 


Let x represent the first odd integer. 
Then x + 2 represents the next odd integer. 


Step 3: Write an equation in words. 


3[(first odd integer) + (second odd integer)] = 516 


3[x + (x + 2)] = 516 Step 4: Write a mathematical equation. 
3(2x + 2) = 516 Step 5: Solve for x. 
6x+6 = 516 
6x = 510 
x = 85 


Step 6: Interpret your results. 
After completing a word problem, 
it is always a good idea to check 
that the answer is reasonable. 
Notice that 85 and 87 are 
consecutive odd integers, and 
three times their sum is 3(85 + 87), 


The first odd integer is x: > 85 
The second odd integer is x + 2: 


85+2 ——_»> 87 


Answer: The integers are 85 and 87. --+-++eeecceeecccceeeccccescccensccccsscccesseccceubece 


Skill Practice which equals 516. 
2. Four times the sum of three consecutive integers is 264. Find the integers. 
3. Applications Involving Percents and Rates 
In many real-world applications, percents are used to represent rates. 
e The sales tax rate for a certain county is 6%. 
e Anice cream machine is discounted 20%. 
¢ Areal estate sales broker receives a 44% commission on sales. 
e A savings account earns 7% simple interest. 
The following models are used to compute sales tax, commission, and simple interest. 
In each case the value is found by multiplying the base by the percentage. 
Sales tax = (cost of merchandise)(tax rate) 
Commission = (dollars in sales)(commission rate) 
Simple interest = (principal)(annual interest rate)(time in years) 
I= Prt 
Answer 


2. The integers are 21, 22, and 23. 
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FOR REVIEW 


Remember to use the decimal form 
of a percent when the number is 
used in a calculation. To convert a 
percent to decimal form, divide by 
100 and drop the % symbol. 


54% = 5.25% 
5.25 
= = 0.0525 


Answer 
3. $8500 


| Example 3 _| Solving a Percent Application 


A woman invests $5000 in an account that earns 54% simple interest. If the money 
is invested for 3 years (yr), how much money is in the account at the end of the 
3-yr period? 
Solution: 
Let x represent the total money in the account. Label the variables. 

P = $5000 (principal amount invested) 

r = 0.0525 (interest rate) 

t=3 (time in years) 


The total amount of money includes principal plus interest. 


(Total money) = (principal) + (interest) Verbal model 
x=P+Prt Mathematical equation 
x = $5000 + ($5000)(0.0525)(3) i a Bees e 
x = $5000 + $787.50 
x = $5787.50 Solve for x. 


The total amount of money in the account is $5787.50. Interpret the results. 


Skill Practice 


3. Markos earned $340 in 1 yr on an investment that paid a 4% dividend. Find the 
amount of money invested. 


As consumers, we often encounter situations in which merchandise has been marked up or 
marked down from its original cost. It is important to note that percent increase and percent 
decrease are based on the original cost. For example, suppose a microwave oven originally 
priced at $305 is marked down 20%. 

The discount is determined by 20% of the original price: (0.20)($305) = $61.00. The 
new price is $305.00 — $61.00 = $244.00. 


Sent, Solving a Percent Increase Application 


A college bookstore uses a standard markup of 40% on all books purchased wholesale 
from the publisher. If the bookstore sells a calculus book for $179.20, what was the 
original wholesale cost? 
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Solution: 


Let x = original wholesale cost. Label the variables. 


The selling price of the book is based on the original cost of the book plus the book- 
store’s markup. 


(Selling price) = (original price) + (markup) Verbal model 
(Selling price) = (original price) + (original price - markup rate) 
179.20 = x + (x)(0.40) Mathematical equation 
179.20 = x + 0.40x 
179.20 = 1.40x Combine like terms. 
179.20 = 
1.40 
x = 128 Simplify. 


The original wholesale cost of the textbook was $128.00. Interpret the results. 


Skill Practice 


4. An online bookstore gives a 20% discount on paperback books. Find the original 
price of a book that has a selling price of $5.28 after the discount. 


4. Applications Involving Principal and Interest 


| Example5 | Solving an Investment Growth Application 


Miguel had $10,000 to invest in two different mutual funds. One was a relatively safe 
bond fund that averaged 4% return on his investment at the end of 1 yr. The other 
fund was a riskier stock fund that averaged 7% return in 1 yr. If at the end of the year 
Miguel’s portfolio grew to $10,625 ($625 above his $10,000 investment), how much 
money did Miguel invest in each fund? 


Solution: 
This type of word problem is sometimes categorized as a mixture problem. Miguel is 
“mixing” his money between two different investments. We have to determine how the 
money was divided to earn $625. 

The information in this problem can be organized in a chart. (Note: There are two 
sources of money: the amount invested and the amount earned.) 


Amount invested ($) EG (10,000 — x) 10,000 
Amount earned ($) 0.04x 0.07(10,000 — x) 625 


Because the amount of principal is unknown for both accounts, we can let x repre- 
sent the amount invested in the bond fund. If Miguel spends x dollars in the bond fund, 
then he has (10,000 — x) left over to spend in the stock fund. The return for each fund 
is found by multiplying the principal and the percent growth rate. 


Answer 
4. $6.60 
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FOR REVIEW 


Recall that a word problem should 
be checked in the context of the 
problem. 


Principal: 
$2500 + $7500 = $10,000 ¥ 


Interest: 
0.04($2500) + 0.07($7500) 
= $100 + $525 
= $6257 


role of the concentration rate 
within a mixture problem, 
consider this example. 
Suppose you have 30 gal of a 
10% antifreeze mixture. How 
much pure antifreeze is in the 
mixture? 


pure antifreeze = 0.10(30 gal) 
= 3 ell 
Multiply the concentration 


rate by the amount of 
mixture. 


Answer 

5. $3000 was borrowed at 7% interest, 
and $1000 was borrowed at 
1.5% interest. 


Linear Equations and Inequalities in One Variable 


To establish a mathematical model, we know that the total return ($625) must equal 
the earnings from the bond fund plus the earnings from the stock fund: 


(Earnings from bond fund) + (earnings from stock fund) = (total earnings) 
0.04x + 0.07(10,000 — x) 625 
0.04x + 0.07(10,000 — x) = 625 Mathematical equation 


4x + 7(10,000 — x) = 62,500 
4x + 70,000 — 7x = 62,500 
—3x + 70,000 = 62,500 


Multiply by 100 to clear decimals. 


Combine like terms. 


—3x = —7500 Subtract 70,000 from both sides. 
=3x _ -7500 
-3 =3 
x = 2500 Solve for x and interpret the results. 


The amount invested in the bond fund is $2500. 
The amount invested in the stock fund is $10,000 — x, or $10,000 — $2500 = $7500. 


Skill Practice 


5. Jonathan borrowed $4000 in two loans. One loan charged 7% interest, and the other 
charged 1.5% interest. After 1 yr, Jonathan paid $225 in interest. Find the amount 
borrowed in each loan. 


5. Applications Involving Mixtures 


Solving a Mixture Application 


How many liters (L) of a 40% antifreeze solution must be added to 4 L of a 10% 
antifreeze solution to produce a 35% antifreeze solution? 


Solution: 


The given information is illustrated in Figure 1-1. 


35% Antifreeze 
solution 


40% Antifreeze 
solution 


10% Antifreeze 
solution 


= (4+x%L 


shah of solution 


solution 


0.40x L of 
pure antifreeze 


0.10(4) L of 
pure antifreeze 


0.35(4 + x) L of 
pure antifreeze 


Figure 1-1 
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The information can also be organized in a table. 


Number of liters 
of solution 


Number of liters 


of pure antifreeze 0.10(4) 


0.35(4 + x) 


Notice that an algebraic equation is obtained from the second row of the table relating 
the number of liters of pure antifreeze in each container. 


(es antifreeze ) aes aa) _ ( pure antifreeze ) 
from solution 1 from solution 2 in the final solution 


0.40x + 0.10(4) = 0.35(4 + x) 
0.40x + 0.10(4) = 0.35(x + 4) Mathematical equation 
0.4x + 0.4 = 0.35x + 1.4 Apply the distributive property. 


0.4x — 0.35x 4+ 0.4 = 0.35x — 0.35x 4 1.4 Subtract 0.35x from both sides. 
0.05x + 0.4 = 1.4 


0.05x +0.4-0.4 = 1.4-0.4 Subtract 0.4 from both sides. 
0.05x = 1.0 
0.05x 1.0 es : 
ee D h OS. 
0.05 ~ 005 ivide both sides by 0.05 


Therefore, 20 L of a 40% antifreeze solution is needed. 


Skill Practice 


6. Find the number of ounces (0z) of 30% alcohol solution that must be mixed with 
10 oz of a 70% solution to obtain a solution that is 40% alcohol. 


6. Applications Involving Distance, 
Rate, and Time 


The fundamental relationship among the variables distance, rate, and time is given by 
Distance = (rate)(time) or d=rt 


For example, a motorist traveling 65 mph (miles per hour) for 3 hr (hours) will travel a 
distance of 


d= (S=\o hr) = 195 mi 


Answer 


65 


Avoiding Mistakes 


x = 20 To check, verify that the amount 
of pure antifreeze from the two 
solutions equals the amount of 
antifreeze in the final solution. 


0.40(20 L) = 8L 
+ 0.10(44L)=0.4L 
0.35(24 L) = 8.4L 


6. 30 oz of the 30% solution is needed. 


[STUDY 
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Campsite 


d = (rate)(time) 
d=(x + 1)(3) 


d = (rate)(time) 
d= x(4.5) 


Moose Lake 


Avoiding Mistakes 


Notice that the distance to (and from) 
the lake is 9 mi. 


Distance: 
4.5 hr(2 mph) = 9 mi 
Verify that d = rt to and from 
the lake. 
9 mi = (3 mph)(3 hr) % 
9 mi = (2 mph)(4.5 hr) Y 


Answer 
7. Jody normally drives 60 mph. 


Solving a Distance, Rate, Time Application 


A hiker can hike 1 mph faster downhill to Moose Lake than 
she can hike uphill back to the campsite. If it takes her 3 hr 
to hike to the lake and 4.5 hr to hike back, what is her speed 
hiking back to the campsite? 


Solution: 


The information given in the problem can be organized 
in a table. 


Trip to the lake xp Il 3 


Return trip a 45 


Column 2: Let the rate of the return trip be represented by x. 
Then the trip to the lake is 1 mph faster and can be 
represented by x + 1. 


Column 3: The times hiking to and from the lake are given in the 
problem. 


Column |: To express the distance, we use the relationship d = rt. That is, multiply 
the quantities in the second and third columns. 


Y 


Trip to the lake 
Return trip 


To create a mathematical model, note that the distances to and from the lake are equal. 
Therefore, 


(Distance to lake) = (return distance) Verbal model 
3(x+ 1) = 4.5x Mathematical equation 
3x+3 = 4.5x Apply the distributive property. 
3x =3x%+3 = 45x = 3x Subtract 3x from both sides. 
3 = 1.5x 

3 18% Divide by 1.5 to isolate 

is 1s the variable. 

2% Solve for x. 


The hiker’s speed on the return trip to the campsite is 2 mph. 


Skill Practice 


7. During a bad rainstorm, Jody drove 15 mph slower on a trip to her mother’s 
house than she normally would when the weather is clear. If a trip to her 

mother’s house takes 3.75 hr in clear weather and 5 hr in a bad storm, what is her 

normal driving speed during clear weather? 
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Section 1.2 Activity 


A.1. a. If x represents the smallest of three consecutive integers, write an expression to represent each of the next two 
consecutive integers. 


b. If x represents the /argest of three consecutive integers, write an expression to represent each of the previous 
two consecutive integers. 


A.2. Consider three consecutive odd integers. Suppose that the sum of the first integer and 2 times the second integer 
is 54 more than the third integer. To find the values of the three integers, follow these steps. 
a. Read the problem again. 


b. Let x represent the first integer. Write an expression to represent each of the next two 
consecutive odd integers. 


c. Write an equation in words to represent this scenario. 

d. Write a mathematical equation in terms of x to represent this scenario. 

e. Solve the equation from part (d). 

f. Interpret the answer from part (e) and give the values of the three integers. 


A.3. a. A sofa originally costs $1200 but is marked down by 25%. What is the amount of the discount? What is the 
new price? 
b. A recliner originally costs x dollars but is marked down by 15%. Write an expression in terms of x for the 
amount of the discount. Write an expression in terms of x for the new price. 


A.4. A repurposed video game console is marked down 40% from its original price. If the new price is $216 (before 
tax), find the original price by following these steps. 
a. Read the problem again. 


b. Let x represent 


c. Write an equation in words to represent this scenario. 
d. Write a mathematical equation in terms of x to represent this scenario. 
e. Solve the equation from part (d). 


f. Interpret the results in words using proper units of measurement and verify that your solution makes sense in 
the context of the problem. 


A.5. a. How much simple interest is earned on $6000 at 7% for 1 yr? 
b. Write an expression that represents the amount of simple interest earned on x dollars at 7% for 1 yr. 


A.6. Jon borrowed a total of $12,000. He borrowed part of the money from a bank that charges 7% simple interest. 
He borrowed the rest of the money from his brother who only charged him 2% interest. At the end of the year, 
he paid back the principal along with $415 in interest. Determine the amount of money he borrowed from 
each source. 

a. Read the problem again. 


b. Let x represent 


c. Complete the table. 


Amount borrowed ($) 
Interest owed ($) 


d. Write an equation that represents this scenario—namely, the interest owed on the 7% loan plus the interest 
owed on the 2% loan equals the total interest. 


e. Solve the equation from part (d). 


f. Interpret the results in words using proper units of measurement and verify that your solution makes sense in 
the context of the problem. 
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A.7. a. Consider 50 mL of a mixture that is 10% acid. How much of the mixture is pure acid? How much of the mixture 


AS. 


AY. 


A.10. 


b. 


is something other than acid? 


A chemist has x milliliters of a 20% acid mixture. Write an expression that represents the amount of pure acid 
in the mixture. 


How many ounces of a 10% acid solution must be mixed with 6 L of a 25% acid solution to produce a 20% acid 
solution? 


a. 
b. 
© 


Read the problem again. 
Let x represent 
Complete the table. 


Amount of solution (L) 


Amount of pure acid (L) 


. Write an equation that represents 


The amount of the amount of the amount of 
pure acid in 4 | pure acid in =| pure acid in 


the 10% solution the 25% solution the 20% solution 


e. Solve the equation from part (d). 


a. 
b. 


Interpret the results in words using proper units of measurement and verify that your solution makes sense in the 
context of the problem. 


If a hiker walks 5 mph for 2 hr, how far does she walk? 
If a hiker walks x miles per hour for 2 hr, write an expression for the distance walked. 


Kesha can walk downhill from her car to a campsite. For the return trip uphill back to her car, she walks 2 mph slower. 
It takes 1.5 hr to walk to the campsite and 3 hr to walk back to the car. Determine the speeds at which Kesha walks 
to the campsite and back to the car. Then find the distance between the campsite and the car. 


a. 
b. 
c 


Read the problem again. 
Let x represent: 
Complete the table. 


Walking to the campsite 


Walking back to the car 


. Write a mathematical equation that represents the fact that the distance Kesha walks to the campsite equals 


the distance she walks back. 


e. Solve the equation from part (d). 


Interpret the results in words using proper units of measurement, and verify that your solution makes sense in 
the context of the problem. 
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Practice Exercises | Section 1.2 


Study Skills Exercise 


Writing mathematically is the skill of translating words to a mathematical expression or expressing a mathematical 
concept in words. Translating words to a mathematical expression helps us to solve real-world application problems. Sum, 
difference, product, and quotient are important words that indicate the operations of addition, subtraction, multiplication, 
and division. However, there are other ways that we can express these operations in words. 

© Use three different wordings to represent the expression —6 + 10. 


© Use three different wordings to represent —7.5 — 8.1. 


© Use three different wordings to represent 7 : (3) 


® Use three different wordings to represent —24 + 6. 


Prerequisite Review 


R.1. Identify the smallest positive integer that could be used to clear fractions in the equation. 


R.2. Identify the smallest power of 10 that could be used to clear decimals in the equation. 
0.06x + 0.24(5000 — x) = 1020 


For Exercises R.3-R.4, solve the equation. 
R.3. 0.06x + 0.24(5000 — x) = 1020 
R.4. 0.3(6000 + x) + 0.5x = 3400 
R.5. Compute a 7% sales tax on a picture frame that costs $36. 
R.6. Compute the commission that a realtor makes if her commission is 3% on a house that sells for $340,000. 


R.7. Tickets to a movie cost $15 each. 
a. How much do 8 tickets cost? 
b. How much do x tickets cost? 


. T-shirts at a concert cost $25 each. 
a. A teacher orders 30 shirts for a class. How much do 30 shirts cost? 
b. How much do y shirts cost? 


. An acid solution is 20% acid and 80% water. 
a. How much acid is in 20 mL of solution? 
b. How much acid is in 40 — x milliliters of solution? 


. A mixture of nuts is 40% peanuts. 
a. How many pounds of peanuts are in a 2-lb bag of the mixture? 
b. How many pounds of peanuts are in 10 — x pounds of the mixture? 


. A plane travels at 450 mph. 
a. If the plane travels for 2 hr, how far will it fly? 
b. If the plane travels for ¢ + 2 hours, how far will it fly? 


. A boat travels at 12 mph. 
a. If the boat travels for 0.4 hr, how far will it go? 
b. If the boat travels for t— 1 hours, how far will it go? 
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Vocabulary and Key Concepts 


1. a. Integers that follow one after the other without “gaps” are called 


2. 


b. The integers —2, 0, 2, and 4 are examples of consecutive 


are examples of consecutive integers. 


c. Two consecutive integers differ by 


consecutive even integers differ by 


consecutive integer. 


e. 
greater consecutive odd integer. 


f. If x represents the smallest of three consecutive even integers, then the expressions 


represent the next two greater consecutive even integers. 


[= where P is the principal, 7 is the annual 


h. 


O 
If d=rt, th =—andt=—. 
rt, then r=" an 


Concept 1: Introduction to Problem Solving 


3. 


If x represents a number, write an expression for 
5 more than the number. 


If t represents a number, write an expression for 
7 less than twice the number. 


The larger of two numbers is 3 more than twice 

the smaller. The difference of the larger number 

and the smaller number is 8. Find the numbers. 

(See Example 1.) 

The sum of 3 times a number and 2 is the same as the 10. 
difference of the number and 4. Find the 

number. 


Concept 2: Applications Involving Consecutive Integers 


11. 


13. 


15. 


The sum of two consecutive page numbers in a book 12. 


is 223. Find the page numbers. (See Example 2.) 


The sum of two consecutive odd integers is —148. 14. 


Find the two integers. 


Three times the smaller of two consecutive even 16. 
integers is the same as —146 minus 4 times the 


larger integer. Find the integers. 


, two consecutive odd integers differ by 


If x represents the smaller of two consecutive integers, then the expression 


If x represents the smaller of two consecutive odd integers, then the expression 


integers. 


integers, and the integers —3, —1, 1, and 3 


, and two 


represents the next greater 


represents the next 


and 


Simple interest is interest computed on the principal invested or borrowed. Simple interest is computed as 


rate, and ¢ is the time in years. 


If $5000 is borrowed at 6.5% simple interest for 4 yr, then the amount of simple interest is 


If n represents a number, write an expression for 
10 less than the number. 


If y represents a number, write an expression for 
4 more than 3 times the number. 


One number is 3 less than another. Their sum is 15. 
Find the numbers. 


Twice the sum of a number and 3 is the same as 1 
subtracted from the number. Find the number. 


The sum of the numbers on two consecutive raffle 
tickets is 808,455. Find the numbers on the tickets. 


The sum of three consecutive integers is —57. Find the 
integers. 


Four times the smaller of two consecutive odd 
integers is the same as 73 less than 5 times the 
larger. Find the integers. 


17. 
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Two times the sum of three consecutive odd integers 
is the same as 23 more than 5 times the largest 
integer. Find the integers. 


Concept 3: Applications Involving Percents and Rates 


19. 


21. 


22. 


23. 


24. 


25. 


26. 


Concept 4: Applications Involving Principal and Interest 
27. 


29. 


Belle had the choice of taking out a 4-yr car loan at 
8.5% simple interest or a 5-yr car loan at 7.75% simple 
interest. If she borrows $15,000, how much interest 
would she pay for each loan? Which option will 
require less interest? (See Example 3.) 


18. 


20. 


Five times the smallest of three consecutive even 
integers is 10 more than twice the largest. Find the 
integers. 


Robert can take out a 3-yr loan at 8% simple interest 
or a 2-yr loan at 84% simple interest. If he borrows 
$7000, how much interest will he pay for each loan? 
Which option will require less interest? 


An account executive earns $600 per month plus a 3% commission on sales. The executive’s goal is to earn $2400 this 


month. How much must she sell to achieve this goal? 


A salesperson earns $50 a day plus 12% commission on sales over $200. If her daily 
earnings are $76.88, how much money in merchandise did she sell? 


J. W. is an artist and sells his pottery each year at a local Renaissance Festival. He 

keeps track of his sales and the 8.05% sales tax he collects by making notations in a 
ledger. Every evening he checks his records by counting the total money in his cash 
drawer. After a day of selling pottery, the cash totaled $1293.38. How much is from 


the sale of merchandise and how much is sales tax? 


Wayne County has a sales tax rate of 7%. How much does Mike’s used car cost before 


tax if the total cost of the car plus tax is $13,888.60? 


The price of a swimsuit after a 20% markup is $43.08. What was the price before the 


markup? (See Example 4.) 


The price of a used textbook after a 35% markdown is $29.25. What was the 


original price? 


Tony has a total of $12,500 in two accounts. One 
account pays 2% simple interest per year and the 
other pays 5% simple interest. If he earned $370 in 
interest in the first year, how much did he invest in 
each account? (See Example 5.) 


Jason borrowed $18,000 in two loans. One loan 
charged 11% simple interest and the other charged 
6% simple interest. After 1 yr, Jason paid a total of 
$1380. Find the amount borrowed in each loan. 


28. 


30. 


Rob Melnychuk/Getty Images 


Lillian had $15,000 invested in two accounts, one 
paying 9% simple interest and one paying 10% 
simple interest. How much was invested in each 
account if the interest after | yr is $1432? 


Amanda borrowed $6000 from two sources: her 
parents and a credit union. Her parents charged 3% 
simple interest and the credit union charged 8% 
simple interest. If after 1 yr, Amanda paid $255 in 
interest, how much did she borrow from her parents, 
and how much did she borrow from the credit union? 
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31. 


Chapter 1 


Donna invested money in two accounts: one paying 
4% simple interest and the other paying 3% simple 
interest. She invested $4000 more in the 4% account 
than in the 3% account. If she received $720 in 
interest at the end of | yr, how much did she invest 
in each account? 


Concept 5: Applications Involving Mixtures 


33. 


35. 


37. 


39. 


Ahmed mixes two plant fertilizers. How much ferti- 
lizer with 15% nitrogen should be mixed with 2 oz of 
fertilizer with 10% nitrogen to produce a fertilizer 
that is 14% nitrogen? (See Example 6.) 


Jacque has 3 L of a 50% antifreeze mixture. How 
much 75% mixture should be added to get a mixture 
that is 60% antifreeze? 


How many liters of an 18% alcohol solution must be 
added to a 10% alcohol solution to get 20 L of a 15% 
alcohol solution? 


Ronald has a 12% solution of the fertilizer Super 
Grow. How much pure Super Grow should he 
add to the mixture to get 32 oz of a 17.5% 
concentration? 
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32. 


34. 


36. 


38. 


40. 


Concept 6: Applications Involving Distance, Rate, and Time 


41. 


43. 


An airplane travels 60 mph faster from Atlanta to 
Fort Lauderdale than it travels on the return trip from 
Fort Lauderdale to Atlanta. If it takes 2 hr from 
Atlanta to Fort Lauderdale and 2.5 hr for the return 
trip, determine the speed of each trip. (See Example 7.) 


Two cars are 192 mi apart and travel toward each 
other on the same road. They meet in 2 hr. One car 
travels 4 mph faster than the other. What is the average 
speed of each car? 


Mixed Exercises 


45. 


The sum of two integers is 30. Ten times one integer 
is 5 times the other integer. Find the integers. 

(Hint: If one number is x, then the other number 

is 30 — x.) 


42. 


44. 


46. 


Mr. Hall had some money in his bank earning 4.5% 
simple interest. He had $5000 more deposited in a 
credit union earning 6% simple interest. If his total 
interest for 1 yr was $1140, how much did he deposit 
in each account? 


How much 8% saline solution should Kent mix with 
80 cc (cubic centimeters) of an 18% saline solution 
to produce a 12% saline solution? 


One fruit punch has 40% fruit juice and another is 
70% fruit juice. How much of the 40% punch should 
be mixed with 10 gal of the 70% punch to create a 
fruit punch that is 45% fruit juice? 


How many milliliters of a 2.5% bleach solution must 
be mixed with a 10% bleach solution to produce 600 
mL of a 5% bleach solution? 


How many ounces of water must be added to 20 oz 
of an 8% salt solution to make a 2% salt solution? 


A woman can hike | mph faster down a trail to 
Archuletta Lake than she can on the return trip uphill. 
It takes her 3 hr to get to the lake and 6 hr to return. 
What is her speed hiking down to the lake? 


Two cars are 190 mi apart and travel toward each 
other along the same road. They meet in 2 hr. 
One car travels 5 mph slower than the other car. 
What is the average speed of each car? 


The sum of two integers is 10. Three times one 
integer is 3 less than 8 times the other integer. Find 
the integers. (Hint: If one number is x, then the other 
number is 10 — x.) 
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47. An older model of smartphone is marked down to 48. A hardcover book is marked down to $15.60 once the 
$89.55 when newer technology comes on the market. book comes out in paperback. If this is the new price 
If this is the new price after a55% markdown, after a 35% markdown, determine the original price. 


determine the original price. 


49. Two boats traveling the same direction leave a harbor 50. Two canoes travel down a river, starting at 9:00. One 
at noon. After 3 hr they are 60 mi apart. If one boat canoe travels twice as fast as the other. After 3.5 hr, 
travels twice as fast as the other, find the average the canoes are 5.25 mi apart. Find the average speed 
speed of each boat. of each canoe. 

51. Ms. Riley deposited some money in an account 52. Sienna put some money an account earning 
paying 5% simple interest and twice that amount in 4.2% simple interest. She deposited twice that 
an account paying 6% simple interest. If the total amount in another account paying 4% simple interest. 
interest from the two accounts is $765 for 1 yr, how After 1 yr her total interest was $488. How much 
much was deposited in each account? did Sienna deposit in the 4% account? 

53. Two different teas are mixed to make a blend that 54. A nut mixture consists of almonds and cashews. 
will be sold at a fair. Black tea sells for $2.20 per Almonds are $4.98 per pound, and cashews 
pound and green tea sells for $3.00 per pound. How are $6.98 per pound. How many pounds of each 
much of each should be used to obtain 4 1b of a blend type of nut should be mixed to produce 16 Ib 
selling for $2.50? selling for $5.73 per pound? 


55. After a recent crash of the 
housing market, the median 
price of a new home 
(including land) in the 
United States was 
$202,100. This represents a 
drop of 6% from the 
previous year. What was 
the median price the 
previous year? 


56. According to the Bureau of Labor Statistics, the 
median weekly salary for an individual with a 
bachelor’s degree is $1026 per week. This represents 
an increase of 35% over the salary of an individual 
with an associate’s degree. What is the median 
weekly salary of an individual with an associate’s 
degree? 


John Lund/Drew Kelly/Blend 
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Applications to Geometry and Literal Equations /Section 4300 
1. Applications Involving Geometry 


The word problems presented in Examples 1 and 2 involve the use of geometric 1. Applications Involving 
formulas. Geometry 


2. Literal Equations 
ESSE Solving an Application Involving Perimeter 


The length of a rectangular corral is 2 ft more than 3 times the width. The corral is 
situated such that one of its shorter sides is adjacent to a barn and does not require 
fencing. If the total amount of fencing is 774 ft, find the dimensions of the corral. 
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Solution: 


Read the problem and draw a sketch (Figure 1-2). 


xxXXXX 


XXXXXXXXKKK 


Example 1, the 
length of the field is given in Figure 1-2 


terms of the width. Therefore, ; . 
we let x represent the width. Let x represent the width. Label variables. 


Let 3x + 2 represent the length. 


To write a verbal model, we might consider using the formula for the perimeter of a rec- 
tangle. However, the formula P = 2/ + 2w incorporates all four sides of the rectangle. 
The formula must be modified to include only one factor of the width. 


es —) ( 2 times ) we ( | times ) Verbal model 


three sides the length the width 
774 = 23x+2) + x Mathematical equation 
774 = 2(3x+2)+x Solve for x. 
774 =6x+4+x Apply the distributive property. 
774 =7x+4 Combine like terms. 
7710 = 7x Subtract 4 from both sides. 
11l0=x Divide by 7 on both sides. 
Avoiding Mistakes x= 110 
To check the answer to Example 1, Because x represents the width, the width of the corral is 110 ft. The length is given by 
ify that the th ides add t 
as ssc rete i 3x+2 or 3(110) + 2 = 332 Interpret the results. 
110 ft + 332 ft + 332 ft -»-» The width of the corral is 110 ft, and the length is 332 ft. 
=7/4ftY 
Skill Practice 
1. The length of Karen’s living room is 2 ft longer than the width. The perimeter is 
80 ft. Find the length and width. 
Recall some important facts involving angles. 
e Two angles are complementary if the sum of their measures is 90°. 
e Two angles are supplementary if the sum of their measures is 180°. 
e The sum of the measures of the angles within a triangle is 180°. 
| Example 2 _| Solving an Application Involving Angles 
Two angles are complementary. One angle measures 10° less than 
4 times the other angle. Find the measure of each angle (Figure 1-3). 
(4x — 10)° 
Answer ° 


x 


1. The length is 21 ft, and the width 
is 19 ft. Figure 1-3 
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Solution: 
Let x represent the measure of one angle. 
Let 4x — 10 represent the measure of the other angle. 


Recall that two angles are complementary if the sum of their measures is 90°. Therefore, 
a verbal model is 


(One angle) + (the complement of the angle) = 90° Verbal model 
x + (4x — 10) = 90 Mathematical 
equation 
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5x— 10=90 Solve for x. Avoiding Mistakes 


5x = 100 From Example 2, notice that the 


x= 20 sum of the measures of the angles 


20° + 70° is 90° as expected. 


If x = 20, then 4x — 10 = 4(20) — 10 = 70. The two angles are 20° and 70°. 


Skill Practice 


2. Two angles are supplementary, and the measure of one angle is 16° less than 3 
times the other. Find the measure of each angle. 


2. Literal Equations 


Literal equations are equations that contain several variables. A formula is a literal equa- 
tion with a specific application. For example, the perimeter P of a rectangle can be found 
by the formula P = 2/ + 2w. In this equation, P is expressed in terms of the length / and the 
width w. However, in science and other branches of applied mathematics, formulas may be 
more useful in alternative forms. 

For example, the formula P = 2/ + 2w can be manipulated to solve for either / or w-: 


Solve for 1 Solve for w 
P=21+2w P=21+2w 
P-2w=2l Subtract 2w. P-21=2w Subtract 21. 
£ oe = Divide by 2. ee =w Divide by 2. 
j= oe _P=2l 

=e ~ 2 


To solve a literal equation for a specified variable, use the addition, subtraction, 
multiplication, and division properties of equality. 


| _Example3 | Applying a Literal Equation 


Buckingham Fountain is one of Chicago’s most familiar landmarks. With 133 jets 
spraying a total of 14,000 gal of water per minute, Buckingham Fountain is one of the 
world’s largest fountains. The circumference of the fountain is approximately 880 ft. 


a. The circumference of a circle is given by C = 2ar. Solve the equation for r. 


b. Use the equation from part (a) to find the radius and diameter of the fountain. Use 
3.14 for z and round to the nearest foot. 


Answer 


2. 49° and 131° 
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FOR REVIEW 


Recall that small characters to the 
right of and below a variable are 
called subscripts. Subscript nota- 
tion is used to designate different 
but related variables. In Example 4, 
b, and by are different variables 
representing the two distinct bases 
in the trapezoid. 


Answers 


S V 
3.c4=— 4314 5. h=— 
" 4 ar 


Solution: 
a. C=2ar 
Cc = 2ar To isolate r, divide 
2n 24 both sides by 22. 
Cc 
=r 
2n 
Cc 
r=— 
2a 
Steve Allen/Brand X Pictures/Getty Images 
re sah Substitute 880 ft for C and 3.14 for z. 
~ 140 ft 


The radius is approximately 140 ft. The diameter is twice the radius (d = 27). 
Therefore, the diameter is 280 ft. 


Skill Practice The formula to compute the surface area S of a sphere is given 
by S=4ar’. 
3. Solve the equation for z. 


4, A sphere has a surface area of 113 in.” and a radius of 3 in. Use the formula found 
in part (a) to approximate z. Round to two decimal places. 


Solving a Literal Equation 


The formula to find the area of a trapezoid is given by by 
A=4(b, + b»)h, where b, and b, are the lengths of the 


parallel sides and h is the height. (See Figure 1-4.) h 
Solve this formula for b,. q 
db 
Solution: Figure 1-4 


A=4(b,+b)h The goal is to isolate b,. 
2A =2-4(b, + b)h Multiply by 2 to clear fractions. 


2A = (b, + bo)h Apply the distributive property. 
2A =b,h+bh 
2A — bh = byh Subtract bjh from both sides. 
cm a as Divide by h. 
h i 
2A — byh 
cine haope 
h 


Skill Practice 


5. The formula for the volume of a right circular cylinder is 
V=arh. Solve for h. 
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TIP: 1en solving a literal equation for a specified variable, there is sometimes more 
than one way to express your final answer. This flexibility often presents difficulty for 
students. Students may leave their answer in one form, but the answer given in the text 
may look different. Yet both forms may be correct. To know if your answer is equiva- 
lent to the form given in the text, you must try to manipulate it to look like the answer 
in the book, a process called form fitting. 

The literal equation from Example 4 can be written in several different forms. The 
quantity (2A — b»h)/h can be split into two fractions. 


_2A-b xh 2A bh _ 2A | 
hii ~ fh h A 


| Example 5 | Solving a Literal Equation 


Given —2x + 3y =5, solve for y. 


by 


b2 


Solution: 
—2x+3y=5 
3y = 2x+5 Add 2x to both sides. 
“s = ame Divide by 3 on both sides. 


_ 2x+5 Si eeaa > 
y v=3 3 


Skill Practice Solve for y. 
6. 5x+2y=11 


Sometimes the variable we want to isolate may appear in more than one term in a literal 
equation. In such a case, isolate all terms with that variable on one side of the equation. 
Then apply the distributive property as demonstrated in Example 6. 


Solving a Literal Equation 


Solve the equation for x. ax—3=cx+7 


Solution: 


ax-3 =cx+7 


ax —cx = 10 Collect the terms containing x on one side of the 
equation. Collect the remaining terms on the 
other side. 
The variable x appears twice in the equation. To GE Appiving he alietibue 
isolate x, we want x to appear in only one term. WE property TARReVarSeue 
To accomplish this, we apply the distributive called factoring. Factoring 
property in reverse. will be studied in detail in a 
x(a—c)= 10 Apply the distributive property. The variable x now fel rch ts 


appears one time in the equation. 


Divide both sides by (a — c). 


Answer 


10 6 ye pe See 
a-c pana Sal cage 
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Skill Practice Solve for t. 
Answer 


ee: 7. mt+4=nt+9 


Section 1.3 Activity 


A.1. How are complementary angles related? 


A.2. How are supplementary angles related? 
A.3. What is the sum of the measures of the angles of a triangle? 
A.4. Write a formula for the perimeter P of a rectangle of length / and width w. 


For Exercises A.5—A.7, follow these steps to solve the application. 
@ Read the problem. 
© Label the variable(s). 
@ Write a verbal model. 
© Write an equation to represent the verbal model. 
@ Solve the equation. 
© Interpret the results in words using the proper units of measurement, and verify that your solution makes sense in 


the context of the problem. 


A.5. The length of a children’s rectangular playground is 40 ft longer than the width. The perimeter is 400 ft. Find the 
length and width. 


A.6. The measure of the largest angle in a triangle is three times the measure of the smallest angle. The middle angle 
is 5° more than the smallest angle. Find the measure of each angle. 


A.7. Two angles are supplementary. The measure of one angle is 4° less than 7 times the measure of the other angle. 
Find the measure of each angle. 


A.8. Two traffic cameras are set up 5 mi apart along a highway. The cameras use digital image recognition to 
identify vehicles as they pass each camera station. A certain vehicle passes the second camera 4 min 


2 hr) after passing the first camera. 


a. Note that the relationship d = rt indicates that distance d equals the product of the rate r times the time ¢. 
Solve the equation d = rt for r. 


b. Using the formula from part (a), substitute 5 mi for d and +; hr for t. What was the average speed of the 
vehicle over the 5-mi stretch of highway? 


c. If the posted speed limit is 60 mph, was the vehicle speeding at some point over this part of the 
highway? 

d. Use this example to explain why a formula such as d = rt might be valuable when it is written in a different 
form with a different variable isolated. 


A.9 a. Solve the equation for y. 2y+7=5 
b. Solve the equation for y. cy +d=m 


c. Explain the similarities for solving each equation. 


A.10 a. Solve the equation for y. —5x — 4y = 8 


b. Is there more than one way to express the final answer? Explain. 
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Practice Exercises | Section 1.3 


Study Skills Exercise 


With word problems, important mathematical relationships are often hidden within the text of the problem. This requires 
that you read the narrative and understand the vocabulary and key ideas. For example: 
One acute angle in a right triangle is 20° more than the other acute angle. Find the measure of each acute angle. 

© To extract the information necessary to solve this problem, you need to be familiar with key vocabulary. In this case, 
what is meant by an “acute angle”? What is meant by “right triangle’? 

@ As you read a word problem, be thinking of key mathematical formulas or theorems that might apply to the given 
problem. In this case, how are three angles within a triangle related? How are the two acute angles related in a right 
triangle? 


Prerequisite Review 


R.1. a. Determine the complement of a 71° angle. 
b. Determine the supplement of a 71° angle. 


R.2. a. Determine the complement of a 14° angle. 
b. Determine the supplement of a 14° angle. 


R.3. Two angles in a triangle are 42° and 61°. What is the measure of the third angle? 
R.4. In a right triangle, one of the acute angles is 44°. What is the measure of the other acute angle? 


R.5. a. Give a formula for the perimeter P of a rectangle of length / and width w. 


a 
b. Find the perimeter of a rectangle of length 12 ft and width 8 ft. 


R.6. a. Give a formula for the area A of a rectangle of length / and width w. 
. Find the area of a rectangle of length 6.4 cm and width 2 cm. 


Concept 1: Applications Involving Geometry 


For Exercises 1-12, use an appropriate geometry formula. 


1. A volleyball court is twice as long as it is wide. If 2. The length of a rectangular picture frame is 4 in. 
the perimeter is 177 ft, find the dimensions of the less than twice the width. The perimeter is 112 in. 
court. (See Example 1.) Find the length and the width. 

3. The lengths of the sides of a triangle are given by 4. A triangular garden has sides that can be 
three consecutive even integers. The perimeter is represented by three consecutive integers. If the 
24 m. What is the length of each side? perimeter of the garden is 15 ft, what are the 


lengths of the sides? 
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5. Raoul would like to build a rectangular dog run in 


11. 


In Exercises 13-20, solve for x, and then find the measure of each angle. 


13. 


15. 


the rear of his backyard, away from the house. The 
width of the yard is 123 yd, and Raoul wants an 
area of 100 yd? for his dog. 


a. Find the dimensions of the dog run. 


b. How much fencing would Raoul need to enclose 
the dog run? 


Dog 
Tun 


House 


. George built a rectangular pen for his rabbit such 


that the length is 7 ft less than twice the width. 
If the perimeter is 40 ft, what are the dimensions 
of the pen? 


. The measures of two angles in a triangle are equal. 


The third angle measures 2 times the sum of the 
equal angles. Find the measures of the three 
angles. 


Two angles are complementary. One angle is 
5 times as large as the other angle. Find the 
measure of each angle. (See Example 2.) 


(7x — 1)° (2x + 1)° 


(2x + 5)° 


(x + 2.5)° 


6. Joanne wants to plant a flower garden in her back- 


8. 


10. 


12. 


14. 


16. 


yard in the shape of a trapezoid, adjacent to her 
house (see the figure). She also wants a front yard 
garden in the same shape, but with sides one-half as 
long. What should the dimensions be for each gar- 
den if Joanne has only a total of 60 ft of fencing? 


Antoine wants to put edging in the form of a square 
around a tree in his front yard. He has enough 
money to buy 18 ft of edging. Find the dimensions 
of the square that will use all the edging. 


The smallest angle in a triangle is one-half the 
measure of the largest. The middle angle measures 
25° less than the largest. Find the measures of the 
three angles. 


Two angles are supplementary. One angle measures 
12° less than 3 times the other. Find the measure of 
each angle. 


(10x + 36)° 


[2 + 15)]° 


[3(S5x + 1)]° 
@x=3)° 


17. 


(Giese i)? 
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18. 


(= 2)° 


(20x — 4)° 


(Ciar eel) 


Concept 2: Literal Equations 


21. 


23. 


Recently the winner of the Indianapolis 500 car 
race finished with the time of 3 hr 5 min 56 sec 
(x 3.099 hr). (See Example 3.) 


a. The relationship among the variables distance, 
rate, and time is given by d= rt. Solve for r. 


b. Determine the average rate of speed if the total 
distance for the race is 500 mi. Round to one 
decimal place. 


The amount of simple interest earned or borrowed 
is the product of the principal, the annual interest 
rate, and the time invested (in years). This is given 
by J = Prt. 


a. Solve [= Prt for t. 


b. Determine the amount of time necessary for the 
interest on $5000 invested at 4% to reach 
$1400. 


22. 


24. 


For Exercises 25-42, solve for the indicated variable. (See Example 4.) 


25. 
28. 


31. 


34. 


37. 


40. 


19. 20. 


(Co2)e 


Bes Dr [4 — 8)]° 


Recently the winner of the Daytona 500 car race 
finished with an average speed of 157.5 mph. 


a. The relationship among the variables distance, rate, 
and time is given by d = rt. Solve for t. 


b. Determine the total time of the race if the race 
is 500 mi. Round to one decimal place. 


The force of an object is equal to its mass times the 
acceleration, or fF = ma. 


a. Solve F = ma for m. 


b. The force on an object is 24.5 N (newtons), and 
the acceleration is 9.8 m/sec”. Find the mass of the 
object (the answer will be in kilograms). 


A=lw  forl 26. C;=3R ~—forR 27. [=Prt — forP 
a+b+c=P for b 29. W=K,-K, for K, 30. y=mx+b_ forx 
F=2C +32 for C 32. C=3(F — 32) for F 33. K=4mv" for v? 
I= Prt for r 35. v=votat for a 36. +b = for b? 
w= p(v2— V1) for vy 38. A=lw for w 39. ax+by=c for y 
P=2L+2W — forL 41. V=sBh for B 42. Vasarh for h 


When we study linear equations in two variables, it will be necessary to change equations from the form Ax + By = C to 
y = mx + b. For Exercises 43-54, express each equation in the form y = mx + b by solving for y. (See Example 5.) 


43. 
46. 


3x+y=6 44. xt+y=-4 


—4x — Sy = 25 47. -—6x -—2y= 13 


45. 5x -—4y = 20 
48. 5x-7y=15 
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49. 3x-3y=6 50. 2x-2y=8 51. 9x Sy=5 


1 2 1 
52. 4x-=y= 53. -x+=y=0 54. x -—y=0 
xX 3) a) a x re 


In statistics, the z-score formula z = *~—F is used in studying probability. Use this formula for Exercises 55-56. 
o 


55. a. Solve z=~—¥ for x. 56. a. Solve z=—~— for HM. 
o 
b. Find x when z= 2.5, w = 100, and o = 12. b. Find w when x = 150, z= 2.5, and o= 16. 
57. Which expressions are equivalent to — ru 58. Which expressions are equivalent to s= 1, 
x= _ 
5 5 1-z z—1 —z+1 
—-—— b. ; , b. - c. 
x—3 a=3 eres =“ s 3 2 
59. Which expressions are equivalent to =< Ty 60. Which expressions are equivalent to = ? 
y == 
X+7 xT —x—7 3w 3w —3w 
—-——— b. c. —— a. — b. c. — 
y —y = —x—y x+y x+y 
For Exercises 61-69, solve for the indicated variable. (See Example 6.) 
61. 6f-—7rt=12 for ¢ 62. 5=4a+ca for a 63. ax+5=6x+3 for x 
64. cx -—4=dx+9 for x 65. A= P+ Prt for P 66. A=P+ Prt for r 
67. T= mg — mf for m 68. T= mg — mf for f 69. ax+by=cx+z for x 
Section 1.4 Linear Inequalities in One Variable 
1. Solving Linear Inequalities 
1. Solving Linear Inequalities Previously, we learned how to solve linear equations and their applications. In this section, 
2. Applications of Inequalities we will learn the process of solving linear inequalities. A linear inequality in one variable, 


x, is defined as any relationship of the form: ax+b<c, ax+b<c, ax+b>c, or 
ax+b>c, where a# 0. 
The solution to the equation x = 3 can be graphed as a single point on the number line. 


T T T T T T T t % T T 
=3 =4 —3.=2 =1 0 IT 2 3 
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Now consider the related inequalities. 


e235 All real numbers —_——— | -o~,3] | {xlx<3} 
less than or equal to 3. 3 

BKB All real numbers 41 | (-~, 3) (aellae<< Si} 
less than 3. 3 

re 3 All real numbers greater than | ————————> [3, 00) ella = 3}! 
or equal to 3. 3 

eS 3 All real numbers greater ooo (3, 00) {Lael [ee S> 3} 
than 3. 3 


The solution sets to these inequalities have an infinite number of elements that cannot all be 
listed. Therefore, the solution set can be shown in a graph, or expressed in interval notation 
or in set-builder notation. 

The addition and subtraction properties of equality indicate that a value added to or 
subtracted from both sides of an equation results in an equivalent equation. The same is 
true for inequalities. 


Addition and Subtraction Properties of Inequality 


Let a, b, and c represent real numbers. 


* Addition property of inequality: If a<b 
thenEaE Ce <0 iG 


*Subtraction property of inequality: If a<b 
then a-—c<b-c 


*These properties may also be stated for a < b, a> b, anda > b. 


| Example1 | Solving a Linear Inequality 


Solve the inequality. 


3x-7>2(x-4)-1 


Solution: 
3x-7>2(x-4)-1 


3x-7>2x-8-1 Apply the distributive property. 
3x-—7>2x-9 Combine like terms. 
3x= 28 = 7 > 2x =H 20-9 Subtract 2x from both sides. 
C= 7 > =O 
XS TET > OF Add 7 to both sides. 
x>-2 
Set-builder notation: {x|x >-—2} a ct 
Interval notation: (—2, oo) 


Skill Practice Solve the inequality. 
1. 42x-1)>7x4+1 


Avoiding Mistakes 


Recall that parentheses (or ) indi- 
cate that an endpoint to an interval 
is not included in the interval. 
Brackets [ or ] indicate that an 
endpoint is included. 


FOR REVIEW 


The first step in solving a linear 
inequality is the same as the first 
step in solving a linear equation. 
Simplify both sides by applying 
the distributive property and com- 
bining like terms. 
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Multiplying both sides of an equation by the same nonzero quantity results in an equiva- 
lent equation. However, the same is not always true for an inequality. If you multiply or 
divide an inequality by a negative quantity, the direction of the inequality symbol must be 
reversed. 

For example, consider multiplying or dividing the inequality 4 <5 by —1. 


Multiply/divide by —1: C 4<5 . 
-4>-5 -4>-5 


The number 4 lies to the left of 5 on the number line. However, —4 lies to the right of —5. 
Changing the signs of two numbers changes their relative position on the number line. This 
is stated formally in the multiplication and division properties of inequality. 


Let a, b, and c represent real numbers. 


*If c is positive and a < b, then ac < be and 


*If c is negative and a < b, then ac >be and 


The second statement indicates that if both sides of an inequality are multiplied or 
divided by a negative quantity, the inequality sign must be reversed. 


*These properties may also be stated fora < b,a > b, anda > b. 


| Example 2 _| Solving a Linear Inequality 


Solve the inequality. 


—2x-5<2 
Solution: 
—2x-5 <2 
—2x-54+5<2+5 Add 5 to both sides. 

—2x <7 

—2x 7 = . ae 
Avoiding Mistakes = > = Divide by —2 (reverse the inequality sign). 
Donotforgettoreversethe = ; 7 
direction of the inequality sign x> “5 or x>-3.5 


when multiplying or dividing by a 
negative number. 


Set-builder notation: {x|x>-—3} § — +> 


Interval notation: (—4, 00) 


| 
Nin 


[STUDY 
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The inequatity —2x — 5 <2 could have been solved by isolating x on the right-hand 
side of the inequality. This creates a positive coefficient on the x term and eliminates the 
need to divide by a negative number. 


—-2x-5<2 
-5<2x+2 Add 2x to both sides. 
—7 < 2x Subtract 2 from both sides. 
-7 | 2x Divide by 2 (because 2 is positive, do not reverse the 
9) . 9) inequality sign). 
7! 
=a (Note that the inequality —3 < x is equivalent to x > —4.) 


Skill Practice Solve the inequality. 
2. —4x — 12 > 20 


| Example 3 _| Solving a Linear Inequality 


Solve the inequality. 
—6(« — 3) > 2 — 2(x - 8) 


Solution: 


—6(x — 3) > 2-— 2(x- 8) 


—6x+ 18 > 2-—2x+ 16 Apply the distributive property. 
—6x+ 18 > 18-—2x Combine like terms. 
—6x+2x+ 18 > 18-—2x+ 2x Add 2x to both sides. 
—4x+18 > 18 
—4x+18— 18 > 18-18 Subtract 18 from both sides. 
—4x > 0 
—4x Z ai Divide by mi (reverse the 
at “2a inequality sign). 
x<0 
Set-builder notation: {x|x <0} —— - 
Interval notation: (—oo, 0] 


Skill Practice Solve the inequality. 
3. 5(3x + 1) < 4(5x —5) 


Answers 
2. {x|x < -8} 
(—co, —8] 


— sy 


3. {x|x > 5} 
(5, co) 
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Answer 
4. {x|x > 2} 
[2, 00) 


ss 
2 


Solving a Linear Inequality 


—5x+2 
= 


Solve the inequality. x+2 


Solution: 


x+2 


—5x+2 
=> 


Multiply by —3 to clear fractions 
(reverse the inequality sign). 


-3(= sS2) < -3(x +2) 


—5x+2 < -—3x-6 


—2x+2 <-6 Add 3x to both sides. 
—2x < -8 Subtract 2 from both sides. 
—2x " -8 Divide by —2 (the inequality sign is 
se) me reversed again). 
x>4 Simplify. 


Set-builder notation: 


{x|x>4}—§ ——— 
4 


Interval notation: (4, oo) 
Skill Practice Solve the inequality. 


4. a >-x4+1 


In Example 4, the inequality sign was reversed twice: once for multiplying the inequality 
by —3 and once for dividing by —2. If you are in doubt about whether you have the inequal- 
ity sign in the correct direction, you can check your final answer by using the test point 
method. That is, pick a point in the proposed solution set, and verify that it makes the 
original inequality true. Furthermore, any test point picked outside the solution set should 
make the original inequality false. 


t t t t t t t 
=3 =2. =! 0 TF 2 3 4 5 6 


Pick x = 0 as a test point Pick x = 5 as a test point 


ewe Son 
Ee $0) +2 eons 3 (5) +2 
+32 False 37 


73 57 True 


Because a test point to the right of x = 4 makes the inequality true, we have shaded the 
correct part of the number line. 
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2. Applications of Inequalities 


BESTE Solving aLin 


Beth received grades of 97, 82, 89, and 99 on her first four algebra tests. To earn an “A” 
in the course, she needs an average of 90 or more. What scores can she receive on the 


fifth test to earn an “A”? 


Solution: 


Let x represent the score on the fifth test. 


The average of the five tests is given 


To earn an A, we have: 
(Average of test scores) > 90 


aE So 


367 +x 
Pe 


367 + x = 450 


= 90 


x > 83 


To earn an “A,” Beth would have to score at least 83 on her fifth test. 


Skill Practice 


5. Jamie is a salesman who works on commission, so his salary varies from month to 
month. To qualify for an automobile loan, his monthly salary must average at least 


$2100 for 6 months. His salaries 


$1500, $2200, and $2800. What amount does he need to earn in the last month to 


qualify for the loan? 


Solving a Linear Inequality Application 


ear Inequality Application 


97 + 82+894+ 99 + x 


b 
y 5 


Verbal model 


Mathematical equation 


Simplify the numerator. 


Clear fractions. 


Simplify. 


for the past 5 months have been $1800, $2300, 


The water level in a retention pond in northern California is 7.2 ft. During a time of 
drought, the water level decreases at a rate of 0.05 ft/day. The water level L (in ft) 
is given by L=7.2 —0.05d, where d is the number of days after the drought begins 
(Figure 1-5). For which days after the beginning of the drought will the water level be 


less than 6 ft? 


Water Level vs. Days of Drought 


Water Level (ft) 
SCHNWARUNUANOO 


L=7.2 — 0.05d 


75 100 
Number of Days 


125. 150 


Figure 1-5 
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FOR REVIEW 


To compute the average (or mean) 
of a set of data, first add the values 
in the data set. Then divide by the 
number of values in the data set. 


Answer 
5. Jamie’s salary must be at least $2000. 
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Answer 

6. The population was less than 417 thou- 
sand for t < 30. This corresponds to the 
years before 1980. 
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Solution: 
We require that L < 6. 
L 
i 
7.2—0.05d <6 Substitute 7.2 — 0.05d for L. 
7.2 —7.2 —0.05d < 6—7.2 Subtract 7.2 from both sides. 
—0.05d < -1.2 
—0.05d ‘. -1.2 Divide both sides by —0.05 and reverse 
—0.05 ~ —0.05 the direction of the inequality sign. 


d> 24 
The water level in the pond will be less than 6 ft after day 24 of the drought. 


Skill Practice 


6. The population of Alaska has steadily increased since 1950 according to the 
equation P = 10t+ 117, where t represents the number of years after 1950 and 
P represents the population in thousands. For what years since 1950 was the 
population less than 417 thousand people? 


Section 1.4 Activity 


ISTUDY 


A.1. 


A.2. 


A.3. 


A.4. 


Refer to the number line to fill in the blanks with < or >. 


a. 3[_]4 in, 3 2 


From the number line, we know that 3 < 4. What is the effect of multiplying both sides of the inequality by —1? 


The following inequalities can each be solved in one step. Solve the inequality. Graph the solution set and write 
the solution set in interval notation. 


a. —3x> 12 > 
b. -3+x> 12 > 
oS GT) a 

3 
d. x+3>12 = 


Which inequalities in Exercise A.3 required that the direction of the inequality sign be reversed? Why? 


For Exercises A.5—A.7, solve the inequality. Write the solution set in interval notation. 


A.5. 


A.7. 


A.8. 


—6x+4<4x- 12 A.6. —5(2x — 4) + 6x > 3044+ 2) -7 


5x+6 n 3x-—4 
—2 4 

Greg has the following test grades for four of his chemistry tests: 92, 84, 76, 96. The final exam in the class counts 

as two test grades. What score(s) would Greg need to earn an “A” in the class if the criterion for an “A” is an over- 


all average of 90 or better? 
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Practice Exercises | Section 1.4 


Study Skills Exercise 


How you respond when you are faced with tough times and adversity is a personal characteristic called “grit.” Grit is 
defined as the sustained perseverance and passion for long-term goals. Achievement and success are not the result of 
intelligence and IQ alone. Rather, they are a combination of both skill and grit. 

Reflect on the following questions. Write your answers in your math notebook. Revisit your responses at any point 
during the course when you find yourself challenged or inclined to give up. 


@ What are your long-term career goals? 
@ How is this course relevant to your future career? 
@ What are your strengths? 


e@ How can your strengths be used to help you succeed in this course? 


Prerequisite Review 
For Exercises R.1—R.6, complete the table. 


For Exercises R.7—-R.8, determine whether the given value of x makes the statement true or false. 


R.7. 3@+4)+1<x-5 


fh ve 0 


R.8. —5x — 3(4-—x) >2 
a. x=-14 
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Vocabulary and Key Concepts 


1. a. A relationship of the form ax + b> c orax+b<c(a#0) is called a — SSS in 
one variable. 


b. When solving an inequality, the direction of the inequality sign must be reversed when multiplying or dividing both 
sides of the inequality by a ____ number. 


2. Which inequality statement represents the set of real numbers greater than 2, x > 2 or 2 < x? 


Concept 1: Solving Linear Inequalities 


For Exercises 3-4, solve the equation or inequality. 


3.a. | —2x+4=10 — 
b. | —-2x+4< 10 ——— 
ec. | —2x+4>10 re 

4.a. | -4x+2=-6 = 
b. | —-4x+2<-6 — Eee 
ce | -4x+2>-6 —EEEEew 


For Exercises 5—40, solve the inequality and graph the solution set. Write the solution set in (a) set-builder notation and 
(b) interval notation. (See Examples 1-4.) 


5. 2y+6<4 6. 3y+11>5 7, —1¢= 5 < =25 
$. =4¢—2 > —22 9. 62+3> 16 10. 8w-2<13 
2 1 3 
1. =>] 2. —<4<— 13. =(8y-—9) <3 
3 <P ae ) 
14. 22x 1)> 10 15. 03a =—0.5<03a=11 16. 0.2w-0.7 <0.4-0.9w 


= > 


17. 


20. 


23. 


26. 


29. 


32. 


35. 


38. 


~5¢4+7<22 
3,5 21 
>” 16 


0.2t+ 1>2.4r- 10 


1+4(b-2)<2(b-5) +4 


> 


1-81 
—0.4t+ 1.2 <-2 
4-4 -2)<-5y+6 


> 


2(4p +3) — pp <5+3(—p—3) 


> 


18. 


21. 


24. 


27. 


30. 


33. 


36. 


39. 


Concept 2: Applications of Inequalities 


41. Nadia received quiz grades of 80, 86, 73, and 91. 


(See Example 5.) 


a. What grade would she need to make on the fifth 
quiz to get a “B” or better, that is, an average of at 


least 80? 


b. Is it possible for Nadia to get an “A” average for her 


quizzes (at least 90)? 
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—3w-6>9 


7.2k—5.1>5.7 


—Za-3>5 


5935. 
4 4 


6 — 6(k — 3) > —4k + 12 


> 


6a — (9a+ 1)—-3(a- 1) >2 


> 


19. 


22. 


25. 


28. 


31. 


34. 


40. 


3 —4(y + 2) <6+4(2y 4 1) 


Se 


6h — 2.92 < 16.58 


—1.2b —0.4>-0.4b 


. —6(2x +1) <5—(x—4) - 6x 


> 


8(¢ 4 1) Cg +1) 45> 12 


> 


42. Ty received test grades of 78, 75, 71, 83, and 73. 


a. What grade would he need to make on the sixth 


test to get a “C” or better, that is, an average of at 
least 75? 


b. Is it possible for Ty to get a “B” or better for his 


test average (at least 80)? 


91 


92 
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For Exercises 43-46, use the graph that shows the average height for boys Average Height for Boys Based on Age 


based on age. Let a represent a boy’s age (in years) and let h represent his 


h=2.5a+ 31 
height (in inches). (See Example 6.) ae ee 
§ 40- 


43. 


44, 


45. 


46. 


47. 


49, 


50. 


Expanding Your Skills 


For Exercises 51-54, assume a > b. Determine which inequality sign (> or <) should be 
inserted to make a true statement. Assume a 4 0 and b 40. 


51. 


53. 


Determine the age range for which the average height of boys is at 


Height (in.) 
w 
3 
] 


least 51 in. 20 - 
10 
Determine the age range for which the average height of boys is 0 po of | fj | | | fj | 4 
greater than or equal to 41 in. a ae ee ee 
Age (yr) 
Determine the age range for which the average height of boys is 
no more than 46 in. 
Determine the age range for which the average height of boys is at most 53.5 in. 
Nolvia sells copy machines, and her salary is $25,000 48. The amount of money A in a savings account depends 
plus a 4% commission on sales. The equation on the principal P, the interest rate r, and the time 
S = 25,000 + 0.04x represents her salary S$ in dollars in years ¢ that the money is invested. The equation 
in terms of her total sales x in dollars. A =P + Prt shows the relationship among the vari- 


ables for an account earning simple interest. If an 
investor deposits $5000 at 64% simple interest, the 
account will grow according to the formula 

b. How much money in sales does Nolvia need to A= 5000 + 5000(0.065)r. 


earn a salary that exceeds $80,000? a. How many years will it take for the investment 
to exceed $10,000? (Round to the nearest tenth 


a. How much money in sales does Nolvia need to 
earn a salary that exceeds $40,000? 


c. Why is the money in sales required to earn a salary 


° : of a year.) 
of $80,000 more than twice the money in sales 
required to earn a salary of $40,000? b. How many years will it take for the investment 
to exceed $15,000? (Round to the nearest tenth 
of a year.) 


The revenue R for selling x fleece jackets is given by the equation R = 49.95x. The cost C (in dollars) to produce x 
jackets is C = 2300 + 18.50x. Find the number of jackets that the company needs to sell to produce a profit. (Hint: A 
profit occurs when revenue exceeds cost.) 


The revenue R for selling x mountain bikes is R = 249.95x. The cost C (in dollars) to 
produce x bikes is C = 56,000 + 140x. Find the number of bikes that the company 
needs to sell to produce a profit. 


Creatas Images/Getty Images 


at+tc____ se b+e, forc>0 52. a+tc______b+e, forc <0 


ac_________ be, forc <0 54. ac_______ be, forc>0O 
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Compound Inequalities |Section 1.50 


1. Union and Intersection of Sets Concepts 

We have already learned how to graph linear inequalities and to express the solution sets 1. Union and Intersection 
in interval notation and in set-builder notation. Now we will solve compound inequalities of Sets 

that involve the union or intersection of two or more inequalities. 2. Solving Compound 


Inequalities: And 
3. Solving Inequalities of the 


Definition of A Union B and A Intersection B Forma<x<b 
The union of sets A and B, denoted A U B, is the set of elements that belong to set A 4. Solving Compound 
or to set B or to both sets A and B. Inequalities: Or 
; 5. Applications of Compound 
The intersection of two sets A and B, denoted A /n B, is the set of elements common sie ali Ff ae sit 


to both A and B. 


The concepts of the union and intersection of two sets are illustrated in Figures 1-6 and 1-7. 


AUB ANB 
A union B A intersection B 
The elements in A or B or both The elements in A and B 
Figure 1-6 Figure 1-7 


| Example1 | Finding the Union and Intersection of Sets 


Given the sets: A={a,b,c,d,e,f} B= {a,c,e,g,i,k} C={g,h, i,j,k} 


Find: a. AUB b. ANB ec ANC 
Solution: 
a. AUB= {a, b,c, d, e, f, g, i, k} The union of A and B includes all the 


elements of A along with all the elements 
of B. Notice that the elements a, c, and e 
are not listed twice. 


b. AN B= {a, c, e} The intersection of A and B includes 
only those elements that are common 
to both sets. 


c. AN C= { } (the empty set) Because A and C share no common 
elements, the intersection of A and C is 
the empty set (also called the null set). 


i) |~> The empty set is 
denoted by the symbol 
{ } or by the symbol @. 


Skill Practice Given: 
Find: 1. BUC 


B={s,v,w,y,z} C={x, y, z} 


3. Aime 


A= {r, 5, t, u, v, w} 
2. ANB 


Answers 
1. {[SVWw,x,y,z} 2. {svy,w} 3. { } 
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FOR REVIEW 


When writing a set of real numbers 

using interval notation, recall the 

following rules. 

e A parenthesis ( or ) means that an 
endpoint is not included in the set. 

e A square bracket [ or ] means that 
an endpoint is included. 

¢ Use parentheses for co and —oo. 


Answers 
4. [-1, 4) 5. (—00, 4) U[9, oo) 


| _Example2_ | Finding the Union and Intersection of Sets 


Given the sets: A= {x|x<3} B={x|x>-2} C= {x|x>5} 
Graph the following sets. Then express each set in interval notation. 


a. ANB b. AUC 


Solution: 


It is helpful to visualize the graphs of individual sets on the number line before taking 
the union or intersection. 


a. Graph of A = {x|x < 3} 
-6 -5-4 -3 -2-1 0 12 3 4 5 6 


Graph of B = {x|x > —2} t 
-6 -5 -4-3-2-1 0 12 3 4 5 6 


Graph of A n B (the “overlap’’) 
-6 -5-4 -3 -2-1 012 3 4 5 6 


Interval notation: [—2, 3) 


Note that the set A M B represents the real numbers greater than or equal to —2 and less 
than 3. This relationship can be written more concisely as a compound inequality: 

—2 <x <3. We can interpret this inequality as “‘x is between —2 and 3, including 

x= 2,” 


b. Graph of A = {x|x <3} rs 


Graph of C = {x|x>5} 


Graph of A UC 
-6 -5 -4 -3 -2-1 0 12 3 4 5 6 


. 
Interval notation: (—oo, 3) U [5, oo) A U C includes all elements from set A 


along with the elements from set C. 


Skill Practice Given the sets: A= {x|x>—-1l1}, B= {x|x <4}, and C= {x|x>9}, 
determine the union or intersection and express the answer in interval notation. 


4.ANB 5. BUC 


In Example 3, we find the union and intersection of sets expressed in interval notation. 


EEE Finding the Union and Intersection of Two Intervals 


Find the union or intersection as indicated. Write the answer in interval notation. 


a. (—oo, —2) U [—4, 3) b. (—oo, —2)N [—4, 3) 
Solution: 
a. (—oo, —2) U[-4, 3) To find the union, graph each interval separately. The 


union is the collection of real numbers that lie in the 
first interval, the second interval, or both intervals. 
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. (00, —2) 


t+ [—4, 3) 
-5 -4-3 -2-1 012 3 4 5 
t-—+ > The union consists of all real numbers 
ae DE. ek ae in the red interval along with the real 
The union is (—oo, 3). numbers in the blue interval: (—oo, 3) 


b. (—oo, —2) Nn [-4, 3) 


(00, —2) 


| 
Nn 
| 
KR 
| 
w 
| 
ie) 
| 
— 
ot 
fan 
bok 
acme e 
aN 
Cr se 


So a a ee ~ [—4, 3) 


~ The intersection is the “overlap” of 
the two intervals: [—4, —2). 


| 
n 
| 
& 
| 
w 
| 
tN 
| 
e 
ot 
an 
bp + 
oes 
aN 
Nn 


The intersection is [—4, —2). 


Skill Practice Find the union or intersection. Write the answer in interval notation. 


6. (—oo, —5] U (-7, 0) 7. (—oo, —5] N (—-7, 0) 
2. Solving Compound Inequalities: And FOR REVIEW 
The solution to two inequalities joined by the word and is the intersection of their solution Multiplying or dividing an ine- 
sets. For example, to play in a golf tournament for juniors, a child’s age x must be at least quality by a negative factor changes 
8 yr and not more than 16 yr. This is translated as x > 8 and x < 16. The word “and” joins the the signs within the inequality. As a 


result, the direction of the inequality 
sign must be reversed. For example, 
x 2<5,but -2>-—-5. 


two inequalities and implies that we want the intersection of the individual solution sets. 


0 2 4 6 8 10 12 14 16 18 20 


Solving a Compound Inequality: And 
Solve and graph each inequality separately. 


If the inequalities are joined by the word and, find the intersection of the 
two solution sets. 


Express the solution set in interval notation or in set-builder notation. 


As you work through the examples in this section, remember that multiplying or dividing 
an inequality by a negative factor reverses the direction of the inequality sign. 


Solving a Compound Inequality: And 


Solve the compound inequality. 


—2x<6 and x+5<7 


Solution: 
—2x < 6 and x+5 <7 Solve each inequality separately. 
—2x 6 eee ae 
= > =) and x<2 Reverse the first inequality sign. 
= ~ Answers 
x > —3 and x<2 6. (-00,0) 7. (-7,-5] 
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{x|x>-3} 
-6 -5 -4-3 -2-1 0 12 3 4 5 6 
= {x]x <2} 
-6 -5-4 -3 -2-1 0 12 3 4 5 6 
> Identify the intersection of the 


=e ee eh MO ee a eB solution sets: {x|-3 <x <2} 


The solution is {x|—3 < x < 2}, or equivalently in interval notation, (—3, 2]. 


Skill Practice Solve the compound inequality. 
8. 5x +2 >-—-8 and —4x > —24 


| Example5 | Solving a Compound Inequality: And 


Solve the compound inequality. 


4.4a+3.1<—-12.3 and —2.8a+9.1 <—6.3 


Solution: 
4.4a+3.1 < -12.3 and —2.8a+9.1 < -—6.3 
4.4a < -15.4 and —2.8a < -15.4 Solve each 
inequality 
separately. 
44a Z —15.4 and —2.8a wy —15.4 Reverse the 
44 44 —2.8 —2.8 second 
inequality sign. 
a< —3.5 and a> 5.5 
S++ 4G | > {ala < —3.5} 


i it i i i 4 
-6-5-4-3-2-1 0 12 3 4 5 6 


{ala>5.5} 
-6 -5 -4 -3 -2-1 0 12 3 4 5 6 


The intersection of the solution 


t—t—_+—_+—_+—_ + +4 t—+—+—+ 
-6 -5 -4 -3 -2-1 0 1 2 3 4 5 6 F 
sets is the empty set: { } 


There are no real numbers that are simultaneously less than —3.5 and greater than 5.5. 
There is no solution. 


The solution set is { }. 


Skill Practice Solve the compound inequality. 
9, 3.2y—2.4> 16.8 and —4.ly > 8.2 


Answers 
8. {x|-2 <x <6}; [-2, 6) 
9. {} 
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Solving a Compound Inequality: And 


Solve the compound inequality. 


—2x<6 and —5x<! 


Solution: 
-iy <6 and 5x <1 
3/2 3 I Solve each 
-3(-3:) > —= (6) and -2(-3x) > -2(1) inequality 
2\ 3 2 2 
separately. 
x>-9 and x> —2 


a a {x|x>—9} 
-10 -9 -8 -7 -6 -5 -4 -3 -2-1 0 1 2 3 


{x|x>—-—2} 


rt Identify the intersection 
-10-9 -8 -7 -6 -5 -4-3 -2-1 0 1 2 3 of the solution sets: 
{x|x>—-2} 


The solution set is {x|x > —2}, or in interval notation, (—2, co). 


Skill Practice Solve the compound inequality. 


1 5 1 
10. —-z<= = 1> 
0 gi <gand act >3 
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3. Solving Inequalities of the Form a<x<b 


An inequality of the form a < x < bis a type of compound inequality, one that defines two 


Recall that the expression a < x is 


simultaneous conditions on x. equivalent to x > a. For example, 


3 <x is equivalent to x > 3. 


CeO) 


a<x and x<b 


The solution set to the compound inequality a < x < bis the intersection of the solution 
sets to the inequalities a < x and x < b. 


Solving an Inequality of the Forma <x <b 


Solve the inequality. —4<3x+5<10 
Solution: 
—4<3x+5 and 3x+5< 10 Set up the intersection of two Answer 


inequalities. 10. {z|z>4};[4, 0) 
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Answers 
11. {x|-3<x <3}; [4,3) 
12. {t|—20 <t < 6}; (—20, 6) 


Linear Equations and Inequalities in One Variable 


—9 < 3x and 3x <5 Solve each inequality. 

-—9 3x 3% 9 

— <= d —<t 

aoe ie 33 

5 

—3<x and xs : 
3 Recall —3 < x is the same as x > —3. 

3 < 
“2 SES 3 Identify the intersection of the 


solution sets. 


-5 -4-3 -2-1 0 142 3 4 5 


The solution is {x | —3 <x <3}, or equivalently in interval notation, 5 -3, 3]. 


Skill Practice Solve the inequality. 
11. -6<2x-5<1 


To solve an inequality of the form a <x <b, we can also work with the inequality as a 
“three-part” inequality and isolate x. This is demonstrated in Example 8. 


Solving an Inequality of the Forma <x <b 


Solve the inequality. st eel 


Solution: 


pipe aes Isolate the variable in the middle part. 


: 


Multiply all three parts by —3. Remember 
to reverse the inequality signs. 


= 
~3(2) < -3(P=* = 361) 
-6<p-2<3 Simplify. 
—-64+2<p—24+2<34+2 Add 2 to all three parts to isolate p. 


-4<p<s 


-5-4 -3-2-1 0 1 2 3 4°55 


The solution is {p|—4 < p <5}, or equivalently in interval notation, [—4, 5]. 


Skill Practice Solve the inequality. 


12. g> tts 5 


4. Solving Compound Inequalities: Or 


In Examples 9 and 10, we solve compound inequalities that involve inequalities joined by 
the word “or.” In such a case, the solution to the compound inequality is the union of the 
solution sets of the individual inequalities. 


Section 1.5 Compound Inequalities 


For example, a resting heart rate x is potentially abnormal if it is below 50 beats per minute 
or above 100 beats per minute. 


x 
0 10 20 30 40 50 60 70 80 90 100110 120 


ving a Compound Inequality: Or 
Solve and graph each inequality separately. 


If the inequalities are joined by the word or, find the union of the two 
solution sets. 


Express the solution set in interval notation or in set-builder notation. 


Solving a Compound Inequality: Or 


Solve the compound inequality. —3y-5>4 or 4-y<6 


Solution: 


—-3y-5 >4 or 4-y <6 
—3y >9 or -y <2 Solve each inequality 
separately. 
aa = es or =e =s Reverse the inequality signs. 
=5 -3 -1 7-1 
y< -3 or y> —2 


6 = 4 1 0 1 


° {yly <—3} 


ot+ 
_ 

p+ 
to ob 
AL 
at 
aot 


>-2 
-6-5 -4-3-2-1 0 1 2 3 4 5 6 tyly2 } 


Identify the union of the 
solution sets: 
{y|y<-—3 or y>—2} 


-6 -5 -4 -3 -2-1 012 3 4 5 6 
The solution is {y|y < —3 or y > —2}, or equivalently in interval notation, 
(—oo, —3) U [—2, oo). 


Skill Practice Solve the compound inequality. 
13. —10t—8 > 12 or 3t-6 >3 


Answer 
13. {t|t< —2ort> 3}; 
(—oo, —2] U (3, 00) 
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Answers 

14. {x|x is a real number}; (—0o, co) 
15. 37<w<4l 

16. w<370rw>41 


Solving a Compound Inequality: Or 


Solve the compound inequality. 4x+3<16 or —-2x<3 


Solution: 
4x+3 < 16 or —2x <3 
ie 18 - oe - Solve each inequality 
2 separately. 
x< ue or x>-—~ 
4 
{x|x<@} 
-6 -5 -4 -3 -2-1 0 1 2 ite 5 6 
13 
4 
“6-5-4-3-21 0 123 4 5 6 {x|x>—3} 


3 
=2 


Identify the union of the 


-6 -5 -4 -3 -2-1 0 12 3 4 5 6 : 
solution sets. 


The union of the solution sets is {x|x is a real number}, or equivalently, (—0o, 00). 


Skill Practice Solve the compound inequality. 
14. x-—7>—2 or -6x > —48 


5. Applications of Compound Inequalities 


Compound inequalities are used in many applications, as shown in Examples 11 and 12. 


| Example 11 | Translating Compound Inequalities 


The normal level of thyroid-stimulating hormone (TSH) for adults ranges from 0.4 to 
4.8 microunits per milliliter (wU/mL), inclusive. Let x represent the amount of TSH 
measured in microunits per milliliter. 


a. Write an inequality representing the normal range of TSH. 


b. Write a compound inequality representing abnormal TSH levels. 


Solution: 
a. 0.4<x<4.8 b. x<0.4 or x>4.8 


Skill Practice The length of a normal human pregnancy, w, is from 37 to 41 weeks, 
inclusive. 


15. Write an inequality representing the normal length of a pregnancy. 
16. Write a compound inequality representing an abnormal length for a pregnancy. 
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« In mathematics, the word “between” means strictly between two values. That is, 
the endpoints are excluded. 


Example: x is between 4 and 10 => (4, 10). 


- If the word “inclusive” is added to the statement, then we include the endpoints. 
Example: x is between 4 and 10, inclusive => [4, 10]. 


| Example 12 | Translating and Solving a Compound Inequality 


The sum of a number and 4 is between —5 and 12. Find all such numbers. 
Solution: 


Let x represent a number. 


—-5<x+4<12 Translate the inequality. 
-5-4<x+4-4<12-4 Subtract 4 from all three parts of the 
inequality. 
—9<x<8 


The number may be any real number between —9 and 8: {x|—9 <x < 8}. 


Skill Practice 


Answer 
17. The sum of twice a number and 11 is between 21 and 31. Find all such numbers. 


17. Any real number between 5 and 
10: {x|5 <x < 10} 


Section 1.5 Activity 


A.1. Consider sets A and B defined as A = {1, 2, 3, 4,5, 6} and B = {1, 3, 5, 7, 9}. Place the elements of sets A and B 
in the Venn diagram. 


A.2. a. The _______ of set A and set B, denoted by _______, is the set of elements that belong to set A, or to set B, 
or to both sets A and B. 
b. Given A = {1, 2, 3,4, 5, 6} and B = {1, 3, 5, 7, 9}, find A U B. Refer to the Venn diagram in Exercise A.1. 


A.3. a. The _____ of set A and set B, denoted by _______, is the set of elements common to both A and B. 


b. Given A = {1, 2,3, 4,5, 6} and B= {1, 3,5, 7, 9}, find A n B. Refer to the Venn diagram in Exercise A.1. 


ISTUDY 


102 Chapter 1 Linear Equations and Inequalities in One Variable 


A.4. Consider the sets C = {x |x < 2} and D= {x|x>-3}. 


a. Graph C. ee > 
b. Graph D. SUE! 
c. Graph CU D. < > 


d. Write C U D in interval notation. 


e. Graph Cn D. > 
f. Write CQ D in interval notation. 


A.5. a. Solve the inequality —4x — 1 < 19 and write the solution set in interval notation. 
b. Solve the inequality 2x + 5 > 3 and write the solution set in interval notation. 


c. Solve the compound inequality and write the solution set in interval notation. 
—4x-1<19 and 2x+52>3 

d. Solve the compound inequality and write the solution set in interval notation. 
—4x-1<19 or 2x4+523 


e. The solution set to a compound inequality joined by the conjunction and is the (choose one: union/ 
intersection) of the solution sets to the individual inequalities. (Refer to part [c].) 


f. The solution set to a compound inequality joined by the conjunction or is the (choose one: union/ 
intersection) of the solution sets to the individual inequalities. (Refer to part [d].) 


A.6. a. Write the inequality —3 < > — 5 < 1 as two separate inequalities. 
b. Solve the inequality —3 < >t — 5 < | and write the solution set in interval notation. 


A.7. The normal number of red blood cells for human blood is between 4,200,000 and 5,900,000 cells per 
cubic millimeter (per mm’), inclusive. Let x represent the number of red blood cells per cubic millimeter. 


a. Write a compound inequality representing the normal range of red blood cells. 
b. Write a compound inequality representing abnormal levels of red blood cells. 


ERED Practice Exercises 


Study Skills Exercise 

Memorization techniques can be used to move mathematical concepts, formulas, and properties from your short-term 
memory to your long-term memory. Students can use these techniques in a math course to retain information for problem- 
solving. Self-testing is one such technique. Self-testing is the process where students write review questions and key 


concepts on study cards. On one side of the card, pose a practice problem or concept. On the other side, write the answer 
with an explanation. Repeated review of these cards helps build proficiency in the subject matter. 

Write down the key concepts covered in this section and create five example problems to help you review for the 
next test. 
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Prerequisite Review 


For Exercises R.1—R.4, write the set in interval notation. 


R.1. {x18 > x} R.2. {x|-4 <x} 


R.3. {x|-9 <x <-6} R.4. {x|0<x <2} 


For Exercises R.5—R.10, solve the inequality. Write the solution set in interval notation. 
R.5. —5@ — 3) —2 < 43 R.6. —3 — 4) +8<-10 
iy =) Ba SS <7 R.8. —15 <3x+6< 12 
R9. Sy-1211 R.10. 4-21> 16 


Vocabulary and Key Concepts 


1. a. The ____ of two sets A and B, denoted by , is the set of elements that belong to A or B or both A and B. 


b. The _______ of two sets A and B, denoted by , is the set of elements common to both A and B. 


c. The solution set to the compound inequality x < c and x > d is the (union/intersection) of the solution sets of the 
individual inequalities. 


d. The compound inequality a < x and x < b can be written as the three-part inequality 


e. The solution set to the compound inequality x < a or x > b is the (union/intersection) of the solution sets of the 
individual inequalities. 


Concept 1: Union and Intersection of Sets 


For Exercises 2-6, refer to the Venn diagram and sets A, B, and C. Find the union or intersection as indicated. 


ANB 
ANC 
BnC 
BUC 
AUC 


A vu Fk Y BN 


7. Given M= {-3, -1, 1, 3,5} and 8. Given P= {a, b, c, d, e, f, g, h, i} and 
N= {-4, —3, —2, —1, 0} (See Example 1.) Q= {a, e, i, o, u} 


List the elements of the following sets. List the elements of the following sets. 


a. MNN b. MUN a. PNQ b. PUQ 


For Exercises 9—20, refer to the sets A, B, C, and D. Determine the union or intersection as indicated. Express the 
answer in interval notation, if possible. (See Example 2.) 


A= {x|x< —4}, B= {x|x>2}, C= {x|x>-7}, D={x|0<x<5} 
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9. ANC 10. 
12. AUD 13. 
15. BUC 16. 
18. BND 19. 


Bnc 11. AUB 
ANB 14. AND 
BUD 17. CnD 
CUD 20. AUC 


For Exercises 21—26, find the intersection and union of sets as indicated. Write the answers in interval notation. 


(See Example 3.) 


21. a. (—2,5)N[-l, «) 22. 


b. (—2, 5) U[-1, o) 


24. a. (-3.4, 1.6) n (-2.2, 4.1) 25. 


b. (—3.4, 1.6) U (—2.2, 4.1) 


a. (—oo, 4) [—1, 5) 23. a. 


( 
b. (—oo, 4) U [-1, 5) b. (- 


a. (—4, 5] (0, 2] 26. a. [—1,5)N (0, 3) 
b. (—4, 5] U (0, 2] - [-1,5)U (0, 3) 


ao 


Concept 2: Solving Compound Inequalities: And 


For Exercises 27—36, solve the compound inequality and graph the solution. Write the answer in interval notation. 


(See Examples 4-6.) 


27. y-7>-9 and y+2<5 


> 


29. 2t+7<19 and 5f+13> 28 


> 


31. 2.1k-1.1<0.6k+1.9 and 
0.3k —1.1<-0.1k+0.9 


> 


33. =p —1)>10 and 2p + 4) > 20 


> 


28. a+6>-2 and 5a< 30 


> 


30. 5p+2p>-21 and -—9p+3p>-24 


> 


32. 0.6w+0.1>0.3w-—1.1 and 
2.3w+1.5>0.3w+6.5 


> 


34. 2(a+2)<-6 and “(a-2)<! 


> 


35. —2<-x-12 and -14<5(x-3)+6x 36. -8>-3y-—2 and 3(y—7)+16>4y 


> 


> 
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Concept 3: Solving Inequalities of the Forma <x <b 


37. Write —4 < t < 4as two separate inequalities. 38. Write —2.8 < y < 15 as two separate inequalities. 
39. Explain why 6 < x < 2 has no solution. 40. Explain why 4 <1? < 1 has no solution. 
41. Explain why —5 > y > —2 has no solution. 42. Explain why —3 > w > —1 has no solution. 


For Exercises 43-54, solve the compound inequality and graph the solution set. Write the answer in interval notation. 
(See Examples 7-8.) 


43. 0<2b-5<9 44. -6<3k-9<0 45. eee) 
46. -3<5r<0 47. =< <2 48. ee 
49. 5<-3x-2<8 50. -1<-2x+4<5 51. 12>6x+3>0 

52, -4>2x-5>-7 53. -0.2<2.6+71<4 : 54. -1.5<O.1x<8.1 


Concept 4: Solving Compound Inequalities: Or 


For Exercises 55-64, solve the compound inequality and graph the solution set. Write the answer in interval notation. 
(See Examples 9-10.) 


55. 2yv-1>3 or y<-2 56. x<0 or 3x+12>7 
57, 1>6z-8 or 8z-6<10 58. 22>4r-10 or 7>2r-5 
59. 5(x-1)>-5 or 5-x<ll 60. -p+7>10 or 3(p—1) <12 


~ > 
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61. 


63. 0.5w+5<2.5w-—4 or 


Chapter 1 


Svs or 


—-v-6<1 


> 


Mixed Exercises 


> 


0.3w < —0.1w — 1.6 


62. 


64. 
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3 


gore or —2u>-4 


> 


1.25a+3<05a-6 or 


> 


For Exercises 65-74, solve the compound inequality. Write the answer in interval notation. 


65. a. 3x-5<19 and -—2x+3<23 66. a. 0.5(6x+8)>0.8x-7 and 4(¢++1)<7.2 
b. 3x -5<19 or -2x+3< 23 b. 0.5(6x+ 8) >0.8x-7 or 4@4+1)<7.2 
67. a. 8x-42>64 or 0.3(4+6)<-0.6 68. a. —2r+4<-8 or 3r4+5<8 
b. 8x-4>6.4 and 0.3(x4+6)<-—0.6 b. -—2r+4<-8 and 3r+5<8 
69, -4 <2 "cg Wi 122 2h 
71. 5>-4(t-3)+3t or 6<12t+8(4-f 72. 3>-(w-3)+4w_ or 
—5 > —-3(w — 5) + 6w 
—x+3_ 44x l1-x_2-x y-7 1 yt+l1 1 
73. > > 74. < >= 
2 7 aes a 4 ee 
Concept 5: Applications of Compound Inequalities 
75. The normal number of white blood cells for human blood is between 4800 and 10,800 cells ; eo oe o or 
per cubic millimeter, inclusive. Let x represent the number of white blood cells per cubic oe ° o (Ts) 
millimeter. (See Example 11.) ) & oD a OO, 
a. Write an inequality representing the normal range of white blood cells per cubic -) ©OR5 
millimeter. . go © ove oO 
b. Write a compound inequality representing abnormal levels of white blood cells per o a0*.0 
cubic millimeter. Al Telser/McGraw Hill 


76. 


77. 


2.5a—12>9—1.5a 


Normal hemoglobin levels in human blood for adult males are between 13 and 16 grams per deciliter (g/dL), 


inclusive. Let x represent the level of hemoglobin measured in grams per deciliter. 
a. Write an inequality representing normal hemoglobin levels for adult males. 


b. Write a compound inequality representing abnormal levels of hemoglobin for adult males. 


A polling company estimates that a certain candidate running for office will receive between 44% and 48% of the 


votes. Let x represent the percentage of votes for this candidate. 


a. Write a strict inequality representing the expected percentage of votes for this candidate. 


b. Write a compound inequality representing the percentage of votes that would fall outside the polling 


company’s prediction. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


Section 1.5 Compound Inequalities 107 


A machine is calibrated to cut a piece of wood between 2.4 in. thick and 2.6 in. thick. Let x represent the thickness of 
the wood after it is cut. 


a. Write a strict inequality representing the expected range of thickness of the wood after it has been cut. 


b. Write a compound inequality representing the thickness of wood that would fall outside the normal 
range for this machine. 


Twice a number is between —3 and 12. Find all such numbers. (See Example 12.) 
The difference of a number and 6 is between 0 and 8. Find all such numbers. 


One plus twice a number is either greater than 5 or less than —1. Find all such numbers. 


One-third of a number is either less than —2 or greater than 5. Find all such numbers. 


Amy knows from reading her syllabus in intermediate algebra that the average of her chapter tests accounts for 
80% (0.8) of her overall course grade. She also knows that the final exam counts as 20% (0.2) of her grade. 
Suppose that the average of Amy’s chapter tests is 92%. 


a. Determine the range of grades that she would need on her final exam to get an “A” in the class. (Assume that a 
grade of “A” is obtained if Amy’s overall average is 90% or better.) 


b. Determine the range of grades that Amy would need on her final exam to get a “B” in the class. (Assume that a 
grade of “B” is obtained if Amy’s overall average is at least 80% but less than 90%.) 


Robert knows from reading his syllabus in intermediate algebra that the average of his chapter tests accounts for 
60% (0.6) of his overall course grade. He also knows that the final exam counts as 40% (0.4) of his grade. Suppose 
that the average of Robert’s chapter tests is 89%. 


a. Determine the range of grades that he would need on his final exam to get an “A” in the class. (Assume that a grade 
of “A” is obtained if Robert’s overall average is 90% or better.) 


b. Determine the range of grades that Robert would need on his final exam to get a “B” in the class. (Assume that a 
grade of “B” is obtained if Robert’s overall average is at least 80% but less than 90%.) 


The average high and low temperatures for Vancouver, British Columbia, in January are 5.6°C and 0°C, respectively. 
The formula relating Celsius temperatures to Fahrenheit temperatures is given by 

C = 3(F — 32). Convert the inequality 0.0°< C < 5.6° to an equivalent inequality using 
Fahrenheit temperatures. 


For a day in July, the temperature in Austin, Texas, ranged from 20°C to 29°C. 

The formula relating Celsius temperatures to Fahrenheit temperatures is given by 

C = 3(F — 32). Convert the inequality 20°< C < 29° to an equivalent inequality using 
Fahrenheit temperatures. 


Steve Allen/Brand X Pictures/ 
Getty Images 
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Section 1.6 Absolute Value Equations 
1. Solving Absolute Value Equations 


1. Solving Absolute Value An equation of the form |x| = ais called an absolute value equation. The solution includes 
Equations all real numbers whose absolute value equals a. For example, the solutions to the equation 
2. Solving Equations |x| = 4 are 4 as well as —4, because |4| = 4 and |—4| = 4. A geometric interpretation of the 
Containing Two absolute value of a number is its distance from zero on the number line (Figure 1-8). There- 
Absolute Values fore, the solutions to the equation |x| = 4 are the values of x that are 4 units away from zero. 

|x | =4 4 units 4 units 


-_ -4-3-2-1 012 3 4 


Figure 1-8 


ee 
OlV 


olving Absolute Value Equations of the Form |x| =a 
If ais a real number, then 


e Ifa>0, the solutions to the equation |x| = a are x =a and x = —a. 
e Ifa<0, there is no solution to the equation |x| = a. 


To solve an absolute value equation of the form |x| =a (a> 0), rewrite the equation as 
x=aorx=-—a. 


| Example1 | Solving Absolute Value Equations 


Solve the absolute value equations. 


a. |x| =5 b. |w| -—2= 12 c. |p| =0 d. |x| =—6 
Solution: 
a. |x| =5 The equation is in the form |x| = a, where 
a. ~. a=5: 
x=5 or x=-5 Rewrite the equation as x = a or x = —a. 


The solution set is {5, —5}. 


b. |w| —2= 12 Isolate the absolute value to write the 
equation in the form |x| = a. 
|w| = 14 
w= 14 or w=-14 Rewrite the equation as w =a or w= —a. 


The solution set is {14, —14}. 
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c. |p| =90 
p=0 or p=-0 Rewrite as two equations. Notice that the 
second equation p = —0 is the same as 
The solution set is {0}. the first equation. Intuitively, p = 0 is 
the only number whose absolute value 
equals 0. 
d. |x| = —-6 The equation is of the form lxl = a, but a 
is negative. There is no number whose 
No solution, { } absolute value is negative. 


Skill Practice Solve the absolute value equations. 


1. |y|=7 2. |p| +6=10 3. |w| +3=3 4. |z| =-12 


We have solved absolute value equations of the form |x| = a. Notice that x can represent 
any algebraic quantity. For example, to solve the equation |2w — 3] = 5, we still rewrite the 
absolute value equation as two equations. In this case, we set the quantity 2w — 3 equal to 
5 and to —5, respectively. 


ving an Absolute Value Equation 


Isolate the absolute value. That is, write the equation in the form |x| = a, 
where a is a real number. 


If a < 0, there is no solution. 

Otherwise, if a > 0, rewrite the absolute value equation as x = a or x = —a. 
Solve the individual equations from step 3. 

Check the answers in the original absolute value equation. 


ESTEEM Solving an Absolute Value Equation 


Solve the equation. |2w —3]=5 


Solution: 


|2w —3| =5 The equation is already in the form |x| = a, 
where x = 2w — 3. 
2w-3=5 or 2w-3=-5 Rewrite as two equations. 
2w=8 or 2w = -2 Solve each equation. 
me ha Answers 
1. (7,-7} 
2. {4, —4} 


3. {0} 4. {} 
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Check: w = 4 Check: w= —1 Check the solutions in the original 
|2w — 3] =5 |2w — 3] =5 equation. 
2(4) - 3) =5 [2(-1) - 3| 45 
|8—3| =5 Peas(2s 
Is} =5Vv |-5| 25V 


The solution set is {4, -1}. 


Skill Practice Solve the equation. 
5. |4x+ 1] =9 


| Example 3 _| Solving an Absolute Value Equation 


Solve the equation. 2c —5|+6=2 
Solution: 
2c —5|+6=2 


2c —5| = -4 Isolate the absolute value. The equation is in the 
: form |x| =a, where x = 2c — 5 anda=—4. 
: Because a < 0, there is no solution. 
Alwaysisolatethe absolutevalue = i 
first. Otherwise you will get answers 
that do not check. 


No solution, { } There are no numbers c that will make an absolute 
value equal to a negative number. 


Skill Practice Solve the equation. 
6. |[3z+ 10) +3=1 


Solving an Absolute Value Equation 


Solve the equation. -2|=p + 3 —7=-19 
Solution: 


-Ep + 3 9e 219 


-ep + 3 =-12 Isolate the absolute value. 


2 

ep +3 

+3] aa 
= =D 


2 
—p + 3 =6 
F 
2 2 ‘ : 
5? +3=6 or 5? +3 =-6 Rewrite as two equations. 
2p + 15 = 30 or 2p +15 = -30 Multiply by 5 to clear fractions. 
2p = 15 or 2p = —45 
15 45 Both values check in the 
p= a mE p= <a original equation. 
Answers 
5 {2 -3} 6. {) The solution set is ‘es ->\. 
le 7 2 le 2 2 
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[STUDY 
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Skill Practice Solve the equation. 


15.3) 


3 
= +1|+2=14 
74 


| Example 5 | Solving an Absolute Value Equation 


Solve the equation. 6.9 = |4.1 — p| + 6.9 
Solution: 
6.9 =|4.1 —p| +69 


|4.1 — p| +6.9 = 6.9 First write the absolute value on the left. 
Then subtract 6.9 from both sides to write 
the equation in the form |x| = a. 


|4.1 — p| =0 Isolate the absolute value. 
41-p=0 or 41-p=-0 Rewrite as two equations. Notice that the 
equations are the same. 
—-p=-4.1 Subtract 4.1 from both sides. 
p=4.l 
Check p = 4.1 in the original equation. Check: p = 4.1 


[4.1 -—p|+6.9 = 6.9 
I4.1-4.1|+6.9 = 69 
|0| + 6.9 = 6.9 
The solution set is {4.1}. 6.9=6.9V 


Skill Practice Solve the equation. 
8. -—3.5 =|1.2+2x|-3.5 


2. Solving Equations Containing 
Two Absolute Values 


Some equations have two absolute values such as |x| = |y|. If two quantities have the same 
absolute value, then the quantities are equal or the quantities are opposites. 


quality of Absolute Values 


|x| = |y| implies that x = y or x = —y. 


Answers 
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Avoiding Mistakes 


To take the opposite of the quantity 
5w + 1, use parentheses and 
apply the distributive property. 


FOR REVIEW 


Recall that if an equation reduces 
to a contradiction such as —4 = 8, 
the equation has no solution. If an 
equation reduces to an identity 
such as 0 = 0, the solution set is the 
set of real numbers. 


Answers 


9. {= -2} 10. {3} 


Solving an Equation Having Two Absolute Values 


Solve the equation. |2w — 3| = [5w + 1| 


Solution: 
|2w —3|=|5w+1| 


 . 


2w-3=5w+l or 2w —3 = -—(5w + 1) Rewrite as two 


COST OSTEO SSE STH OHH T STOO SHEET TESTES TT OEE EET TOSSES TT O SE EES 


equations, 
x=yorx=-—y. 


2w-3=5w+l1 or 2w-3=-5w-1 Solve for w. 
-3w-3=1 or Iw-3=- 
—3w=4 or Tw=2 
w= - or w= 5 Both values check 


; ; 42 
The solut t Sena 
e solution se is { ==} 


Skill Practice Solve the equation. 
9. |3 — 2x|=|3x-1| 


in the original 
equation. 


Solving an Equation Having Two Absolute Values 


Solve the equation. jx -—4| =|x+4+ 8] 
Solution: 
|x —4| = |x + 8| 


x-4=x+8 or x-4=-(*+8) 


—-4=8 or x-4=-x-8 
ie 2x-4=-8 
contradiction 
2x = —4 
x=-2 


The solution set is {—2}. 


Skill Practice Solve the equation. 
10. |4¢+ 3| = |4r-5| 


Rewrite as two equations, 
x=yorx=—y. 


Solve for x. 


x = —2 checks in the original 
equation. 
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Section 1.6 Activity 


A.1. a. The expression |x| represents the distance between the real number x and _______ on the number line. 
. Using this definition, solve the equation |x| = 3. 
. Solve the equation |x| = 11. 


. Solve the equation |x| = 0. 


conan op 


. Explain why the equation |x| = —2 has no solution. 


A.2. a. The equation |u| = 5 is equivalent to u = 5 or u = —5. Write the equation |x — 4] = 5 as two equations joined by 


“cc ” 


or. 
b. Solve |x — 4] =5. 


A.3. a. What is the first step to solve the equation 4 = —6 + |3x + 1I? 
b. Solve the equation 4 = —6 + |3x + Il. 

A.4. a. Solve the equation |5x — 6| + 8 = 6. 
b. Solve the equation |5x — 6] + 8 = 8. 


A.5. Consider the expression |x| = |y|. If two quantities have the same absolute value, then the quantities are equal, or 
the quantities are opposites. For example: |5| = |5] and [5] = |—5]. With this in mind, write the equation |x| = |y| as 
two equations joined by “or.” 

A.6. Given the equation |x — 5| = |2x — ll, 

a. Write the equation as two equations joined by “or.” 
b. Solve the equation. 


A.7. Solve the equation |4x + 3] = |4x — 1]. 


Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.10, solve the equations. 
R.1. a. 5x+7=32 oo fy =A = FS 17 
o Sesh == 32 5 —4be= JS 1l7/ 
. 3w+7=2w-6 Gb hy Abe S =D Il 
. 3w+7=-(Qw - 6) b. —4x4+5 =-(2x - 1) 
. 2¢-3)+4=2t-3 6. 3-4(p+ 1)=—-4p+5 


. 5x-4-x=40- 1) 8. 3(y + 1) —y=2y +3 


piel 
Aw6. 10 
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Vocabulary and Key Concepts 


1. 


a. An _________ value equation is an equation of the form |x| = a. If a is a positive real number, then the 


solution set is 


b. What is the first step to solve the absolute value equation |x| + 5 = 7? 


c. The absolute value equation |x| = |y| implies that x = 


d. The solution set to the equation |x + 4| = —2 is 


1S 


Concept 1: Solving Absolute Value Equations 


For Exercises 2—6, solve the equation. 


2. a. 
b. 


ie) 


5. a. 


oa 


Cc. 


Kl=4 
Kl = -4 
IX =0 


ly-4| =3 
ly-4|=-3 
ly-4|=0 


3. a. |tl =5 
b. It] =—5 
ce. |t|=0 

6. a. |[2m| = 12 
b. |2m| = —12 
c. [2m| =0 


For Exercises 7-38, solve the equations. (See Examples 1-5.) 


7. 


11. 


15. 


19. 


23. 


27. 


31. 


35. 


[pl =7 8. 
ly} +8=5 12. 
|3g| =0 16. 
5 = |2x = 4| 20. 
|0.2x — 3.5| = —5.6 24. 
10=44|2y4+1| 28. 
—2|x+ 3] =5 32. 
1 1 9 
——-——k}=— 36. 
| 5 2 | 5 


lq| = 10 9. 
jx] + 12=6 13. 
[4p| = 0 17. 
10 =|3x+7| 21, 
[1.81 + 2x] =—2.2 25. 
-~1=—|5x+7| 29. 
~3|x—5|=7 33. 
1, Oo. 4 
. |-+-=h == 37. 
| 6 9| 2 


orx = 


4. a. |Ix+ 3] =2 
—2 


b. [x+3/= 

ce Ixt+3/=0 
Ix} +5=11 10 
jw] -3=-1 14 
[3x —4| =8 18, 
ve A 
—--|+3=6 22 
3 3 
1=-4+2-<ul 26 
= i : 
—2|3b -7|-9=-9 30. 
0 = |6x — 9} 34. 
—3|2 —6x|+5=-10 38. 


Concept 2: Solving Equations Containing Two Absolute Values 


For Exercises 39-56, solve the absolute value equations. (See Examples 6-7.) 


39. 


42. 


45. 


Jax — 2| =|-8] 


[3y + 1] = |2y —7| 


w=" pw 
6 | 13 


4 


40. |3x+5|=|-5| 


43. |2y+5|=|7 — 2y| 


uP 


8 


. The solution set to the equation |x + 4| =0 


. |x] —-3 =20 

. |Z] -14=-10 

. |4x4+ 1]/=6 
w 3 

. f--+2-2=7 
+S 


~12 =-6 — |6 — 23| 


~3/5x+1]+4=4 


7 =|4k-6|+7 


5|1 —2x|-7=3 


41. |4w +3] =|2w—5| 


44. [9a+5|= 


47. |2h-6|= 


|9a — 1| 


|2h+5| 
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48. |6n —7| = |4 - 6n| 49. [3.5m — 1.2| = |8.5m + 6| 50. [11.21 + 9| = |7.2n - 2.1| 
51. |4x-3|=—-|2x-1| 52. —|3 — 6y| =|8 — 2) 53. |8 —7w| =|7w - 8| 
54, [4 - 3z| =|3z-4| 55. |x+2|4+|x-4|=0 56. |t+ 6] + |r-1])=0 


Technology Connections 


For Exercises 57—62, enter the left side of the equation as Y, and enter the right side of the equation as Y>. Then use the 
Intersect feature to approximate the x values where the two graphs intersect (if they intersect). 


57. |4x—3]=5 58. |x—4|=3 59. |8x+1]/+8=1 


60. |3x-2|+4=2 61. |x-—3]=|x+2| 62. |x+4|=|x-2| 


Expanding Your Skills 


63. Write an absolute value equation whose 64. Write an absolute value equation whose 
solution is the set of real numbers 6 units from solution is the set of real numbers 4 units from 
zero on the number line. zero on the number line. 

65. Write an absolute value equation whose 66. Write an absolute value equation whose 
solution is the set of real numbers 4 units from solution is the set of real numbers 9 units from 
zero on the number line. zero on the number line. 


Absolute Value Inequalities /Section 1.700 


1. Solving Absolute Value Inequalities by Definition Concepts 

In this section, we will solve absolute value inequalities. An inequality in any of the forms 1. Solving Absolute Value 

|x| <a, |x| < a, |x| > a, or |x| > ais called an absolute value inequality. Inequalities by Definition 
Recall that an absolute value represents distance from zero on the real number line. 2. Solving Absolute Value 

Consider the following absolute value equation and inequalities. Inequalities by the Test 


Point Method 
3. Translating to an Absolute 
x= 3 or x=-3 The set of all points 3 units from zero on the Value Expression 
number line 


1. |x| = 3 Solution: 


3 units 3 units 
i 1 
t—+— 8-1 t= +1 
-6 -5-4 -3-2-1 0 12 3 4 5 6 
2. |x| >3 Solution: 
x<-3 or x>3 The set of all points more than 3 units from zero 
3 units 3 units 


| 
-6 -5 -4-3-2-1 0 12 3 4 5 6 
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Answer 
1. [-7,2] 


Linear Equations and Inequalities in One Variable 


3. |x| <3 Solution: 


—3<x<3 The set of all points less than 3 units from zero 


3units 3 units 
T 


-6-5-4-3-2-1 012 3 4 5 6 


To solve an absolute value inequality, first isolate the absolute value and then rewrite the 


absolute value inequality in its equivalent form. 


| Example | Solving an Absolute Value Inequality 


Solve the inequality. Bw+1l-4<7 
Solution: 
Bw+1|-4<7 


|3w + 1| < 11 <— Isolate the absolute value first. 


The inequality is in the form |x| < a, where 


x=3w+l. 
-11<3w+1<11 Rewrite in the equivalent form —a < x < a. 
-12 <3w < 10 Solve for w. 
sews -6 -5 -4 -3 -2-1 0 1 2 tl 5 6 


10 
3 


The solution is {w|—4 < w < +9}, or equivalently in interval notation, (—4, +2). 


Skill Practice Solve the inequality. Write the solution in interval notation. 
1. [2¢+5|/+2<11 
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| Example 2 _| Solving an Absolute Value Inequality 


Solve the inequality. 3<1+ Fa a 5| 
Solution: 
3<1+ a = 5 
~ 2 
1+ ]<t-5|>3 Write the inequality with the absolute value on the left. 


>2 Isolate the absolute value. 


The inequality is in the form |x| > a, where x = 41-5. 


1 1 Rewrite in the equivalent 

af 5 8-2 ve af 922 form x < —a orx >a. 
1 1 ; . 
at <3 or at >7 Solve the compound inequality. 


1 1 
2 (5) < 2(3) or 2 (4:) > 2(7) Clear fractions. 
t<6 or t>14 ———>_ 


6 14 
The solution is {t|¢< 6 or ¢> 14}, or equivalently in interval notation, 
(—oo, 6] U[14, oo). 


Skill Practice Solve the inequality. Write the solution in interval notation. 


2.5<1+|5c-1 


By definition, the absolute value of a real number will always be nonnegative. Therefore, 
the absolute value of any expression will always be greater than a negative number. Simi- 
larly, an absolute value can never be less than a negative number. If a represents a positive 
real number, then 


e The solution to the inequality |x| > —a is all real numbers, (—0o, oo). 
e There is no solution to the inequality |x| < —a. 


| Example 3 | Solving Absolute Value Inequalities 


Solve the inequalities. 


a. |3d—-5|+7<4 b. |3d—5|+7>4 
Solution: 
a. |3d-—5|+7<4 Isolate the absolute value. An absolute value 
expression cannot be less than a negative number. 
[3d —5| < -3 


Therefore, there is no solution. 


No solution, { } 


GE itis generally easier 


to solve an absolute value 
inequality if the absolute 
value appears on the 
left-hand side of the 
inequality. 


Answer 
2. (—co, —9) U (15, oo) 
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Answers 

3. { } 

4. All real numbers; (—o0, 00) 
5. (—00, 00) 


© erates) 


cs 


Solving Absolute Value Inequalities 


Solve the inequalities. 


a. |4x+2/>0 b. |4x+2|>0 c. [4x +2] <0 


Linear Equations and Inequalities in One Variable 


b. |3d-5|+7>4 Isolate the absolute value. The inequality is in the 


form |x| > a, where a is negative. An absolute value 
of any real number is greater than a negative 
number. Therefore, the solution is all real numbers. 


|3d-—5| > -3 


All real numbers, (—oo, co) 


Skill Practice Solve the inequalities. 
3. |4p+2|+6<2 4. |4p+2|+6>2 


Solution: 


a. |4x + 2| > 0 <— The absolute value is already isolated. 


The absolute value of any real number is nonnegative. Therefore, the solution is 
all real numbers, (—oo, oo). 


. [4x+2|>0 


An absolute value will be greater than zero at all points except where it is equal to 
zero. That is, the value(s) of x for which |4x + 2| = 0 must be excluded from the 
solution set. 


|4x + 2| =0 
4x+2=0 or 4x+2=-0 The second equation is the same 
as the first. 
4x = -2 
x= me Therefore, exclude x = —+ from 
2 the solution. 


~6 -5 -4-3 -2 -1 4 0 123 4 5 6 
at 
2 


The solution is {x|x 4 —4}, or equivalently in interval notation, 
($00,5) Ul 0): 


. |4x+2/ <0 


An absolute value of a number cannot be less than zero. However, it can be equal 
to zero. Therefore, the only solutions to this inequality are the solutions to the 
related equation: 


|4x + 2| =0 From part (b), we see that the solution set is { -;}. 


Skill Practice Solve the inequalities. 
5. |3x-1|>0 


6. |3x—1|>0 7. (3x— ies 
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2. Solving Absolute Value Inequalities 
by the Test Point Method 


In Examples | and 2, each absolute value inequality was converted to an equivalent com- 
pound inequality. However, sometimes students have difficulty setting up the appropriate 
compound inequality. To avoid this problem, you may want to use the test point method to 
solve absolute value inequalities. 


Solving Inequalities by Using the Test Point Method 
Find the boundary points of the inequality. (Boundary points are the real 
solutions to the related equation and points where the inequality is 


undefined.) 


Plot the boundary points on the number line. This divides the number line 
into intervals. 


Select a test point from each interval and substitute it into the original 
inequality. 


e Ifa test point makes the original inequality true, then that interval is part 
of the solution set. 


Test the boundary points in the original inequality. 
e If the original inequality is strict (< or >), do not include the boundary 
points in the solution set. 
e If the original inequality is defined using < or >, then include the 
boundary points that are defined within the inequality. 
Note: Any boundary point that makes an expression within the inequality undefined 
must always be excluded from the solution set. 


To demonstrate the use of the test point method, we will repeat the absolute value 
inequalities from Examples | and 2. Notice that regardless of the method used, the absolute 
value is always isolated first before any further action is taken. 


Solving an Absolute Value Inequality 


by the Test Point Method 
Solve the inequality by using the test point method. 3w+1|-4<7 
Solution: 
Bw+1|-4<7 
I3w+1|< 11 << Isolate the absolute 
value. 
3w+ 1] = 11 Step 1: Solve the related 
equation. 
3w+1=11 or 3w+1=-11 Write as an equivalent 
3w = 10 ae Se a1 system of two 
equations. 
_ 10 =_4 These are the only 
eee o = = boundary points. 


Step 2: Plot the boundary 
points. 


} 4 pop o4 4 pif, 1 1 , Step 3: Select a test point 
6-5 -4-3-2-1 0123 45 6 from each interval. 
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Answer 


2 o 


Linear Equations and Inequalities in One Variable 


Test w= -—5: Test w= 0: Test w = 4: 


bess ijeae7 3) + 1|-4 <7 34)+1)-4<7 


|-14,-4. 27 [-4<7 [13|-4 <7 
lady -3 <7 True ig4 7 
10 <7 False 9 <7 False 
False True False 


Step 4: Because the original 
-6-5 -4-3-2-1 0 1 2 3h 4 5 6 inequality is a strict 
0 inequality, the boundary 
points (where equality 
occurs) are not included. 


The solution is {w |-4<w< ae or equivalently in interval notation, (-4, 4). 


Skill Practice Solve the inequality. 
8. 6+ |3r—4| < 10 


Solving an Absolute Value Inequality 


by the Test Point Method 
Solve the inequality by using the test point method. 3<1+ x! -5 | 
Solution: 
3<1+ 1, =5 
> 2 
Write the inequality with 
Le) at= 3.23 the absolute value on the 
left. 
<t—5|>2 < Isolate the absolute 
value. 
x -—5 | 2 Step 1: Solve the related 
equation. 


Write as an equivalent 
system of two 


LF =7 o Le 3 equations. 
2 2 
t=14 or t=6 These are the boundary 
points. 
I I I Step 2: Plot the boundary points. 
6 14 Step 3: Select a test point from 


each interval. 
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Test ¢ = 0: Test ¢= 10: Test ¢ = 16: 
3£14/5-5| 3£14/F00)-5| 3£14/506)-5| 
3<1+4/0-5| a2 14.15 = 3) 3214 |8-5| 

2 £14 |-5) 3<1+/0) 3 £143] 

4 <6 Tine 4<1 False 3<4 True 


Step 4: The original inequality uses the sign >. Therefore, the boundary points 
(where equality occurs) must be part of the solution set. 


True False True 
6 14 
The solution is {t|t <6 or t> 14}, or equivalently in interval notation, 
(—oo, 6] U [14, 0). 
Skill Practice Solve the inequality. 


9. xerd +1>6 


3. Translating to an Absolute Value Expression 


Absolute value expressions can be used to describe distances. The distance between c and 
d is given by |c — d|. For example, the distance between —2 and 3 on the number line is 
|(—2) —3| = 5 as expected. 


Expressing Distances With Absolute Value 


Write an absolute value inequality to represent the following phrases. 


a. All real numbers x, whose distance from zero is greater than 5 units 


b. All real numbers x, whose distance from —7 is less than 3 units 


Solution: 


a. All real numbers x, whose distance from zero is greater than 5 units 


|x — O| > 5 or simply |x| > 5 5 units 5 units 
T 
— 


T 
i444 t+ 4 
=§ 5-4-3 -2-1 0 123 4 5 6 


b. All real numbers x, whose distance from —7 is less than 3 units 


|x — (—7)| < 3 or simply |x + 7| <3 3 units 3 units 


1109 =8. =7 <6 5 =4 =3 2 


Skill Practice Write an absolute value inequality to represent the following phrases. 


10. All real numbers whose distance from zero is greater than 10 units Answer 


11. All real numbers whose distance from 4 is less than 6 units 


10. |x| >10 
1. x4] <6 


9. (—00, —18) U (2, co) 
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Answer 
12. |t—12| < 0.05 


Section 1.7 Activity 


Linear Equations and Inequalities in One Variable 


Absolute value expressions can also be used to describe boundaries for measurement error. 


Expressing Measurement Error With Absolute Value 


Latoya measured a certain compound on a scale in the chemistry lab at school. She 
measured 8 g of the compound, but the scale is only accurate to +0.1 g. Write an 
absolute value inequality to express an interval for the true mass, x, of the compound 
she measured. 


Solution: 


Because the scale is only accurate to +0.1 g, the true mass, x, of the compound may 
deviate by as much as 0.1 g above or below 8 g. This may be expressed as an absolute 
value inequality: 


; ati sed 
jx -—8.0| <0.1 orequivalently 79<x<8.1 f j rs 


7.9 8.0 8.1 


Skill Practice 


12. Vonzell molded a piece of metal in her machine shop. She measured the thickness 
at 12 mm. Her machine is accurate to +0.05 mm. Write an absolute value 
inequality to express an interval for the true measurement of the thickness, ft, of 
the metal. 


A.1. a. The inequality |x| > 3 is the set of real numbers that are 3 or more units from zero on the number line. Shade 


the region(s) on the number line that satisfy the inequality |x| > 3. 


b. Write the solution set to the inequality |x| > 3 in interval notation. 


c. Shade the region(s) on the number line that satisfy the inequality |x| < 3. > 


d. Write the solution set to the inequality |x| < 3 in interval notation. 


A.2. Given the inequality |2x + 5] - 1 <7, 
a. What is the first step to solve the inequality? 


b. Write the inequality as an equivalent compound inequality without absolute value bars. 


c. Solve the inequality and write the solution set in interval notation. 


A.3. Given the inequality 3 — |x — 9| < —7, 


a. What is the first step to solve the inequality? 


b. Write the inequality as an equivalent compound inequality without absolute value bars. 


c. Solve the inequality and write the solution set in interval notation. 


[STUDY 
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A.4. Solve each inequality by inspection and explain your answer. 
a. |3x+4|<—S 
b. |3x+4|<-S 

|3x+4|>—-5 

d. |3x+4|>—-S 


@ 


A.5. Solve each inequality by inspection and explain your answer. 


a. |2x-6|<0 
b. |2x- 6] <0 
c. |2x-6|>0 
d. |2x-6|>0 


Practice Exercises 


Study Skills Exercise 


As acollege student, you need to balance the demands of your job, your family, your personal life, and your education. 

The first step in achieving this balance is to efficiently manage your time. To do so, analyze your schedule and plan out 
your week. Keep a calendar to maintain your school, home, and work responsibilities. Insert due dates into the calendar, 
and schedule your study time throughout the week in 20- to 30-min sessions. 


Prerequisite Review 


For Exercises R.1—-R.4, solve the compound inequality. Write the solution set in interval notation. 


R.1. 2x +3 <-Sor2x+3>5 R.2. 5-x<-lor5-x>1 


R.3. 3+y>—-2and3+y<2 R.4. 4x+ 1>-9and4x+1<9 


For Exercises R.5—R.10, solve the equation. 
R.5. [3x -4|+1=9 R.6. |3 + 2x| —8 = 11 
R.7. |6x+7|+9=4 R.8. |—4x + 9} +5 =3 


R9. |-5x+3)+2=2 R.10. |-2x-7/+3=3 


Vocabulary and Key Concepts 


1. a. If ais a positive real number, then the inequality |x| < ais equivalent to <x< 
b. If ais a positive real number, then the inequality |x| > a is equivalent to x < or x d. 
c. The solution set to the inquality |x + 2| < —6 is _______, whereas the solution set to the inequality 
|x + 2| > —6 is 


2. The solution set to the inequality |x + 4| < 0 (includes/excludes) —4, whereas the solution set to the inequality 
|x + 4| < 0 (includes/excludes) —4. 
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Concepts 1 and 2: Solving Absolute Value Inequalities 


For Exercises 3-14, solve the equations and inequalities. For each inequality, graph the solution set and express the solution 
in interval notation. (See Examples 1-6.) 


3. a. [x|=5 4. a. |a|=4 5. a. |x-—3|=7 
b. |x| >5 b. |a| >4 b. |x -—3|>7 
c. |x| <5 c. lal <4 ce. |x-3|<7 
6. a. |w+2|=6 7. a. |p| =—2 8. a. |x| =-14 
b. |w+2|>6 b. |p| > -2 b. |x| >—-14 
c. |w+2|<6 c. |p| < —2 c. |x| <—-14 
> > > 
9. a. |y+1|/=-6 10. a. |z-—4|=-3 11. a. |x| =0 
b. |y+1|>-6 b. |z-—4|>-3 b. |x| >0 
ce. ly+1|<-6 ec. |z-—4|<-3 c. |x| <0 
> > > 
12. a. |[p+3|=0 13. a. |k-—7|=0 14. a. |2x+4/+3=2 
b. |p+3|>0 b. |k-—7|>0 b. |2x+4/+3>2 
ce. [p+ 3] <0 ce. |k-7| <0 ce. |2x+4[+3<2 
er > > 


For Exercises 15-44, solve the absolute value inequality. Graph the solution set and write the solution in interval notation. 
(See Examples 1-6.) 


15. |x| >6 : 16. |x| <6 ; 17. | <3 : 
18. |pl>3 19. |y+2/>0 20. 0 <|In +2| 
21. 5<|2x- 1 22, jx—2|>7 2% eS 

24, jh 2\<-9 25, Po l—3 <1 26. pe l-2>4 

27. 12<|9—4y|-2 28. 5>|2m—7|+4 29. 4>-14 ra 
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30. 9>2+ + 31. 8 <|4—3x|+ 12 32. -16 <|5x—1]-1 

33. 5—|2m+1|>5 : 34. 3—[5x+3]>3 35. |p +5| <0 : 
36. ly+1|-4<-4 37. |z—6|+5>5 a8. (ea 1] =45—4 

39, 5)2y-6|+3> 13 ; 40. Tly+1)/-3>11 ; 41, -316-+1>-S 
42, —4|8 —x|+2> -14 43. |0.02x +0.06| — 0.1 < 0.05 44, |0.05x — 0.04] — 0.01 <0.11 


Concept 3: Translating to an Absolute Value Expression 


For Exercises 45—48, write an absolute value inequality equivalent to the expression given. (See Example 7.) 


45. All real numbers whose distance from 0 is 46. All real numbers whose distance from —3 is less than 4 
greater than 7 


47. All real numbers whose distance from 2 is at 48. All real numbers whose distance from 0 is at least 6 
most 13 

49. A 32-0z jug of orange juice may not contain 50. The length of a board is measured to be 32.3 in. The 
exactly 32 oz of juice. The possibility of maximum measurement error is +0.2 in. Write an 
measurement error exists when the jug is filled absolute value inequality that represents the range 
in the factory. If the maximum measurement for the length of the board, x. 


error is +0.05 oz, write an absolute value 
inequality representing the range of volumes, 
x, in which the orange juice jug may be filled. 
(See Example 8.) 


51. A bag of potato chips states that its weight is 630z. The maximum measurement error 
is +40z. Write an absolute value inequality that represents the range for the weight, x, 
of the bag of chips. 


52. A {-in. bolt varies in length by at most +;:in. Write an absolute value inequality that 
represents the range for the length, x, of the bolt. 


53. The width, w, of a bolt is supposed to be 2 cm but may have a 0.01-cm margin of error. 
Solve |w — 2] < 0.01, and interpret the solution to the inequality in the context of this 
problem. 


Andrew Bret Wallis/BananaStock/ 
54. In a political poll, the front-runner was projected to receive 53% of the votes with a Getty Images 
margin of error of 3%. Solve |p — 0.53| < 0.03 and interpret the solution in the context of this problem. 
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Technology Connections 


To solve an absolute value inequality by using a graphing calculator, let Y; equal the left side of the inequality and let Y, equal 
the right side of the inequality. Graph both Y, and Y, on a standard viewing window and use an /ntersect feature to approximate 
the intersection of the graphs. To solve Y, > Y>, determine all x values where the graph of Y, is above the graph of Y5. 
To solve Y, < Y>, determine all x values where the graph of Y, is below the graph of Y). 


For Exercises 55-64, solve the inequalities using a graphing calculator. 


55. |x+2|>4 56. |3-—x|>6 
x+1 x-1 

Te 2 A 1 

5 3 < 58. Z < 

59. |x —5| <-3 60. |x+2| <—2 

61. |2x+5|>-4 62. |1 —2x|>—-4 

63. |6x+ 1| <0 64. |3x-4| <0 


Problem Recognition Exercises 


Identifying Equations and Inequalities 


For Exercises 1-8, solve each equation or inequality. Express the solution in interval notation where appropriate. 


fase = 9 = 18 2. ax Sy+2=-20 
beige 9| = 18 b. [Sy +2] = —20 
ce. [3x —9| < 18 c. [Sy +2| < —20 
d. [3x—9|>18 d. [Sy + 2| > —20 
Bee2;= 14=0 4. a. SF a9 
beer 14> 0 b.*S*>9 
Ce = 14 <0 c. <9 
Pema se =| ==; + 3| 6. a. —5<x+2andx+2<8 
peer = = 9743 eee ee 
7. a. -4x-9<llor2<x+1 8. a. 4< 2yor —3(y +2) > —-2y+ 1 


b. —4x-9<lland2<x+4+1 b. 4 < 2y and —3(y + 2) > —2y+ 1 
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For Exercises 9-28, 
a. Identify the type of equation or inequality. Choose from: 


12. 


15. 


18. 


21. 


24. 


27. 


e linear equation 


e absolute value equation 


e linear inequality 
e compound inequality 


e absolute value inequality 
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b. Solve the equation or inequality. Express the solution set in interval notation where appropriate. 


. -0.5y + 0.7 =3.7 


i-sje—s 


1 
Ay +3|=5 
3] 


8w+4>5wt+l 


J2-—c]+5=3 
uf 5 1 fe J 
a 6 2 


S(x— 2)+7=2x+ 3(x- 1) 


10. 3m-—9=18 


13. -11<2r+1<19 


16. [4x + 3] =|9 — 22 


22. |10n+2|+7=7 


25. 2x—7>9 and 3x < 36 


28. 7y-—4=3(—y4+ 1) +4y 


11. 


14. 


17. 


20. 


23. 


26. 


\2r+8| <4 


2z-—3>1lor3z+3<9 


-3 +x>2xand 22-3 


[STUDY 


128 


Chapter 1 


Linear Equations and Inequalities in One Variable 


Chapter1 Summary 
| Section 1.1 | Linear Equations in One Variable 


Key Concepts 


A linear equation in one variable can be written in the 
form ax+ b=c(a#0). 


Steps to Solve a Linear Equation in One Variable 


d: 


Simplify both sides of the equation. 

e Clear parentheses. 

e Consider clearing fractions or decimals (if any are 
present) by multiplying both sides of the equation 
by a common denominator of all terms. 

¢ Combine like terms. 


. Use the addition or subtraction property of equality to 


collect the variable terms on one side of the equation. 


. Use the addition or subtraction property of equality to 


collect the constant terms on the other side. 


. Use the multiplication or division property of equality 


to make the coefficient on the variable term equal to 1. 


. Check your answer and write the solution set. 


An equation that has no solution is called a 
contradiction. 


An equation that has all real numbers as its solutions is 
called an identity. 


Examples 

Example 1 

1 3 1 

~(x— 4) -—=(4+2) == 

hi ) got ) rl 

3 

=) — _ = 
X X 2 


2x -8-—3x-6=1 


—x-14=1 
—x=15 
x=-15 


The solution —15 checks in the original equation. 


The solution set is {—15}. 


Example 2 
3x+ 6 = 3(x—5) 
3x+6 = 3x-15 
6=-15 Contradiction 


There is no solution, { }. 


Example 3 
—(5x + 12) —3 = 5(—x — 3) 
—5x-12-3=-5x-15 
—5x-15 =-5x-15 


-15=-15 Identity 


All real numbers are solutions. 


The solution set is {x | x is areal number}. 
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| Section 1.2 | Applications of Linear Equations in One Variable 


Key Concepts Examples 
Problem-Solving Steps for Word Problems Example 1 
1. Read the problem carefully. 1. Estella needs to borrow $8500. She borrows part of the 
2. Assign labels to unknown quantities. money from a friend and agrees to pay the friend 6% 
3. Write a verbal model. simple interest. She borrows the rest of the money from 
4. Write a mathematical equation. a bank that charges 10% simple interest. If she pays 
5. Solve the equation. back the money at the end of 1 yr and also pays $750 
6. Interpret the results and write the final answer in in interest, find the amount that Estella borrowed from 
words. each source. 
Sales tax: (cost of merchandise)(tax rate) 2. Let x represent the amount borrowed at 6%. Then 
Commission: (dollars in sales)(commission rate) 8500 — x is the amount borrowed at 10%. 


Simple interest: (Principal)(interest rate)(time in years) 
I= Prt 
Distance = (rate)(time) d=rt 


Principal 
Interest 


3 ( Interest ) ie ( interest ) _ ( total ) 
” \owed at 6% owed at 10% interest 


4. 0.06x + 0.10(8500 — x) = 750 


0.06x 0.10(8500 — x) 750 


5. 6x + 10(8500 — x) = 75,000 
6x + 85,000 — 10x = 75,000 
—4x = —10,000 
x = 2500 


6. x = 2500 
8500 — 2500 = 6000 


$2500 was borrowed at 6% and $6000 was borrowed at 10%. 
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Linear Equations and Inequalities in One Variable 


| Section1.3 Applications to Geometry and Literal Equations 


Key Concepts 


Some useful formulas for word problems: 


Perimeter 
Rectangle: P = 2/ + 2w 


Area 


Rectangle: A = lw 
Square: A=s 


1 


Triangle: A= Boh 


Trapezoid: A = xb 1+ bo)h 


Angles 


Two angles whose measures total 90° are complementary 
angles. 


Two angles whose measures total 180° are supplementary 
angles. 


The sum of the 
measures of the angles 
of a triangle is 180°. 


x+y+z=180° 


Literal equations (or formulas) are equations with several 
variables. To solve for a specific variable, follow the steps to 
solve a linear equation. 


Examples 
Example 1 


A border of marigolds is to enclose a rectangular flower 
garden. If the length is twice the width and the perimeter is 
25.5 ft, what are the dimensions of the garden? 


2x 

P=21+2w 
25.5 = 2(2x) + 2(x) 
25.5 = 4x + 2x 
25.5 = 6x 
4.25=x 


The width is 4.25 ft, and the length is 2(4.25) ft or 8.5 ft. 


Example 2 
Solve for y. 
4x — 5y = 20 
—Sy = —4x + 20 
=oy = —4x + 20 
—5 —5 
y= ae 20 or =—x-4 


=5 
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| Section 1.4 | Linear Inequalities in One Variable 


Key Concepts 


A linear inequality is an inequality that can be written in 
one of the following forms, provided that a # 0. 


ax+b<c, ax+b>c, ax+b<c, or 


ax+b>c 


Properties of Inequalities 


1. Ifa<b,thena+c<b+t+e. 

2. Ifa<b,thena—c<b-c. 

3. If c is positive and a < b, then ac < be and 
a _b 
=, 
coc 

4. If c is negative and a < b, then ac > bc and 
a_b 


aie 
c c 


Properties 3 and 4 indicate that if we multiply or divide an 
inequality by a negative value, the direction of the inequality 
sign must be reversed. 


Summary 
Examples 
Example 1 
Solve. 
14-x Multiply both sides by 
< —3x : 
—2 —2 to clear fractions. 


(Reverse the 
inequality sign.) 


-2( = =) > -2(-3x) 


14-—x> 6x 
-—7x > -14 
eal 4 au (Reverse the 
-7 -7 : ee 
inequality sign.) 
a 
—st 


2 


Set-builder notation: {x | x <2} 
Interval notation: (—oo, 2) 


| Section 1.5 | Compound Inequalities 


Key Concepts 


A U Bis the union of A and B. This is the set of elements that 
belong to set A or set B or both sets A and B. 


AB is the intersection of A and B. This is the set of 


elements common to both A and B. 


Examples 

Example 1 

Union Intersection 
AUB ANB 
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e Solve two or more inequalities joined by and by 
finding the intersection of their solution sets. 


Example 2 
—7x+3>-l11 and 1-x<4.5 
—7x>-14 and —x < 3.5 
x<2 and x>-3.5 
x<2 
-5-4-3-2-1 012 3 4 5 
x>-3.5 
-5-4-3-2-1 012 3 4 5 
-5-4-3-2-1 012 3 4 5 


The solution is {x | —3.5 <x < 2}, or equivalently, (—3.5, 2]. 


Inequalities of the form a < x < b: 


The inequality a<x<b is equivalent to the compound 
inequality a<xandx<b. 


—_—}— or, in interval notation, (a, b). 


a b 


e Solve two or more inequalities joined by or by finding 
the union of their solution sets. 


Example 3 
Sy+1>6 or 2y-5<-ll 
Sy>5 or 2y < -6 
y>1 or y<-3 
}—}—} y>1 
-5-4-3-2-1 0123 4 5 
t—+-+—+—+t-+> Ye=3 
-5-4-3-2-1 012 3 4 5 
t 
-5-4-3-2-1 0 12 3 4 5 


The solution is {y | y < —3 or y> 1}, or equivalently, 
(—oo, —3] U[1, oo). 


Example 4 
Solve. 
-13<3x-1<5 
-134+1<3x-14+1<5+1 
—12 <3x<6 
—12 2 3x _ 6 


“a 3 3 


-4<x<2 


—_—_ 


=4 2 


Interval notation: [—4, 2) 
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| Section1.6 Absolute Value Equations 


Key Concepts Examples 
The equation |x| =a is an absolute value equation. For Example 1 
a > 0, the solution to the equation |x| = ais x= aorx=—a. |2x—3|+5 = 10 
Steps to Solve an Absolute Value Equation |2x—3]=5 Isolate the absolute value. 
1. Isolate the absolute value to write the equation in the 2x-3=5 or 2x-3=-5 
form |x| = a. 2x =8 or 2x = —2 
2. If a <0, there is no solution. x=4 or x=-1 


3. Otherwise, if a > 0, rewrite the equation |x| =a as 
x=aorx=-—a. 

4. Solve the equations from step 3. 

5. Check answers in the original equation. Example 2 


The solution set is {4, -1}. 


jx+2|4+5=1 
|x+2| =—-4 No solution, { } 


Example 3 
The equation |x| = |y| implies x = y or x = —y. |2x —1| = |x+4| 
2x-1l=x+4 or 2x-1=-(x+4) 
x=5 or 2x-l=-x-4 
or 3x = —3 


or x=-l 


The solution set is {5, —1}. 


| Section 1.7 Absolute Value Inequalities 


Key Concepts Examples 
Solutions to Absolute Value Inequalities Example 1 
For a > 0, we have: [Sx—2| < 12 
|x] >as>x<-a or x>a —-12<5x-2< 12 
|x}<a>-a<x<a -10<5x< 14 
14 
—2<x< 5 


The solution is (-2. =), 


[STUDY 


[STUDY 


134 Chapter 1 Linear Equations and Inequalities in One Variable 


Test Point Method to Solve Inequalities 


1. Find the boundary points of the inequality. (Boundary 
points are the real solutions to the related equation and 
points where the inequality is undefined.) 

2. Plot the boundary points on the number line. This 
divides the number line into intervals. 

3. Select a test point from each interval and substitute it 
into the original inequality. 

e Ifa test point makes the original inequality true, 
then that interval is part of the solution set. 

4. Test the boundary points in the original inequality. 

e If the original inequality is strict (< or >), do not 
include the boundary in the solution set. 

e If the original inequality is defined using < 
or >, then include the boundary points that are 
defined within the inequality. 


Note: Any boundary point that makes an expression within 
the inequality undefined must always be excluded from the 
solution set. 


If ais negative (a < 0), then 


1. |x| < has no solution. 
2. |x| > ais true for all real numbers. 


Example 2 
jx-—3])4+2>7 
jx -3] >5 Isolate the absolute value. 
jx-—3|=5 Solve the related equation. 
HH 35. OF KSSH =—5 
x=8 or x=-—2 Boundary points 
I Il Il 
—2 8 : 
Interval I: 
Test x = —3: |(—3) —3| + 2 > 7 True 
Interval IT: 
Test x= 0: \(0) 3) 42>7 False 
Interval HI: 
Test x = 9: \(9) -3| £059 True 
True False True 
—2 8 


The solution is (—oco, —2] U [8, oo). 
Example 3 
jx+5| > -2 


The solution is all real numbers because an absolute value 
will always be greater than a negative number. 


(—00, 00) 
Example 4 
jx +5| < —2 


There is no solution because an absolute value cannot be less 
than a negative number. 


The solution set is { }. 
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Review Exercises 


Chapter1 Review Exercises 


Section 1.1 


1. 


2. 


Describe the solution set for a contradiction. 


Describe the solution set for an identity. 


For Exercises 3-12, solve the equations and identify each 
as a conditional equation, a contradiction, or an identity. 


3. 


10. 


11. 


12. 


. 7.23 +0.6x = 0.2x 


7 
4 ye tad 
ae 


x— 27 =-32 


6. O.ly + 1.122 =5.2y 


. —(44+ 3m) = 9(3 — m) 


. —2(5n — 6) = 3(—n — 3) 


4-3 2xt+1_ 
5 a. 


1 


3(x+3)-2=3x4+2 


Am + 182m = 2m +25 
Sm +m — I)=—3m +3(4m - 1) 


Section 1.2 


13. 


14. 


15. 


16. 


17. 


18. 


How would you label three consecutive 
integers? 


How would you label two consecutive odd 
integers? 


Explain what the formula d= rt means. 


Explain what the formula / = Prt means. 


a. Cory makes $85,200 in taxable income. If he pays 
an average of 28% in taxes on his income, deter- 
mine the amount of tax he must pay. 


b. What is his net income (after taxes)? 


For a recent year, approximately 7.2 million men 
were in college in the United States. This represents 
an 8% increase over the number of men in college in 
the year 2000. Approximately how many men were 
in college in 2000? (Round to the nearest tenth of a 
million.) 


19 


20. 


21. 


22. 


23. 


24. 


For a recent year, there were 17,430 deaths due 
to alcohol-related accidents in the United States. 
This was a 5% increase over the number of 
alcohol-related deaths in 1999. How many such 
deaths were there in 1999? 


Of three consecutive even integers, the sum of 
the smallest two integers is equal to 6 less than the 
largest. Find the integers. 


To do a rope trick, a magician needs to cut a piece of 
rope so that one piece is one-third the length of the 
other piece. If she begins with a 24-ft rope, what will 
be the lengths of the two pieces of rope? 


Sharyn invests $2000 more in an account that earns 
9% simple interest than she invests in an account that 
earns 6% simple interest. How much did she invest in 
each account if her total interest is $405 after 1 yr? 


How much 10% acid solution should be mixed with 
1 L of 25% acid solution to produce a solution that is 
15% acid? 


Two friends plan to meet at a restaurant for lunch. 
They both leave their homes at 11:30 A.M. and 
between the two of them, they drive a total of 

37.5 mi. Lynn drives in from a neighboring town and 
averages 15 mph faster than her friend Linda. If they 
meet at noon, find the average driving speed for 
each. 


Section 1.3 


25. 


The length of a rectangle is 2 ft more than the width. 
Find the dimensions if the perimeter is 40 ft. 


For Exercises 26-27, solve for x, and then find the measure 
of each angle. 


26. 
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27. 


(x — 1)° 


(2x + 1)° 


For Exercises 28-31, solve for the indicated variable. 


28. 3x-2y=4 fory 
29. —6x+y=12 fory 


30. S=2ar+arh forh 


31. A= ahh for b 


32. a. The circumference of a circle is given by 
C = 2rr. Solve this equation for z. 


b. Tom measures the radius of a circle to be 6 cm 
and the circumference to be 37.7 cm. Use these 
values to approximate z. (Round to 2 decimal 
places.) 


Section 1.4 


For Exercises 33-38, solve the inequality and graph 
the solution set. Write the solution set in (a) set-builder 
notation and (b) interval notation. 


33. -—6x-2>6 ~ 
34. —10x < 15 > 
35. 5-—7(x+3)> 19x - 
36. 4-—3x> 10(-x +5) > 
5 -—4x 
37. >9 s 
8 
3+ 2x 
38. <8 > 
4 


39. Dave earned the following test scores in his biology 
class: 82, 88, 92, and 93. How high does he have to 
score on the fifth test to have an average of 90 or 
more? 


Section 1.5 


40. Explain the difference between the union and inter- 
section of two sets. You may use the sets C and D in 
the following diagram to provide an example. 


Cc D 


Let X= {x|x>-10}, Y={x|x<1},Z={x|x>-l}, 
and W= {x |x < —3}. For Exercises 41—46, find the 
intersection or union of the sets X, Y, Z, and W. Write the 
answers in interval notation. 


41. XN Y 42. XUY 
43. YUZ 44. YNZ 
45. ZUW 46. ZNW 


For Exercises 47-56, solve the compound inequalities. 
Write the solutions in interval notation. 


47. 4m>-11 and 4m-3<13 


48. 4n—7<1 and 7+3n>-8 


49. -3y+1>10 and -2y—5<-I15 


50. ~--—-< ms and 


51. 1-3<1 or 1-2>7 
52. 2(3x+1)<-10 or 3Q2x-4)>0 
53. -7<-7(2w+3) or -—2<-43w-1) 


54. 5(p+3)+4>p—-1 or 4(p—1)+2>p+8 


56, Oe a(h oo) = She 6 


56. —4 <x I< -) 


57. The product of $ and the sum of a number and 3 is 
between —1 and 5. Find all such numbers. 


58. Normal levels of total cholesterol vary according to 
age. For adults between 25 and 40 yr old, the normal 
range is generally accepted to be between 140 and 
225 mg/dL (milligrams per deciliter), inclusive. Let x 
represent cholesterol level. 


a. Write an inequality representing the normal 
range for total cholesterol for adults between 
25 and 40 yr old. 


b. Write a compound inequality representing abnor- 
mal ranges for total cholesterol for adults between 
25 and 40 yr old. 


59. Normal levels of total cholesterol vary according to age. 
For adults younger than 25 yr old, the normal range is 
generally accepted to be between 125 and 200 mg/dL, 
inclusive. Let x represent cholesterol level. 


a. Write an inequality representing the normal range 
for total cholesterol for adults younger than 
25 yr old. 


b. Write a compound inequality representing abnor- 
mal ranges for total cholesterol for adults younger 
than 25 yr old. 


60. One method to approximate your maximum heart 
rate is to subtract your age from 220. To maintain an 
aerobic workout, it is recommended that you sustain 
a heart rate of between 60% and 75% of your maxi- 
mum heart rate. 


a. If the maximum heart rate h/ is given by the 
formula h = 220 — A, where A is a person’s age, 
find your own maximum heart rate. (Answers 
will vary.) 


b. Find the interval for your own heart rate that will 
sustain an aerobic workout. (Answers will vary.) 


Section 1.6 


For Exercises 61—74, solve the absolute value equations. 


61. |x| =10 62. |x| =17 
63. |8.7 —2x|=6.1 64. [5.25 — Sx] =7.45 
65. 16=|x+2|/+9 66. 5=|x—2|4+4 


67. |4x-1]+6=4 68. |3x—1|+7=3 
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71. |3x-—5|=|2x+4+1| 

72. |8x+9|=|8x—-1| 

73. |2+7d| =|-7d—2| 

74, —|4y+6|=|2y—-3] 

75. Which absolute value expression represents the 


distance between 3 and —2 on the number line? 


[3-—(-2)| |-2-3] 


Section 1.7 


76. Write the compound inequality x < —5 or x > 5 as an 
absolute value inequality. 


77. Write the compound inequality —4 <x <4as an 
absolute value inequality. 


For Exercises 78-79, write an absolute value inequality that 
represents the solution set graphed here. 


For Exercises 80-93, solve the absolute value inequalities. 
Graph each solution set and write the solution in interval 
notation. 


80. |x+6|>8 81. |x+8| <3 


82. 2\7x-1|+4>4 


83. 4|5x+1|-3>-3 


84. [3x+4|-6<-4 85. |5x—3| +3 <6 


X Xx 
86. |~-6] <5 87. |= +2|<2 
E 3° 


88. |4—2x|+8>8 - 
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89. |9+3x|/+12>1 > 96. The Nielsen ratings estimated that the percent, p, of 
the television viewing audience watching a popular 
90. —2|5.2x — 7.8] < 13 es music show was 20% with a 3% margin of error. 


Solve the inequality |p — 0.20| < 0.03 and interpret 
the answer in the context of this problem. 


91. —|2.5x+ 15] <7 - 


92. |3x-8|<-l 93. |x+5|<—4 

> > 97. The length, L, of a screw is supposed to be 33 in. 
Due to variation in the production equipment, 
there is a }-in. margin of error. Solve the inequality 
|L — 33| < 4 and interpret the answer in the context 
of this problem. 


94. State one possible situation in which an absolute 
value inequality will have no solution. 


95. State one possible situation in which an absolute 
value inequality will have a solution of all real 
numbers. 


Chapter1 Test 


Study Skills Exercise 


Studying for a mathematics test is very different than studying for other subjects. There are a number of test-taking strategies 
that you can practice to be more prepared mentally and physically. 


@ Space out your study time and practice time so that you give your subconscious mind time to process the information. 
This is better than cramming information in one sitting. 
@ Prepare a one-page summary sheet with the most important information that you need for the test. (Consider referring to 


the Chapter Summary for examples and key concepts.) Also, include a positive statement to yourself on your summary 
sheet to build a growth mindset. 

® On the day of the test, look at this sheet several times to refresh your memory instead of trying to memorize new 
information. 

@ When you sit down to take your test, consider writing important formulas on the test paper or scrap paper first, before 
starting work on the problems. 


For Exercises 1-9, solve the equations. 8. |3.7x -—5|+7=6.2 


x 
1. ~+1=20 
7 9, |8x+ 11] =|8x+5| 


2. 8—5(4—-3z)=2(4-z)-8 
( li al 10. Label each equation as a conditional equation, an 


3. 0.12(x) + 0.08(60,000 — x) = 10,500 identity, or a contradiction. 


5-x 2x-3 x a. (5x—9)+ 19 =5(x+4 2) 


6 2 3 b. 2a-2(1 +a) =5 
1 
5s peta|-4e4 ce. (4w —3)+4=3(5-w) 
6. |3x+4|=|x-12| 11. The difference between two numbers is 72. If the 


larger is 5 times the smaller, find the two numbers. 
7. —5=-8+|2y—- 3] 
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12. Joélle is determined to get some exercise and walks 
to the store at a brisk rate of 4.5 mph. She meets her 
friend Yun Ling at the store, and together they walk 
back at a slower rate of 3 mph. Joélle’s total walking 
time was | hr. 


a. How long did it take her to walk to the store? 
b. What is the distance to the store? 


13. Shawnna has money distributed between two 
accounts: an account that earns 5% simple interest 
and an account that earns 3.5% simple interest. She 
has $100 less invested at 3.5% than at 5%. If after 
1 yr her total interest is $81.50, how much did she 
invest at 5%? 


14. A yield sign is in the shape of an equilateral triangle 
(all sides have equal length). Its perimeter is 81 in. 
Find the length of the sides. 


15. The sum of three consecutive odd integers is 41 less 
than four times the largest. Find the numbers. 


16. How many gallons of a 20% acid solution must be 
mixed with 6 gal of a 30% acid solution to make a 
22% solution? 


For Exercises 17-18, solve the equations for the indicated 
variable. 


17. 4x+ 2y =6 for y 18. x=p + zo for z 


For Exercises 19-21, solve the inequalities. Graph the 
solution and write the solution set in interval notation. 


19. x+8> 42 20. srt 620-3 


21, —2<3x-1<5 


For Exercises 22—32, solve the compound and absolute 
value inequalities. Write the answers in interval notation. 


22. —-2<3x-1<5 
6 — 2x 
5 


23. -4< <2 


24. 


25. 
26. 
27. 


28. 


30. 


31. 


33. 


34. 


35. 
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2x 1<8 or Er 16 


—2x-3>-3 and x+3>0 
5x+1<6 or 2x+4>-6 


2x-3>1 and x+4<-l 


[3 -—2x|+6<2 29. |3x—8|>9 


\0.4x + 0.3] —0.2 <7 
FaSehets 3 32. 6>|2x—5|—5 


An elevator can accommodate a maximum weight of 
2000 Ib. If four passengers on the elevator have an 
average weight of 180 lb each, how many additional 
passengers of the same average weight can the eleva- 
tor carry before the maximum weight capacity is 
exceeded? 


Keith Brofsky/Photodisc/Getty Images 


The normal range in humans of the enzyme 
adenosine deaminase (ADA), is between 9 and 

33 IU (international units), inclusive. Let x represent 
the ADA level in international units. 


a. Write an inequality representing the normal range 
for ADA. 


b. Write a compound inequality representing 
abnormal ranges for ADA. 


The mass of a small piece of metal is measured 

to be 15.41 g. If the measurement error is at most 
+0.01 g, write an absolute value inequality that 
represents the possible mass, x, of the piece of metal. 
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Mathematics in Exploration 


If you have ever been hiking or skiing in the mountains, you are probably Boiling Temperature of Water 
familiar with localized weather changes at higher altitudes. The temperature a. Versus Altitude 
drops with increasing altitude, and the air becomes “thinner.” The “thin” air = T= -1,83a + 212 
makes physical exertion more difficult because it is less dense and there is a 200 F-98900 0 ogg ig ge, 
not as much oxygen in a breath of fixed volume. Furthermore, the decrease E 150 |- : coe ‘ame 
in density of the air also causes water to boil at a lower temperature. 5 100L 

In the mid-nineteenth century, explorers knew that the boiling = 
temperature of water T (in °F) was related to altitude a (in thousands & 50;- 
of feet) by the relationship T = —1.83a + 212. This equation is called a 0 a a a 


linear equation in two variables. One characteristic of a linear equation in ek SS a ee 


two variables is that one variable changes with respect to the other at a fixed Altitude (1000 ft) 
rate. For example, given an altitude a, this equation tells us that the boiling 
point of water drops by 1.83°F for every 1000 ft of altitude. This equation can 
also be manipulated to solve for a in terms of T. 
1 The equation in this form was used by explorers to measure their 
Om Fag 15.8 altitude a based on the temperature of a boiling cup of water T. 
‘ ° ° = ° ° - °o 5 . ° o ” ° 
eec00 % o* 
ang: a a ee nai ts ° 141 
o * «a ® ae o ° 
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— Seetion 2.1. Linear Equations in Two Variables 
1. The Rectangular Coordinate System 


. The Rectangular 
Coordinate System 


2. Linear Equations in Two 
Variables 


3. Graphing Linear Equations 
in Two Variables 


4. x- and y-Intercepts 


5. Horizontal and Vertical 
Lines 


One application of algebra is the graphical representation of numerical information (or 
data). For example, Table 2-1 shows the percentage of individuals who participate in 
leisure sports activities according to the age of the individual. 


Table 2-1 
20 59% 
30 52% 
40 44% 
50 34% 
60 21% 
70 18% 


Source: U.S. National Endowment for the Arts 


Information in table form is difficult to picture and interpret. However, when the data 
are presented in a graph, there appears to be a downward trend in the participation in leisure 


sports activities as age increases (Figure 2-1). 


Percentage of Individuals Who Participate in 
Leisure Sports Activities Versus Age 


60 e 
50 ° 
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Age of Participant (years) 


Figure 2-1 


In this example, two variables are related: age and the percentage of individuals who 


participate in leisure sports activities. 

To picture two variables simultaneously, we 
use a graph with two number lines drawn at right 
angles to each other (Figure 2-2). This forms a 
rectangular coordinate system. The horizontal 
line is called the x-axis, and the vertical line is 
called the y-axis. The point where the lines inter- 
sect is called the origin. On the x-axis, the numbers 
to the right of the origin are positive, and the 
numbers to the left are negative. On the y-axis, 
the numbers above the origin are positive, and the 
numbers below are negative. The x- and y-axes 
divide the graphing area into four regions called 
quadrants. 


7 y-axis 
6 
5 
4 
Quadrant II 3 Quadrant I 
2 
1} Origin x-axis 


6-5 -4-3-2-1 1/0 1 2345 6 


Quadrant III --3 Quadrant IV 


Figure 2-2 
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Points graphed in a rectangular coordinate system are defined by two numbers as an 
ordered pair (x, y). The first number (called the x-coordinate or abscissa) is the horizontal 
position from the origin. The second number (called the y-coordinate or ordinate) is the 
vertical position from the origin. Example 1 shows how points are plotted in a rectangular 
coordinate system. 


| Example | Plotting Points 


Plot each point and state the quadrant or axis where it is located. 


a. (4, 1) b. (—3, 4) c. (4, -3) 
d. (—3, —2) e. (0, 3) f. (-4, 0) 
Solution: : 
a. The point (4, 1) is in quadrant I. (-3,4) sf 
b. The point (—3, 4) is in quadrant IT. : a (0, 3) 
c. The point (4, —3) is in quadrant IV. (4, 0) i sa 
d. The point (—3, —2) can also be written as S432 eae ee a - 
(—2.5, —2). This point is in quadrant IIT. (2-3) ¥ ‘ 
e. The point (0, 3) is on the y-axis. . A -3 
f. The point (—4, 0) is on the x-axis. Figure 2-3 


i) |= Notice that the points (—3, 4) and (4, —3) are in different quadrants. Changing the 
order of the coordinates changes the location of the point. That is why points are repre- 
sented by ordered pairs (Figure 2-3). 


Skill Practice Plot the point and state the quadrant or axis where it is located. 
1. a. (3,5) b. (—2, 0) ec. (2, -1) 
d. (0, 4) e. (—2, —2) f. (—5, 2) 


2. Linear Equations in Two Variables 


Recall that an equation in the form ax + b =c is called a linear equation in one variable. 


In this section, we will study linear equations in two variables. ANSWETS 
1. a. (3,5); quadrant | 
b. (—2, 0); x-axis 
c. (2, —1); quadrant IV 
ae & A A e d. (0, 4); y-axis 
Definition of a Linear Equation in Two Variables e. (—2, —2); quadrant III 
Let A, B, and C be real numbers such that A and B are not both zero. A linear equation f. (~5, 2); quadrant Il 
in two variables is an equation that can be written in the form i 
5 e@ 
Ax+By=C This form is called standard form. (0, 4:49 G5) 
3 
@ (-5,2) 2 
(-2, 0) ! 
Seto al 0123 4 5 
eo —2}. 2, -1) 
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A solution to a linear equation in two variables is an ordered pair (x, y) that makes the equa- 
tion a true statement. 


| Example 2 _| Determining Solutions to a Linear Equation 


Determine whether the ordered pair is a solution to the equation —2x + 3y = 8. 


a. (4,0) be Q)=4) c. (1, *) 
Solution: 
FOR REVIEW 
a. —2x+ 3y = 8 The ordered pair (—4, 0) indicates that 
Remember to use parentheses when ¢— —4 andy =0 
substituting numerical values for Y : 
variables within an expression or an ~2(—-4) + 3(0) = 8 Substitute x = —4 and y = 0 into the 
equation. : 
eae equation. 
-2( )+3( )=8 8 +0 = 8¥ (true) The ordered pair (—4, 0) makes the 
ie var: = : Z equation a true statement. The ordered 
_ pair is a solution to the equation. 
b. —2x+ 3y = 8 Test the ordered pair (2, —4). 
—2(2) +3(-4) = 8 Substitute x = 2 and y = —4 into the 
equation. 
—44(-12)28 
-16=8 (false) The ordered pair (2, —4) does not make the 
equation a true statement. The ordered pair 
is not a solution to the equation. 
c —2x+3y =8 Test the ordered pair (1, 42). 
10\ 2 : 10 
—2(1) +3 7 = 8 Substitute x = 1 and y=->. 


Answers 
2. Nota solution 
3. Solution 
4. Solution 


-2+10 = 8¥ (true) 


The ordered pair (1, 42) is a solution to 
the equation. 


Skill Practice Determine whether the ordered pair is a solution to the equation 


x+4y=-8. 
2. (—2, —1) 


3. (4, -3) 


4. (-14.5) 
2 


3. Graphing Linear Equations in Two Variables 


Consider the linear equation x — y = 3. The solutions to the equation are ordered pairs such 


that the difference of x and y is 3. Several solutions are given in the following list: 
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5 

_ Solution | Check 

3 

(x, y) x-y=3 2 

(3, 0) (3)-(0)=3v ; 
(4, 1) (4)-(1)=3V 


(0, —3) (0) —(-3)=3V 
(-1, —4) (-1)-(-4)=3V 
ey [@-Cp=3v Figure 2-4 


By graphing these ordered pairs, we see that the solution points line up (see Figure 2-4). 
There are actually an infinite number of solutions to the equation x — y = 3. The graph of 
all solutions to a linear equation forms a line in the xy-plane. Conversely, each ordered pair 
on the line is a solution to the equation. 


The Graph of an Equation in Two Variables 


To graph an equation in two variables means that we will graph all ordered pair solu- 
tions to the equation. 


To graph a linear equation, it is sufficient to find two solution points and draw the line 
through them. We will find three solution points and use the third point as a check point. 
This is demonstrated in Example 3. 


| Example3 | Graphing a Linear Equation in Two Variables 


Graph the equation 3x + 5y= 15. 


Solution: 


We will find three ordered pairs that are solutions to the equation. In the table, we have 
selected arbitrary values for x or y and must complete the ordered pairs. 


0 ——> (0, ) 
2 —> (.,2) 
5 —> 6, ) 
From the first row, From the second row, From the third row, 
substitute x = 0. substitute y = 2. substitute x = 5. 
3x+5y= 15 3x+5y = 15 3x+5y = 15 
3(0) + 5y = 15 3x + 5(2) = 15 3(5) + 5y = 15 
Sy = 15 3x+10= 15 15+5y = 15 
y=3 3x =5 sy =0 
x= = ga 0 


3 
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The completed list of ordered pairs is shown. To graph the equation, plot the three solu- 
tions and draw the line through the points (Figure 2-5). Arrows on the ends of the line 
indicate that points on the line extend infinitely in both directions. 


0 3 —— (0, 3) 
3 2 —» (3,2) -2 
5 0 — > (5,0) 
ES 
Figure 2-5 


Skill Practice Given 2x — y= 1, complete the table and graph the line through the 
points. 


Graphing a Linear Equation in Two Variables 


Graph the equation y = x —2. 


Solution: 


Because the y-variable is isolated in the equation, it is easy to substitute a value for x 
and simplify the right-hand side to find y. Since any number can be used for x, choose 
numbers that are multiples of 2 that will simplify easily when multiplied by 4. 


Substitute x = 0. Substitute x = 2. Substitute x = 4. 
ies 
0 y=4()-2 y=4Q)-2 y=s@)-2 
a 2 2 2 
; -— _—y=0-2 y=1-2 y=2-2 
y=-2 y=-l y=0 


Answer 
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The completed list of ordered pairs is as follows. To graph the equation, plot the three 
solutions and draw the line through the points (Figure 2-6). 


Figure 2-6 


Skill Practice 


6. Graph the equation y = a de 


Hint: Select values of x that are multiples of 3. 


4. x- and y-Intercepts 


For many applications of graphing, it is advantageous to know the points where a graph 
intersects the x- or y-axis. These points are called the x- and y-intercepts. 

In Figure 2-5, the x-intercept is (5, 0). In Figure 2-6, the x-intercept is (4, 0). In general, 
a point on the x-axis must have a y-coordinate of zero. In Figure 2-5, the y-intercept is (0, 3). 
In Figure 2-6, the y-intercept is (0, —2). In general, a point on the y-axis must have an 
x-coordinate of zero. 


nition of x- and y-Intercepts 


An x-intercept* is a point (a, 0) where a graph intersects the x-axis. (See Figure 2-7.) ae 


A y-intercept is a point (0, b) where a graph intersects the y-axis. (See Figure 2-7.) (a,0) 


*In some applications, an x-intercept is defined as the x-coordinate of a point of intersection that a graph 
makes with the x-axis. For example, if an x-intercept is at the point (3, 0), it is sometimes stated simply 
as 3 (the y-coordinate is understood to be zero). Similarly, a y-intercept is sometimes defined as the 
y-coordinate of a point of intersection that a graph makes with the y-axis. For example, if a y-intercept is 
at the point (0, 7), it may be stated simply as 7 (the x-coordinate is understood to be zero). 


Figure 2-7 


To find the x- and y-intercepts from an equation in x and y, follow these steps: 


etermining the x- and y-Intercepts from an Equation Ain 


y 
ry 


Given an equation in x and y, 


e Find the x-intercept(s) by substituting y = 0 into the equation and solving for x. 


e Find the y-intercept(s) by substituting x = 0 into the equation and solving for y. 
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| Example 5 | Finding the x- and y-Intercepts of a Line 


Given 2x + 4y = 8, find the x- and y-intercepts. Then graph the equation. 


Solution: 
To find the x-intercept, substitute To find the y-intercept, substitute 
y=0. x= 0; 
2x+4y = 8 2x+4y = 8 
2x + 4(0) = 8 2(0) + 4y = 8 
2x =8 4y =8 
g=a4 y=2 
The x-intercept is (4, 0). The y-intercept is (0, 2). 


In this case, the intercepts are two distinct points and may be used to graph the line. 
A third point can be found to verify that the points all fall on the same line (points that 


‘ lie on the same line are said to be collinear). Choose a different value for either x or y, 
st such as y = 4. 
2x + 4y = 8 
2x +4(4) = 8 Substitute y = 4. 
1 2 3 
Bene = 2x+16=8 Solve for x. 
“3 2x = —8 
4 
-5 x= -4 The point (—4, 4) lines up with the other two points 
Figure 2-8 (Figure 2-8). 


Skill Practice 
7. Given —2x + y = —4, find the x- and y-intercepts. Then graph the equation. 


Finding the x- and y-Intercepts of a Line 


Given y = }x, find the x- and y-intercepts. Then graph the equation. 


Solution: 
To find the x-intercept, substitute To find the y-intercept, substitute 
y=0. x=0. 
_i, = 
y= 4 y= 4 
1 1 
0) =- = —(0 
Answer mm) a 2 ©) 
ye 
O=x y=0 


The x-intercept is (0, 0). The y-intercept is (0, 0). 
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Notice that the x- and y-intercepts are both located at the origin (0, 0). In this case, 
the intercepts do not yield two distinct points. Therefore, another point is necessary to 
draw the line. We may pick any value for either x or y. However, for this equation, 
it would be particularly convenient to pick a value for x that is a multiple of 4 such as 


x=4, y 
A 
5 
1. ; 
y*4 3 ils 
= (4, 1) 
1 : : 
y= 40 Substitute x = 4. 7 apes x 
~5| (0,0) 
YS -3 
The point (4, 1) is a solution to the equation = 


(Figure 2-9). Figure 2-9 


Skill Practice 
8. Given y = —5x, find the x- and y-intercepts. Then graph the equation. 


Interpreting the x- and y-Intercepts of a Line 


Companies and corporations are permitted to depreciate assets that have a known useful 
life span. This accounting practice is called straight-line depreciation. In this procedure 
the useful life span of the asset is determined, and then the asset is depreciated by an 
equal amount each year until the taxable value of the asset is equal to zero. 

A trucking company purchases a new truck for $65,000. The truck will be depreciated 
at $13,000 per year. The equation that describes the depreciation line is 


y = 65,000 — 13,000x 


where y represents the value of the truck in dollars and x is the age of the truck in years. 


Linear Equations in Two Variables 
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4 Avoiding Mistakes 


You can always find a third point 
ona line to check the accuracy of 
your graph. For example, the point 
(—4, —1) satisfies the equation 

y =4xand lines up with the other 
points from Example 6. 


Corbis 
a. Find the x- and y-intercepts. Plot the intercepts on a rectangular coordinate 
system, and draw the line that represents the straight-line depreciation. 
b. What does the x-intercept represent in the context of this problem? 
c. What does the y-intercept represent in the context of this problem? 
Solution: 
a. To find the x-intercept, substitute To find the y-intercept, substitute 
y=0. x=0. 
Answer 
0 = 65,000 — 13,000x y = 65,000 — 13,000(0) 8. x-intercept: (0, 0); 
13,000x = 65,000 y = 65,000 yintereets (Oy0) 


x= 


The x-intercept is (5, 0). 


The y-intercept is (0, 65,000). 
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ES th bxempie 7 we 


graphed the line only in the 
first quadrant where both the 
X- and y-coordinates are posi- 
tive. (A negative x-coordinate 
would imply a negative age, 
and a negative y-coordinate 
would imply a negative value 
of a car, neither of which 
makes sense.) 


Answer 
9. a. x-intercept: (7.5, 0); y-intercept: 
(0, 30) 

b. The x-intercept (7.5, 0) represents 
the amount of fuel in the truck after 
7.5 hr. After 7.5 hr the tank contains 
0 gal. It is empty. 

c. The y-intercept (0, 30) represents 
the amount of fuel in the truck ini- 
tially (after 0 hr). After 0 hr, the tank 
contains 30 gal of fuel. 


Taxable Value of a Truck Versus 
‘ the Age of the Vehicle 


Taxable Value ($) 


Age (years) 


b. The x-intercept (5, 0) indicates that when the truck is 5 yr old, the taxable value of 
the truck will be $0. 


c. The y-intercept (0, 65,000) indicates that when the truck was new (0 yr old), its 
taxable value was $65,000. 


Skill Practice 


9. A truck company tests the engines of its trucks by running the engines in a labora- 
tory. The engines burn 4 gal of fuel per hour. The engines begin the test with 30 gal 
of fuel. The equation y = 30 — 4x represents the amount of fuel y left in the engine 
after x hours. 


a. Find the x- and y-intercepts. 
b. Interpret the x-intercept in the context of this problem. 
c. Interpret the y-intercept in the context of this problem. 


5. Horizontal and Vertical Lines 


Recall that a linear equation can be written in the form Ax + By = C, where A and B are not 
both zero. If either A or B is 0, then the resulting line is horizontal or vertical, respectively. 


tical and Horizontal Lines 
1. A vertical line is a line whose equation can be written in the form x = k, where 
k is a constant. 


2. A horizontal line is a line whose equation can be written in the form y=k, 
where k is a constant. 


Graphing a Vertical Line 


Graph the equation x = 6. 


Solution: 


Because this equation is in the form x = k, the line is vertical and must cross the x-axis 
at x = 6. We can also construct a table of solutions to the equation x = 6. The choice for 
the x-coordinate must be 6, but y can be any real number (Figure 2-10). 
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5 
4 x=6 
3 
2 
ee ea ! 
-2-1 123 4 5 uh 3 
6 Aw ——> (6, —4) - 
1 —~+ 6,1) 3 
a —> ©.5) Ee 
Figure 2-10 


Skill Practice 
10. Graph the equation x = —4. 


Graphing a Horizontal Line 


Graph the equation 4y = —7. 


Solution: 


The equation 4y = —7 is equivalent to y = —4. Because the equation is in the form y = k, 
the line must be horizontal and must pass through the y-axis at y = —4 (Figure 2-11). 


We can also construct a table of solutions to the equation 4y = —7. The choice for the 
y-coordinate must be —J, but x can be any real number. 


5 
3 
2 

—5-4-3-2-1 123 4 5 : 

ee > 0,-5 ep 
3 — ——> (-3,-) - 
ee > 2,-3 “5 

Figure 2-11 


Skill Practice 
11. Graph the equation —2y = 9. 


TIP: ice that horizontal and vertical lines that do not pass through the origin have 
only one intercept. For instance, 


« The vertical line in Figure 2-10 has an x-intercept but no y-intercept. 
« The horizontal line in Figure 2-11 has a y-intercept but no x-intercept. 
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Answers 
10. y 
A 
5 
4 
x=-4 3 
2 
1 
> x 
-5-4-3-2-1 | 12.3 4 5 
-2 
3 
-4 
5 
11. y 
A 
5 
4 
3 
2 
1 
> x 
-5-4-3-2-1 | 123 4 5 
-2 
3 
a —2y=9 
<——__ 
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Section 2.1 Activity 


A.1. a. Complete the table for the equation 2x — y = 3. 

. Graph the ordered pairs from part (a). 

. Draw a line through the points to represent all solutions to the equation 2x — y = 3. 

. The equation 2x — y = 3 is a linear equation in two variables. Based on the graph in part (c), why is the 


equation categorized as linear? 


aon 


e. Define a linear equation in two variables, and show that 2x — y = 3 is linear. 


d : XK 
—-—-- eee 


A.2. What are the x- and y-intercepts of the graph of an equation? 
A.3. Given an equation such as —2x + 3y = 6, how do you find the x- and y-intercepts? 


For Exercises A.4Q—A.7, 
a. Find the x-intercept (if it exists). 
b. Find the y-intercept (if it exists). 
c. Find another point on the line. 
d. Plot the points and sketch the line. 


A.4. —2x+3y=6 A5. x—2y=0 

yy af 

A 
“5 5 

4 4 

3 3 

2 2 
end ere : 1 Z : 

Hf i: sae L — > X 
rr Sees) |e 
H 2pm i 
ee ee brooms fg fio 
Ae i 4 
5 =5 
A6. 4y-8=0 A.7, 3x+1=-8 

yy a 

A 

5 5 

4 4 

3 3 

2 2 

1 : 1 

i é oe i > X 
a | ee ee ——-- vere 

2: —2 
3 oe) 
a4 =A 
25) =5) 


A.8. By looking at an equation of a line, how can you tell if the line is horizontal? 


ISTUDY 
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A.9. By looking at an equation of a line, how can you tell if the line is vertical? 


A.10. By looking at an equation of a line, how can you tell if the line is a slanted line passing through the origin? 


Practice Exercises | Section 2.4 


Study Skills Exercise 

Math anxiety is a feeling of nervousness, tension, fear, or worry that interferes with a student’s ability to concentrate and 

solve math problems. Math anxiety causes students to believe that they are not capable of learning math or performing 

computations, even if they know how. If you can relate to these feelings, the good news is that there are strategies to 

overcome math anxiety. Create the following lists, and reflect on your responses during times of angst. 

@ List the people who support you and your educational goals. Rely on these individuals for encouragement. 

@ List one or more successes that you have had in this course. Reframe your thoughts to focus on these positive moments 
and times of achievement. 

@ List your study habits that are beneficial to your success in this course. Are there other study skills or habits that you 
practice that would help you understand the content? Give these a try! 


Prerequisite Review 


For Exercises R.1—-R.6, plot the points on the number line. 


R.1. 5 R.2. —2 


For Exercises R.7-R.10, solve for x or y. 


R.7. 4x +3 = 23 Inf), =e 3 = OD 
R.9, 9 — 3y = —24 R.10. 11+ 3y=-10 


For Exercises R.11—R.14, evaluate the expression for the given values of x and y. 


RL. —5x + 2y for x = —3 and y=6 R.12. 10x — 5y for x = 3 and y = —5 
R.13. 4x — y for x = 0 and y = —7 R.14. 3x + 5y for x = —5 andy =0 


Vocabulary and Key Concepts 


1. a. Ina rectangular coordinate system, two number lines are drawn at right angles to each other. The horizontal line is 


called the _______————-axis, and the vertical line is called the 
b. A point in a rectangular coordinate system is defined by an _______ pair, (x, y). 
c. In a rectangular coordinate system, the point where the x- and y-axes intersect is called the ______________ and is 


represented by the ordered pair 


d. The x- and y-axes divide the coordinate plane into four regions called 


e. A point with a positive x-coordinate anda______——_ y-coordinate is located in quadrant IV. 
f. In quadrant______—_, both the x- and y-coordinates are negative. 
g. A linear equation in two variables is an equation that can be written in the form —___________ where A and B are 


not both zero. 
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h. A point where a graph intersects the x-axis is called a(n) 
i. A point where a graph intersects the y-axis is called a(n) 
j. A —___________ line can be represented by an equation of the form x = k, where k is a constant. 


k. A__ line can be represented by an equation of the form y = k, where k is a constant. 


Concept 1: The Rectangular Coordinate System 


2. Let aand b represent nonzero real numbers. 
a. An ordered pair of the form (0, b) represents a point on which axis? 


b. An ordered pair of the form (a, 0) represents a point on which axis? 
3. Given the coordinates of a point, explain how to determine in which quadrant the point lies. 


4. What is meant by the word ordered in the term ordered pair? 


5. Plot the points on a rectangular coordinate system. (See Example 1.) } 
5 
a. (—2, 1) b. (0, 4) 4 
3 
c. (0, 0) d. (—3, 0) 2 
1 
é: (5. -1) £41237 -§-4-3-2-1 | 12345 ~ 
2 “5 
3 
-4 
5 
6. Plot the points on a rectangular coordinate system » 
6 
5) 5 
a. (-2,5 b. (5. 0) ; 
( ) °) ts 
c. (4, -3) d. (0, —2) Z 
e. (2, 2) f. (—3, -3) s4-$-3-1 [13345 " 
-2 
7. A point on the x-axis will have what y-coordinate? -3 


8. A point on the y-axis will have what x-coordinate? 


For Exercises 9-10, give the coordinates of the labeled points, and state the quadrant or axis where the point is 
located. 


y y 
ae F 10. ; 
fe 4 4 
A 
3 @3 
2 2 
1 ef 1 2 
B 
4 > Xx > x 
-5-4-3-2-1 ! 2 3 4-5 -5-4-3-2-1 123 45 
-2 eH E@-2 
e —3 —3@C De 
se —4 —4 
5, —5 
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Concept 2: Linear Equations in Two Variables 


For Exercises 11—14, determine if the ordered pair is a solution to the linear equation. (See Example 2.) 


11. 2x-3y=9 12. -—5x-2y=6 13. xe! 
a. (0, -3) a. (0, 3) a. (—1,0) 
b. (—6, 1) b. (-2.0) b. (2,3) 
c. (1,-2) c. (-2,2) c. (-6, 1) 


Concept 3: Graphing Linear Equations in Two Variables 


Linear Equations in Two Variables 


14. ye-Sx-4 


a. (0, —4) 
b. (2, -7) 
c. (-—4, -2) 


For Exercises 15-18, complete the table. Then graph the line defined by the points. (See Examples 3-4.) 


15. 3x-2y= 


Fl 
5 A 


16. 4x+ 3y=6 


=5) 


5 
4 
3 
2 
1 

> xX > xX 

“374-3 -2-1 | 123 45 i} “574-372-711 123 4 5 

-2 =) —2) 
3 —3 
4 —4 
-5 -5 
y y 
{ 18. y=—x st 
4 
3 
2 
1 

> Xx 0 > 

-5-4-3-2-1 123 4 5 ~4-3-2-1 1234 5 6 

3 

=, —2: 
~3 6 3 
| —4 
—5 —5 


In Exercises 19-30, graph the linear equation by using a table of solutions. (See Examples 3-4.) 


19. x+y=5 


y 
A 


FNwWwRU DA 


-3-2-1 
-1 


—2 
3. 


> 
TB) 3. Se 6. 27 


20. x+y=-8 


—2 


21. 3x-4y=12 


x 
123 4 °5 


x 
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22. Sx+3y=15 


y 


6 
5 
4 
3 
2 
1 
» 
-5-4-3-2-1 [12345 
=) 
3 
4 
25. y=—=x-1 
ry 
5 
4 
3 
2 
1 
- 
-5-4-3-2-1 [ 1234 5 
~2 
-3 
4 
5 
28. x=4y+2 
; 
A 
5 
4 
3 
2 
1 
2 
-5-4-3-2-1 | 1234 5 


Concept 4: x- and y-Intercepts 


x 


23. y=—-3x+5 
; 
4 
7 
6 
5 
4 
3 
2 
1 
> Xx 
“574737271 | 1234 5 
—2) 
—3 
26. y==x+1 
y 
rN 
7 
6 
2 
4 
3 
2 
oF 
> Xx 
—§-4-3-2-1 [| 12 3 4 3 
-2 
—3 
29. x=2y 
y 
A 
5 
4 
3 
2 
>Xx 
-5-4-3-2-1 12345 
2 
-3 
4 
= 


24. y=—-2x+2 
A 
a 
4 
3 
2 
1 
> Xx 
“5374-37271, 1234 5 
-2 
—3 
-4 
—5 
27. x=—5y—5 
y 
ry 
5 
3 
2 
x 
Soa 32 lh 123 4 5 
—2 
—3 
—4 
—5 
30. x= —3y 
5 
A 
5 
4 
3 
2 
1 
x 
ba eetan seat oy 123 4 5 
-2 
3 
-4 
= 


31. Given a linear equation, how do you find an x-intercept? How do you find a y-intercept? 


32. Can the point (4, —1) be an x- or y-intercept? Why or why not? 


For Exercises 33-44, a. find the x-intercept, b. find the y-intercept, and c. graph the equation. (See Examples 5-6.) 
33. 2x+3y=18 


y 
A 


FN wWwR UD NA 


> 
12345 678 9 


x 


34. 2x-5y=10 


> 
12345 67 


x 


35. x-2y=4 
: 
A 
5 
4 
3 
2 
r 
a 
-5-4-3-2-1 [123 4 5 
~2 
3 
4 


Ed 
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36. x+y=8 37. 5x = 3y 
y y 
of sf 
8 4 
7 3 
6 2 
5 
4 >X 
‘ -5-4-3 -2-1 1 2. 3.4. 5 
2 —2 
1 —3 
> x —4 
-1 12345 678 9 
4 —5 
39, y=2x+4 40. y=-3x-1 
y y 
A 
5 5 
4 4 
3 3 
2 2 
1 
>x ~*~ 
S=4e3-2=1. 123 4 5 Sees aL 123 45 
9) —2. 
3 —3 
—4 —4 
La 5 —5 
a) 1 
42. y=-=x-1 43. x=-y 
5 4 
y y 
5 sf 
4 4 
3 3 
2 2 
1 
Xx xX 
=3=4-352=1 0 123 4°55 SS ees 2a 123 45 
9, —2. 
3 —3 
—4 —4 
i 5 —5 
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38. 3y =—-5x 

; 

A 

5 

4 

3 

2 

1 

-5-4-3-2-1 [ 1 23 4 a 

~2 
3 
-4 
5 


41. y = S42 


xX 
aa eatin dese ata 123 4 5 


2 
44, x =— 
x 3) 


= 
-5-4-3-2-1 [| 1 2 3 4 5 


45. A salesperson makes a base salary of $15,000 a year plus an 8% commission on sales for the year. The total yearly 
salary can be expressed as a linear equation. (See Example 7.) 


y = 15,000 + 0.08x 


Cc. 


What is the salesperson’s salary for a year in which his 
sales total $500,000? 


What is the salary for a year in which sales total 
$300,000? 


What does the y-intercept mean in the context of this 
problem? 


Why is it unreasonable to use negative values for x in this 
equation? 


Yearly Salary ($) 


100,000 | 


80,000 
60,000 
40,000 
20,000 


0 


Yearly Salary Versus Sales 


y = 15,000 + 0.08x 


| | | | x 
0 200,000 400,000 600,000 800,000 


Total Yearly Sales ($) 
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46. A taxi company in Portland charges $3.50 for any distance up y Cost of Cab Ride Versus Number of Miles 
to the first mile and $2.50 for every mile thereafter. The cost of 
a cab ride can be modeled graphically. 


a. Explain why the first part of the model is represented by a 
horizontal line. 


Cost ($) 


b. What does the y-intercept mean in the context of this 
problem? 


c. Explain why the line representing the cost of traveling more 
than | mi is not horizontal. Number of Miles 


47. A business owner buys several new computers for the office for $1500 each. The accounting office depreciates each 
computer by $300 per year. The value y (in $) for each computer can be represented by y = 1500 — 300x, where x is 
the number of years after purchase. 


y Computer Value Versus Years After Purchase 
a. How much will a computer be worth 1 yr after 1500 : 
urchase? 
P 1200 
b. After how many years will the computer be worth Bap y = 1500 — 300x 
only $300? 3 
, ; ’ S 600 
c. Determine the y-intercept and interpret its 
meaning in the context of this problem. 300 LE 
. i : : | | | : 
: 0 x 
d. Determine the x-intercept and interpret its 0 1 7 3 4 5 


meaning in the context of this problem. Vance Atlee Parchase 


48. The equation y = —3.6x + 59 can be used to approximate the air temperature y (in °F) at an altitude x (in 1000 ft). 


a. Determine the air temperature at 10,000 ft. ‘Temperature Versus Altitude 


y 


b. At what altitude is the air temperature —5.8°F? 


c. Determine the y-intercept and interpret its meaning in the ‘ ous 


context of this problem. 


Temperature (°F) 
No 
S 
] 


d. Determine the x-intercept and interpret its meaning in the 
context of this problem. -20 4 


Altitude (1000 ft) 


Concept 5: Horizontal and Vertical Lines 


For Exercises 49-56, determine if the equation represents a horizontal line or a vertical line. Then graph the line and identify 
the x- and y-intercepts. (See Examples 8-9.) 


49. y=-1 50. y=3 

y y 

ry A 

5 5 

4 4 

3 3 

2 2 

1 1 

>X mo 
aa eters ane es oy 123 45 ae ee eek a er | t 2-3) 4-5 

—2, —2 
—3 —3 
a4 -4 
—5: —5. 


51. x=2 
; 
A 
5: 
4 
3 
2 
1 
> xX 
=3-4- 3-251; 123 4 5 
—2. 
-3 
-4 
-5 
53. 2x+6=5 
y 
A 
5 
4 
3 
2 
1 
x 
Sa ota ae ee 2) 34S 
—2. 
—3 
-4 
—5 
55. —2y+1=9 
F 
A 
5 
4 
E} 
2 
1 
aaa. 
-5-4-3-2-1 123 45 


Section 2.1 Linear Equations in Two Variables 


57. Explain why not every line has both an x-intercept and a y-intercept. 


58. Is it possible for a line to have no x-intercept and no y-intercept? 


59. Which of the lines defined here has only one unique intercept? 


a. 2x -—3y=8 


b. x=7 


52. x=—-5 
‘ 
A 
5 
4 
3 
2 
1 
> X 
a bec i te en {2.3 -4 5 
—2 
-3 
-4 
—5 
54, —3x= 12 
; 
A 
5 
4 
3 
2 
1 
> xX 
i Neck acta eta 123 4 5 
—2. 
—3 
LA 
—5 
56. —S5y=-10 
y 
A 
5 
4 
3 
2 
1 
OX 
“Soee3 21, 12 3 4 5 
—2. 
~3 
-4 
—5 
ce. 3y=9 d. -x+y=0 


60. Which of the lines defined here has only one unique intercept? 


a. y=-5 


b. x+2y=0 


Technology Connections 


For Exercises 61-64, solve the equation for y. Use a graphing calculator to graph the equation on the standard viewing 


window. 


61. 2x-3y=7 


62. 4x+2y=-2 


ce. 3x-4=2 d. x+3y=6 


63. 3y=9 64. 2y+10=0 
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For Exercises 65-68, use a graphing calculator to graph the lines on the suggested viewing window. 


65. y=—zr- 10 66. ya—axt 12 67. —2x+4y=1 68. S5y=4x- 1 
-—30<x< 10 -10<x <40 -l<x<l -0.5<x<0.5 
-I5<y<5 -10<y <20 -l<y<l -0.5<y<0.5 

For Exercises 69-70, graph the lines in parts (a)—(c) on the same viewing window. Compare the graphs. Are the lines exactly 
the same? 

69. a. y=x+3 70. a. y=2x+1 
b. y=x4+3.1 b. y=1.9x4+ 1 
ce y=x4+2.9 ce y=2.1x+1 


Expanding Your Skills 
For Exercises 71-74, find the x- and y-intercepts. 


eae | 73. ~4+%=1 74. Ax+By=C 
4 a b 


Section 2.2 Slope of a Line and Rate of Change 


Concepts 1. Introduction to the Slope of a Line 

1. Introduction to the Slope of We have already learned how to graph a linear equation and to identify its x- and y-intercepts. 
a Line In this section, we learn about another important feature of a line called the slope of a line. 

2. The Slope Formula Geometrically, slope measures the “steepness” of a line. 

3. Parallel and Perpendicular Figure 2-12 shows a set of stairs with a wheelchair ramp to the side. Notice that, even 
Lines though the stairs and ramp both rise the same vertical distance, the stairs are steeper than 

4. Applications and the ramp. This is because the stairs rise 3 ft over a shorter horizontal distance than the ramp. 


Interpretation of Slope 


WT 18 ft 


Figure 2-12 


To measure the slope of a line quantitatively, consider two points on the line. The slope is 
the ratio of the vertical change between the two points to the horizontal change. That is, the 
slope is the ratio of the change in y to the change in x. As amemory device, we might think 
of the slope of a line as “rise over run.” 


change iny _ rise 


Slope = Change in y 


change inx run (rise) 


Change in x (run) 
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To move from point A to point B on the stairs, rise 3 ft and move to the right 4 ft (Figure 2-13). 


B 
3-ft 
change in y : ft 
Slope = anes aa - on = 2 
A changeinx 4ft 4 
——— 
4-ft 
change in x 
Figure 2-13 


To move from point A to point B on the wheelchair ramp, rise 3 ft and move to the right 
18 ft (Figure 2-14). 


B 
3-ft 
change in y 
A 
18-ft 
change in x 
Figure 2-14 


epee ee 
changeinx I8ft 6 


The slope of the stairs is 7, which is greater than the slope of the ramp, which is ¢. 


| Example1 | Finding the Slope in an Application 


Find the slope of the ladder against the wall. 


Solution: 


Slope = ie at) x 
change in x 

_ 15 ft 

~ «~Sft 


= or 


The slope is 7, which indicates that a person climbs 3 ft vertically for every | ft traveled 
horizontally. 


Skill Practice 
1. Find the slope of the roof. 
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4 G2, Y2) 


Change in y 
y27 1 


x2 X41 
Change in x 


Avoiding Mistakes 


When applying the slope formula, 


Yz and x, are taken from the same ~~ 


ordered pair. Likewise y, and x, are 
taken from the same ordered pair. 


Answer 
3 
“10 


2. The Slope Formula 


The slope of a line may be found by using any two points on the line—call these points 
(x1, y;) and (x, yz). The change in y between the points can be found by taking the differ- 
ence of the y values: y, — y,. The change in x can be found by taking the difference of the 


x values in the same order: x, — x,. 


The slope of a line is often symbolized by the letter m and is given by the following 


formula. 


Formula for the Slope of a Line Given Two Distinct Points 
The slope of a line passing through the distinct points (x,, y,) and (x5, y>) is 


Va MA 
X2— XxX 


provided x,—x,#40 


| Example2 | Finding the Slope of a Line Through Two Points 
Find the slope of the line passing through the points (1, —1) and (7, 2). 


Solution: 


To use the slope formula, first label the coordinates of each point, and then substitute 
their values into the slope formula. 


(1,-1) and (7,2) 


(X1, Y1) (X25 Yo) Label the points. 
m= Ja" Jt onlin) Apply the slope formula. 
X.y— xX, 7-1 
3 ; : 
= Simplify. 
6 implify 
_li 
- 


The slope of the line can be verified from the graph 
(Figure 2-15). 


Figure 2-15 


GT The siope formula does not depend on which point is labeled (x,, y;) and which 
point is labeled (x2, y2). For example, reversing the order in which the points are labeled 
in Example 2 results in the same slope: 

_ =l=2 

- 1-7 


(1,-1) and (2) then m 


_=8 _ 
(Xo, V2) (x, 1) =8 


a 
2 


Skill Practice 
2. Find the slope of the line that passes through the points (—4, 5) and (6, 8). 


When you apply the slope formula, you will see that the slope of a line may be positive, 


negative, zero, or undefined. 


e Lines that “increase,” or “rise,” from left to right have a positive slope. 
e Lines that “decrease,” or “fall,” from left to right have a negative slope. 
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e Horizontal lines have a zero slope. 
e Vertical lines have an undefined slope. 


Positive slope Negative slope Zero slope Undefined slope 


fo \— 


| Example 3 | Finding the Slope of a Line Through Two Points 
Find the slope of the line passing through the points (3, —4) and (—5, —1). 


Solution: 
(3, —4) and (-5, -1) 
(X), yy) (X», Yo) Label points. 
- -1-(-4 
= 2 = Apply the slope formula. 
X.—X 1 —-5 -3 
- = = = Simplify. 


The two points can be graphed to verify that —3 is the correct slope (Figure 2-16). 


Skill Practice Find the slope of the line passing through the given points. 
3. (1, —8) and (—5, —4) 


Example 4 Finding the Slope of a Line Through Two Points 
Find the slope of the line passing through the points (—3, 4) and (—3, —2). 


Solution: 
(-—3,4) and = (-—3,-2) 
(x1, YD (Xe Vo) Label the points. 


m= 2 = Apply the slope formula. 


—6 5 
= (3, 4) 
—-34+3 3 
2 

ee Undefined : " 

0) oe =251, 123 45 
The slope is undefined. The points define a vertical 3-2) 3 
line (Figure 2-17). “4 
5 
Figure 2-17 


Skill Practice Find the slope of the line passing through the given points. 
4. (5, —2) and (5, 5) 


x 


a 


= 5 bow. 8, 4) 
The line slopes 
downward from left to right. 


Figure 2-16 


ooiua 


FOR REVIEW 


Recall that division by zero is unde- 
fined. 3¢ is undefined because no 
number that when multiplied by 0 
will equal —6. 


Answers 


3. -$ 4. Undefined 
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| Example5 | Finding the Slope of a Line Through Two Points 


Find the slope of the line passing through the points (0, 2) and (—4, 2). 


Solution: 
(0,2) and (-4,2) 
(iy Ya) (X2, ¥2) Label the points. 
—v2- Nn 2-2 Apply the slope 
X,-x, —4-0 formula. P 
A 
ms : 
—4 (4,2) 3 
<e—————--—-—_—— 
=0 Simplify. (0:2) 
The slope is zero. The line through the two points is arses ete ot ee ea 
a horizontal line (Figure 2-18). i. 
-4 
=—5 
Figure 2-18 


Skill Practice Find the slope of the line passing through the points. 
5. (1, 6) and (—7, 6) 


3. Parallel and Perpendicular Lines 


Lines in the same plane that do not intersect are parallel. Nonvertical parallel lines have the 
same slope and different y-intercepts (Figure 2-19). 

Lines that intersect at a right angle are perpendicular. If two lines are perpendicular, 
then the slope of one line is the opposite of the reciprocal of the slope of the other (provided 
neither line is vertical) (Figure 2-20). 


These lines are perpendicular. 


m,=-3 


These two lines are parallel. 


m=? 


Figure 2-19 Figure 2-20 


Slopes of Parallel Lines 
If m, and m, represent the slopes of two parallel (nonvertical) lines, then 


m,=™M 


Answer See Figure 2-19. 
5. 0 
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Slopes of Perpendicular Lines 
If m,; #0 and m, # 0 represent the slopes of two perpendicular lines, then 


1 ; 
m, = ——or, equivalently, m,;-m,=-—-1 
My 


See Figure 2-20. 


Determining the Slope of Parallel and 


Perpendicular Lines 


Suppose a given line has a slope of —5. 
a. Find the slope of a line parallel to the given line. 


b. Find the slope of a line perpendicular to the given line. 


Solution: 


a. The slope of a line parallel to the given line is m = —5 (same slope). 


b. The slope of a line perpendicular to the given line is m = 4 (the opposite of 
the reciprocal of —5). 


Skill Practice The slope of line L, is -* 


6. Find the slope of a line parallel to Ly. 
7. Find the slope of a line perpendicular to L,. 


Determining Whether Two Lines Are Parallel, 
Perpendicular, or Neither 


Two points are given from each of two lines: L, and Ly. Without graphing the points, 
determine if the lines are parallel, perpendicular, or neither. 


L: (2, —3) and (4, 1) 
L,: (5, —6) and (—3, —2) 


Solution: 


First determine the slope of each line. Then compare the values of the slopes to deter- 
mine if the lines are parallel or perpendicular. 


For line 1: For line 2: 
L,: (2,3) and (4, 1) Ly: (5, —6) and (—3, —2) 
(X1, 1) (X2, Y2) (x1, YD (X2, Yo) Label the points 
—i=i=3) _ —2-(€6) Apply the slope 
4-2 —3-5 formula. 
= ee 
~ ~ 
=? = an 
~ 2 


The slope of L, is 2. The slope of L, is —4. The slope of L, is the opposite of the 
reciprocal of the slope of L,. By comparing the slopes, the lines must be perpendicular. 


165 


FOR REVIEW 


Recall that the reciprocal of a num- 
ber carries the same sign as the 
number. Thus, the reciprocal of —5 
is —+. The opposite of the reciprocal 
of —S5 is 4. 


i)! =~ You can also verify 
that the lines in Example 7 
are perpendicular by noting 
that the product of their 
slopes is —1. 


Answers 
4 3 
6. —= 7. = 
3 4 
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6 ft 


60 ft 
Figure 2-21 


22.4 
ui /-+ The slope, m==—, 


means that the workforce 
increased by 22.4 million men 
over 35 yr. This is the same 


0.64 F 
rate as ram meaning that 


the workforce increased by 
0.64 million men per year. 


Answers 
8. Parallel 
9. 0.018 
10. The population density increased 
at a rate of 0.018 people per square 
mile per year. 


Skill Practice Two points are given for lines L, and L,. Determine if the lines are 
parallel, perpendicular, or neither. 
8. L,: (4, —1) and (—3, 6) 
L,: (—1, 3) and (2, 0) 


4. Applications and Interpretation of Slope 


In applications, the slope of a line represents a rate of change between the y variable and 
the x variable. For example, a hiker walking up a hill with a slope of + means that 1 ft of 
elevation is gained for every 6 ft traveled horizontally. Using this rate of change, we can 
also say that a hiker gains 10 ft of elevation for 60 ft traveled horizontally. See Figure 2-21. 


Interpreting the Slope of a Line in an Application 


The number of males 20 yr old or older who were employed full-time in the United 
States grew linearly between 1970 and 2010. Approximately 43.0 million males 20 yr 
old or older were employed full-time in 1970. By 2005, this number had grown to 
65.4 million (Figure 2-22). 

Number of Males 20 Years or Older 


Employed Full-Time in the United States 
(2005, 65.4) ---@ 


Aan 
a o:.S 
T 


iN 
S 


E (1970, 43.0) 


Nw 
oo 


Number (millions) 


| | | | | | | | | 
1965 1970 1975 1980 1985 1990 1995 2000 2005 2010 


Figure 2-22 


Source: U.S. Census Bureau 


a. Find the slope of the line, using the points (1970, 43.0) and (2005, 65.4). 


a 
oo 


b. Interpret the meaning of the slope in the context of this problem. 


Solution: 
a. (1970, 43.0) and (2005, 65.4) 
(x1, Y1) (4; Yo) Label the points. 


_Y2-y, _ 65.4 — 43.0 


= = Apply the sl f la. 
m Xx, 2005 — 1970 pply the slope formula 
m= Ze or m= 0.64 


b. The slope is approximately 0.64, meaning that the full-time workforce has 
increased at a rate of 0.64 million men (or 640,000 men) per year between 1970 
and 2005. 


Skill Practice The number of people per square mile (called population density) in 
Alaska has increased linearly since 1990. In 1990, there were 0.96 people per square 
mile. By 2010, this increased to 1.32 people per square mile. If x represents the year and 
y represents population density, 

9. Find the slope of the line passing through the points (1990, 0.96) and (2010, 1.32). 
10. Interpret the meaning of the slope in the context of this problem. 
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Section 2.2 Activity 


A.1. The recommended slope for a shower stall is approximately 4%. For example, this means that for a horizontal 
distance of 100 in., there is a drop of 4 in. Determine the slope of the shower stall shown here. Does the slope 
appear to be adequate for drainage? 


hE 


=== 
48 in. 


A.2. Write a formula for the slope m of a line passing through (x), y,) and (%, y,). 


For Exercises A.3—A.6, 
a. Find the slope m of the line between the two points. 
b. Match the slope with the appropriate graph: i, 11, iii, or iv. 


i ae ii. iii. iv. <_—_—> 


A.3. (4, —3) and (6, 5) A.4. (—4, —1) and (—4, 5) 
A.5. (2, —3) and (—6, —3) A.6. (4, 2) and (—2, 4) 


For Exercises A.7—A.8, two points are given for each of two lines /; and J. 


a. Find the slope of each line. 
b. Based on the slopes, are the lines parallel, perpendicular, or neither? 
c. Verify your results from part (b) by graphing /, and J,. 


Ate (0) 3) andl al) A.8. 1,: (—3, —1) and (3, —3) 
l,: (—2, —3) and (—1, —1) l,: (O, 2) and (—2, —4) 

i i 

5 5 

4 4 

3 3 

2 2 

1 

ale ia odo =§af-s=d=8 | 1 2 3 4 a 

-2 —2 

3 =3' 

4 —4 

=5 —5 


A.9. A bookstore starts a monthly book club. The graph shows the 


MUMbEO Members by monthraurnnber Number of Members Versus Month Number 


wn 
(=) 


a. Find the slope of the line between the points (1, 11) and (6, 20). [ (12, 43). 
Interpret the meaning of the slope. 3 40 
q 
s 30 
b. Find the slope of the line between the points (6, 20) and (12, 43). © a 
Interpret the meaning of the slope. 2 
7 10 
c. The slope from part (a) is greater than the slope from part (b). 0 | | | | | |] 


: j ; 9 
What does this mean in the context of this problem? CNT: 
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USB Practice Exercises 


Study Skills Exercise 


Mnemonics are a great way of remembering things in mathematics. A mnemonic is a statement or sentence that uses the 
first letter of each word that you are trying to remember. A well-known mnemonic in mathematics is “Please Excuse My 
Dear Aunt Sally,” which helps students remember the order of operations. A mnemonic can be created for almost any 
content with some creativity. 

Create a mnemonic to help you remember whether the slope of a line is positive, negative, zero, or undefined. 


Prerequisite Review 


For Exercises R.1-R.6, simplify the expression, if possible. 
SSE?) 


ly as 


. a. What is the reciprocal of -- u b. What is the opposite of the reciprocal of -; y 


. a. What is the reciprocal of —8? b. What is the opposite of the reciprocal of —8? 
. A 52-week digital subscription to a newspaper is $155.48. What is the weekly rate? 
. The bill for a 5-day hotel stay is $775. What is the daily rate? 


Vocabulary and Key Concepts 


1. a. The ratio of the vertical change and the horizontal change between two distinct points (x,, y,) and (x), y>) on a line 
is called the ______ of the line. The slope can be computed from the formula m = 


b. Lines in the same plane that do not intersect are called _____ lines. Such lines, if they are nonvertical, have the 
slope and different y-intercepts. 


c. Two lines are perpendicular if they intersect ata ______ angle. 


d. If m, and m, represent the slopes of two nonvertical perpendicular lines, then m, - m= 


For Exercises 2—6, determine if the graph of the indicated variable versus time would show a positive slope, a negative slope, 
a zero slope, or a nonlinear shape. 


2. The value of a car steadily decreased over time. 

3. Housing cost remained unchanged over time. 

4. Gabriella’s salary steadily increased over time. 

5. The rate of increase in population increases at an increasing rate over time. 


6. Brian’s batting average in baseball remained the same over time. 


ISTUDY 
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Concept 1: Introduction to the Slope of a Line 


7. A 25-ft ladder is leaning against a house, as shown in the 8. Find the slope of the roof shown in the 
diagram. Find the slope of the ladder. (See Example 1.) figure. 


9. Find the slope of the treadmill. 10. Find the average slope of the hill. 


150 yd 


500 yd 


8 in. 
Fin 


11. The road sign shown in the figure indicates the percent grade of 
a hill. This gives the slope of the road as the change in elevation per 
100 horizontal ft. Given a 4% grade, write this as a slope in fractional form. 


4% Grade 


12. Ifa plane gains 1000 ft in altitude over a distance of 12,000 horizontal ft, what 
is the slope? Explain what this value means in the context of the problem. 


Concept 2: The Slope Formula 


For Exercises 13-30, use the slope formula to determine the slope of the line containing the two points. (See Examples 2-5.) 


13. (6, 0) and (0, —3) 14. (—5, 0) and (0, 4) 15. (—2, 3) and (4, -7) 

16. (—5, —4) and (1, -7) 17. (—2, 5) and (2, —3) 18. (4, —2) and (6, —-8) 

19. (0.3, —1.1) and (—0.1, —0.8) 20. (0.4, —0.2) and (0.3, —0.1) 21. (2,3) and (2, 7) 

22. (—1,5) and (-1, 0) 23. (5, —1) and (—3, -1) 24. (—8, 4) and (1, 4) 

25. (—4.6, 4.1) and (0, 6.4) 26. (1.1, 4) and (—3.2, —0.3) 27. (5 *) and (5. 1) 

vs. (22)an(--3) ap, (2,2) ana (4,24) wa. (2,2) ana (24,1) 
3° 2 6 2 43 2.3 4 5 4 10 

31. Explain how to use the graph of a line to determine whether the slope of a line is positive, negative, zero, or 


undefined. 


32. If the slope of a line is 4, how many units of change in y will be produced by 6 units of change in x? 
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For Exercises 33-38, estimate the slope of the line from its graph. 


33. : 34. 
A 
5 
4 
3 
2 
1 
-x 

saa ial it ara Mi 22> Bae 

SS Sf 
-3 
4 
—5 

36. : 37. 
st 
4 
3 
2 
1 
saat’ 

-5-4-3 2-1) T2) 3-4 
-2 
-3 
-4 


Concept 3: Parallel and Perpendicular Lines 


For Exercises 39-44, the slope of a line is given. 
a. Find the slope of a line parallel to the given line. 


b. Find the slope of a line perpendicular to the given line. (See Example 6.) 
39. m=5 40. m=3 41. m=-2 


42. m=-—— 43. m=0 44. mis undefined. 


45. Can the slopes of two perpendicular lines both be positive? Explain your answer. 

46. Suppose a line is defined by the equation x = 2. What is the slope of a line perpendicular to this line? 
47. Suppose a line is defined by the equation y = —5. What is the slope of a line perpendicular to this line? 
48. Suppose a line is defined by the equation x = —3. What is the slope of a line parallel to this line? 

49. What is the slope of a line parallel to the x-axis? 

50. What is the slope of a line perpendicular to the y-axis? 

51. What is the slope of a line perpendicular to the x-axis? 


52. What is the slope of a line parallel to the y-axis? 


In Exercises 53-60, two points are given from each of two lines L, and Lj. Without graphing the points, determine if the lines 
are parallel, perpendicular, or neither. (See Example 7.) 


53. L,: (2,5) and (4, 9) 54. L,:(—3, -5) and (-1, 2) 55. L,:(4, -2) and (3, -1) 
L»: (-1, 4) and (3, 2) L,:(0, 4) and (7, 2) L»:(—5, -1) and (—10, -16) 
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56. L,:(0, 0) and (2, 3) 57. L,:(5, 3) and (5, 9) 


L,:(—2, 5) and (0, —2) 


L,:(4, 2) and (0, 2) 


59. L,:(—3, —2) and (2, 3) 60. L,:(7, 1) and (0, 0) 


L,:(—4, 1) and (0, 5) 


Concept 4: Applications and Interpretation of Slope 


61. The graph shows the number of cellular phone 
subscriptions (in millions) purchased in the 
United States over a period of 16 yr. (See Example 8.) 


a. Use the coordinates of the given points to find 
the slope of the line, and express the answer in 
decimal form. 


b. Interpret the meaning of the slope in the 
context of this problem. 


Number of Cellular Phone Subscriptions 


(14, 313) 


Millions 
e 


0 4 8 12 16 


Year 


63. The data in the graph show the average weight 
for boys based on age. 


a. Use the coordinates of the given points to 
find the slope of the line. 


b. Interpret the meaning of the slope in the 
context of this problem. 


Average Weight for Boys by Age 


60 (10, 74.5) 
(5, 44.5) 


Weight (Ib) 


| | | | | ff | | | | 
0 1 2 3 4 5 6 7 8 9 10 It 12 


Age (yr) 


L,:(—10, —8) and (4, 


62. 


64. 


58. L,:(3,5) and (2, 5) 
L,: (2, 4) and (0, 4) 


—6) 


The U.S. population (in millions) has grown 
approximately linearly since the year 2000. 


a. Find the slope of the line defined by the two 
given points. 


b. Interpret the meaning of the slope in the 
context of this problem. 


U.S. Population (millions) 


(8, 304) 


Population (millions) 


(0, 282) 
| | | | 


2000 2004 2008 2012 2016 2020 


Year 


The data in the graph show the average weight 
for girls based on age. 


a. Use the coordinates of the given points to find 
the slope of the line, and write the answer in 
decimal form. 


b. Interpret the meaning of the slope in the 
context of this problem. 


Average Weight for Girls by Age 
90 (11, 87.5) 


40 (5, 42.5) 


Weight (Ib) 
nn 
ras) 


| | Jf | | | J | Jf 4 
0 12 3 4 5 6 7 8 9 10 It 12 


Age (yr) 
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Mixed Exercises 


The slope of a line is constant. This also means that the rate of change of y versus x is constant between any two points on the 
line. For Exercises 65—66, demonstrate this statement by computing the slope of the line using each pair of points on the line. 


65. a. (—1, —4) and (0, —2) 66. a. (—4, —1) and (0, 1) 
b. (0, —2) and (3, 4) b. (0, 1) and (2, 2) 
c. (—1, —4) and (3, 4) c. (0, 1) and (4, 3) 


Given a nonlinear graph, the rate of change of y versus x may differ for different pairs of points on the graph. For Exercises 67-68, 
demonstrate this statement by computing the slope formula with each pair of points on the curve. 


67. a. (—2, 0) and (0, —4) 68. a. (—3, —8) and (—2, —3) 
b. (0, —4) and (2, 0) b. (—2, —3) and (0, 1) 
c. (2, 0) and (3, 5) c. (0, 1) and (2, —3) 


3, -5) 


(3, -8) 


Expanding Your Skills 


For Exercises 69-74, given a point P on a line and the slope m of the line, find a second point on the line (answers may vary). 
Hint: Graph the line to help you find the second point. 


69. P(O, 0) and m= 2 70. P(—2, 1) and m= - 71. P(2, —3) and m is undefined 

y y y 

A A A 

5 5 5 

4 4 4 

3 3 3 

2 2 2 

1 1 1 

> XxX > X mx 
a ideal de de | 12345 a el vean and soe ot 1 23. 4-5 “2 rtr3c2 21 123 45 

2, —2 —2 

3 =) -3 

—4) -4 -4 

5 —5. -5 
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72. P(—2,4) andm=0 73. P(-1,2)andm= -: 74, P(-1,—-4)andm= : 
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y BY y 
ry A A 
es 2) 5 
6 4 4 
5 3 3 
4 2 2 
3 1 1 
; -5-4-3-2-1 123 4 5 -5-4-3-2-1 123 4 nr 
Xx 3 —2| —2 
-5-4-3-2-1 12345 
-1 -3 3 
-2 -4| -4 
-3 -5 = 
75. Given that (—2, y) and (4, 6) are points on a line whose slope is —3, find y. 
76. Given that (x, —4) and (3, 2) are points on a line whose slope is §, find x. 
. : : rise E 
77. The pitch of a roof is defined as . 
rafter 
a. Determine the pitch of the roof shown. 14 ft 
b. Determine the slope of the line segment from y : 
point D to point E. Rafter 24 ft 


Equations of a Line 


1. Slope-Intercept Form Concepts 


We have already learned that an equation of the form Ax + By = C (where A and B are not 
both zero) represents a line in a rectangular coordinate system. An equation of a line writ- 
ten in this way is in standard form. In this section, we will learn a new form, called the 
slope-intercept form, which is useful in determining the slope and y-intercept of a line. 

Let (0, b) represent the y-intercept of a line. Let (x, y) represent any other point on the 
line where x # 0. Then, labeling the points and applying the slope formula, we have 


1. Slope-Intercept Form 
2. The Point-Slope Formula 


3. Equations of a Line: 
A Summary 


(0, b) (x, y) 
(x,y) (x2, 2) 
ae al m= >— 2 Apply the slope formula. 
Xy—X1 x—0 
mele Simplify. 
x 
m:x= (* — ”) Clear fractions. 
x 
mx =y—b Simplify. 
mx+b=y or y=mx+b Solve for y to get slope-intercept form. 


Slope-Intercept Form of a Line 
y= mx + bis the slope-intercept form of a line. 


mis the slope and the point (0, D) is the y-intercept. 
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FOR REVIEW 


Recall that the negative sign in a 
fraction can be written in the numer- 
ator, denominator, or out in front. 


-3_ 3 __3 

4° -47 4 
Answers 
1, 3 
1. y=—x-= 
a eae 


ale -( -5) 
Slope: 5; y-intercept: 0, 4 


enw kw 


The equation y = —4x + 7 is written in slope-intercept form. By inspection, we can see that 
the slope of the line is —4 and the y-intercept is (0, 7). 


| Example1 | Finding the Slope and y-Intercept of a Line 


Given 3x + 4y = 4, write the equation of the line in slope-intercept form. Then find the 
slope and y-intercept. 


Solution: 


Write the equation in slope-intercept form, y = mx + b, by solving for y. 


3x+4y=4 
4y = -3x+4 Subtract 3x from both sides. 
ay = =3x +: 4 To isolate y, divide both sides by 4. 
4 4 4 
3 a) ‘ . 
sae +1 The slope is aa and the y-intercept is (0, 1). 


Skill Practice Write the equation in slope-intercept form. Determine the slope and 
the y-intercept. 


1. 2x-4y=3 


The slope-intercept form is a useful tool to graph a line. The y-intercept is a known point on 
the line, and the slope indicates the “direction” of the line and can be used to find a second 


point. Using slope-intercept form to graph a line is demonstrated in Example 2. 


| Example 2_| Graphing a Line Using the Slope and y-Intercept 


Graph the equation y = —3x + 1 using the slope and y-intercept. 


Solution: 


First plot the y-intercept (0, 1). The slope m = —} 
can be written as 


3 Spt The change in yis —3. 
Pre 


a ee 
The change in x is 4. 


To find a second point on the line, start at the 
y-intercept and move down 3 units and to the right 4 
units. Then draw the line through the two points 
(Figure 2-23). 

Similarly, the slope can be written as 


: g——— The change in y is 3. Figure 2-23 
m 


7 
The change in x is —4. 


To find a second point on the line, start at the y-intercept and move up 3 units and 
to the left 4 units. Then draw the line through the two points (see Figure 2-23). 


Skill Practice 
2. Graph the equation y = 4x — 2 using the slope and y-intercept. 


Section 2.3. Equations of a Line 


As we have seen earlier, two lines are parallel if they have the same slope and differ- 
ent y-intercepts. Two lines are perpendicular if the slope of one line is the opposite of 
the reciprocal of the slope of the other line. Otherwise, the lines are neither parallel nor 
perpendicular. 


| Example 3 | Determining if Two Lines Are Parallel, 


Perpendicular, or Neither 
Given the equations for two lines, L, and L,, determine if the lines are parallel, 
perpendicular, or neither. 
a. Lj: y=—-—2x+7 b. Ly: 2y = —-3x+2 e« Lyxty=6 
Ly: y= —2x-1 La: —4x + 6y = —-12 Ly y=6 


Solution: 
a. The equations are written in slope-intercept form. 
Ly: y=-2x+7  Theslope is —2 and the y-intercept is (0, 7). 
Ly: y=—-2x-—1 The slopeis —2 and the y-intercept is (0, —1). 
Because the slopes are the same and the y-intercepts are different, the 


lines are parallel. 


b. Write each equation in slope-intercept form by solving for y. 


L,:2y = —3x+2 L,: —4x + 6y = —12 
2y _ —3x 2 _ = Add 4x to 
ear, a +f 5) Divide by 2. 6y = 4x - 12 pice, 
yo—x+] Y= FS Divide by 6. 
2 
==-x-2 
y= 3% 
. 3 ve 
The slope of L, is — The slope of L, is 3 


The value —3 is the opposite of the reciprocal of 3. Therefore, the lines are 
perpendicular. 


c. Ly: x + y =6 is equivalent to y= —x + 6. The slope is —1. 
L,: y = 6 is a horizontal line, and the slope is 0. 


The slopes are not the same. Therefore, the lines are not parallel. The slope of one 
line is not the opposite of the reciprocal of the other slope. Therefore, the lines are 
not perpendicular. The lines are neither parallel nor perpendicular. 


Skill Practice Given the pair of equations, determine if the lines are parallel, 
perpendicular, or neither. 


3. ya-Srtl 4, 3x+y=4 5. x-y= 


yair+3 


Answers 


3. Perpendicular 4. Parallel 


5. Neither 
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Using Slope-Intercept Form to Find 


an Equation of a Line 
Use slope-intercept form to find an equation of the line with slope —3 and passing 


through the point (1, —4). 


Solution: 


To find an equation of a line in slope-intercept form, y = mx + b, it is necessary to find 
the slope, m, and the y-intercept, b. The slope is given in the problem as m = —3. There- 
fore, the slope-intercept form becomes 


y=mx+b 


y=-3x+b 


Furthermore, because the point (1, —4) is on the line, it is a solution to the equation. 
Therefore, if we substitute (1, —4) for x and y in the equation, we can solve for b. 


—4 = —3(1) +b 
-4=-3+b 
S=5 


Thus, the slope-intercept form is y= —3x — 1. 


Skill Practice 


6. Use slope-intercept form to find an equation of the line with slope 2 and passing 
through (—3, —5). 


2. The Point-Slope Formula 


In Example 4, we used the slope-intercept form of a line to construct an equation of a line 
given its slope and a known point on the line. Here we provide another tool called the 
point-slope formula that (as its name suggests) can accomplish the same result. 

Suppose a nonvertical line passes through a given point (x, y,) and has slope m. 
If (x, y) is any other point on the line, then 


m=2—21 Slope formula 
x-X, 
mx —x,) = 1 Vicy —x,) Clear fractions. 


X-X, 
mx-x)=y-y 
or 
yy, =mx—x)) Point-slope formula 


The Point-Slope Formula 
The point-slope formula is given by 


yy, =m(x — x;) 


Answer where m is the slope of the line and (x,, y,) is a known point on the line. 
6. y=2x+1 


Section 2.3. Equations of a Line 


The point-slope formula is used specifically to find an equation of a line when a point on 
the line is known and the slope is known. To illustrate the point-slope formula, we will 
repeat the problem from Example 4. 


Using the Point-Slope Formula to Find 
an Equation of a Line 


Use the point-slope formula to find an equation of the line having a slope of —3 and 
passing through the point (1, —4). Write the answer in slope-intercept form. 
Solution: 
m=-—3 and (x), ¥,) = C1, —4) 
y— yy = mx — x1) 
y-(4 =-3@-) Apply the point-slope formula. 
y+4=-3(x- 1) Simplify. 


To write the answer in slope-intercept form, clear parentheses and solve for y. 


yt+4=-3x+3 Clear parentheses. 


y=-3x-1 Solve for y. The answer is written in slope- 
intercept form. Notice that this is the same 
equation as in Example 4. 


Skill Practice 


7. Use the point-slope formula to write an equation for the line passing through the 
point (—2, —6) and having a slope of —5. Write the answer in slope-intercept form. 


GE The solution to Example 5 can also be written in standard form, Ax + By=C. 


y=-3x-1 Slope-intercept form 
3x+y=-3x+3x-1 Add 3x to both sides. 
3x+y=-1 Standard form 


In general, we will write the solution in slope-intercept form, because the slope and 
y-intercept can be easily identified. 


Finding an Equation of a Line Given Two Points 


Find an equation of the line passing through the points (5, —1) and (3, 1). Write the 
answer in slope-intercept form. 


Solution: 


The slope formula can be used to compute the slope of the line between two points. 
Once the slope is known, the point-slope formula can be used to find an equation of 
the line. 


First find the slope. 


Yeo Fi let -1) 2 “4 Answer 
Xy—Xy 3=5 —2 7. y=—5x —16 
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ih Example 6, once the 


slope is found from the two 
given points, we can alterna- 
tively use slope-intercept form 
to find an equation of the line. 
Substitute the coordinates 
from either known point for 

x and y. Using the point (3, 1), 
we have: 


y=mx+b 
1=-1(3)+6 
1=-3+b 

4=b 


Therefore, y= —x + 4. 


y=-4x-11 


NB Do 


—12-10-8 -6 -4 
(-2, -3) 
y=-4x4+8 
Figure 2-24 
Answers 
3 7 
8. y=--x-- 9. y=2x-9 
y a 4 y 


8 
4 6 8 10 12 


Next, apply the point-slope formula. 


yy, =m - x) 
y-1l=-l(-3) Substitute m = —1 and use either point for 


(x, y,). We will use (3, 1) for (x, y;). 
y-l=-x+4+3 Clear parentheses. 


y=-x+4 Solve for y. The final answer is in slope- 


intercept form. 
Skill Practice 


8. Use the point-slope formula to write an equation of the line that passes through the 
points (—5, 2) and (—1, —1). Write the answer in slope-intercept form. 


ul | 5 In Example 6, the point (3, 1) was used for (x;, y;) in the point-slope formula. How- 
ever, either point could have been used. Using the point (5, —1) for (x,, y;) produces the 
same final equation: 


y — (-1) = ~1 - 5) 
y+1=-x+5 
y=-x+4 


| Example7 | Finding an Equation of a Line Parallel 


to Another Line 


Find an equation of the line passing through the point (—2, —3) and parallel to the line 
4x + y = 8. Write the answer in slope-intercept form. 


Solution: 


To find an equation of a line, we must know a point on the line and the slope. The known 
point is (—2, —3). Because the line is parallel to 4x + y = 8, the two lines must have the 
same slope. Writing the equation 4x+y=8 in slope-intercept form, we have 
y = —4x + 8. Therefore, the slope of both lines must be —4. 

Now find an equation of the line passing through (—2, —3) having a slope of —4. 


Apply the point-slope formula. 
Substitute m = —4 and (—2, —3) for (x), y,). 


y-y1 =m — x)) 

y — (-3) = —4[x - (-2)] 
y+3 = —4(x+ 2) 
y+3=-4x-8 

y=-4x-11 


Clear parentheses. 


Write the answer in slope-intercept form. 


Skill Practice 


9. Find an equation of a line containing (4, —1) and parallel to 2x = y — 7. Write the 
answer in slope-intercept form. 


We can verify the answer to Example 7 by graphing both equations. We see that the line 
defined by y= —4x-— 11 passes through the point (—2, —3) and is parallel to the line 
y=—A4x + 8. See Figure 2-24. 
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Finding an Equation of a Line Perpendicular 
to Another Line 


Find an equation of the line passing through the point (4, 3) and perpendicular to the 
line 2x + 3y = 3. Write the answer in slope-intercept form. 


Solution: 


The slope of the given line can be found from its slope-intercept form. 


3y = —2x+3 Solve for y. 


y= -S +1 The slope is -. 


The slope of a line perpendicular to this line must be the opposite of the reciprocal 
of —3; hence, m = 3. Using m = and the known point (4, 3), we can apply the point- 
slope formula to find an equation of the line. 


y-y, =moax-— x) Apply the point-slope formula. 


y-3= (x — 4) Substitute m = 4 and (4, 3) for (x, y;). 
3 
y-3= ria 6 Clear parentheses. 
3 
oa 3 Solve for y. 


Skill Practice 


10. Find an equation of the line passing through the point (1, —6) and perpendicular to 
the line x + 2y = 8. Write the answer in slope-intercept form. 


3. Equations of a Line: A Summary 
A linear equation can be written in several different forms, as summarized in Table 2-2. 


Table 2-2 


Standard Form 


Ax+By=C 2x + 3y=6 A and B must not both be zero. 
Horizontal Line 
v—is y=3 The slope is zero, and the y-intercept is 
(k is constant) (0, k). 
Vertical Line 
He x=-2 The slope is undefined and the x-intercept 
(k is constant) is (k, 0). 

Slope-Intercept Form y=—2x4+5 Solving a linear equation for y results in 
y=mx+b slope-intercept form. The coefficient of the 
Slope is m. Slope = —2 x-term is the slope, and the constant defines 

y-Intercept is (0, b). y-Intercept is (0,5). | the location of the y-intercept. 

Point-Slope Formula m=-—2 

yy, =m — x) (Ce) = GC, 1) This formula is typically used to build an 

Slope is m and (x,, y;) equation of a line when a point on the line 

is a point on the line. y—1=-—2(x-—3) | is known and the slope is known. 


Avoiding Mistakes 


To check the result of Example 8, 
note that the product of slopes is 
—1, indicating that the lines are 
perpendicular. 
2 8 

aha = 
Furthermore, we can show that the 
line y = $x — 3 passes through the 
point (4, 3) by using substitution. 


ae 
Viaious 3 
3 
j= 
3=6-3 Vv 


Answer 
10. y=2x-8 
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Although it is important to understand and apply slope-intercept form and the point- 
slope formula, they are not necessarily applicable to all problems. Example 9 illustrates 
how a little ingenuity may lead to a simple solution. 


Finding an Equation of a Line 


Find an equation of the line passing through the point (—4, 1) and perpendicular to the 
y X-axis. 


Solution: 


Any line perpendicular to the x-axis must be vertical. Recall that all vertical lines can be 
written in the form x =k, where k is constant. A quick sketch can help find the value of 


a ee a | ee the constant (Figure 2-25). 
& Because the line must pass through a point whose x-coordinate is —4, the equation 
4 of the line is x = —4. 
x=-4 =o 
Figure 2-25 Skill Practice 
11. Write an equation of the line through the point (20, 50) and having a slope of 0. 
Answer 
11. y=50 


Section 2.3 Activity 


A.1. Given a line with slope m and y-intercept (0, b), write the slope-intercept form of the line. 


A.2. Consider two lines /,; and /, represented by the following equations. 
Lj: 2x—-y=4andl:x+2y=4 
a. Write the slope-intercept form of /,. Identify the slope and y-intercept. 


5) 

b. Write the slope-intercept form of /,. Identify the slope and y-intercept. 4 

3 

2 

c. Based on the results of parts (a) and (b), are the lines parallel, perpendicular, or neither? 1 
Why? a] eee a 

d. Graph /, by graphing the y-intercept and using the slope to find a second point on & 

the line. = 

e. On the same coordinate system, graph /, by using the slope and y-intercept. 4 

Does the graph support your answer to part (c)? = 

A.3. A line passes through the point (3, —2) and has a slope of -4. ? 

5 

a. Use the slope-intercept form y = mx + b and substitute -3 for m, 4 

3 for x and —2 for y. Then solve the equation for b. ; 

b. Using the values of m and b, write an equation of the line in 1 
slope-intercept form. -5-4-3-2-1 [12345 

c. Graph the equation from part (b) to confirm that the line passes oo 

through (3, —2) with slope -4. 2 


[STUDY 


A.4. 


A.5. 


A.6. 


A.7. 


AS. 


AY. 


A.10. 
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Write the point-slope formula for an equation of a line with slope m and known 
point on the line (x, y;). 


A line passes through the point (3, —4) and has a slope of —2. 


a. 


Label the point (3, —4) as (4, y,) and the slope as m = —2. Use the 
point-slope formula to write an equation of the line. Write the final 
answer in slope-intercept form. 


. Use the equation from part (a) to graph the line. Verify that the line passes 


through (3, —4) and has a slope of —2. 


Write an equation of the line passing through (—4, —3) and perpendicular to the 
line 4x + y = | by following these steps. 


a. 
b. 
Cc. 


Write the equation 4x + y = | in slope-intercept form. 

What is the slope of a line perpendicular to 4x + y = 1? 

Use the point-slope formula with the point (—4, —3) and the slope 
from part (b) to write an equation of the line. Write the answer in 
slope-intercept form. 


. Graph the line 4x + y = 1 and the line from part (c). Does the line 


from part (c) pass through the point (—4, —3) as expected? Do the two lines 
appear to be perpendicular? 


> 
ey ey 


How would the procedure have changed in Exercise A.6 if the two lines were parallel rather 
than perpendicular? 


Write an equation of the line passing through the points (—2, —4) and (2, 6) by following these steps. 


a. 
b. 


Find the slope of the line between the two given points. 


> 
D8 St As ES: 


Apply the point-slope formula with the slope found in part (a) and the point (—2, —4) to find an equation of 


the line through the points. Write the answer in slope-intercept form. 


line through the points. Write the answer in slope-intercept form. 


. Does an equation of the form x = k represent a horizontal, vertical, or slanted line? 


What is the slope of the line? 


. Does an equation of the form y = k represent a horizontal, vertical, or slanted line? 


What is the slope of the line? 


. Are the equations in parts (b) and (c) the same? If not, revisit your work and look for errors. 


. Apply the point-slope formula with the slope found in part (a) and the point (2, 6) to find an equation of the 


a. Graph the line x = —1. 
b. On the same coordinate system, graph the line perpendicular to x = —1 that passes through the point (2, —3). 
4 
4 
3 
2; 
1 
-5-4-3 S18 TP ae ao 


c. 


=o, 
3 
4 
es 


Write an equation of the line from part (b). 


181 


x 


x 


182 Chapter 2 Linear Equations in Two Variables and Functions 


EE Practice Exercises 


Study Skills Exercise 


Research shows that writing mathematically has significant advantages to learning. When you can communicate a 
mathematical concept in words, you are demonstrating a full understanding of that concept. You are also communicating 
your understanding and reasoning to yourself and others. This skill will help you move mathematical concepts into 
long-term memory. 


e Suppose you are given two linear equations in slope-intercept form. Explain how you know if the equations of the lines 
are parallel, perpendicular, or neither. Describe how you might check that your answers are correct. 


Prerequisite Review 


For Exercises R.1-R.2, find the slope of the line containing the given points. 
R.1. (3, —4) and (-1, 6) R.2. (—1, —8) and (4, 2) 


For Exercises R.3—-R.6, the slope of a line is given. 
a. Find the slope of a line parallel to the line with the given slope. 
b. Find the slope of a line perpendicular to the line with the given slope, if possible. 


ae aed 
R.3. m= A R.4. m= 


R.5. m=0 R6. m=-1 
For Exercises R.7—R.8, solve the equation. 

R.7. -8=-6+5 R.8. 11 =-3+b 
For Exercises R.9—-R.10, solve for the indicated variable. 

R.9. 3x — 7y = 14 for y R.10. 5x + 2y = 6 for y 
For Exercises R.11—-R.12, 

a. Determine the x- and y-intercepts. 


b. Determine the slope. 
c. Graph the equation. 


RAL —2x+5y=15 


S8a7s6s5=4=9=2 51 


2 


Vocabulary and Key Concepts 


1. a. Consider a line with slope m and y-intercept (0, b). The slope-intercept form of an equation of the line is 


b. An equation of a line written in the form Ax + By = C, where A and B are not both zero, is said to be in 
form. 


c. A line defined by an equation y = k, where k is a constant is a (horizontal/vertical) line. 
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d. A line defined by an equation x = k, where k is a constant is a (horizontal/vertical) line. 


e. Given the slope-intercept form of an equation of a line, y= mx + b, the value of m is the ___ and 
bis the 


f. Given a point (x,, y,) on a line with slope m, the point-slope formula is given by 
2. Using slopes, how do you determine whether two lines are parallel? 


3. Using slopes, how do you determine whether two lines are perpendicular? 
4. Determine the slope and y-intercept of the line defined by the given equation. 


a. y=—4x+3 b. y=5+2x 


Concept 1: Slope-Intercept Form 


For Exercises 5—18, determine the slope and the y-intercept of the line. (See Example 1.) 


5. y=3x4+1 6. y=—2x—7 7. y=-ox-4 8. y=sx-1 

9, y=2+4+3x 10. y=5-7x 11. 17x+y=0 12. x+y=0 

13. 18=2y 14. -T=3y 15. 8x+ 12y=9 16. —9x + 10y = —4 
17. y=0.625x — 1.2 18. y=—2.5x+1.8 


In Exercises 19-24, match the equation with the correct graph. 


i ae 0, yo=e 43 oi: ya 
2 4 
1 
22. | 23. x= —2 
a. b. y 
A 
5 
4 
3 
2 
1 
~5-4-3-F-1 J 12 3 4 a 
2 
3 
-4 
= 
d. e. f. y 
A 
5 
4 
Se ee 
2 
1 
Sat ei 123 4 or 
9) —2 
3 3 
-4 -4 
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For Exercises 25-30, write the equations in slope-intercept form (if possible). Then graph each line, using the slope and 
y-intercept. (See Example 2.) 


25. y-2=4x 26. 3x=5-y 27. 3x+2y=6 
Bs y y 
A 1 » 
8 7 5 
7 6 5 
6 5 3 
5 4 2 
4 J 1 

3 2 > Xx 

2 1 ar acral teat oi 12345 
1 >Xx —2: 
-5-4-3-2-1 123 45 
> Xx -1 -3 
-5-4-3-2-1 123 4 °5 
-1 -2 4 
=) 3 5 
28. x-2y=8 29. 2x - 5y=0 30. 3x-y=0 
¥ y ¥ 
A A A 
4 > 5 
3 4 4 
2 3 3: 
1 2 2 
mx 1 1 
-5-4-3-2-1 12.3 4 3 
i—1 >X > Xx 
-3-2-1 12 3.4. 5 6 7 -5-4-3-2-1 123 45 

—2, —1 i 1 
3 a) 2 
-4 =) 3 
—5 -4 -4 
_6 5 5 


31. Given the standard form of a linear equation Ax + By = C, B £0, solve for y and write the equation in slope-intercept 
form. What is the slope of the line? What is the y-intercept? 


32. Use the result of Exercise 31 to determine the slope and y-intercept of the line 3x + 7y =9. 


For Exercises 33-38, the equations of two lines are given. Determine if the lines are parallel, perpendicular, or neither. 
(See Example 3.) 


33. —3y=5x-1 34. x=6y-3 35. 3x-4y= 12 
6x = 10y — 12 1 1 2 
peasy x = 

36. 4.8x =1.2y+ 3.6 37. 3y=5x+6 38. —y=3x-2 

y-1=4x 5x+3y=9 —6x + 2y=6 


For Exercises 39-44, use the slope-intercept form of a line to find an equation of the line having the given slope and passing 
through the given point. (See Example 4.) 


39. m=3, (0,5) 40. m= -—4, (0, 3) 41. m=2, (4, -3) 


4s: = 441-5) 43. m= 5, (10, 0) 44. m=, (-3,1) 


Concept 2: The Point-Slope Formula 
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For Exercises 45-74, write an equation of the line satisfying the given conditions. Write the answer in slope-intercept form or 


standard form. 


45. The line passes through the point (0, —2) and 
has a slope of 3. 


47. The line passes through the point (2, 7) and has a 


slope of 2. (See Example 5.) 


49. The line passes through the point (—2, —5) and 
has a slope of —3. 


51. The line passes through the point (6, —3) and 
has a slope of —4. 


53. The line passes through (0, 4) and (3, 0). 
(See Example 6.) 


55. The line passes through (6, 12) and (4, 10). 


57. The line passes through (—S, 2) and (—1, 2). 


59. The line contains the point (3, 2) and is parallel to a 


line with a slope of —3. (See Example 7.) 


61. The line contains the point (3, 2) and is 
perpendicular to a line with a slope of —3. 
(See Example 8.) 


63. The line contains the point (2, —5) and is parallel 


to 3x —4y =—7. 


65. The line contains the point (—8, —1) and is 
perpendicular to —15x + 3y =9. 


67. The line contains the point (4, 0) and is parallel 
to the line defined by 3x = 2y. 


69. The line is perpendicular to the line defined by 


3y + 2x = 21 and passes through the point (2, 4). 


71. The line is perpendicular to 4y = x and passes 
through (—3, 5). 


73. The line is parallel to the line 3x + y= 7 and 
passes through the origin. 


Concept 3: Equations of a Line: A Summary 


46. 


48. 


50. 


52. 


54. 


56. 


58. 


60. 


62. 


64. 


66. 


68. 


70. 


72. 


74. 


The line passes through the point (0, 5) and has a 
slope of —5. 


The line passes through the point (3, 10) and has 
a slope of —2. 


The line passes through the point (—1, —6) and 
has a slope of 4. 


The line passes through the point (7, —2) and 
has a slope of 4. 


The line passes through (1, 1) and (3, 7). 


The line passes through (—2, —1) and (3, —4). 
The line passes through (—4, —1) and (2, —1). 


The line contains the point (—1, 4) and is 
parallel to a line with a slope of 4. 


The line contains the point (—2, 5) and is 
perpendicular to a line with a slope of 4. 


The line contains the point (—6, —1) and is 
parallel to 2x + 3y = —12. 


The line contains the point (4, —2) and is 
perpendicular to 4x + 3y = —6. 


The line contains the point (—3, 0) and is 
parallel to the line defined by —5x = 6y. 


The line is perpendicular to 7y — x = —21 and 
passes through the point (— 14, 8). 


The line is perpendicular to —ty = x and passes 
through (—1, —5). 


The line is parallel to the line —2x + y= —5 and 
passes through the origin. 


For Exercises 75-82, write an equation of the line satisfying the given conditions. 


75. The line passes through (2, —3) and has a zero 
slope. 


77. The line contains the point (2, —3) and has an 
undefined slope. (See Example 9.) 


76. 


78. 


The line contains the point (3, 0) and has an 
undefined slope. 


The line contains the point (3, 0) and has a 
zero slope. 
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79. The line is parallel to the x-axis and passes 80. The line is perpendicular to the x-axis and 
through (4, 5). passes through (4, 5). 

81. The line is parallel to the line x = 4 and passes 82. The line is parallel to the line y = —2 and passes 
through (5, 1). through (—3, 4). 


Technology Connections 


For Exercises 83-86, use a graphing calculator to graph the lines on the same viewing window. Then explain how the lines 
are related. 


1 1 
83. w= 5 te 84. le 
1 1 
aa a a 
85. y, =x-2 86. y, = —2x+1 
yo =2x-2 y2=—3x+1 
y3 =3x-2 y3=—-4x4+1 


For Exercises 87-88, use a graphing calculator to graph the lines on a square viewing window. Then explain how the lines 
are related. 


87. y,=4x-1 88. yi=ar-3 
1 
yg= gel yy = —2x-3 
Expanding Your Skills 

89. Is the equation x = —2 in slope-intercept form? 90. Is the equation x = 1 in slope-intercept form? 
Identify the slope and y-intercept. Identify the slope and y-intercept. 

91. Is the equation y = 3 in slope-intercept form? 92. Is the equation y = —S in slope-intercept form? 
Identify the slope and y-intercept. Identify the slope and y-intercept. 


For Exercises 93-96, write an equation of the given line. Write the answer in slope-intercept form, if possible. 


93. 94, 


95. 
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96. 


— 


> Xx 


ISTUDY 


Problem Recognition Exercises 


Characteristics of Linear Equations 


For Exercises 1-20, choose the equation(s) from column B whose graph satisfies the condition described in column A. 
Give all possible answers. 


Column A Column B 
1. Line whose slope is positive. 2. Line whose slope is negative. a. y=—4x 
3. Line that passes through the origin. 4. Line that contains the point (2, 0). b. 2x—4y=4 
5. Line whose y-intercept is (0, —3). 6. Line whose y-intercept is (0, 0). 
1 
1 1 c y=—x-3 
7. Line whose slope is me 8. Line whose slope is - 3 
. . ‘ : : d. 3x+5y=10 
9. Line whose slope is 0. 10. Line whose slope is undefined. 
11. Line that is parallel to the line with 12. Line perpendicular to the line with e. 3y=—9 
equation x + 3y = 6. equation x — 4y = —4. 
eee eee. f. y=5x-1 
13. Line that is vertical. 14. Line that is horizontal. 
15. Line whose x-intercept is (12, 0). 16. Line whose x-intercept is (e 0) ; g. 4x+1=9 
17. Line that has no x-intercept. 18. Line that is perpendicular to the h. x+3y=12 


19. 


Line with a negative slope and positive 


y-intercept. 


20. 


X-axis. 


Line with a positive slope and negative 


y-intercept. 


Applications of Linear Equations and Modeling 


1. Writing a Linear Model 


A mathematical model is a formula or equation that represents a relationship between two 
or more variables in a real-world application. Algebra (or some other field of mathematics) 
can then be used to solve the problem. The use of mathematical models is found through- 
out the physical and biological sciences, sports, medicine, economics, business, and many 
other fields. 


1. Writing a Linear Model 
2. Interpreting a Linear Model 


3. Finding a Linear Model from 
Observed Data Points 
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Avoiding Mistakes 


A mathematical model may be 
reasonable only for specific values 
of the input variable. In Example 1, 
the model y = 3x + 24 is 
reasonable for 0 < x < 12. For 

xX values less than 0, the snow 
storm hadn’t started. For x values 
greater than 12, the storm had 
ended. We say that “model break- 
down” occurs for values of 

X outside the reasonable range. 


For an equation written in slope-intercept form, y = mx + b, the term mx is called the 
variable term. The value of this term changes with different values of x. The term D is 
called the constant term and it remains unchanged regardless of the value of x. The slope 
of the line, m, is called the rate of change. A linear equation can be created if the rate of 


change and the constant are known. 


| Example1 | Writing a Linear Model 


Buffalo, New York, had 2 ft (24 in.) of snow on the ground before a snowstorm. During 
the storm, snow fell at an average rate of 3 in./hr. 


a. Write a linear equation to compute the total snow depth y after x hr of the storm. 
b. Graph the equation. 
c. Use the equation to compute the depth of snow after 8 hr. 


d. If the snow depth was 31.5 in. at the end of the storm, determine how long the 
storm lasted. 


Solution: 


a. The constant or base amount of snow before the storm began is 24 in. The rate of 
change is given by 3in. of snow per hour. If m is replaced by 3 and b is replaced 
by 24, we have the linear equation 


y=mxt+b 
5 
y=s5xt 24 
8 Snow Depth Versus Time 
b. The equation is in slope- = - [ yaixt 24. 
intercept form, and the = 30 
corresponding graph is shown 2 F 7" 
. J. fa [— r 
in the figure. Sisk 
g 10- 
2 aoa a | 
cy=— 
=a % 2 4 6 8 10 12 14 16 18 20 
5 Time (hr) 
y= 90°) +24 Substitute x= 8. 
y=5+24 Solve for y. 
y = 29 in. 


The snow depth was 29 in. after 8 hr. The corresponding ordered pair is (8, 29) 
and can be confirmed from the graph. 


d. y= * +24 
313:= x +24 Substitute y = 31.5. 


8(31.5) = 8 (2» + 24) Multiply by 8 to clear fractions. 


252 = 5x+ 192 Clear parentheses. 
60 = 5x Solve for x. 
12=x 


The storm lasted 12 hr. The corresponding ordered pair is (12, 31.5) and can be 
confirmed from the graph. 
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Skill Practice When Joe graduated from college, he had $1000 in his savings account. 


When he began working, he decided he would add $120 per month to his savings 
account. 


1. Write a linear equation to compute the amount of money y in Joe’s account after 
x months of saving. 


2. Use the equation to compute the amount of money in Joe’s account after 6 months. 


3. Joe needs $3160 for a down payment for a car. How long will it take for Joe’s 
account to reach this amount? 


2. Interpreting a Linear Model 


| Example2 | Interpreting a Linear Model 


In 1938, President Franklin D. Roosevelt signed a bill enacting the Fair Labor Standards 
Act of 1938 (FLSA). In its final form, the act banned oppressive child labor and set the 
minimum hourly wage at 25 cents and the maximum workweek at 44 hr. Over the years, 
the minimum hourly wage has been increased by the government to meet the rising cost 
of living. 

The minimum hourly wage y (in dollars per hour) in the United States between 1970 
and 2010 can be approximated by the equation 


y=0.14x« + 1.60 x>0 


where x represents the number of years since 1970 (x = 0 corresponds to 1970, x = 1 
corresponds to 1971, and so on) (Figure 2-26). 


Federal Minimum Hourly Wage by Year 


y=0.14x + 1.60 


Minimum Wage ($/hr) 
CHIN WRU DA 


0 5 10 15 20 25 30 35 8 40 
Year (x = 0 represents the year 1970) 


Figure 2-26 
a. Determine the slope of the line and interpret the meaning of the slope as a rate 


of change. 


b. Find the y-intercept of the line and interpret the meaning of the y-intercept in the 
context of this problem. 


c. Use the linear equation to approximate the minimum wage in 1985. 


Answers 


4. y=120x + 1000 


2. $1720 


3. 18 months 
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Answers 

4. The slope is 0.40. The customer is 
charged $0.40 for each minute used 
beyond 400 min. 

. The y-intercept is (0, 49.99). This 
means that if 0 min is used beyond 
400 min, the customer is charged 
$49.99. 

6. $67.99 


ol 


Solution: 


a. The equation y = 0.14x + 1.60 is written in slope-intercept form. The slope is 
0.14 and indicates that minimum hourly wage rose an average of $0.14 per year 
since 1970. 


b. The y-intercept is (0, 1.60). The y-intercept indicates that the minimum wage in 
the year 1970 (x = 0) was approximately $1.60 per hour. 


c. The year 1985 is 15 years after the year 1970. Substitute x = 15 into the linear 


equation. 
y = 0.14% + 1.60 
y = 0.14(15) + 1.60 Substitute x = 15. 
y=2.14+ 1.60 
y = 3.70 


According to the linear model, the minimum wage in 1985 was approximately 
$3.70 per hour. (The actual minimum wage in 1985 was $3.35 per hour.) 


Skill Practice One cell-phone plan charges a monthly fee plus a charge per minute for 
the number of minutes used beyond 400 min. If a customer exceeds the 400-min cap, 
then the monthly fee, y (in dollars), is given by y = 0.40x + 49.99, where x is the number 
of minutes used beyond 400 min. 

4. What is the slope? Interpret its meaning in the context of the problem. 

5. What is the y-intercept? 

6. Use the equation to determine the cost of using 445 min in this plan. 


3. Finding a Linear Model from Observed 
Data Points 


Graphing a set of data points offers a visual method to determine whether the points follow 
a linear pattern. When two variables are related, it is often desirable to find a mathematical 
equation (or model) to describe the relationship. 


| Example 3 | Writing a Linear Model from Observed Data 


Figure 2-27 represents the number of women, y (in thousands), who graduated from 
law school in the United States by year. Let x represent the number of years since 1980. 


Number of Women Graduating 
from Law School by Year 


(25, 19.7) 


(15, 16.8) 


Thousands 
‘SS 


Year (x = 0 represents 1980) 


Source: U.S. National Center for Education Statistics 


Figure 2-27 


Skill Practice The figure shows data relating the cost of college textbooks (in dollars) 
to the number of pages in the book. Let y represent the cost of the book, and let x 
represent the number of pages. 


7. Use the ordered pairs given in the figure to 
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. Use the given ordered pairs to find a linear equation to model the number of 
women graduating from law school by year. 


. Determine the slope of the line and interpret the meaning of the slope as a rate of 
change. 


. Use the linear equation to estimate the number of women who graduated from law 
school in the year 2015. 


. Would it be practical to use the linear model to predict the number of women who 
would graduate from law school for the year 2050? 


Solution: 


a. The slope formula can be used to compute the slope of the line between the 


points. 


(15, 16.8) and (25, 19.7) 


(x1, Y1) (X9, V2) Label the points. 
m= = — . = ne — — = = = 0.29 Apply the slope formula. 
y-y, = mx — x) Apply the point-slope formula. 
y— 16.8 = 0.29(x — 15) Use the point (15, 16.8) 
and m= 0.29. 
y — 16.8 = 0.29x — 4.35 Clear parentheses. 
y = 0.29x + 12.45 Solve for y. The equation is 


in slope-intercept form. 


. The slope is 0.29. This means that the number of women who graduate from 
law school increased at a rate of 0.29 thousand (290) per year during this time 
period. 


. The year 2015 is 35 years after the year 1980. Therefore, substitute x = 35. 
y = 0.29(35) + 12.45 
= 22.6 


For the year 2015, we estimate that approximately 22,600 women graduated from 
law school. 


. It would not be practical to use this equation to predict the number of women 
who will graduate from law school in the year 2050. It is unreasonable to 
assume that the linear trend will continue this far beyond the observed data. 


Cost of Textbook Versus Number 


7 3 5 y of Pages 
write a linear equation to model the cost of 120 — (400; 107) 
textbooks (in dollars) versus the number Belly 
@ 07 (500,57) 
of pages. = eo ene 
io} 
. What is the slope of this line and what does it a E 
mean in the context of this problem? 0 | | | | ls 
: é 0 100 200 300 400 500 Answers 
. Use the equation to predict the cost of a textbook Number of Pages 
that has 360 pages. en eae a 


9. $97 


8. m= 0.25; The cost of the textbook 
goes up by $0.25 per page. 
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Section 2.4 Activity 


A.1. A credit card offers travel points and gives 5000 points initially for signing up for the card. Thereafter, the 
cardholder is awarded 2 points for every dollar charged for the first month. 
a. Write an equation that expresses the total number of points y during the first month if x dollars is charged 
to the card. 
b. How many points would accumulate in the first month if $104 is charged? 
c. How much money must be charged to get 8000 points by the end of the first month? 


A.2. The equation y = xa + 4 represents the expected number of teachers y in an elementary school based on the 


number of students x attending the school. 

a. If 400 students attend a school, how many teachers would be expected? 

b. If 420 students attend a school, how many teachers would be expected? 

c. How many additional teachers would be expected for a school with 420 students versus a school with 400 students? 


d. Identify the slope of the line and interpret its meaning in context. 


A.3. The graph shows the crime rate (per 100,000 people) for reported Crime Rate by Year 
crimes in a large city versus the time in years. For example, a crime rate 800 
of 556 means that there were approximately 556 crimes per 100,000 Ce L 
people in the city, or approximately 0.556%. From the graph, crime rate ES e, 


appears to follow a downward linear trend. The city believes that this is 400 (9,556) 
due, in part, to economic growth in the city, after-school programs for 300 j— | 
200 F 


kids, and community forums in which police hear public concerns. 
a. Interpret the ordered pair (1, 720). 


Crimes per 100,000 People 


b. Use the ordered pairs (1, 720) and (9, 556) to find the slope of the Near 
line shown. What does the slope mean in the context of this problem? 


c. Use the slope from part (b) and one of the given points to find an equation of the line shown. Write the 
answer in slope-intercept form. 
d. What is the y-intercept, and what does it mean in the context of this problem? 


e. Use the equation from part (d) to approximate the crime rate in year 7. 


UE. Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.2, find the slope and y-intercept. 
R.1. 2x —-9y=18 Leyte ip = ts) 
For Exercises R.3-R.4, find the slope of the line containing the given points. 
R.3. (—3, 6) and (—4, —2) R.4. (-1, 8) and (—5, 3) 


For Exercises R.5—R.8, find an equation of the line given the following information. Write the answer in 
slope-intercept form. 


R.5. The line passes through the point (3, —5) with slope -5. 


R.6. The line passes through the point (4, 1) with slope 3. 


R.7. The line passes through the points (—4, 1) and (—3, —6). 
R.8. The line passes through the points (2, —8) and (—4, —3). 


Section 2.4 Applications of Linear 


Concept 1: Writing a Linear Model 


1. A luxury car rental company charges $120 per day in addition to a flat fee of $65 
for insurance. (See Example 1.) 


a. 


b. 


Cc. 


Write an equation that represents the cost y (in dollars) to rent the car 
for x days. 


Graph the equation. 


What is the y-intercept and what does it mean in the context of this 
problem? 


Use the model from part (a) to determine the cost of driving the rental 
car for 2 days, 5 days, and 7 days. 


If the company offers a weekly rate of $799, is this a better deal than paying by 


Find the total cost of driving the car for 4 days if the sales tax is 6%. 
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Cost of Rental Car by 
y Number of Days 
1200 
2 900 }- 
Zz 600 |- 
fo} 
Y 300 
0 | | | J x 
0 2 4 6 8 
Number of Days 
the day for 7 days? 


Is it reasonable to use negative values of x in the equation from part (a)? Why or why not? 


2. Alex is a sales representative and earns a base salary of $1000 per month plus a 4% commission on his sales for 


the month. 
a. Write a linear equation that expresses Alex’s monthly salary y in ) 
terms of his sales x. owe 
2500 
b. Graph the equation. & 2000 

. . . : a 

c. What is the y-intercept and what does it represent in the context of a 
this problem? = 1000 
500 


e. 


What is the slope of the line and what does it represent in the 
context of this problem? 


How much will Alex make if his sales for a given month are $30,000? 


Monthly Salary Versus Sales 


| | | 
10,000 20,000 30,000 40,000 50,000 


Sales ($) 


3. Ava recently purchased a home in Crescent Beach, Florida. Her annual property tax was initially $2742, and 
Ava estimates that her taxes will increase at a rate of $52 per year. 


a. Write an equation to compute Ava’s yearly property taxes. Let y be the amount she pays in taxes, and let x be the 


b. 


time in years after purchasing the house. 


Graph the line. 


Yearly Taxes Versus Year 

4000 - 
3500}- 
3000 |- 
2500 ;— 
2000 |-— 
1500;— 
1000 ;— 
500;- 


Taxes ($) 


Poi ot tf tt i yi yf, 
2 4 6 8 10 12 14 16 18 20 


Time (Years) 


Amanda Clement/Getty Images 


c. What is the slope of this line? What does the slope of the line represent in the context of this problem? 


d. What is the y-intercept? What does the y-intercept represent in the context of this problem? 


e. What will Ava’s yearly property tax be in 10 years? In 15 years? 
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4. Millage rate is the amount per $1000 that is often used to calculate property tax. For example, a home with an 
$80,000 taxable value in a municipality with a 19 mil tax rate would require (0.019) ($80,000) = $1520 in 
property taxes. 


a. In one county, homeowners pay a flat tax of $156 plus a rate of 19 mil on the taxable value of a home. Write 
a linear equation that represents the total property tax y (in $) for a home with a taxable value of x dollars. 


b. Determine the amount of property tax on a home with a taxable value of $90,000. 


c. If the property tax on a home is $2436, determine the taxable value of the home. 


Concept 2: Interpreting a Linear Model 


5. Sound travels at approximately one-fifth of a mile per second. Therefore, 
the difference in time, x (in seconds), between seeing lightning and hearing 
thunder can be used to estimate the distance y (in miles) between a storm 
and an observer. The distance of the storm can be approximated by the 
equation y = 0.2x, where x > 0. (See Example 2.) 


a. Use the linear model to determine the distance between a storm and an 
observer for the following times between seeing lightning and hearing 
thunder: 4 sec, 12 sec, and 16 sec. 


b. If a storm is 4.2 mi away, how many seconds will pass between seeing View Stock/age fotostock 
lightning and hearing thunder? 


6. The force y (in pounds) required to stretch a particular spring x in. beyond its rest (or “equilibrium’’) position is given 
by the equation y = 2.5x, where 0 < x < 20. 


a. Use the equation to determine the amount of force necessary to stretch the spring 6 in. from its rest position. How 
much force is necessary to stretch the spring twice as far? 


b. If 45 Ib of force is exerted on the spring, how far will the spring be stretched? 


7. The equation y = 9.4x + 35.7 represents the average amount y (in $) Amount Spent on Video Games 
spent on video games per person in the United States where y For bersot by Xiae 
x represents the number of years since the study began. eli 
80 - 
a. Use the equation to approximate the average amount spent 60 


e y =9.4x + 35.7 
per person 1n year 4, 


Amount Spent ($) 


b. Use the equation to approximate the average amount spent 
: ics 0 ; 

per person in year 2 and compare it with the actual amount 0 1 > 3 4 5 6 
spent of $55.80. 


Year 
c. What is the slope of the line and what does it mean in the context of this problem? 
d. What is the y-intercept and what does it mean in the context of this problem? 
8. Let y represent the average number of miles driven per year Average Yearly Mileage 
for passenger cars in the United States and let x represent y for Passenger Cars in the United States 
: 14,000 ;— 
the number of years since the study began. The average iow 
yearly mileage for passenger cars can be approximated by B 4 0.000 L 
. a ? = 
the equation y = 142x + 9060, where x > 0. & 8,000 y = 14x + 9060 
. : . 2 6,000K 
a. Use the linear equation to approximate the average = 4000 
yearly mileage for passenger cars in the United States in 2.000 L 
year 25. 0 | | | | | I x 
0 5 10 15 20 25 30 
b. Use the linear equation to approximate the average Year 


mileage for year 5, and compare it to the actual value of 
9700 mi. 
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c. What is the slope of the line and what does it mean in the context of this problem? 


d. What is the y-intercept and what does it mean in the context of this problem? 


Concept 3: Finding a Linear Model from Observed Data Points 


9. Windchill is the apparent temperature felt on exposed skin. This is a relationship between air temperature and wind 


10. 


speed. At a fixed air temperature of 5°F, windchill temperature is approximately linear for speeds between 10 mph 
and 110 mph. At 20 mph the windchill is —15°F and at 50 mph it is —24°F. (See Example 3.) 


a. Make a graph with wind speed on the x-axis and windchill on the y-axis. Plot the points (20, —15) and (50, —24), 
and draw the line through the points. 


Windchill Versus Wind Speed for Fixed 
Temperature of 5° Fahrenheit 


Windchill (°F) 
° 


Wind Speed (mph) 


b. Write an equation of the line through the given points. Write the equation in slope-intercept form. 


c. Use the equation from part (b) to estimate the windchill for a wind speed of 40 mph. 
d. Use the equation from part (b) to estimate the windchill for a wind speed of 46 mph. 


e. What is the slope of the line and what does it mean in the context of this problem? 


During a drought, the average water level in a retention pond decreased linearly with time. 


; Water Level Versus Days of Drought 


Water Level (ft) 


OrFNWHUDAN CO 


Number of Days 


a. Let y represent the water level (in feet) and x represent the number of days since the beginning of the drought. Use 


the ordered pairs given to write a linear equation to estimate the water level based on the number of days since the 
drought began. 


b. Use the linear equation to approximate the water level after 15 days. 
c. Use the linear equation to approximate the water level after 25 days. 


d. What is the slope of the line and what does it mean in the context of this problem? 


e. Interpret the meaning of the x-intercept. Do you think that this linear trend will continue indefinitely? 
Explain your answer. 
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11. 


12. 


13. 
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The graph displays the number of associate degrees conferred in the United States at the end of selected academic 


years. The variable x represents the number of years since the study began, and the variable y represents the number 
of associate degrees in thousands. 


Number of Associate Degrees Awarded (in thousands) 


y in the United States for Selected Years 
1000 — 


(34, 665) 


800 |- 
600 
400 
200 


Degrees (thousands) 


Year 


a. Use the points (20, 455) and (34, 665) to create a linear model of the data. 


b. What does the slope mean in the context of this problem? 


c. If this linear trend continues, estimate the number of associate degrees that will be conferred in the United States 
for year 45. 


The number of prisoners y (in 1000’s) in federal or state correctional facilities is shown in the graph for consecutive 


years x. (Source: U.S. Department of Justice) Nunierar Prisancs laden sunuiciod 


a. Use the given points to create a linear model of the data. re OL Eederalen Seale t onreetienal Mumontes 
, = aN (8, 1220) 
b. What does the slope mean in the context of this problem? = 1500 
2 1000 
a : E (4, 1003) 
c. Use the equation in part (a) to estimate the number of 5 500 \- , 
prisoners in federal or state correctional facilities for 0 | x 
year 25 0 4 8 12 16 20 24 


Year 


At a concession stand at a high school football game, the owner notices that the relationship between the price of a 


hot dog and the number of hot dogs sold is linear. If the price is $2.50 per hot dog, then approximately 650 are sold 
each night. If the price is raised to $3.50, then the number sold drops to 475 per night. 


a. Make a graph with the price of hot dogs on the x-axis and the _ Number of Hot Dogs Sold Versus Price 
number of hot dogs sold on the y-axis. Use the points (2.50, 650) 1200 
and (3.50, 475). Then graph the line through the points with 1000 -— 
AO; 3 800+ 
b. Find an equation of the line through the points. Write the Z ie i 
equation in slope-intercept form. A all 
c. Use the equation from part (b) to predict the number of hot dogs 


ee 
0 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 


that would sell if the price were raised to $4.00. Round to the Price of Hot Dogs (8) 


nearest whole unit. 
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14. Sales at a concession stand indicate that the relationship between the price of a drink and the number of drinks sold is 


linear. If drinks are sold at $1.00 each, then approximately 1020 are sold each night. If the price is raised to $1.50, 


then the number sold drops to 820 per night. 


Number of Drinks Sold Versus Price 


1600 | 
1400 
1200 
1000 
800 - 
600 F 
400 +H 
200K 


Number Sold 


0 
0.00 0.50 1.00 1.50 
Price per Drink ($) 


2.00 


a. Make a graph with the price of drinks on the x-axis and the number of drinks sold on the y-axis. Graph the points 
(1.00, 1020) and (1.50, 820). Then graph the line through the points with x > 0. 


b. Find an equation of the line through the points. Write the equation in slope-intercept form. 


c. Use the equation from part (b) to predict the number of drinks that would sell if the price were $2.00 per drink. 


15. In order to advise students properly, a college advisor is interested in the relationship between the number of hours a 
student studies in an average week and the student’s GPA. The data are shown in the table. 


a. Let x represent study time and let y represent GPA. Graph 


1 15 Ps) 
Grade Point Average Versus Weekly Study Time 
. A 38 39) 
4- 
0 3 10 | 
aL 4 24 28 
a 2:5'= 
& 2p 5 35 33) 
me 6 15 OG 
05 7 45 4.0 
0 {| | | | | | Jy 
0 5 10 15 20 25 30 35 40 45 50 8 28 Bal 
Weekly Study Time (hr) 9 35 3.4 
10 10 De 
b. Does there appear to be a linear trend? i 6 18 


c. Use the data points (28, 3.1) and (10, 2.2) to find an equation of the line through these points. 


d. Use the equation in part (c) to estimate the GPA of a student who studies for 30 hr a week. 


e. Why would the linear model found in part (c) not be realistic for a student who studies more than 


46 hr per week? 


198 Chapter 2 Linear Equations in Two Variables and Functions 


16. Loraine is enrolled in an algebra class that meets 5 days per week. Her instructor gives a test every Friday. Loraine has 
a study plan and keeps a portfolio with notes, homework, test corrections, and vocabulary. She also records the 
amount of time per day that she studies and does homework. The following data represent the amount of time she 


studied per day and her weekly test grades. 


a. Graph the points on a rectangular coordinate system. Do the data points appear to follow a linear trend? 


90 
80 
70 
60 
50 
40 
30 
20 
10 


Test Score (%) 


be 
TTT TTT. TI 


ee ae ee ee ee ee ees eee 
10 20 30 40 50 60 70 80 90 100. 


Minutes 


60 69 
70 74 
80 go 
90 84 
100 89 


b. Find a linear equation that relates Loraine’s weekly test score y to the amount of time she studied per day x. 
(Hint: Pick two ordered pairs from the observed data, and find an equation of the line through the 


points.) 


c. How many minutes should Loraine study per day in order to score at least 90% on her weekly examination? 
Would the equation used to determine the time Loraine needs to study to get 90% work for other students? 


Why or why not? 


d. If Loraine is only able to spend 4 hr/day studying her math, predict her test score for that week. 


Technology Connections 


17. Use a Table feature to confirm your answers to 
Exercise 5(a). 


19. Graph the equation y = —175x + 1087.5 on the 


viewing window 0 <x <5 and 0 <y< 1200. Use the 
Value feature to support your answer to Exercise 13 


by showing that the line passes through the points 
(2.5, 650) and (3.5, 475). 


Expanding Your Skills 


18. 


20. 


Use a Table feature to confirm your answers to 
Exercise 6(a). 


Graph the equation y = —400x + 1420 on the 
viewing window 0 <x <3 and 0 < y < 1600. Use the 
Value feature to support your answer to Exercise 14 
by showing that the line passes through the points 

(1, 1020) and (1.5, 820). 


Points are collinear if they lie on the same line. For Exercises 21—24, use the slope formula to determine if the points are 
collinear. (Hint: Three points are collinear if the slope calculated using one pair of points is equal to the slope calculated 


using a different pair of points.) 
21. (3, —4), (0, —5), (9, —2) 


23. (0, 2), (—2, 12), (—1, 6) 


22. (4, 3), (-4, -1), (2, 2) 


24. (—2, —2), (0, —3), (-4, -1) 
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Introduction to Relations /Section 25 


1. Definition of a Relation Concepts 


In many naturally occurring phenomena, two variables may be linked by some other type _—_‘1._ Definition of a Relation 
of relationship. Table 2-3 shows a correspondence between the length of awoman’s femur =. 2. Domain and Range of a 


and her height. (The femur is the large bone in the thigh attached to the knee and hip.) Relation 
Table 2-3 3. Applications Involving 
Relations 
Ordered Pair 
45.5 65.5 ———> (45.5, 65.5) 
48.2 68.0 ———» (48.2, 68.0) 
41.8 622 ——__» (41.8, 62.2) 
46.0 66.0 ——» (46.0, 66.0) 
50.4 70.0 ——> (50.4, 70.0) 


Each data point from Table 2-3 may be represented as an ordered pair. In this case, the 
first value represents the length of a woman’s femur and the second, the woman’s height. 
The set of ordered pairs {(45.5, 65.5), (48.2, 68.0), (41.8, 62.2), (46.0, 66.0), (50.4, 70.0)} 
defines a relation between femur length and height. 


2. Domain and Range of a Relation 


Definition of Relation in x and y 

A set of ordered pairs (x, y) is called a relation in x and y. Furthermore, 

e The set of first components in the ordered pairs is called the domain of the 
relation. 


e The set of second components in the ordered pairs is called the range of the 
relation. 


| Example1 | Finding the Domain and Range of a Relation 


Find the domain and range of the relation linking the length of a woman’s femur to her 
height {(45.5, 65.5), (48.2, 68.0), (41.8, 62.2), (46.0, 66.0), (50.4, 70.0)}. 


Solution: 
Domain:  {45.5, 48.2, 41.8, 46.0,50.4} Set of first components 


{65.5, 68.0, 62.2, 66.0, 70.0} 


Range: Set of second components 


Skill Practice Find the domain and range of the relation. 


1. {o 0), (—8, 4), (5 1), (—3, 4), (-8, o} 


The x and y components that constitute the ordered pairs in a relation do not need to be 


; be a : Answer 
numerical. This is demonstrated in Example 2. 


1. Domain: {o. -8, a —3 7; 
range: {0, 4, 1} 
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| Example2 | Writing a Relation and Finding Its 


Domain and Range 


Table 2-4 gives five states in the United States Table 2-4 
and the corresponding number of representa- 
tives in the House of Representatives for a 
recent year. 


a. The data in the table define a Alabama 7 
relation. Write a list of ordered pairs California 53 
for this relation. 

Colorado 7 

b. Write the domain and range. Florida 7 

Kansas 4 


Solution: 
a. {(Alabama, 7), (California, 53), (Colorado, 7), (Florida, 27), (Kansas, 4)} 
b. Domain: { Alabama, California, Colorado, Florida, Kansas } 

Range: {7, 53, 27, 4} (Note: The element 7 is not listed twice.) 

Skill Practice The table depicts six types of 


animals and their average longevity. 


2. Write the ordered pairs indicated by the 


relation in the table. 
3. Find the domain and range of the relation. Cat 11 
Cow ADS) 
Deer ES) 
Dog iu 
Elephant 35) 


A relation may consist of a finite number of ordered pairs or an infinite number of ordered 
pairs. Furthermore, a relation may be defined by several different methods. 


e A relation may be defined as a set of ordered pairs. x y 


{(, 2), (-3, 4), (1, —4), (3, 4)} 


e A relation may be defined by a correspondence 4 
(Figure 2-28). The corresponding ordered pairs eee 


are {(1, 2), (1, —4), (—3, 4), (3, 4}. 


Domain Range 
Figure 2-28 
y 
A 
5 
e A relation may be defined by a graph (Figure 2-29). ( ae 4}-,4) @ 
The corresponding ordered pairs are {(1, 2), (—3, 4), : (1,2) 
(1, —4), G, 4}. \ 
Answers 5-4-3-2-1 [123 4 a 
2. {(Bear, 22.5), (Cat, 11), (Cow, 20.5), 2 
(Deer, 12.5), (Dog, 11), (Elephant, 35)} 3 
3. Domain: {Bear, Cat, Cow, Deer, Dog, ~4h--@-(1, —4) 
Elephant}; range: {22.5, 11, 20.5, “5 


12.5, 35} Figure 2-29 


[STUDY 
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¢ A relation may be expressed by an equation such as x= y’. 


The solutions to this equation define an infinite set of : 
ordered pairs of the form {(x, y) |x = y7}. The solutions can a =e 
also be represented by a graph in a rectangular coordinate ‘ 
system (Figure 2-30). isan Nia rik 
-2 
-3 
-4 
Figure 2-30 


EEE (Finding the Domain and Range of a Relation 


Write the relation as a set of ordered pairs. Then find the domain and range. 


a. x y b. 


Solution: 


a. From the figure, the relation defines the set of ordered pairs: 
{(3, —9), (2, —9), (-7, —9)} 


Domain: {3, 2,—-7} 
Range: {-9} 


b. The points in the graph make up the set of ordered pairs: 
{(-2, —3), (-l, 0), (0, 1), qd, 0), (2, —3)} 


Domain: {—2,-—1,0, 1,2} 
Range: {-3,0,1} 


Skill Practice Find the domain and range of the relations. 
5. 


Answers 

4. Domain: {—5, 2, 4}; 
range: {0, 8, 15, 16} 

5. Domain: {—4, 0, 1, 4}; 
range: {—5, —3, 1, 2, 4} 
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Answers 

6. Domain: [—4, 0] 
Range: [—2, 2] 

7. Domain: (—oo, 0] 
Range: (—oo, oo) 


Chapter 2. Linear Equations in Two Variables and Functions 


Finding the Domain and Range of a Relation 


Use interval notation to express the domain and range of the relation. 


b. 


a. y 
A 


> Xx 
p 10 —5 -4 -3 -2 -1 123 45 


Solution: 


The domain consists of an infinite number of 

x values extending from —8 to 8 (shown in red). 
The range consists of all y values from —5 to 5 
(shown in blue). Thus, the domain and range 
must be expressed in set-builder notation or in 
interval notation. 


Domain: [-8, 8] 
Range:  [-—5, 5] 


The arrow on the curve indicates that the graph 
extends infinitely far up and to the right. The 
open circle means that the graph will end at the 
point (4, —2), but not include that point. 


Domain: [0, co) 


(—2, 0) 


Range: 


Skill Practice Use interval notation to express the domain and range of the relations. 
6. Ts 


yy 
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3. Applications Involving Relations 


| Example5 | Analyzing a Relation 


The data in Table 2-5 depict the length of a woman’s femur and her corresponding 
height. Based on these data, a forensics specialist can find a linear relationship between 
height y (in inches) and femur length x (in centimeters): 


Table 2-5 


y=0.91x + 24 40<x<55 


From this type of relationship, the height of a woman can be inferred based on skeletal 
remains. 


45.5 65.5 


48.2 68.0 
41.8 62.2 
46.0 66.0 
50.4 70.0 


a. Find the height of a woman whose femur is 46.0 cm. 


b. Find the height of a woman whose femur is 51.0 cm. 


c. Why is the domain restricted to 40 < x < 55? 


Solution: 
a. y = 0.91x + 24 


= 0.91(46.0) + 24 Substitute x = 46.0 cm. 


= 65.86 The woman is approximately 65.9 in. tall. 


b. y= 0.91x + 24 
= 0.91(51.0) + 24 Substitute x = 51.0 cm. 


= 70.41 The woman is approximately 70.4 in. tall. 


c. The domain restricts femur length to values between 40 cm and 55 cm inclusive. 
These values are within the normal lengths for an adult female and are in the 
proximity of the observed data (Figure 2-31). 


Height of an Adult Female Based 
y on the Length of the Femur 


y= 0.91x +24 
70 
60K i : i — 


Height (in.) 
i 
7 


a a a a a a 
0 5 10 15 20 25 30 35 40 45 50 55 60 


Length of Femur (cm) 
Figure 2-31 


Skill Practice The linear equation, y = —0.014x + 64.5, for 1500 < x < 4000, relates 
the weight of a car, x (in pounds), to its gas mileage, y (in mpg). 

8. Find the gas mileage in miles per gallon for a car weighing 2550 Ib. 

9. Find the gas mileage for a car weighing 2850 lb. 
10. Why is the domain restricted to 1500 < x < 4000? 


Answers 
8. 28.8 mpg 9. 24.6 mpg 
10. The relation is valid only for cars 
weighing between 1500 Ib and 
4000 Ib, inclusive. 
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Section 2.5 Activity 


A.1. A set of ordered pairs of the form (x, y) is called a relation in x and y. Consider the relation {(—3, 1), (0, 4), (2, —5), 
te 
a. The domain of a relation is the set of ____ (choose one: x values, y values). 
b. Write the domain of the given relation. 
c. The set of y values from a relation is called the of the relation. 
d. Write the range of the given relation. 


A relation may be expressed as a figure, a table, or a graph. For Exercises A.2—A.3, 
a. Write the domain of the relation. 
b. Write the range of the relation. 


A.2. x y A.3. y 
— 7 
o- 4 
4 rs us 3 ct fe 
12 e 
e 1 
xX 
ees | Lee 
Oo 2 @ 
-» 
4 


A.4. Consider the relation shown in the graph. 
a. What is the leftmost x value in the graph? What is the rightmost x value? aS 
b. Because the graph has no “gaps” or “breaks,” every x value between the ee 


leftmost and rightmost value is accounted for. Write the domain in 
interval notation. 


ai 


c. What is the lowermost y value in the graph? What is the uppermost 
y value in the graph? 
d. Write the range of the relation in interval notation. 


A.5. Consider the relation shown in the graph. 
a. What does the open dot at the point (1, —1) represent? 


b. How far to the left does the graph extend? How far to the right does the 
graph extend? 


. Write the domain in interval notation. 


ie) 


d. What is the lowermost y value in the graph? Does the graph have an 
uppermost y value? 


e. Write the range of the relation in interval notation. yas 


ISTUDY 
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Practice Exercises | Section 2.5 


Study Skills Exercise 


It is always helpful to read the material in a section and make notes before it is presented in class. This will help reduce 
anxiety about new material. Refer to your class syllabus and identify the section that will be covered in your next class. 
Read the section in the text before the class meets to familiarize yourself with the material and terminology. As you 
preview the material, respond to the following in your own words: 


@ What is the section about? 
@ What concepts do you find challenging or confusing? 


© Write down at least one question to ask your instructor. 


Prerequisite Review 


For Exercises R.1—R.6, write the set in interval notation. 


Ree 6) RO eo) R3. {* jet 


R.A. {3 Sea R.5. {x]0.5 <x < 1.2} R.6. {x]0<x< 4.6} 


For Exercises R.7—R.12, estimate the coordinates of the given point. 
R.7. A R.8. B 
R.9. C R.10. D 
R11. E R.12. F 


Vocabulary and Key Concepts 


1. a. A set of ordered pairs (x, y) is called a ____ in x and y. 
b. The _____ of a relation is the set of first components in the ordered pairs. 
c. The _____ of a relation is the set of second components in the ordered pairs. 


Concept 2: Domain and Range of a Relation 


2. Explain how to determine the domain and range of a relation represented by a set of ordered pairs. 


For Exercises 3-14, 
a. Write the relation as a set of ordered pairs. 


b. Determine the domain and range. (See Examples 1-3.) 


Northeast 54.1 2 4 
Midwest 65.6 7 1 
West 70.7 5 1 
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*camiy | eam ae 


USSR 1961 
USA 1962 
Poland 1978 
Vietnam 1980 
Cuba 1980 


9. 
| 
11. y 
A 
5 
4 
30 
2 
e 1 
-54-3-2-1 | 92 tas 
-2 
Lg 
4 
= 
13. y 
5 
e 4 
3 
2 
10 e-@ 
x 
5432-1 | 12345 
2 e 
33 
-4 


10. 


12. 


14. 


Maine 1820 
Nebraska 1867 
Utah 1896 
Hawaii 1959 
Alaska 1959 

x y 


x 


5 
e--4 e 
3 
2 
1 
-§-4-3 9-1 1234 5 
—1 e 

~2 
33 

-4 e 
5 
¥ 
A 
5 
4 

e 3 e 
2 
1 
-5 -4 -3 -2 =i i 12345 

e ~2 
3 
-4 
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For Exercises 15-30, find the domain and range of the relations. Use interval notation where appropriate. (See Example 4.) 


15. 


16. 


a 


27. y 28. 
A A 
5 5 
4 e 4 
@3 3 
e 2 
@ 1 1 
@ >Xx e 
—-5 -4-3 -2-1 Pi 22. 33 —5 -4 -3 -2-1 2 
—1 ~1 @ 
2 e@ 2, 
3 3 
-4 4 


17. 


(—3, 2.8) 


(1.3, -2.1) 


29. y 


> 
123 45 


18. 


(-3.1, -1.8) 


> 
2345 
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Concept 3: Applications Involving Relations 


31. The table gives a relation between the month of the year and 


32. 


33. 


34. 


the average precipitation for that month for Miami, Florida. 
(See Example 5.) 


a. What is the range element corresponding to April? 
b. What is the range element corresponding to June? 


c. Which element in the domain corresponds to the least value 
in the range? 


d. Complete the ordered pair: (__, 2.66) 

e. Complete the ordered pair: (Sept., _) 

f. What is the domain of this relation? 

The table gives a relation between a person’s age and the person’s 
maximum recommended heart rate. 

a. What is the domain? 

b. What is the range? 


c. The range element 200 corresponds to what element in the 
domain? 


d. Complete the ordered pair: (50, ) 
e. Complete the ordered pair: (_, 190) 


Jan. 2.01 July 5.70 
Feb. 2.08 Aug. 7.58 
Mar. 23) Sept. 7.63 
Apr. 2.85 Oct. 5.64 
May 6.21 Nov. 2.66 
June @33) Dec 1.83 
Source: U.S. National Oceanic and Atmospheric 
Administration 
20 200 
30 190 
40 180 
50 170 
60 160 


The population of Canada y (in millions) can be approximated by the relation y = 0.35x + 30.7, where x represents 


the number of years since 2000. 


a. Approximate the population of Canada in the year 2010. 


b. In what year did the population of Canada reach approximately 37,350,000? 


The world record times for women’s track and field events are shown in the table. The women’s world record time 
y (in seconds) required to run x meters can be approximated by the relation y = 0.159x — 10.79. 


Digital Vision/Getty Images 


a. Predict the time required for a 500-m race. 


100 10.49 Florence Griffith 
Joyner (United States) 
200 Piles) Florence Griffith 
Joyner (United States) 
400 47.60 Marita Koch 
(East Germany) 
800 113.28 Jarmila Kratochvilova 
(Czechoslovakia) 
1000 148.98 Svetlana Masterkova 
(Russia) 
1500 230.07 Genzebe Dibaba (Ethiopia) 


b. Use this model to predict the time for a 1000-m race. Is this value exactly the same as the data value given in the 


table? Explain. 
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Expanding Your Skills 


35. 


36. 


37. 


38. 


39. 


40. 


a. Define a relation with four ordered pairs such that the first element of the ordered pair is the name of a friend and 
the second element is your friend’s place of birth. 


b. State the domain and range of this relation. 


a. Define a relation with four ordered pairs such that the first element is a state and the second element is 
its capital. 
b. State the domain and range of this relation. 


Use a mathematical equation to define a relation whose second component y is | less than 2 times the first component x. 
Use a mathematical equation to define a relation whose second component y is 3 more than the first component x. 
Use a mathematical equation to define a relation whose second component y is the square of the first component x. 


Use a mathematical equation to define a relation whose second component y is one-fourth the first component x. 


Introduction to Functions /Section 26 | 


1. Definition of a Function Concepts 


In this section, we introduce a special type of relation called a function. 


Definition of a Function 


1. Definition of a Function 
2. Vertical Line Test 
3. Function Notation 
4. Finding Function Values 


Given a relation in x and y, we say “y is a function of x” if, for each element x in the From a Graph 
domain, there is exactly one value of y in the range. 5. Domain of a Function 


Note: This means that no two ordered pairs may have the same first coordinate and 
different second coordinates. 


To understand the difference between a relation that is a function and a relation that is not 
a function, consider Example 1. 


| Example1 | Determining Whether a Relation Is a Function 


Determine which of the relations define y as a function of x. 


a. 


b. Cc. 


| ee a 
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Solution: 


a. This relation is defined by the set of ordered pairs 


same x 


{(1, 3), C1, 4), 2, -1), 3, -2)} 


different y values 
When x = 1, there are two possible range elements: y = 3 and y= 4. 
Therefore, this relation is not a function. 

b. This relation is defined by the set of ordered pairs {(1, 4), (2, —-1), (3, 2)}. 
Notice that no two ordered pairs have the same value of x but different 
values of y. Therefore, this relation is a function. 

c. This relation is defined by the set of ordered pairs {(1, 4), (2, 4), (3, 4)}. 
Notice that no two ordered pairs have the same value of x but different 


values of y. Therefore, this relation is a function. 


Skill Practice Determine if the relation defines y as a function of x. 
2. {(4, D)s ([5; 4), (0, 0), (8, 4)} 


3. {(—1, 6), (8, 9), (—1, 4), (—3, 10)} 


a 2. Vertical Line Test 
A relation that is not a function has at least one domain element x paired with more than 
oho else (4,2) one range value y. For example, the set {(4, 2), (4, —2)} does not define a function because 
1 Ser two different y values correspond to the same x. These two points are aligned vertically in 
aaa | 1s 3a 3 — the xy-plane, and a vertical line drawn through one point also intersects the other point (see 
2 (4, -2) Figure 2-32). If a vertical line drawn through a graph of a relation intersects the graph in 
3 more than one point, the relation cannot be a function. This idea is stated formally as the 
¥ vertical line test. 
Figure 2-32 


The Vertical Line Test 
Consider a relation defined by a set of points (x, y) in a rectangular coordinate sys- 


tem. The graph defines y as a function of x if no vertical line intersects the graph in 
more than one point. 


Answers 
1. Yes 2. Yes 3. No 
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The vertical line test can be demonstrated by graphing the ordered pairs from the relations 
in Example 1. 


a. {d, 3), (1, 4), (2, -1), 3, —2)} b. {(1, 4), (2, -1), (3, 2)} 
y » 
Ah A 
e) 5 
—— Intersects 
4 4 : 
more than | 
7 once 3 
2 : 2 : 
1 1 
>X xX 
“5-4-3-2-1 | I } 45 5 r4 3-2-1 | 34°55 
3 3 
4 a H wl 
5 5 
Not a Function Function 
A vertical line intersects No vertical line 
in more than one point. intersects more than once. 


| _Example2 | Using the Vertical Line Test 


Use the vertical line test to determine whether the relations define y as a function of x. 


a. b. 


y y 
A 4 
x > xX 
A 
Solution: 
a. y b. y 
4 A 
>xX XxX 
Not a Function Function 
A vertical line intersects No vertical line intersects 
in more than one point. in more than one point. 


Skill Practice Use the vertical line test to determine whether the relations define y as a 
function of x. 


4. 


De 


Answers 
4. Yes 5. No 
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Avoiding Mistakes 


Be sure to note that f(x) is notf-x. 


3. Function Notation 


A function is defined as a relation with the added restriction that each value in the domain 
must have only one corresponding y value in the range. In mathematics, functions are often 
given by rules or equations to define the relationship between two or more variables. For 
example, the equation y = 2x defines the set of ordered pairs such that the y value is twice 
the x value. 

When a function is defined by an equation, we often use function notation. For exam- 
ple, the equation y = 2x may be written in function notation as 


F(x) = 2x e fis the name of the function. 
e xis an input value from the domain of the function. 
e f(x) is the function value (y value) corresponding to x. 


- The notation f(x) is read as “fof x” or “the value of the function fat x.” 


A function may be evaluated at different values of x by substituting x values from 
the domain into the function. For example, to evaluate the function defined by f(x) = 2x at 
x = 5, substitute x = 5 into the function. 


fl) = 2x 
ul #(5)=10 can be 
(5) = 2(5) interpreted as the ordered 
f6) = 10 pair (5, 10). 
Thus, when x = 5, the corresponding function value is 10. We say: 
° fof5is 10. 
e fat5S is 10. 


e fevaluated at 5 is 10. 


The names of functions are often given by either lowercase or uppercase letters, such 
as f, g, h, p, K, and M. The input variable may also be a letter other than x. For example, 
y = P(t) might represent population as a function of time. 


| Example 3 | Evaluating a Function 


Given the function defined by g(x) = 4x — 1, find the function values. 


a. g(0) b. g(2) c. g(4) d. g(—2) 
Solution: 
(x) = dy —1 b. g(%) = oi -—1 
a. 8X) = 5) » &O = 5 
(0) = 1) —1 (2) = *(2) =1 
pn = ore g 
es | -0 
We say that “g of 0 is —1.” We say that “g of 2 is 0.” 
This is equivalent to the ordered This is equivalent to the ordered 


pair (0, —1). pair (2, 0). 
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c. ga) =5x- 1 d. ga) =5x-1 
4 =44)-1 (-2)=4(-2)-1 
ce 9 
=1 =3 
We say that “g of 4 is 1.” We say that “g of —2 is —2.” 
This is equivalent to the ordered This is equivalent to the ordered 
pair (4, 1). pair (—2, —2). 


Skill Practice Given the function defined by f(x) = —2x — 3, find the function values. 


6. f(1) 7. f(O) 8. f(—3) 9. (5) 


a 


g(x) =43x-1 


In Example 3, notice that g(0), g(2), g(4), and g(—2) correspond to the ordered pairs 

(0, —1), (2, 0), (4, 1), and (—2, —2). In the graph, these points “line up.” The graph of all 

ordered pairs defined by this function is a line with a slope of 4 and y-intercept of (0, —1) 

(Figure 2-33). This should not be surprising because the function defined by g(x) =4x- 1 

is equivalent to y=4x— 1. rs: 
A function may be evaluated at numerical values or at algebraic expressions, as shown “5 

in Example 4. Figure 2-33 


Senate Evaluating Functions 


Given the functions defined by f(x) = x? — 2x and g(x) = 3x +5, find the function 


FE nNwWwRYN 


-5 4-3-2 -1 


2 


values. 
a. f(t) b. g(w +4) c. f(-1) 
pour FOR REVIEW 
a. f(x) = x — 2x 
Remember to use parentheses when 
fO= (t) — 2(f) Substitute x = ¢ for all values of x in the function. substituting values into an expres- 
sion. For example, the use of paren- 
= f-2t Simplify. theses in the expression 3(w + 4) + 
5 reminds us to multiply 3 by both 
b. g(x) = 3x+5 w and 4. 
gwt+4) =3(w+4)4+5 Substitute x = w + 4 for all values of x in the function. 
= 3w+12+4+5 
=3w+17 Simplify. 
c. f(x) =x —2x Substitute —r for x. 
f(-) = (-0° - 2-9) 
=fP+2t Simplify. 


Skill Practice Given the function defined by g(x) = 4x — 3, find the function values. 
10. g(a) 11. gaxth) 12. g(-x) 


Answers 


6. —5 7. -3 8. 3 9. —4 
10. 4a -3 11. 4x+4h-3 
12. —4x —3 
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Answers 

13. 3 14. 1 

15. not defined 

16. x=—4andx=4 
17. x=—-5 


4. Finding Function Values From a Graph 


We can find function values by looking at the graph of a function. The value of f(a) refers 
to the y-coordinate of a point with x-coordinate a. 


| Example | Finding Function Values From a Graph 


Consider the function pictured in Figure 2-34. ha) 
a. Find h(—1). y =h(x) : 
b. Find h(2). 

c. Find h(5). 


d. For what value of x is h(x) = 3? 


e. For what values of x is h(x) = 0? -4 
-5 
Solution: Figure 2-34 
a. h(-—1) =2 From the graph, when x = —1, the function 


value (y value) is 2. 
This corresponds to the ordered pair (—1, 2). 


b. h(2)=1 From the graph, when x = 2, the function value 
(y value) is 1. 
This corresponds to the ordered pair (2, 1). 


c. A(5) is not defined. The open dot at (5, —1) indicates that 5 is not 


in the domain. 


d. A(x)=3 forx=—-4 We want to find the x value(s) that correspond 


to a function value (y value) of 3. This 
corresponds to the ordered pair (—4, 3). 


e. h(x)=0 forx=-—3andx=4 We want to find the x value(s) that correspond 
to a function value (y value) of 0. 
These correspond to the ordered pairs (—3, 0) 
and (4, 0). 


Skill Practice Refer to the function graphed here. 
13. Find f(0). 

14. Find f(—2). 

15. Find (5). 

16. For what value(s) of x is f(x) = 0? 

17. For what value(s) of x is f(x) = —4? 


5. Domain of a Function 


A function is a relation, and it is often necessary to determine its domain and range. Con- 
sider a function defined by the equation y = f(x). The domain of fis the set of all x values 
that when substituted into the function produce a real number. The range of fis the set of 
all y values corresponding to the values of x in the domain. 

To find the domain of a function defined by y = f(x), keep these guidelines in mind. 


e Exclude values of x that make the denominator of a fraction zero. 
e Exclude values of x that make the expression within a square root negative. 
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Finding the Domain of a Function 


Write the domain in interval notation. 


x+7 x-4 
a. = b. A(x) = ——— 
fay=5 ==, 
c. k(t) = Vt+4 d. gf=f -3t 
Solution: 
a. f(x) = . = will not be a real number when the denominator is zero, that is, when 
x — 
2x-1=0 
2x = 1 
x= 5 The value x = + must be excluded from the domain. 


ie 


-6 -5 -4-3 -2-1 012 3 4 5 6 


The number line indicates that the domain consists of two intervals, (—oo, 4) and 
(4, co). We use the notation U to combine the two intervals. The symbol U stands 
for union. The union of two intervals consists of all the numbers in the first inter- 
val, along with all the numbers in the second interval. 


: 1 1 
Interval notation: (-<, =) U (5 fore) 


b. For h(x) = eet the quantity x° is greater than or equal to 0 for all real numbers x, 
x 


and the number 9 is positive. The sum x” + 9 must be positive for all real numbers x. 
The denominator will never be zero; therefore, the domain is the set of all real 
numbers. 


Interval notation: (—oo, 00) 
-6 -5 -4-3 -2-1 0 12 3 4 5 6 


c. The value of the function defined by k(t) = Vt+ 4 will not be a real number when 
the expression within the square root is negative. Therefore, the domain is the set 
of all ¢ values that make ¢ + 4 greater than or equal to zero. 

t+4>0 
t>-4 


Interval notation: [—4, co) 
-6 -5 -4-3-2-1 0 12 3 4 5 6 


d. The function defined by g(t) = ? — 3r has no restrictions on its domain because 
any real number substituted for ¢ will produce a real number. The domain is the 
set of all real numbers. 


————e—e—e——OO Ee Interval notation: (—co, co) 
-6 -5 -4-3 —-2-1 0 12 3 4 5 6 


Skill Practice Write the domain in interval notation. 


_ 2x41 2S) 
18. f(x) = 70 19, (=a 
20. g(x) = Vx-2 21. h(x) =x4+6 
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FOR REVIEW 


Recall that with interval notation, 
curved parentheses, ( or ), indicate 
that the endpoints are not included 
in the interval. On the other hand, 
square brackets, [ or ], indicate that 
the endpoints are included. 


Answers 
18. (—00, 9) U (9, 00) 19. (—co, co) 
20. [2, 00) 21. (—o0, co) 
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Section 2.6 Activity 


A.1. Given a set of ordered pairs, how can you determine whether the relation defines y as a function of x? 


For Exercises A.2—A.3, consider the given relation. 
a. Do any two ordered pairs have the same x value but different y values? 
b. Is the relation a function? 
A.2. CS), Ib) @, 4), (2, 6), Gar 2 (0, —3)} 
A.3. {(—1, 6), (2, 11), (8, 6), (—3, 1), (0.4, —0.5)} 


A.4. a. For the graph given, draw a vertical line through the point (4, 2). 
Does the vertical line intersect the graph at any other point? 


y, 


b. Does this graph define y as a function of x? 


BE 


c. Using this example, explain how the vertical line test is used to a Is 2.4 48. O08 


determine if a graph defines y as a function of x. = 


A.5. Consider the equation y = 2x + 1. 
a. If x = 3, what is the corresponding y value? 
b. Write the result of part (a) as an ordered pair (x, y). 


A.6. Consider the function defined by f(x) = 2x + 1. 
a. Find f(3). That is, evaluate the function for x = 3 by substituting 3 for x. 
b. Write the result of part (a) as an ordered pair (x, y). 
c. Refer to Exercise A.5 and compare the results. 


A.7. Given g(x) = 1 find the function values if possible. 
a= 


a. 9(2) b. g(—3) 
c. (0) d. g(1) 


A.8. Refer to g@) = from Exercise A.7. 


x= Il 
a. What value(s) of x must be excluded from the domain of g? Why? 
b. Write the domain of g in interval notation. 


A.9. Given h(x) = Vx + 2, find the function values if possible. 
a. h(-1) b. (2) 
c. (7) d. h(-6) 
A.10. Refer to h(x) = Vx +2 from Exercise A.9. 


a. The square root of a negative number is not a real number. Therefore, what restrictions 
must be imposed on x? 


b. Write the domain of / in interval notation. 


A.11. Consider the function defined by f(x) = x° — 3x + 4. Find the function values. 
a. f(—2) b. f(O c. f(at+2) 
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Practice Exercises | Section 2.6 


Prerequisite Review 
For Exercises R.1—R.4, substitute the given value of x. Then solve for y. 
R.1. y=—-2x-4;x=6 R.2. y=5x-10;x=-2 
R.3. y= 2x —4x+1;x=-2 R.4. y=3xr4+x-4:x=-1 
For Exercises R.5—R.8, determine the values of x for which the expression is undefined. 


Re Ro = 
= 5) x+1 


Ryo Eee 


x9 x” — 25 
For Exercises R.9-R.12, express the set in interval notation. 


R.9, ——_—__—> Ri: ee 
4 -3 


R.11. ————————— | R.12. —— — 
=6 =) =2 = 


For Exercises R.13—R.16, solve the inequality. Write the solution set in interval notation. 


105 I i al) R.14. 5x+120 
R15. 4-—x>0 R16. -3-x>0 


Vocabulary and Key Concepts 


1. a. Given a relation in x and y, we say that yisa______————_ of x if for each element x in the domain, there is 
exactly one value of y in the range. 


b. Ifa____________line intersects the graph of a relation in more than one point, the relation is not a function. 
c. Function notation for the equation y = 2x + 1 is fx) = 


d. Given a function defined by y = f(x), the set of all _____ that produce a real number when substituted into 
a function is called the domain of the function. 


e. The set of all_____~—~—_—s corresponding to x values in the domain is called the range of a function. 


f. To find the domain of a function defined by y = f(x), exclude any values of x that make the _____ ofa 
fraction equal to zero. 


g. To find the domain of a function defined by y = f(x), exclude any values of x that make the expression within a 
square root 


For Exercises 2—4, consider the functions defined by f(x) = x + 2, g(x) = 2x, and h(x) = x°. Fill in the blank with fg,orh 
based on the description of the function. 


2. Function ___________ doubles the values of x from its domain. 
3. Function ____________ squares the values of x from its domain. 


4. Function _________ increases by two the values of x from its domain. 
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Concept 1: Definition of a Function 


For Exercises 5-10, determine if the relation defines y as a function of x. (See Example 1.) 


5, Xx y 6. Xx y 7. 
_— | 
_ 
8. ‘ , 9. {(1,2), (3, 4), (5,4), (—9, 3)} 10. { 0. -1.1), (5 8), (1.1, 8), (4.5)} 
, 


Concept 2: Vertical Line Test 


For Exercises 1 1—16, use the vertical line test to determine whether the relation defines y as a function of x. (See Example 2.) 


11. y 12. ) 13. y 
; A A 
14. i 15. y 16. y 
A A 
Concept 3: Function Notation 
For Exercises 17-20, consider a function defined by y = f(x). 
17. Interpret the meaning of f(2) =5. 18. Interpret the meaning of f(—7) = 8. 


19. Write the ordered pair represented by f(0) = —2. 20. Write the ordered pair represented by f(—10) = 11. 
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Consider the functions defined by f(x) = 6x-—2, g(x) =—x°— 4x41, A(x) =7, and k(x) = |x — 2]. For Exercises 21-52, 
find the following. (See Examples 3-4.) 


21. 9(2) 22. k(2) 23. (0) 24. h(0) 
25. (0) 26. (0) 27. f() 28. g(a) 
29. h(w) 30. k(v) 31. g(-3) 32. h(—5) 
33. k(—2) 34. f(-6) 35. f(x+1) 36. h(x +1) 
37. g(2x) 38. k(x — 3) 39. g(-z) 40. g(a’) 
41. h(a +b) 42. f(x +h) 43. f(-a) 44, g(—b) 
45. k(-c) 46. h(x) 47. t(5) 48. (3) 
49, n(=) 50. (5) 51. f(-2.8) 52. k(-5.4) 


Consider the functions p = {(4, 6), (2, -7), (1, 0), (3, 2z)} and g = {(6, 4), (2, -5), (4, 4), (0, 9)}. For Exercises 53-60, find the 
function values. 


53. p(2) 54. p(1) 55. p(3) 56. (5) 
57. (2) 58. (3) 59. (6) 60. 4(0) 


Concept 4: Finding Function Values From a Graph 
61. The graph of y = f(x) is given. (See Example 5.) 

. Find f(0). 

. Find f(3). 

. Find f(—2). 


c 
d. For what value(s) of x is f(x) = —3? 


as © 


e. For what value(s) of x is f(x) = 3? 


f. Write the domain of f. 


g. Write the range of f- 


62. The graph of y = g(x) is given. y 


5 
a. Find g(-1). ; y= g(x) 
b. Find g(1). Vana 
c. Find g(4). -5-4-3-2-1 | 1 23 4 5 
d. For what value(s) of x is g(x) = 3? 2 
~3 
e. For what value(s) of x is g(x) = 0? od 


f. Write the domain of g. 


g. Write the range of g. 
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63. 


64. 


65. 


66. 
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The graph of y = A(x) is given. , 

A 
a. Find H(-3). eu ab 
b. Find H(4). 

1 
c. Find AH(3). x 

—5 4-3-2 -1 12 3 4 5 
d. For what value(s) of x is H(x) = 3? ~2 
3 

e. For what value(s) of x is H(x) = 2? a 
f. Write the domain of H. 
g. Write the range of H. 
The graph of y = K(x) is given. y 


a. 


b. 


ie) 


e. 
f. 
g. 
The graph of y = p(x) is given. 
a. 
b. 
. Find p(t). 


ie) 


Q 


e. 
f. 
g. 
The graph of y = q(x) is given. 
a. Find q(3). 
b. 

. Find q(2). 


ie) 


Q 


d. 


. For what value(s) of x is p(x) = 0? 


. For what value(s) of x is g(x) = —4? 


. For what value(s) of x is g(x) = 3? 


Find K(0). 

Find K(-—S). 

Find K(1). 

For what value(s) of x is K(x) = 0? =e 
3 
4 

For what value(s) of x is K(x) = 3? 3% 


Write the domain of K. 


Write the range of K. 


Find p(2). 
Find p(-1). 


For what value(s) of x is p(x) = —2? 


Write the domain of p. 


Write the range of p. 


Find g(-1). 


. Write the domain of q. 


. Write the range of q. 


Section 2.6 Introduction to Functions 


For Exercises 67-76, refer to the functions y = f(x) and y = g(x), defined as follows: 


f2135hC1 4.023} 
g = {(0, 6), (2, 6), (6, 0), (1, O)} 


67. Identify the domain of f. 68. Identify the range of f. 

69. Identify the range of g. 70. Identify the domain of g. 

71. For what value(s) of x is f(x) =5? 72. For what value(s) of x is f(x) = —3? 
73. For what value(s) of x is g(x) = 0? 74, For what value(s) of x is g(x) = 6? 
75. Find f(—7). 76. Find g(0). 


Concept 5: Domain of a Function 


77. Explain how to determine the domain of the function defined by f(x) = sas = 


x-2 


78. Explain how to determine the domain of the function defined by g(x) = Vx —- 3. 


For Exercises 79-94, find the domain. Write the answer in interval notation. (See Example 6.) 


#73 Broo) eae all) 
79. =o 80. mx) ="—7 81. fi) ; 82. 2(t) : 
83. hp) = 2" 84. nip) = 248 85. h(t) = Vi+7 86. k() = Vi=5 
pti p +2 
87. fia = Va-3 88. g(a) = Vat+2 89. mx) = V1 -— 2x 90. n(x) = V 12 - 6x 
91. p(t) =2P +t-1 92. qi=F+t-1 93. f(xs)=x+6 94. g(x) =8x-a2 


Mixed Exercises 


95. The height (in feet) of a ball that is dropped from an 80-ft building is given by h(t) = —16f° + 80, where t is the time 


in seconds after the ball is dropped. 
a. Find A(1) and A(1.5). 


b. Interpret the meaning of the function values found in part (a). 


96. A ball is dropped from a 50-m building. The height (in meters) after t seconds is given by h(t) = —4.9P + 50. 


a. Find A(1) and A(1.5). 


b. Interpret the meaning of the function values found in part (a). 


97. If Alicia rides a bike at an average speed of 11.5 mph, the distance that she rides can be represented by d(f) = 11.52, 


where tf is the time in hours. 
a. Find d(1) and d(1.5). 


b. Interpret the meaning of the function values found in part (a). 
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98. Brian’s score on an exam is a function of the number of hours he spends studying. The function defined by 


2 
P(x) = ee 5 (x 2 0) indicates that he will achieve a score of P% if he studies for x hours. 
50 +x 
Student Score (Percent) as a 
Evaluate P(0), P(5), P10), P15), P(20), and P(25) and confirm the ion Function of Study Time 
values on the graph. (Round to one decimal place.) Interpret P(25) 90K 
in the context of this problem. = a 
5 60h 
3 50;- 
& 40 
30;- 
20}- 
a | l l l ie 
5 10 15 20 25 30 
Study Time (hr) 
For Exercises 99-102, write a function defined by y = f(x) subject to the conditions given. 
99. The value of f(x) is three more than two times x. 100. The value of f(x) is four less than the square of x. 
101. The value of f(x) is ten less than the absolute 102. The value of f(x) is sixteen times the square root 


value of x. of x. 


Technology Connections 


103. Graph k(t) = Vt—5. Use the graph to support your 104. Graph A(t) = Vt+7. Use the graph to support your 


answer to Exercise 86. answer to Exercise 85. 


Expanding Your Skills 


For Exercises 105-106, write the domain in interval notation. 


105. g(x) = aS 106. p(x) = = 


ELA Graphs of Functions 


Concepts 1. Linear and Constant Functions 

1. Linear and Constant A function may be expressed as a mathematical equation 
Functions that relates two or more variables. In this section, we will 

2. Graphs of Basic Functions look at several elementary functions. 

3. Definition of a Quadratic Recall that the graph of an equation y=k, where k is 
Function a constant, is a horizontal line. In function notation, this 

4. Finding the x- and can be written as f(x) =k. For example, the graph of the 
y-Intercepts of a Graph function defined by f(x) = 3 is a horizontal line, as shown in 
Defined by y = f(x) Figure 2-35. 


We say that a function defined by f(x) = k is a constant 
function because for any value of x, the function value is 
constant. 


-5 


Figure 2-35 


Section 2.7. Graphs of Functions 


An equation of the form y= mx + b is represented graphically by a line with slope 
mand y-intercept (0, b). In function notation, this may be written as f(x) = mx + b. A func- 
tion in this form is called a linear function. For example, the function defined by 
F(x) = 2x — 3 is a linear function with slope m = 2 and y-intercept (0, —3) (Figure 2-36). 


Linear Functions and Constant Functions 


Let m and b represent real numbers such that m 4 0. Then 


A function that can be written in the form f(x) = mx + bis a linear function. 
A function that can be written in the form f(x) = D is a constant function. 


Note: The graphs of linear and constant functions are lines. 


2. Graphs of Basic Functions 


At this point, we are able to recognize the equations and graphs of linear and constant 
functions. In addition to linear and constant functions, the following equations define six 
basic functions that will be encountered in the study of algebra: 


Equation Function Notation Type of Function 
y=x f(n=x Identity function 
y=xr fx) =x Quadratic function 
y=x fax Cubic function 

equivalent function 
y= |x| : ~ f(x) = |x| Absolute value function 
notation 
y= Vx fo) = Vx Square root function 
1 1 : ‘ 
y= fw=- Reciprocal function 
x x 


The graph of the function defined by f(x) = x is linear, with slope m = | and y-intercept 
(0, 0) (Figure 2-37). 

To determine the shapes of the other basic functions, we can plot several points to 
establish the pattern of the graph. Analyzing the equation itself may also provide insight 
into the domain, range, and shape of the graph. To demonstrate this, we will graph f(x) = 
x and g(x) = 4. 


| Example1 | Graphing Basic Functions 


Graph the function defined by f(x) = x’. 


Solution: 


The domain of the function given by f(x) =x (or equivalently y = x”) is all real numbers. 

To graph the function, choose arbitrary values of x within the domain of the 
function. Be sure to choose values of x that are positive and values that are negative to 
determine the behavior of the function to the right and left of the origin (Table 2-6). The 
graph of f(x) =x? is shown in Figure 2-38. 


Figure 2-36 


Figure 2-37 
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Answers 
4, 
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5 4-3 -2— 


5 


h(x) 
A 


xX 


123 4 5 


f@=-x 


. A(x) =1 1 
4 (x) = lx] — 


The function values are equated to the square of x, so f(x) will always be greater 
than or equal to zero. Hence, the y-coordinates on the graph will never be negative. The 
range of the function is [0, co). The arrows on each branch of the graph imply that the 
pattern continues indefinitely. 


Table 2-6 fla) 
essa r 
0) 0 8 
1 1 : 
D 4 lon OS 
3 9 : 
-1 1 2 
1 
—s) 4 x 
S10 toe oy 123.4 5° 6 7 
3 9 » 


Figure 2-38 


Skill Practice 
1. Graph f(x) = —x’ by first making a table of points. 


| Example2_| Graphing Basic Functions 


Graph the function defined by g(x) = = 
x 
Solution: 
g(x) = Z Notice that x = 0 is not in the domain of the function. From the 


equation y = 4, the y values will be the reciprocal of the x values. 
The graph defined by g(x) = + is shown in Figure 2-39. 


8x) 
+ [awed 
1 1 $ 2 
2 2 4 3 
3 4 1 4 
-1 1 
=F = 
=) =1 = % 
5 ; 3 Figure 2-39 
= 73 
ai =A 


Notice that as x approaches co and —oo, the y values approach zero, and the graph 
approaches the x-axis. In this case, the x-axis is called a horizontal asymptote. Similarly, 
the graph of the function approaches the y-axis as x gets close to zero. In this case, the 
y-axis is called a vertical asymptote. 


Skill Practice 
2. Graph h(x) = |x| — 1 by first making a table of points. 
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Summary of Six Basic Functions and Their Graphs 


Function Graph Domain and Range 


1. f®) =x 


Domain (—oo, co) 


Identity function 


o KE) = x 


Quadratic function 


oy 


Range (—oo, oo) 


Domain (—oo, co) 


Range [0, co) 


* 


a, ea 


Domain (—oo, co) 


Cubic function Range (—oo, co) 


4. fy = (a Domain (—oo, oo) 
Absolute value Range [0, co) 
function x 
is Ve Domain [0, co) 
Square root Range [0, co) 
function x 
1 : 
CI Domain (—oo, 0) U (0, 0) i) |= Recall that the 


symbol U means the 
combination (or union) of 
the two intervals. 


Reciprocal function Range (—oo, 0) U (0, co) 


Bd 


tt kt EK 


The shapes of these six graphs will be developed in the homework exercises. These 
functions are used often in the study of algebra. Therefore, we recommend that you 
associate an equation with its graph and commit each to memory. 


3. Definition of a Quadratic Function 


In Example 1 we graphed the function defined by f(x) = x by plotting points. This function 
belongs to a special category called quadratic functions. 


Definition of a Quadratic Function 
A quadratic function is a function defined by 


f@=ar+bxt+c where a, b, and c are real numbers and a £ 0. 
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The graph of a quadratic function is in the shape of a parabola. The leading coefficient, a, 

determines the direction of the parabola. 

e Ifa>O, then the parabola opens upward, and the vertex is the minimum point on the 
parabola. For example, the graph of f(x) =x? is shown in Figure 2-40. 

e Ifa<0, then the parabola opens downward, and the vertex is the maximum point on the 
parabola. For example, the graph of f(x) = —x’ is shown in Figure 2-41. 


5 
4 
3p f@) =P 
2 : 
: Vertex 
S433 [12 3 4 5° ed 
-2 
3 
-4 
-5 
Figure 2-40 Figure 2-41 


| Example 3 | Identifying Functions 


Identify each function as linear, constant, quadratic, or none of these. 


a. f(x) =—4 b. fa) =22 43x42 c.f) =7—2x 
Fe (Ca & Ayele2 

8 x 
Solution: 


a. f(x) = —4 is a constant function. It is in the form f(x) = b, where b = —4. 


b. f(x) = xv +3x4+2isa quadratic function. It is in the form 
f(x) = ax’ + bx +c, where a $0. 


c. f(x) = 7 — 2x is linear. Writing it in the form f(x) = mx + b, we get 
f(x) = -2x +7, where m= —2 and b=7. 


d. f(x) = a : is linear. Writing it in the form f(x) = mx + b, we get 
4x 8 
=—+— 
fHasts 


= 5x+ 1, where m= 5 and b= 1, 


6 5 ; : ae ‘ 
e. f(x) =—+ 2 fits none of these categories because the variable is in the denominator. 
x 


Skill Practice Identify each function as constant, linear, quadratic, or none of these. 


3. m(x) = —2x° — 3x+7 4. n(x) =-6 
4 1 4 1 
5. Wa) ==x-= 6. Ra) =—-—-= 
Answers 3 2 3x 2 
3. Quadratic 
4. Constant 
5. Linear 


6. None of these 
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4. Finding the x- and y-Intercepts of a Graph 
Defined by y = f(x) 


We have already learned that to find an x-intercept, we substitute y=0 and solve the 
equation for x. Using function notation, this is equivalent to finding the real solutions of 
the equation f(x) = 0. To find the y-intercept, substitute x = 0 and solve the equation for y. 
In function notation, this is equivalent to finding f(0). 


Finding Intercepts Using Function Notation 
Given a function defined by y = f(x), 


Step 1 The x-intercepts are the real solutions to the equation f(x) = 0. 
Step 2 The y-intercept is given by f(0). 


Finding x- and y-Intercepts 


Given the function defined by f(x) = 2x — 4: 
a. Find the x-intercept(s). 
b. Find the y-intercept. 


c. Graph the function. 


Solution: 
a. To find the x-intercept(s), find the real solutions to the equation f(x) = 0. 


ff) =2x-4 


0 =2x-4 Substitute f(x) = 0. 
4=2x , 
2=x The x-intercept is (2, 0). st 
b. To find the y-intercept, evaluate f(0). ; 
f(O) = 2(0) — 4 Substitute x = 0. SA32-1, are 
S(O) = -4 The y-intercept is (0, —4). -2 


f(x) = 2x-4 
c. This function is linear, with a y-intercept of (0, —4), an x-intercept of (2, 0), and a 


slope of 2 (Figure 2-42). 


Figure 2-42 
Skill Practice Consider f(x) = —5x + 1. 
7. Find the x-intercept. Answers 
8. Find the y-intercept. 7. (4,0) 8. (0,1) 


9. Graph the function. 9. 
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| Example5 | Finding x- and y-Intercepts 


For the function pictured in Figure 2-43, estimate 


a. The real values of x for which f(x) = 0. 


b. The value of f(0). 


Figure 2-43 


Solution: 


a. The real values of x for which f(x) = 0 are the x-intercepts of the function. For this 
graph, the x-intercepts are located at x = —2,x =2, andx=3. 


b. The value of f(0) is the value of y at x = 0. That is, f(O) is the y-intercept, f(0) = 6. 


Skill Practice Use the function pictured. 


10. a. Estimate the real value(s) of x for 
which f(x) = 0. 
b. Estimate the value of f(0). 


Answer 
10. a. x=—2,x=1,andx=4 
b. f(0) =4 


Section 2.7 Activity | 


For Exercises A.1—A.3, 
a. Identify the graph of the equation as representing a slanted line, a horizontal line, a vertical line, or a parabola. 
b. Write the equation using function notation y = f(x). 
c. Identify the function as being a constant function (characterized by a horizontal line), a linear function (slanted 
line), or a quadratic function (parabola). 
Al. y=-3x—-—2 
A.2. y=5 
A3. y=x°— 4x43 
A.4. Given the function defined by fa) = —3x — 2, 
a. Explain how to find the x-intercept. 
b. Find the x-intercept. 
c. Explain how to find the y-intercept. 
d. Find the y-intercept. 
For Exercises A.5—A.6, identify the x- and y-intercepts for the function defined by y = fq). 
A.5. f(x) =5 
A6. f(x) =x — 4x43 
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Practice Exercises | Section 2.7 


Prerequisite Review 
For Exercises R.1-R.4, state whether the equation represents a slanted line, a horizontal line, or a vertical line. 


oi She) R.2. y-—3=5 
R.3. 3x-—7y= 14 R.4. ye-px-4 


For Exercises R.5—R.8, find the x- and y-intercepts and graph the equation. 


R.5. ys-dx+3 R.6. ye-px-1 


yy 
ry 


Vocabulary and Key Concepts 


1. a. A function that can be written in the form f(x) = mx+b,m#0,isa______ function. 
b. A function that can be written in the form f(x) = b is a ________ function. 
c. A function that can be written in the form f(x) = ax* + bx +c,a #0, isa ________ function. 


d. The graph of a quadratic function is in the shape of a 


e. To find the x-intercept(s) of a graph defined by y = f(x), find the real solutions to the equation 
fQ)= : 


f. To find the _____-intercept of a graph defined by y = f(x), evaluate f(0). 


Concept 1: Linear and Constant Functions 


2. Given f(x) = 4, find the function values. 


a. f(1) b. f(2) ce. f(3) 
3. Given g(x) = —3, find the function values. 


a. g(1) b. g(2) c. (3) 
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4. Given h(x) = 4x, find the function values. 

a. h(1) b. h(2) c. h(3) 
5. Given k(x) = —3x, find the function values. 

a. k(1) b. k(2) c. k(3) 
6. Refer to functions f, g, h, and k from Exercises 2—5. 


a. Which functions are linear? 


b. Which functions are constant? 


. Fill in the blank with the word vertical or horizontal. The graph of a constant function is a line. 
. For the linear function defined by f(x) = mx + b, identify the slope and y-intercept. 


. Graph the constant function f(x) = 2. Then use 10. Graph the linear function g(x) = —2x + 1. 


the graph to identify the domain and Then use the graph to identify the domain and 
range of f. range of g. 


>X 
—5 -4 -3 -2-1 123 4 5 


Concept 2: Graphs of Basic Functions 


For Exercises 11-16, sketch a graph by completing the table and plotting the points. (See Examples 1-2.) 


11. 


13. 


1 
fx) =— 12. g(x) = |a| 
x 
y y 
A A 
5 25 
= | fo + [fe = | ee : 
3 63 
—2 5 2 -2 2 
; 1 = a 
-1 2 >x psp me 
-5 4-3-2 -1 123-45 -5 4-3-2 -1 12345 
al 1 : ral 0 : 1 
2 a 9 a _ 
1 2) 3 Ee ng 
4 =4 2 4 
-5 —__1—_§__ -5 
a= , 14. k(x) =x , 
h a 
10 “5 
Ee Ee 
6 63 
Pace) 4 iret | Sa) 2 
-1 zi -l = 
>x = 
-10-8 —6 -4 — 246810 . °»4[7m 54 3K 12345 
0 10-8 6-4-2 0 rere 
SS ~ fo SS] Lad 
1 i ona | 1 : 3 
2 8 2 fod 


-10 ES —5 


15. ga=x 


FENwW RY 


> Xx 
12 3.4 5 


Concept 3: Definition of a Quadratic Function 
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16. p(x) = Vx 


> Xx 
2 4 6 8 10 12 14 16 18 


For Exercises 17—28, determine if the function is constant, linear, quadratic, or none of these. (See Example 3.) 


17. fe) =2x° + 3x41 


21. mi) =5 


1 


25. (x) = a +g 


Concept 4: Finding the x- and y-Intercepts of a Graph Defined by y = f(x) 
For Exercises 29-36, find the x- and y-intercepts, and graph the function. (See Example 4.) 


29. f(x) =5x—- 10 


18. 9(x) =x +4x4 12 


22. n(x) = 0.8 


26. r(x) = = -3 


> xX 
2 4 6 8 10 


=§:-4:-3' 9/51 


> 
12345 


x 


19. k(x) =-3x-7 


2 1 
23. P(x) = 3x. + 4 


27. w(x) = V4—-—x 


30. f(x) =—3x+ 12 


a 


x 


14 
12 
10 
8 
6 
4 
2. 
> xX 
-10-8 a neimra) 2 4 6 8 10 
-4 
-6 
33. f(x) = 18 
; 
A 
20 
16 
12, 
8 
4 
7 
ia lesiecieg ses ax ae 12. 3-4 5 
-8 
+12. 
+16 


20. h(x) =—-x-3 


24. O(x) = * = 


28. T(x) =-|x+ 10| 


31. g(x) =-6x4+5 


5 
4 
3 
2 
1 
gs 
5-4-3-2-1 [1234 5 
2 
3 
-4 
-5 
34. g(x) =-7 
¥ 
r 
10 
8 
6 
4 
2 
*. 
12345 


x 


x 
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2 3 
35. g(x) = 3° +2 36. h(x) = 5% -—3 
y y 
A A 
5 5 
4 4 
3 3 
2 2 
1 
—5 —4 -3 -2 me L 23. 4 rie -5 -—4 -3 -2 aly 123 4 5 
—2 —2 
—3 —3 
= 4 
5 —5 


For Exercises 37-42, use the graph to estimate 


a. The real values of x for which f(x) = 0. b. The value of (0). (See Example 5.) 
37. 38. 39. 
y=fQ) 
2345 
40. 41. 1 42. 
5 
ee =f) 
a9 =43 =2 <1 12 3 4 a 
~2 
3 


Mixed Exercises 

For Exercises 43—52, 
a. Identify the domain of the function. 
b. Identify the y-intercept. 


c. Match the function with its graph by recognizing the basic shape of the graph and using the results from parts (a) 
and (b). Plot additional points if necessary. 


43. q(x) = 2x 44, p(x) =—-2x° +1 45. h(x)=x° +1 
46. k(x) =x -2 47. r(x) = Vx+T 48. s(x) = Vx+4 


1 1 
49. St) = 723 50. g(x) = eal 51. K(x) = |x + 2| 
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52. h(x) =|x- 1/+2 


_ 
>< 


‘ ‘ se 
li. iii. 


al 


Nw Rw 


iv. 
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> Xx 
—5 -4 -3 -2-1 12345 


Vil. 


Viil. 


a 


>X 
-5 4-3 2-1 12345 


> 
= 2-1 123 45 


53. Suppose that a student has an 80% average on all of her chapter tests in her Intermediate Algebra class. This counts 
as } of the student’s overall grade. The final exam grade counts as the remaining + of the student’s overall grade. The 


student’s overall course grade, G(x), can be computed by 


G(x) = *(80) + a% where x is the student’s grade on the final exam. 


a. Is this function linear, quadratic, or neither? 


b. Evaluate G(90) and interpret its meaning in the context of the problem. 


c. Evaluate G(50) and interpret its meaning in the context of the problem. 


54. The median weekly earnings, E(x) in dollars, for women 16 years and older working full time can be 


approximated by E(x) = 0.14x* + 7.8x + 540. For this function, x represents the number of years since 2000. 


(Source: U.S. Department of Labor) 
a. Is this function linear, quadratic, or neither? 


b. Evaluate E(10) and interpret its meaning in the context of this problem. 


c. Evaluate E(20) and interpret its meaning in the context of this problem. 
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For Exercises 55-60, write a function defined by y = f(x) under the given conditions. 
55. The value of f(x) is two more than the square of x. 
56. The value of f(x) is the square of the sum of 2 and x. 
57. The function fis a constant function passing through the point (4, 3). 
58. The function fis a constant function with y-intercept (0, 5). 
59. The function fis a linear function with slope 4 and y-intercept (0, —2). 
60. The function fis a linear function with slope —4 and y-intercept (0, 3). 


Technology Connections 


For Exercises 61-66, use a graphing calculator to graph the basic functions. Verify your answers from the Summary of Six 
Basic Functions and Their Graphs. 


61. fy =x 62. fix) =x 63. f(y =x? 64. f(x) = lal 65. f(x) = Vx 66. f= 


For Exercises 67-70, find the x- and y-intercepts using a graphing calculator and the Value and Zero features. 


67. yo-ixt 68. ya—pr-3 69. ue 70. yede-7 


5 


Problem Recognition Exercises 


Characteristics of Relations 


Exercises 1-15 refer to the sets of points (x, y) described in ah. 


a. {(0, 8), (1, 4), G, 4), (-3, 5), (2, D)} bre 0, 4), @, 3), (—9, 6), 2, 1), ©, 10)} 
c. c(x) = 3x° -2x-1 d. d(x) =5x-9 
e ? f: y g y 
fe inspareeeoiiaee 5 5 ed 
od 4 or) 
al vate) 2 y= g(x) 
2. ja 4% se A 
S432 fr 2s4s*  s43 aa piesa 
: 2 fot pod -2 : 

<3. 3 

Aft 4 

Shan 5 
1. Which relations define y as a function of x? 2. Which relations contain the point (2, 1)? 
3. Use relation (c) to find c(—1). 4. Use relation (f) to find f(-—4). 
5. Find the domain of relation (a). 6. Find the range of relation (b). 
7. Find the domain of relation (g). 8. Find the range of relation (f). 
9. Use relation (h) to complete the ordered pair (__, 3). 10. Find the x-intercept(s) of the graph of relation (d). 

11. Find the y-intercept(s) of the graph shown in 12. Use relation (g) to determine the value of x such that 
relation (e). g(x) = 2. 
13. Which relation describes a quadratic function? 14. Which relation describes a linear function? 


15. Use relation (d) to find the value of x such that d(x) = 6. 
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Chapter 2 Summary 
| Section 2.4 | Linear Equations in Two Variables 


Key Concepts 


A linear equation in two variables can be written in the 
form Ax + By = C, where A, B, and C are real numbers and 
A and B are not both zero. 

The graph of a linear equation in two variables is a line 
and can be represented in a rectangular coordinate system. 


An x-intercept is a point (a, 0) where a graph intersects 
the x-axis. Given an equation of a graph, to find an x-intercept, 
substitute 0 for y and solve for x. 


A y-intercept is a point (0, b) where a graph intersects 
the y-axis. Given an equation of a graph, to find a y-intercept, 
substitute 0 for x and solve for y. 


An equation of a vertical line can be written in the form 
x =k, where k is a constant. 
An equation of a horizontal line can be written in the form 
y=k, where k is a constant. 


Examples 
Example 1 


To graph the equation 3x — 4y = 12, we can construct a table 
of points. 


Example 2 
Given 2x + 3y = 8, find the x- and y-intercepts. 


x-intercept: 2x+3(0)=8 
2x =8 
x=4 (4,0) 
y-intercept: 2(0)+3y=8 
3y =8 
5 (93) 
== [t.- 
a 3 
Example 3 Example 4 
Graph x = —2. Graph y = 3. 
; 
5 5 
4 i Afond i 
3 ———o 
2 Qn AS 
1 1 ania 
-5-4-3-P-1 [ 123 4 cia -5-4-3-2-1 [12345 
9 2 
i= 9 -3 
-4 4 
5 —5 
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| Section 2.2 | Slope of a Line and Rate of Change 


Key Concepts Examples 
The slope m of a line passing through two distinct points Example 1 
(1, ¥) and (x, y2) 1s given by The slope of the line passing through (1, —3) and (3, 7) is 
aN, gm aieH pd es WF 
X.z—-—X, —3-1 —4 2 
The slope of a line may be positive, negative, zero, or Example 2 
undefined. # 
Positive slope Negative slope 
qx 
Zero slope 
Undefined slope 
Two parallel (nonvertical) lines have the same slope: Example 3 
Mm, =Mp. 


The slopes of two lines are given. Determine whether the 


; : . oe lines are parallel, perpendicular, or neither. 
Two lines are perpendicular if the slope of one line is 


the opposite of the reciprocal of the slope of the other line: aom,=—-7 and = m,=—-7 Parallel 


1 : 
m,= -) or equivalently, mM, = —| b. m,= oe and My,= 5 Perpendicular 
2 
3 


Cc. m,= 5 and M7 = - Neither 


[STUDY 
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| Section2.3 | Equations of a Line 


Key Concepts Examples 
Standard Form: Ax + By = C (A and B are not both zero) Example 1 


Horizontal line: y =k Find the slope and y-intercept. Then graph the equation. 


Vertical line: x = k a Ma Solve t0by: 
—2y = —-7x+4 
Slope-intercept form: y = mx + b 7 
Point-slope formula: y — y, = m(x — x;) =o 2 plone tmlereenbtoan 
Slope-intercept form is used to identify the slope and The slope is 4; the y-intercept is (0, —2). 
y-intercept of a line when the equation is given. Slope- 
intercept form can also be used to graph a line. Right 2 


B 


iL, 


>x 
-5-4-3-2-1 123 4 3 


Start here 


The point-slope formula can be used to construct an Example 2 
equation of a line, given a point and a slope. Find an equation of the line passing through the point (2, —3) 
and having slope m = —4. 


Using the point-slope formula gives 
y—yi = mx — x1) 
y-(-3) = 4-2) 
y+t3=-4x+8 
y=—4x+5 


ISTUDY 
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| Section 2.4 | Applications of Linear Equations and Modeling 


Key Concepts 


A linear model can be constructed to describe data for a 
given situation. 


e Given two points from the data, use the point-slope 
formula to find an equation of the line. 


e Interpret the meaning of the slope and y-intercept in the 
context of the problem. 


e Use the equation to predict values. 


Examples 
Example 1 


The per capita income in the United States has been rising 
linearly over selected years. In the graph, x represents the 
number of years since the start of the study, and y represents 
average income in dollars. 


Per Capita Yearly Income 


in the United States 
40,000 ;- 
2 4.000 - (25, 26,100) 
 20,000+ 
& 10,000 G 11,000) | 
0 


0) 10 20 30 40 


Year 


Write an equation of the line, using the points (5, 11,000) 
and (25, 26,100). 

_ 26,100 — 11,000 _ 15,100 
, 25-5 ~ 20 


y — 11,000 = 755(x — 5) 
y — 11,000 = 755x — 3775 


y = 755x + 7225 


e The slope 755 indicates that the average income has 
increased at a rate of $755 per year. 

e The y-intercept (0, 7225) means that the average income 
at the beginning of the study (x = 0) was $7225. 

By substituting different values of x, the equation can be 

used to approximate the average income for that year. 

For year 30, we have: 


y = 755(30) + 7225 
y = 29,875 


The average per capita income in year 30 is approximately 
$29,875. 


Slope ='7)95 


[STUDY 
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| Section2.5 | Introduction to Relations 


Key Concepts 


A set of ordered pairs (x, y) is called a relation in x and y. 


The domain of a relation is the set of first components 
in the ordered pairs in the relation. The range of a relation is 
the set of second components in the ordered pairs. 


Examples 

Example 1 

Let A = {(0, 0), C1, 1), 2, 4), G, 9), (-1, 1D), (-2, 4}. 
Domain of A: {0, 1, 2,3, —1, —2} 

Range of A: {0,1, 4,9} 


| Section2.6 Introduction to Functions 


Key Concepts 


Given a relation in x and y, we say “y is a function of x” if, 
for each element x in the domain, there is exactly one value 
of y in the range. 


Note: This means that no two ordered pairs may have the 
same first coordinate and different second coordinates. 


The Vertical Line Test for Functions 


Consider a relation defined by a set of points (x, y) in a 
rectangular coordinate system. The graph defines y as a 
function of x if no vertical line intersects the graph in more 
than one point. 


Example 2 
a Domain: [—5, 5] 
Range: [0, 4] 
-§-4-3-2-1, | 123 45°* 
=) 
3 
-4 
L§ 
Examples 
Example 1 
Function {(1, 3), (2, 5), (6, 3)} 
Not a function {(1, 3), (2, 5), (1, 4)} 
AA 
same x 
different y 
Example 2 
y y 
, A 


Function Not a function 


240 Chapter 2 Linear Equations in Two Variables and Functions 


Function Notation Example 3 
J(x) is the value of the function f at x. Given f(x) = —3x? + 5x, find A—2). 
fl—2) = -3(—2)? + 5(—2) 
=-12-10 
= —22 


The domain of a function defined by y = f(x) is the set of Example 4 
x values that when substituted into the function produces a 
real number. In particular, 


Find the domain. 


e Exclude values of x that make the denominator of a 1. fx) =2_; $; Domain: (—00, 5) U (5, 00) 
fraction zero. 
e Exclude values of x that make the expression within a 2. fix) = Vx — 3; Domain: [3, 00) 


square root negative. ; 
3. f(x) = 3x" — 5; Domain: (—0o, oo) 


| Section 2.7__| Graphs of Functions 


Key Concepts Examples 

A function defined by f(x) =mx+b (m#0) is a linear anu 

function. Its graph is a line with slope m and y-intercept foo) =2x- fx) = 

(0, b). = 
k . f= 2x —3 k 


A function defined by f(x) =k is a constant function. 


Fw ERY 


Its graph is a horizontal line. =. 
foj=s? 
A function defined by f(x) = ax’ + bx+c (a#0) is a i 
~§=4-5-2-1 | 1 2 3 4 3 


quadratic function. Its graph is a parabola. 


Graphs of basic functions: Example 2 
fo) foo Find the x- and y-intercepts for the function pictured. 
fa) =x" 
+++ ++++-+}> 


Sx) 


fo =bl NX a ie y= f) 
- —5 
The x-intercepts of a function are determined by finding fx) = 0, when x= 1 and x= 5. 
the real solutions to the equation f(x) = 0. The x-intercepts are (1, 0) and (5, 0). 


The y-intercept of a function is at f(0). (0) = 1. The y-intercept is (0, 1). 


ISTUDY 


Chapter 2 Review Exercises 


Section 2.1 

1. Label the following on the diagram: 
. Origin 
. x-AXxis 
c. y-Axis 
d. Quadrant I 
e. Quadrant II 
f. Quadrant II 
g. Quadrant IV 


as © 


2. Determine if (2, 5) is a solution to 
—2x + 4y = -16. 


3. Determine if (—3, 4) is a solution to 5x =—15. 


4. Determine the coordinates of the points labeled in 


the graph. 
» 
A 
5 
4 
3 
F : 42 
Or gee Hg 
_— ~ 
ia ase ee ee re ae 123 4 5 
—2 
-3 e 
D G 
- 
°C 


For Exercises 5~7, complete the table and graph the line 
defined by the points. 


5. 3x—2y=-6 


> x 
1234 5 


ISTUDY 


6. 2y-3=10 


-5-4-3-2-1 
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a 


FEN wWREUDA 


x 
123 4 5 


> xX 
A 238A 5 


For Exercises 8—11, graph the lines. In each case find at least 
three points and identify the x- and y-intercepts (if possible). 


8. 2x=3y—-6 

BA 

A 

5 

4 

3 

2 

1 

Xx 
ee 1 2 3 4 5 

2 

—3 

4 

5: 

10. 2y=6 
¥ 

A 

6 

5 

4 

3 

Dy 

1 

> xX 
a Finks eg ty 1 2 3 4 5 

2 

3. 

-4 


9. 5x-2y=0 

y 

A 

5 

4 

3 

2 

1 

> xX 
-5-4-3-2-1 | 12 3 4 5 

2 

3 

-4 

-5 

11. -3x=6 
i 

A 

5 

4 

3 

2 

1 

x: 
-5-4-3-2-1 [123 4 5 

-2 

-3 

-4 

—5 
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Section 2.2 19. Two points for each of two lines are given. 
Determine if the lines are parallel, perpendicular, 


12. Find the slope of the line. or neither. 


a. L,: (4, —6) and (3, —2) 
L,: (3, —1) and (7, 0) 
For Exercises 20-22, the slopes of two lines are given. 
Based on the slopes, are the lines parallel, perpendicular, 
or neither? 
1 5 4 
20. m,=-=,m,=3 21. m,=-,m,=-— 
1 3? M2 1S ms 
b. i 
22. m,=7,m,=7 
3 
2 . : 
i 23. The graph indicates that the enrollment for a small 
S| A os zee college has been increasing linearly since 1990. 
-2 a. Use the two data points to find the slope of the 
[33 ® 
¥ line. 
ie b. Interpret the meaning of the slope in the context 
c. y of this problem. 
«it 
HS 
3 College Enrollment by Year 
2 3500 -— 
- hua A> (2015, 3345) 
-5-4-3-3-1, [1234 5— 3 2500 - (2010, 3080) 
= a | 
: 6 — (1990, 2020) 
r = 1500 }- 
4 ira) 
Es = 1000/- 
i= 
4 500 
13. Draw a line with 14. Draw a line with wor a aE aa ae ai 0 7 5 
slope 2 (answers slope —3 (answers 
may vary). may vary). 24. Approximate the slope of the stairway pictured here. 
y y 
A 
5 Si} 
4 4 
3 3 
mae 2 
rt | 36 in. 
-5-4-3-2-1 | 12.3 4 5 -5-4-3-2-1 | 12.3 4 5 
—2 —2 9 
3 44 48 in. 
-4 4 4 
= “a Section 2.3 


25. Write a formula. 
For Exercises 15-18, find the slope of the line that passes 


through each pair of points. we 
15. (2,6), (—1, 0) 16. (7,2), (—3, -5) b. Point-slope formula 


. Standard form 


Horizontal line 


ie) 


17. (8, 2), (3, 2) 


—= 
Sa 
| 
- 
| 
Sa 
i“ 
- 
— 
~— 
Qu 


. Vertical line 


e. Slope-intercept form 


[STUDY 


For Exercises 26-30, write your answer in slope-intercept 
form or in standard form. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Write an equation of the line that has slope } and 
y-intercept (0, 6). 


Write an equation of the line that has slope —3 and 
x-intercept (3, 0). 


Write an equation of the line that passes through the 
points (—8, —1) and (—5, 9). 


Write an equation of the line that passes through 
the point (6, —2) and is perpendicular to the line 
y=—tn+2. 


Write an equation of the line that passes through 
the point (0, —3) and is parallel to the line 
4x+3y=-l. 


For each of the given conditions, find an equation of 
the line 


a. Passing through the point (—3, —2) and parallel 
to the x-axis. 


b. Passing through the point (—3, —2) and parallel to 
the y-axis. 


c. Passing through the point (—3, —2) and having an 
undefined slope. 


d. Passing through the point (—3, —2) and having a 
zero slope. 


Are any of the lines in Exercise 31 the same? 


Section 2.4 


33. 


Ally loves the beach and decides to spend the summer 
selling various ice cream products on the beach. 
From her accounting course, she knows that her total 
cost is calculated as 


Total cost = fixed cost + variable cost 


She estimates that her fixed cost for the summer 
season is $50 per day. She also knows that each ice 
cream product costs her $0.75 from her distributor. 


Andersen Ross/Getty Images 


34. 


Review Exercises 243 


a. Write a relationship for the daily cost y in 
terms of the number of ice cream products 
sold per day x. 


b. Graph the equation from part (a) by letting the 
horizontal axis represent the number of ice cream 
products sold per day and letting the vertical axis 
represent the daily cost. 


600, - 
500 |- 
400 |— 
300 |— 


Cost ($) 


0 eae a es ee ee 
0 75 150 225 300 375 450 525 


Number of Ice Cream Products 


c. What does the y-intercept represent in the context 
of this problem? 


d. What is her cost if she sells 450 ice cream products? 
e. What is the slope of the line? 


f. What does the slope of the line represent in the 
context of this problem? 


The margin of victory for a certain college football 
team seems to be linearly related to the number of 
rushing yards gained by the star running back. The 
table shows the statistics. 


60 10 
120 24 
50 q 


a. Graph the data to determine if a linear trend 
exists. Let x represent the number of yards rushed 
by the star running back and y represent the 
points in the margin of victory. 


45 


rrr?rtfttti* 


Margin of Victory 


fi it | pty ty |, 
2 #840 «60 ©80©6©6100-~——«:120 


Yards Rushed 
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b. Find an equation for the line through the 
points (50, 7) and (100, 20). 


c. Based on the equation, what would be the 
result of the football game if the star running 
back did not play? 


Section 2.5 


For Exercises 35-38, find the domain and range. 


x {()10). (6-2). (44).(72)} 


36. i 


(-3, 60) 


Section 2.6 


39. Sketch a relation that is not a function. (Answers 
may vary.) 


FnNnNwWE YN 


[STUDY 


40. Sketch a relation that is a function. (Answers 
may vary.) 


7 


rFnNnNwWR YN 


For Exercises 41-46: 


a. Determine whether the relation defines y as a 
function of x. 


b. Find the domain. 
c. Find the range. 


41. 42. 


> 


(1.25, 0.35) 


43. {(1, 3), (2, 3), (3, 3), (4, 3)} 
44. {(0, 2), (0, 3), (4,4), 0, 5)} 


45. x y 


For Exercises 47-54, find the function values given 


fao= 6x° — 4. 


47. f(0) 
49, f(-1) 
51. f(b) 
53. f(a) 


48. f(1) 
50. f(D) 
52. f(a) 


54, f(-2) 


For Exercises 55—58, write the domain of each function 
in interval notation. 


55. g(x) =7r +1 


57. k(x) = Vx-8 


x+10 


56. h(x) =———— 


58. w(x) = Vx+2 


59. Anita is a waitress and makes $6 per hour plus tips. 
Her tips average $5 per table. In one 8-hr shift, 
Anita’s pay can be described by p(x) = 48 + 5x, 


where x represents the number of tables she waits on. 


Determine how much Anita will earn if she waits on 


a. 10 tables 


Section 2.7 


For Exercises 60-65, sketch the functions from memory. 


60. hx) =x 


EN ww EY 


y 
A 


FN wEY 


x 
123 4 °5 


> 
22345 


b. 15 tables 


x 


c. 20 tables 


61. f(y) =x 


ie 
123 45 


> 
12.3 4 5 


x 


x 


64. s(x) = VX 


> 


FEN w EY 
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65. r(x) = z 
x 


245 


For Exercises 66-67, sketch the functions. 


66. g(x) =3 


y 
A 


ey w RU 


> Xx 
12345 


68. Given: s(x) = (x — 2)° 


67. k(x) =2x41 


> 
123 45 


im 


a. Find s(4), s(—3), s(2), s(1), and s(0). 


b. What is the domain of s? 


69. Given: r(x) =2Vx-4 


a. Find r(2), r(4), 7(5), 


b. What is the domain 


70. Given: h(x) = i 
x-3 


and r(8). 


of r? 


a. Find h(—3), h(0), h(2), and A(5). 


b. What is the domain 


71. Given: k(x) =—|x +3] 


of h? 


a. Find k(—5), k(—4), k(—3), and k(2). 


b. What is the domain 


of k? 


> 
1 2) 3° 4. 5. 


x 
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For Exercises 72-73, find the x- and y-intercepts. For Exercises 75-80, refer to the graph. 
72. p(x) =4x-7 y 
5 
4 
73. q(x) =—-2x+9 
2) y= gQ) 
74. The function defined by b(4) = 1.64¢ + 28.3 repre- 1 
sents the per capita consumption of bottled water in -5-4-3-2567| 123 4 - 
the United States since 2010. The values of b(t) are 12 
measured in gallons, and t= 0 corresponds to the Hi 
year 2010. (Source: U.S. Department of Agriculture) e 


a. Evaluate b(0) and b(5) and interpret the results in 


the context of this problem. Tos Tame 6-2): 76, Find 34): 


77. For what value(s) of x is g(x) = 0? 
b. Determine the slope and interpret its meaning in 78. For what value(s) of x is g(x) = 4? 
the context of this problem. 


79. Write the domain of g. 
80. Write the range of g. 


Chapter 2 Test 


Study Skills Exercise 


Take time to reflect on your test preparation for the first test and whether you achieved the results you desired. Did you feel 
sufficiently prepared for the test? Could you have done some things differently in studying for the test? Before the next 
test, examine the test preparation strategies listed below. Determine which ones you used in the past were helpful and 
consider whether there might be new strategies you can incorporate for the next test. 


© Space test preparation over several days before the test. 
© Complete and understand all homework problems. 
© Review course notes and Chapter Summary. 


© Work additional exercises in the Chapter Review Exercises and Chapter Test. 


@ Use other resources for additional support. These might include visiting your tutoring center, visiting your instructor 
during office hours, and seeking help from digital resources such as video instruction. 


1. Given the equation x — 4y = 6, complete the 2. Determine whether the following statements are true 
ordered pairs and graph the corresponding or false and explain your answer. 


pons (8s; ICO a3) a. The product of the x- and y-coordinates is 


positive only for points in quadrant I. 


CYT TTT TTT .| b. The quotient of the x- and y-coordinates is 
-2-1 [12345678 = negative only for points in quadrant IV. 
ey) eee L o 
3} i it c. The point (—2, —3) is in quadrant III. 
cy. | 4 
2) oe or fame d. The point (0, 0) lies on the x-axis. 
EA a eee ete ere eree octane ee eee 
7 
-8 ae 3. Determine if (—4, —1) is a solution to 
~ a = —3 
aaa da 
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4. Explain the process for finding the x- and 
y-intercepts. 


For Exercises 5-8, identify the x- and y-intercepts (if 
possible) and graph the line. 


5. 6x — 8y = 24 6. x=—4 
» y 
A 
5 5 
4 4 
3 3 
2 2 
1 
>x >X 
-5-4-3-2-1 1234 5 -7-6-5-4-3-3-1 | 1 3 
—2 —2 
-3 H : 3 
—4 —-4 
—5. —5. 
7. 3x=5y 8. 2y=-6 
y y 
A A 
5 4 
4 3 
3 2 
2 1 
1 Xx 
$5243.57 21 12345 
>x —1 
—-5 -4-3-2-1 1.2. 3. sa 
7 — i —2 
i-9, —3 
-3 -4 
4 —5 
— 5. —6 


9. Find the slope of the line, given the following 
information: 


a. The line passes through the points (7, —3) and 


(—1, -8). 
b. The line is given by 6x —5y=1. 


10. Given the equation —3x + 4y = 4, 


a. Write the line in slope-intercept form. 


b. Determine the slope and y-intercept. 


c. Graph the line, using the slope and y-intercept. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Test 247 


The slope of a line is —7. 


a. Find the slope of a line parallel to the given 
line. 


b. Find the slope of a line perpendicular to the 
given line. 

Describe the relationship of the slopes of 

a. Two parallel lines 

b. Two perpendicular lines 

Two points are given for each of two lines. 


Determine if the lines are parallel, perpendicular, 
or neither. 


L,: (4, —4) and (1, —6) 
L,: (—2, 0) and (0, 3) 


Determine if the lines are parallel, perpendicular, or 
neither. 


a. y=-x4+4 b. 9x-3y=1 
y=x-3 15x -—S5y=10 

c. 3y=6 d. 5x-3y=9 
x=0.5 3x —5y= 10 


Write an equation that represents a line subject to the 
following conditions. (Answers may vary.) 


a. A line that does not pass through the origin and 
has a positive slope 


b. A line with an undefined slope 


c. A line perpendicular to the y-axis. What is the 
slope of such a line? 


d. A slanted line that passes through the origin and 
has a negative slope 


Write an equation of the line containing the 
points (2, —3) and (4, 0). 


Write an equation of a line containing (4, —3) and 
parallel to 6x —3y= 1. 


Write an equation of the line that passes through the 
point (8, —5) with slope —2. Write the answer in 
slope-intercept form. 


Write an equation of the line that passes through the 
point (—10, —3) and is perpendicular to 3x + y=7. 
Write the answer in slope-intercept form. 
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20. Jack sells used cars. He is paid $800 per month plus For Exercises 22-25, graph the functions. 
$300 commission for each automobile he sells. 22. fx) =—3x-1 23. k(x) =—2 


a. Write an equation that represents Jack’s monthly y 
A A 


earnings y in terms of the number of automobiles 5 5 
he sells x. 7 : 
3 3 
b. Graph the linear equation from part (a). ; : 
6400-— -5-4-3-2-1] 123.4 3 * -§-4-3-2-1 | 1 23 4 3 7 
e 5600 is -_ 
2, 4800 + 3 3 
‘2 4000+ G c 
3200 - 7 7 
2 2400 + 5 
= 1600L | 24, p(x) =x 25. w(x) = |x| 
2 800F foot : ‘ F 
ee fe ihe ifs dss st st 
2 4 6 8 10 12 14 16 18 20 "i A 
Number of Cars 3 3 
: : 2: 2) 
c. What does the y-intercept mean in the context of \ j 
] 2 > xX xX 
this problem? -§-4-3-2-1,[ 234 5°* -§-4-3-2-1,[ 12345" 
d. How much will Jack earn in a month if he sells = G 
17 automobiles? 4 La 
L5 -5 


21. The graph represents the life expectancy for females 
in the United States according to birth year. The 


: For Exercises 26-27, a. determine if the relation defines y 
value x = 0 represents a birth year of 1940. 


as a function of x, b. identify the domain, and c. identify the 


Life Expectancy for Females in the United range. 
States According to Birth Year 
90/-— 26. 27. 
> (30, 75) 
5 _ 80 a 
a st 
a 
Be” 4 
£ | e 3 e 
5 «60 C3, 3) nog G, 3) 
| | | | | | J 1 e 
10 20~~30~«0~S~C~SDS~S~S~«SO a the 
Year of Birth (x=O corresponds to 1940) 00S -1)-@ ' : 4 
dl, -1) 
Source: National Center for Health Statistics C1, mee 


a. Determine the y-intercept from the graph. What 
does the y-intercept represent in the context of 


this problem? : . tose : 
For Exercises 28-30, write the domain in interval notation. 


b. Using the two points (0, 66) and (30, 75), deter- x—-5 
mine the slope of the line. What does the slope of 28. flix) = £7 
the line represent in the context of this problem? 
29. fix) = Vx+7 
c. Use the y-intercept and the slope found in parts 30. h(x) = (x +7)(x — 5) 
(a) and (b) to write an equation of the line by let- 
ting x represent the year of birth and y represent 31. Given: r(x) =x* —2x+1 


the corresponding life expectancy. a. Find r(—2), r(0), and r(3) 


d. Using the linear equation from part (c), 
approximate the life expectancy for women born b. What is the domain of r? 
in the United States in 1994. How does your 
answer compare with the reported life expectancy 
of 79 yr? 
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32. The function defined by s(4) = —0.008¢ + 0.96 For Exercises 39-46, refer to the graph. 
approximates the per capita consumption of milk per 
day in the United States, ¢ years after the study P y=f@) 
began. The values of s(#) are measured in cups. 4 


(Source: U.S. Department of Agriculture) 


a. Evaluate s(0) and s(20) and interpret the results in 
the context of this problem. -2-1 | 12345 7 8 


xX 


b. Determine the slope and interpret its meaning in : : 
the context of this problem. 39. Find f(1). 40. Find f(4). 


41. Write the domain of f- 


For Exercises 33—36, determine if the function is constant, 


linear, quadratic, or none of these. 42. Write the range of f- 


33. fix) = -3x° 34. g(x) = —-3x 43. Answer true or false. The value y = 5 is in the 
3 range of f. 
35. h(x) = -3 36. k(x) = —— 
- 44, Find the x-intercept. 
37. Explain how to find the x- and y-intercepts of the 
graph defined by y = f(x). 45. For what value(s) of x is f(x) = 0? 


3 46. For what value(s) of x is f(x) = 1? 
38. Find the x- and y-intercepts for f(x) = ry +9. 
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Mathematics in Aeronautics 


When a commercial airliner transports passengers between 
two cities, a flight plan is made outlining the route, cruising 
altitude, estimated time of the flight, and other important 
information. The flight time is based largely on the cruising 
speed of the plane once the plane is at the established flying 
altitude. The cruising speed (relative to the ground) is based 
on the plane’s speed in still air, p, and the speed of the wind, w. 
If the plane is flying with the wind at its back (a tailwind), the 
net speed of the plane is p + w. If the plane is flying against the 
wind (a headwinda), the net speed of the plane is p — w. 

In the United States, prevailing winds aloft are typically 
from west to east. So suppose that a nonstop flight from New 
York to Los Angeles takes 5.5 hr, the return trip takes 4.5 hr, 
and the distance for each flight is 2475 mi. Using the familiar 
relationship d = rt (distance equals the average rate multiplied 
by the time of travel), we can estimate the plane’s still air speed 
and wind speed. 


(rate) (time) = distance 
Flight from New York to Los Angeles (against the wind): (p — w\(5.5) = 2475 
Flight from Los Angeles to New York (with the wind): (p + w)(4.5) = 2475 


These two equations make up a system of linear equations in two variables. A system of equations enables us to 
model a physical situation in which two variables are subject to two constraints. In this case, the variables p and w are 
subject to the constraints given by the flight times and distance of travel. In this chapter, you will learn several methods 
to solve a system of linear equations in two variables and will find that the plane’s average speed in still air is 500 mph 
and the wind speed is 50 mph. 


° a o oO ° a ee 
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1. Solutions to Systems of 
Linear Equations 

2. Solving Systems of Linear 
Equations by Graphing 
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252 


Answers 


1. No 


2. Yes 
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Solving Systems of Linear Equations 
by the Graphing Method 


1. Solutions to Systems of Linear Equations 


A linear equation in two variables has an infinite number of solutions that form a line in 
a rectangular coordinate system. Two or more linear equations form a system of linear 
equations. For example: 


x= 3y =—5 
2x +4y = 10 


A solution to a system of linear equations is an ordered pair that is a solution to both 
individual linear equations. 


SEEN «Determining Solutions to a System 


of Linear Equations 
Determine whether the ordered pairs are solutions to the system. 
x+y =-6 
3x-y=-2 
a. (—2, —4) b. (0, —6) 


Solution: 
a. Substitute the ordered pair (—2, —4) into both equations: 
xty=-6 —» (-2)+(-4)4+-6V True 
3x-—y = —2 —» 3(-2)-(-4) 2 -2V True 
Because the ordered pair (—2, —4) is a solution to each equation, it is a solution to 
the system of equations. 
b. Substitute the ordered pair (0, —6) into both equations: 
x+y=-6 —» (0)+(-6)4-6/ True 
3x -—y = —2 —» 3(0)-(-6) 4-2 False 
Because the ordered pair (0, —6) is not a solution to the second equation, it is not 
a solution to the system of equations. 
Skill Practice Determine whether the ordered pairs are solutions to the system. 
3x+2y=-8 
y=2x—- 18 
1. (-2, -1) 2. (4, -10) 


A solution to a system of two linear equations can be interpreted graphically as a point of 
intersection between the two lines. 
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Graphing the lines from Example | we see that the point of intersection is (—2, —4). 
Therefore, we say that the solution set is {(—2, —4)}. See Figure 3-1. 

When two lines are drawn in a rectangular coordinate system, three geometric rela- 
tionships are possible: 


1. Two lines may intersect at exactly one point. 


2. Two lines may intersect at no point. This occurs if the 
lines are parallel. — 


3. Two lines may intersect at infinitely many points along the 
line. This occurs if the equations represent the same line 
(the lines are coinciding). 


If a system of linear equations has one or more solutions, the system is said to be 
a consistent system. If a linear system has no solution, it is said to be an inconsistent 
system. 

If two equations represent the same line, then all points along the line are solutions to 
the system of equations. In such a case, the equations are said to be dependent. If two 
linear equations represent different lines, then the equations are said to be independent. 
The different possibilities for solutions to systems of linear equations are given in Table 3-1. 


Table 3-1 Solutions to Systems of Linear Equations in Two Variables 


One Unique Solution No Solution Infinitely Many Solutions 
One point of intersection Parallel lines Coinciding lines 
System is consistent. System is inconsistent. System is consistent. 
Equations are independent. Equations are independent. Equations are dependent. 


2. Solving Systems of Linear Equations by Graphing 
| Example2 | Solving a System of Linear Equations by Graphing 


Solve the system by graphing both linear equations and finding the point(s) of 
intersection. 


Figure 3-1 
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FOR REVIEW Solution: 


To graph each equation, write the equation in slope-intercept form y = mx + b. 
Recall that a linear equation is 


graphed by finding two or more dis- First equation Second equation 
tinct points on the line. These points 


can also be found by using a table to y= Le _2 Slope: 4 4x+2y=6 
find solutions to the equation. 2 
2. —4x 6 
2y _ —4x | 6 
2 2 2 


y=-2x4+3 Slope: —2 


From their slope-intercept forms, we see that the lines have different slopes, indicating 
that the lines must intersect at exactly one point. We can graph the lines using the slope 
and y-intercept to find the point of intersection (Figure 3-2). 


Avoiding Mistakes  ansead ekeunuaebekudcrenseretaerenge 46 em 


Using graph paper may help you be yaly-2 ae 
more accurate when graphing lines. : 
There are many websites from 


which you can print graph paper. Figure 3-2 
The point (2, —1) appears to be the point of intersection. This can be confirmed by 
substituting x = 2 and y = —1 into both equations. 
yaar? 4x+2y =6 
apie, Oe) 6 
2 8-2=6 
~f1-2 6=6v True 
-1=-1V True 


The solution set is {(2, -1)}. 


Skill Practice Solve by using the graphing method. 
3. y=-3x-5 
x-—2y=-4 


1 Example 2, the lines could also have been graphed by using the x- and 
y-intercepts or by using a table of points. However, the advantage of writing the 
equations in slope-intercept form is that we can compare the slope and y-intercept 
of each line. 


1. If the slopes differ, the lines are different and nonparallel and must cross in exactly 
one point. 

2. If the slopes are the same and the y-intercepts are different, the lines are parallel 
and do not intersect. 

3. If the slopes are the same and the y-intercepts are the same, the two equations 


Answer represent the same line. 
3. {(—2, 1)} 
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| Example 3 | Solving a System of Linear Functions by Graphing 


Solve the system. 


Sx) = 3 
g(x) = 2x4+1 


e€ equations in 
Example 3 are independent 
because they represent 
different lines. The system 
is consistent because it has 


Solution: 


This first function can be written as y = 3. This is an 


equation of a horizontal line. Writing the second a solution. 
equation as y = 2x + 1, we have a slope of 2 and a 
y-intercept of (0, 1). 
The graphs of the functions are shown in 
Figure 3-3. The point of intersection is (1, 3). There- 
fore, the solution set is {(1, 3)}. Figure 3-3 
Skill Practice Solve the system by graphing. 
4. f= 
g(x) = -3x+4 
Sede, Solving a System of Linear Equations by Graphing 
Solve the system by graphing. 
—x + 3y=—-6 
6y = 2x+6 
Solution: 
To graph the lines, write each equation in slope-intercept form. 
—x+ 3y = —6 6y = 2x+6 
3y=x-6 
By_x_ 6 by _ 2x , 6 
3 3 3 6 6 6 
1 1 sf 
y= = -—2 y= a +1 4 
7 y= 5x +1 
Because the lines have the same slope but differ- ‘ 
ent y-intercepts, they are parallel (Figure 3-4). a 
Two parallel lines do not intersect, whichimplies ~~~!) ie le 
that the system has no solution. The system is e 
inconsistent. -4 
-5 
The solution set is the empty set,{ }. Figure 3-4 
Skill Practice Solve the system by graphing. 
5. 2y = 2x 
—x+y=-3 
Answers 


4. {(1, 1)} 
5. The solution set is { }. The system is 
inconsistent. 
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| Example 5 | Solving a System of Linear Equations by Graphing 
Solve the system by graphing. 


x+4y=8 
yep? 


Solution: 


Write the first equation in slope-intercept form. The second equation is already in 
slope-intercept form. 


First equation Second equation 
4y = 8 ee) | 
xt+4y= ya + 4 
ay _-x,8 oe 
4 — 4 4 ey 123 4 5 
-2 
] z 
y= “4° +2 iv 


Notice that the slope-intercept forms of the two Figuie +5 


lines are identical. Therefore, the equations represent the same line (Figure 3-5). The 
equations are dependent, and the solution to the system of equations is the set of all 
points on the line. 

Because the ordered pairs in the solution set cannot all be listed, we can write the 
solution in set-builder notation. Furthermore, the equations x + 4y = 8 and y= —4x + 2 
represent the same line. Therefore, the solution set may be written as {(x, y)|y = —4x + 2} 
or {(x, y)|x+4y = 8}. 


Answer Skill Practice Solve the system by graphing. 


6. Infinitely many solutions; 1 
: : 6. y=—x+1 
{ yoperth 2 


dependent equations x-—2y=-2 


Section 3.1 Activity 


A.1. Consider the system. 3x+y=1 y 
= DVS) 


5 

a. Write each equation in slope-intercept form. : 

b. Identify the slope of each line. z 

c. Based on the slope-intercept form of each line, do the lines intersect in a single ; 
point, are the lines parallel, or do the equations represent the same line 


> 
SS ciel i) ah ae 


(coinciding lines)? a 
d. Graph the lines on the same coordinate system. ce 
e. If the lines intersect, estimate the point of intersection. -5 


f. The point of intersection is the solution to the system of equations. To verify that 
your answer is correct, check the ordered pair in both equations. 
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A.2. Consider the system defined by functions fand g. iGoi—sl 


gx) = -2x = ; 
a. The graph of fis a (choose one: horizontal line, vertical line, slanted line). The : 
graph of g is a (choose one: horizontal line, vertical line, slanted line). 1 
b. Based on the answer to part (a), how many solutions does the system have? ee el | ees 2 sie 
c. Graph the functions on the same coordinate system. 2 
d. If the graphs intersect, estimate the point of intersection, check the point in each =3 
function, and write the solution set. A 
A.3. Consider the system. x+2y=4 
2(x+y)=x-2 » 
a. Write each equation in slope-intercept form. : 
b. Identify the slope of each line. 3 
c. Based on the slope-intercept form of each line, do the lines intersect in a ; oe 
single point, are the lines parallel, or do the equations represent the same line ea 
(coinciding lines)? “1 
d. Graph the lines on the same coordinate system. Bs 
e. Is there a solution to this system? Write the solution set. -4 
f. Is the system consistent or inconsistent? =) 
A.4. Consider the system. 3x +y=3 
l-x= 5 4 . 
a. Write each equation in slope-intercept form. 4 
b. Identify the slope of each line. : 
c. Based on the slope-intercept form of each line, do the lines intersect in a 1 : 
single point, are the lines parallel, or do the equations represent the same line == eee 
(coinciding lines)? y 
d. Graph the lines on the same coordinate system. a 
e. How many solutions are there to this system? 4 


f. Write the solution set. 
g. Are the equations in this system dependent or independent? 


Practice Exercises | Section 3.1 


Study Skills Exercise 


Note-taking is a skill that is more challenging than it may initially appear. There is a delicate balance between writing notes 
and listening to your instructor. But with practice, taking notes in class will help you stay engaged and will enable you to 
ask and answer meaningful questions. 

The following questions are key concepts from this section. Using only your notes, complete the following sentences. 


@ An ordered pair that satisfies both equations in the system is a 


© Suppose that the graphs of the equations in a system represent two parallel lines. This means that the slopes 
are and the are different. 


@ Suppose that a system of equations when graphed results in lines that coincide. This indicates that the system 
has solution(s). 


e A system of equations is consistent if 


Were you able to answer all of the questions using only your notes? Or did you find that key concepts are missing? If your 
notes are lacking important key concepts, refer to the Chapter Summary located at the end of the chapter. 
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Prerequisite Review 


For Exercises R.1-R.4, identify the slope and x- and y-intercept, if possible. 
R11. 2x+ 3y = 12 R.2. —3x-y=4 


R3. 2y=8 R4, 3x+2=-1 


For Exercises R.5—R.8, graph the equation. 
IB, Diese Shy I R.6. -3x-y=4 


ay 


> xX 
Ui oh Dial 


Vocabulary and Key Concepts 


loaA of linear equations consists of two or more linear equations. 
b. A_____ to a system of linear equations is an ordered pair that is a solution to both individual equations in 
the system. 


c. Graphically, a solution to a system of linear equations in two variables is a point where the lines 

d. A system of equations that has one or more solutions is said to be 

e. The solution set to an inconsistent system of equations is 

f. Two equations in a system of linear equations in two variables are said to be _________ if they represent the same line. 


g. Two equations in a system of linear equations in two variables are said to be _____if they represent 
different lines. 


Concept 1: Solutions to Systems of Linear Equations 


2. From the graph shown, determine the solution to the system. 
x+y=4 
y=2x+1 
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For Exercises 3-8, determine which points are solutions to the given system. (See Example 1.) 


i pgees 4. y=—5x-5 5. 2x — Ty = 30 
y=4x+3 3 y=3x+7 
(F119), 1h, G10 oS ges 


(0, -30), (2,5), 1.4) 
(4, -7), (0, —10), (3, -3) (; ) 


6. x+2y=4 7. x- y=6 8 x-3y=3 
year? 4x + 3y = -4 2x —-9y=1 
(4, —2), (6, 0), (2, 4) (0, 1), (4, —1), (9, 2) 


(—2, 3), (4, 0), (3. 5) 


For Exercises 9-14, the graph of a system of linear equations is given. 
a. Identify whether the system is consistent or inconsistent. 
b. Identify the equations as dependent or independent. 


c. Identify the number of solutions to the system. 


9. y=x+3 10. 5x-3y=6 ll. 2x=y+4 


3xt+y=-l 3y=2x+3 —4x+ 2y=2 


12. 
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Concept 2: Solving Systems of Linear Equations by Graphing 


For Exercises 15-32, solve the system by graphing. For systems that do not have one unique solution, also state the number 


of solutions and whether the system is inconsistent or the equations are dependent. (See Examples 2-5.) 


15. 2x+y=-3 


18. 


—x+y=3 
‘i 
A 
5 
4 
3 
2 
> XxX 
—§-4-3-0-1.| 12 3 4 5 
2 
-3 
-—4 
-5 
h(x) = 2x +5 
g(x) = -—x+2 
F 
A 
5 
4 
3 
2 
I 
> X 
-5-4-3-2-1,[ 12 3 4 5 
~2 
-3 
-4 
-5 
x=4 
y=2x-3 
‘ 
rY 
5 
4 
3 
2 
1 
>xX 
-§-4-3-2-1 | 1234 5 


16. 4x-3y = 12 


3x + 4y = -16 
y 
A 
5 
4 
3 
2 
1 
> xX 
as ancien arte 123 4 5 
—2 
3 
4 
-5 


> 
1.2 3: 4.5 


22. 3x+2y=6 
ye 


>X 
12345 


17. f(x) = -2x+3 


g(x) = 5x-4 
F 
A 
5 
4 
3 
2 
1 
5 
-5-4-3-9-1 [12.3 4 5 
=2 
3 
-4 
-5 


20. fx) = > +2 


5 
= x-2 
g(x) i 
y 
5 
4 
3 
2 
1 
Hoot el TP 2 Br 45 
e 
-4 
=5 
23, y=—-2x+3 
—2x=y+1 
y 
a 
4 
3 
2 
at 


>X 
12345 
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1 2 
Se cl a 25. a aa 26. 4x = 16 - 8y 
1 
x=3y-9 2x = 3y+3 yanaxt2 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
r 1 1 
~§-4-3-2-1 [ i 2 3 4 ra §-4-3-2-1,[ 12345 -5-4-3-2-1 [1 2 3 4 ae 
=: —2. —2. 
3 33 =) 
-4 4 -4 
5 —5 —5 
27. 2x=4 28. y+7=6 29. —x+3y=6 
1 —5 =2x 6y =2x+4+ 12 
-~y=-1 
2 
> y y 
A A A 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
r 1 1 
-§-4-3-2-1 [ i 23 4 5 -§-4-3-2-1 [1 2 3 4 5 -§-4-3-2-1 [12 3 4 3 
=) —2, —2 
3 3 3 
-4 -4 -4 
-5 5 -5 
30. 3x=2y-4 31. 2x-y=4 32. x=4y+4 
—4y =—-6x — 8 4x+2=2y —2x + 8y =—16 
y y y 
A A A 
5 5 5 
4 4 4 
3 3 3 
2 2 2 
1 r 1 
-5-4-3-2-1 [12 3 4 5 5-4-3-2-1 [123 4 5 -§-4-3-2-1 [ i 23 4 5 
~2 =2 -2 
3 3 3 
4 -4 4 
-5 5 -5 


For Exercises 33-36, identify each statement as true or false. 


33. A consistent system is a system that always has a 34. Dependent equations form a system that has no 
unique solution. solution. 
35. If two lines coincide, the equations are 36. If two lines are parallel, the equations are 


dependent. independent. 


1. The Substitution Method 

2. Solving Inconsistent 
Systems and Systems of 
Dependent Equations 


[STUDY 
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Technology Connections 


For Exercises 37-40, use a graphing calculator to graph each linear equation on the same viewing window. Use a Trace or 
Intersect feature to find the point(s) of intersection. 


37. y =5.62x + 15.46 
y = -1.96x — 11.07 


39. 2.4x-—4.8y = —9.36 
-1.8x + 5.4y = 12.456 


Expanding Your Skills 


38. y = —2.3x-—5.48 
y = 4.62x + 26.352 


40. 36x-90y = —36 
—15.5x — Sy = —80.75 


41. Write a system of equations with 42. Write a system of equations with 


solution set {(4, 5)}. 


solution set {(—2, 6)}. 


43. Find C and D such that the solution set to the 44, Find M and N such that the solution set to the 
system is {(1, 3)}. system is {(2, —4)}. 
Cx+2y = 11 3x + My = —22 
—3x+ Dy =9 Nx + 4y = 6 


Solving Systems of Linear Equations 
by the Substitution Method 


1. The Substitution Method 


Graphing a system of equations is one method to find the solution of the system. However, 
sometimes it is difficult to determine the solution using this method because of limitations 
in the accuracy of the graph. This is particularly true when the coordinates of a solution 
are not integer values or when the solution is a point not sufficiently close to the origin. 
Identifying the coordinates of the point 3 -3) or (—251, 8349), for example, might be 
difficult from a graph. 

In this section we will present the first of two algebraic methods to solve a system of 
equations. This is called the substitution method. This technique is particularly important 
because it can be used to solve more advanced problems, including nonlinear systems of 
equations. 

The first step in the substitution process is to isolate one of the variables from one of 
the equations. Consider the system 


x+y=16 
x-y=4 
Solving the first equation for x yields x = 16 — y. Then, because x is equal to 16 — y, the 


expression 16 — y may replace x in the second equation. This leaves the second equation 
in terms of y only. 
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Solve for x. 


First equation: x+y= 16 ——+x=16-y 
Second equation: (16—y)-—y=4 Substitute x = 16 — y. 
16-—2y=4 Solve for y. 


~2y=-12 
FOR REVIEW 
y=6 


Recall that when making a substitu- 


x= 16-y To find x, substitute y = 6 back into the equation (joritiva-vatlable amesy sie paren: 


x=16-y. theses. For example, to substitute 
x=16—(6) 16 — y for x = the following equa- 
tion, we have: 
x= 10 Check the ordered pair (10, 6) in both original equations. x-y=4 
()Sy=4 
xt+ty= 16 x-y=4 (16-y)-y=4 
(10) + (6) 2 16V True (10) — (6) 24V True a 


The solution set is {(10, 6)}. 


ving a System of Equations by the Substitution Method 


Isolate one of the variables from one equation. 


Substitute the quantity found in step | into the other equation. 


Solve the resulting equation. 


Substitute the value found in step 3 back into the equation in step | to 
find the value of the remaining variable. 


Check the solution in both equations, and write the answer as an 
ordered pair within set notation. 


| Example1 | Using the Substitution Method to Solve 


a System of Linear Equations 


Solve the system by using the substitution method. 


3x —2y = -7 
6x+ y=6 
Solution: Avoiding Mistakes 
The y variable in the second equation is the easiest variable to isolate because its Do not substitute y = —6x + 6 into 
coefficient is 1. the same equation from which it 
ee Dap came. This mistake will result in an 
daveal atid Pusaudaashauesdgadabsavaacieadisvhoas Vasolslbersieeensssannry eae identity: 
6x+ y=6 —> y= -6x+6 Step 1: Solve the second 6x+y=6 
| equation for y. 6x + (-6x + 6) = 6 
6x — 6x + 6=6 
3x — 2(—6x + 6) = —7 Step 2: Substitute the quantity 6=6 
3x4 12x-12=-7 —6x + 6 for y in the 
other equation. 
15x -12=-7 
15x =5 Step 3: Solve for x. 


x= = 


3 
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y=-6x+6 Step 4: Substitute x = + into 
1 the equation 
y= -6(2) +6 y=-6x +6. 
y=-2+6 
y=4 
3x -2y=—-7 6x+y=6 Step 5: Check the ordered 
1 , 1 , pair (4, 4) in each 
3(3) ~ 2(4) 2-7 6(5) 4426 original equation. 
1-8=-7V 24+4=6V 


The solution set is {(4, 4)}. 


Skill Practice Solve by using the substitution method. 


1.3x+ y=8 
x-—2y=12 


Using the Substitution Method to Solve 
a System of Linear Equations 


Solve the system by using the substitution method. 


Solution: 
—3x+4y=9 
1 
=-sy+2 
Xx 3 


= 


-3(—y a 2) +4y=9 


y-6+4y=9 
Sy =15 
y=3 


—3x+4y=9 


1 
=-sy+2 
XxX 3 


Step 1: In the second equation, x is already 
isolated. 


Step 2: Substitute the quantity = + 2 for 
x in the other equation. 


Step 3: Solve for y. 


Now use the known value of y to solve for the remaining variable x. 


1 
=—~y+2 
x 3) 
x = —~(3)+2 
x=-14+2 


Answer 
1. {(4, -4)} 


Step 4: Substitute y = 3 into the equation 
=—rxy +2. 
ey 
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Step 5: Check the ordered pair (1, 3) in each original equation. 


—3x+4y =9 x= ayt2 


—~3(1) + 4(3) 29 


«4 
, t2—0)4+2 
-3+1249V/ True 30) 


14-14+2V Tme 
The solution set is {(1, 3)}. 


Skill Practice Solve by using the substitution method. 
2. x=2y4+3 
4x —2y=0 


2. Solving Inconsistent Systems and Systems of 
Dependent Equations 


EEE Solving an Inconsistent System 


Solve the system by using the substitution method. 
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x=2y-4 
—2x+4y=6 
Solution: 
oe FOR REVIEW 
x=2y-4 Step 1: The x variable is already isolated. 
Recall that an equation that reduces 
—2x + 4y = 6 to a contradiction such as 8 = 6 has 
no solution. On the other hand, an 
—2Q2y—4)+4y =6 Step 2: Substitute the quantity x = 2y — 4 into equation that reduces to an identity 
the other equation such as —6 = —6 or 0 = 0 has infi- 
: nitely many solutions. 
—4y + 8 + 4y = 6 Step 3: Solve for y. a 


8=6 The equation reduces to a contradiction, indicating 
that the system has no solution. The lines never 
intersect and must be parallel. The system is 
inconsistent. 


There is no solution. 
The system is inconsistent. 
The solution set is { }. 


OT The answer to Example 3 can be verified by writing each equation in 
slope-intercept form and graphing the equations. 


Equation 1 Equation 2 
x=2y-4 -2x+4y=6 
2y=x+4 4y =2x+6 
2y_x,4 ay _ 2x 6 
2 2 2 4 4.4 
y=x+2 yaoxts 


Notice that the equations have the same slope, but different y-intercepts; therefore, 
the lines must be parallel. There is no solution to this system of equations. 


Answer 
2. {(-1, —2)} 
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Skill Practice Solve by using the substitution method. 
3. 8x — loy=3 


yasrtl 


Solving a System of Dependent Equations 


Solve by using the substitution method. 
4x —2y=-6 
y—-3=2x 
Solution: 
4x —2y = -6 


y-3=2x—> y=2x4+3 Step 1: Solve for one of the variables. 


4x — 2(2x + 3) = -6 Step 2: Substitute the quantity 2x + 3 for 
y in the other equation. 
4x - 4x -6=-6 Step 3: Solve for x. Apply the distributive 


property to clear the parentheses. 
—6=-6 


The system reduces to the identity —-6 = —6. Therefore, the two equations are equiva- 
lent. The solution set consists of all points on the common line, giving us an infinite 
number of solutions. The equations are dependent, and because the equations 
4x — 2y = —6 and y — 3 = 2x represent the same line, the solution set can be written as 


{(x, y)|4x — 2y = —6} or {@ y)ly-— 3 = 2x} 


Skill Practice Solve the system by using substitution. 
4. 3x+6y=12 
2y=-x+4 


GT We can confirm the results of Example 4 by writing each equation in slope-intercept 
form. The slope-intercept forms are identical, indicating that the lines are the same. 


slope-intercept form 
4x — 2y = -6 —_> -2y= —-4x — 6 —_> y= 2x+3 


y-3=2x >y=2x+3 


Answers 
3. No solution; { }; inconsistent system 
4. Infinitely many solutions; 

{x y)|3x + 6y = 12}; 

dependent equations 
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Section 3.2 Activity 


A.1. Consider the system. y=2x-6 


a. The first equation tells us that the variable y is equal to the quantity 2x — 6. Therefore, the 
expression 2x — 6 and the variable y are interchangeable. Write the second equation with y replaced 
by the quantity 2x — 6. 

b. After making the substitution in part (a), the equation should now have only one variable. Solve the 
equation for x. 

c. Substitute the value of x you found in part (b) back into the first equation to solve for y. With the values 
of x and y now known, write the solution set. 

d. Check the ordered pair in both equations. 


A.2. Consider the system. Tx — 3y = —36 
x+4y=17 
a. Of the four variable terms, which is the easiest variable to isolate? 


b. Solve the system by using the substitution method. 
c. Check the ordered pair from part (b) in both equations. 


A.3. Consider the system. x- =y = il 


Tx =3y—-7 
a. Of the four variable terms, which variable is the easiest to isolate? 
b. Solve the system by using the substitution method. 
c. How many solutions are there to this system? 
d. Is the system consistent or inconsistent? 


A.4. Consider the system. ox -y=1 
4x =5(0 + 1) 
a. Of the four variable terms, which variable is the easiest to isolate? 
. Solve the system by using the substitution method. 


b 
c. How many solutions are there to this system? 
d. Are the equations in this system dependent or independent? 


Practice Exercises | Section 3.2 


Study Skills Exercise 


Spaced practice is an effective memorization technique in mathematics. In order to become proficient in mathematics, you 
should work on mathematics frequently and in spaced sessions. Repetition of similar problems should also occur. This will 
increase your understanding of the material and help you retain it for longer periods of time. 

Evaluate your schedule to see how you are spending your time outside of the classroom. Ask yourself the following 
questions. 


@ How many hours are being spent outside of class studying math? 
@ Is my study time spread out over the course of a week, or do I cram right before the test? 


e Am retaining material, or am I forgetting the majority of the material after a day or two? 


If you have not already done so, plan frequent, short intervals of study time in your weekly schedule. 
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Prerequisite Review 


For Exercises R.1—R.6, write each pair of lines in slope-intercept form. Then identify whether the lines intersect in 
exactly one point or if the lines are parallel or coinciding. 
R11. 3x-y=4 R.2. 4x+ 3y = 12 
2y = 6x— 8 3(y — 4) = —4x 
RS oes) R4. 4x-y=13 
5x + 6y = 26 3x +5y=-19 
IRS Shy She R6. 8x =2y-—4 
6x — 10y=8 4x -y=0 
For Exercises R.7—R.10, an equation is given along with a numerical value for one of the variables. Solve for the 
other variable. 
R.7. —2x + 5y = 10; Given that y = 4, solve for x. R.8. 3x — 4y = —2; Given that y = 2, solve for x. 


3 3 


Ro) — —7 + 6; Given that x = —4, solve for y. R.10. y= a — 5; Given that x = 6, solve for y. 


For Exercises R.11—R.16, 


a. Identify the equation as a conditional equation, an identity, or a contradiction. 
b. Solve the equation. 


R11. 2-5) +1=2x-6 R.12. 3y+7—-9y = 6(4 - y) 
R.13. 4w -(2-—w)+8=4w+6+w R.14. 41 —n) + 3n =4n+4-—5n 


IRIS, [hips akGhe= Il) = 7 R.16. 2(y + 3) —5y = —-6 


Vocabulary and Key Concepts 


1. Fill in the parentheses to show the first step of the substitution method to solve the given system. 


2x — 4y =2 ——______» 2( )-4y=2 
x=5-2y 


2. Fill in the parentheses to show the first step of the substitution method to solve the given system. 


y= -2x4+7 
3x + 2y = 10 —————___» 3x4 2( y= 10 


3. For the given system, if the value of y in the solution is 1, what is the value of x? Write the solution set. 


2x —4y =2 
x=5-2y 


4. For the given system, if the value of x in the solution is 4, what is the value of y? Write the solution set. 


y= -2x+7 
3x + 2y = 10 


5. When using the substitution method to solve a system of equations and you encounter the statement 0 = 3, how many 
solutions does the system have? 


6. When using the substitution method to solve a system of equations and you encounter the statement 0 = 0, how many 
solutions does the system have? 


7. Is the ordered pair (—2, —5) a solution to the system? Why or why not? 


3x -—4y= 14 
x+5y=6 
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Concept 1: The Substitution Method 


For Exercises 8—22, solve by using the substitution method. (See Examples 1-2.) 


8. 4x+ 12y=4 9. y=-3x-1 10. 10y+34=x 
y=5x+11 2x —3y=-8 —TIx+y=-31 

11. -—3x + 8y=-—-1 12, 12x-2y=0 13. 3x + 12y = 36 
4x-ll=y -—7x+ y=-l x- Sy=12 

14. x-3y=-3 15. x- y=8 16. 5x-—2y=10 
2x + 3y = -6 3x+2y=9 y=x-1 

17. 2x-y=-l 18. 1+3y=10 19. 2x4+3=7 
y=-2x 5x+2y=6 3x-4y=6 

20. 2x+3y=7 21. 4x-Sy= 14 22. x+2y=0 
—5x =2y— 12 3y=x-7 2x —6y = —15 


Concept 2: Solving Inconsistent Systems and Systems of Dependent Equations 


For Exercises 23-30, solve the system using the substitution method. For systems that do not have one unique 
solution, also state the number of solutions and whether the system is inconsistent or the equations are dependent. 
(See Examples 3-4.) 


23. 2x -— 6y = —2 24, —2x+4y=22 25. yain+3 
=3y-1 =2y-11 
Me, ci 3 x—Ty=-4 
3 1 
26. easy +5 27. 5x-y=10 28. x+4y=8 
2y = 10x-—5 3x =3-12y 
4x + 6y =7 
29. 3x-y=7 30. x=4y4+1 
—14+4 6x =2y —12y=—-3x+3 


31. When using the substitution method, explain how to determine whether two linear equations in a system 
are dependent. 


32. When using the substitution method, explain how to determine whether a system of linear equations is inconsistent. 


Mixed Exercises 


For Exercises 33-56, solve the system using the substitution method. For systems that do not have one unique solution, also 
state the number of solutions and whether the system is inconsistent or the equations are dependent. 


a3, ea 1ay4i3 34. y=0.8x—1.8 35. y=ix-5 

ede hips 408 
ee ane 1 17 
x=-yt— 


4° 4 
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36. 


39. 


42. 


45. 


48. 


51. 


54. 


57. 


58. 


59. 


60. 
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‘a, 
= -y- = 37, —2x+y=4 38. 
t= Ay-3 x+y 
_— Ay ded 
ee als 4°83 4 
ae ae 
3x+2y=6 40. -x+4y=-4 41. 
y=x4+3 y=x-1 
200y = 150x 43. 2x- y=6 44. 
y-4=1 1 1 1 
ee 
6 12, 2 
y=-2.7x -— 5.1 46. y= 68x+2.3 47. 
y= 3.1x- 63.1 y= —4.1x + 56.8 
—2x+ y=-6 49. 2(x4+ 2y)=12 50. 
6x — 13y = -12 —6x =S5y—8 
5By -—2)=x+4 52. 2x=—3(y + 3) 53. 
4y=7x-3 3x — 4y = —22 
—2=4-2y 55. 0.0ly = 0.02x — 0.11 56. 
Tx-5=-5 0.3x —0.5y = 2 
The centroid of a region is the geometric center. For the region shown, the centroid 


is the point of intersection of the diagonals of the parallelogram. 


a. Find the slope-intercept form of the line through the points 
(—4, 1) and (5, 5). 


b. Find the slope-intercept form of the line through the points 
(—3, 5) and (4, 1). 


c. Find the centroid of the region. 


a. Find the slope-intercept form of the line through the points (0, —3) 
and (—2, 5). 
b. Find the slope-intercept form of the line through the points (—4, 4) and (2, —2). 
c. Find the centroid of the region. 
The cost to rent an apartment at Glendale Lakes is $800 per month plus a one-time 
fee of $250. An apartment at the Breakers requires a $500 pet fee plus $750 per month. 


a. Write the cost y to rent for x months for each apartment. 


&x- y=8 
cts ng 
ary ame) 
—300x — 125y = 1350 
y+2=8 

x-4y= 
ea, 2s Nish 
16 4 2 
4x+4y=5 

5 

Ayo 
x — 4y 5 
5x — 2y = —25 
10x = 3(y — 10) 
2x-5=7 
4=3y+1 
0.3x — 0.4y = 1.3 


0.01x = 0.03y + 0.01 


-§ 4-3 -2-1 


-4 


b. Find the number of months for which the total amount spent for each apartment would be the same for renters with pets. 


The Surfside Motel charges $159.50 per night plus a one-time parking fee of $24 for one or more nights. The Tropical 


Winds Motel charges $165.50 per night with no parking fee. 


a. Write the cost y to stay for x nights for each motel. Assume that the 
patron needs parking. 


b. Find the number of nights for which the cost to stay at each motel would be the same. 
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Solving Systems of Linear Equations 
by the Addition Method 


1. The Addition Method 


The next method we present to solve systems of linear equations is the addition method 
(sometimes called the elimination method). With the addition method, begin by writing 
both equations in standard form Ax + By=C. Then multiply one or both equations by 
appropriate constants to create opposite coefficients on either the x or the y variable. Next, 
add the equations to eliminate the variable having opposite coefficients. This process is 
demonstrated in Example 1. 


| Example | Solving a System by the Addition Method 


Solve the system by using the addition method. 


3x — 4y =2 
4x+ y=9 
Solution: 
3x —4y=2 3x —4y=2 


eee wee eeeseeecesscesneeeeeeeesesesesesnseeneees 
4x+ y=9 Sis 4y = 36 Multiply the second equation 
by 4. This makes the 


coefficients of the y variables 


opposites. 
3x -—4y=2 Now if the equations are 
16x + 4y = 36 added, the y variable will be 
ieee eliminated. 
19x = 38 
x= 2 Solve for x. 
3x-4y =2 
3(2) —4y =2 Substitute x = 2 back into one of the 
6—4y=2 original equations and solve for y. 
—4y = -4 
a 


Check the ordered pair (2, 1) in each original equation: 
3(2)-4(1) 4 2V True 4(2)+(1) 2 9V True 
The solution set is {(2, 1)}. 
Skill Practice Solve by using the addition method. 


1. 2x —3y = 13 
x+2y =3 


1. The Addition Method 


2. Solving Inconsistent 
Systems and Systems of 
Dependent Equations 


Avoiding Mistakes 


Be sure to multiply both sides of the 
equation by 4. 


4(4x + y) = 4(9) 


FOR REVIEW 


Recall that the sum of an expression 
and its opposite is zero. For example: 


4y + (-4y) =0 


i). |= Substituting x = 2 
into the other equation, 
4x + y= 9, produces the 
same value for y. 


4x+y=9 
4(2)+y=9 
8+y=9 
Veal 


Answer 
41. {(5, —1)} 
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addition method 


works on the principle that 
adding the same quantity to 
both sides of an equation 
produces an equivalent equa- 
tion. In step 4 of Example 2, 
the expressions 12x + 15y and 
6 are equal. These expres- 
sions are added vertically with 
the equation below to pro- 
duce an equivalent equation. 


The steps to solve a system of linear equations in two variables by the addition method is 
outlined as follows: 


Solving a System of Linear Equations by the Addition Method 
Write both equations in standard form: Ax + By = C. 


Clear fractions or decimals (optional). 


Multiply one or both equations by nonzero constants to create opposite 
coefficients for one of the variables. 


Add the equations from step 3 to eliminate one variable. 
Solve for the remaining variable. 


Substitute the known value found in step 5 into one of the original 
equations to solve for the other variable. 


Check the ordered pair in both equations and write the solution set. 


| Example2 | Solving a System by the Addition Method 


Solve the system by using the addition method. 
4x + 5y =2 


3x=1-4y 
Solution: 
4x + 5y = 2 ——> 4x4+5y=2 


Step 1: Write both equations in standard form. 


3x = 1—-4y ——> 3x+4y=1 Step 2: There are no fractions or decimals. 


We may choose to eliminate either variable. To eliminate x, change the coefficients to 


12 and —12. 
Multiply by 3. 
al 


4x+5y =2 12x+ I5y =6 Step 3: Multiply the first 
eieivinns equation by 3. 
3x+4y =1 ee ie: l6y = —4 Multiply the second 
equation by —4. 
12x+ I5y =6 Step 4: Add the equations. 
—12x-— l6oy = —4 
i Step 5: Solve for y. 
y=-2 
4x+5y=2 Step 6: Substitute y= —2 back into one of the 
dy + $(8) 22 original equations and solve for x. 
4x-10 =2 
4x = 12 
x=3 


The solution set is {(3, —2)}. Step 7: Check the ordered pair (3, —2) in both 


original equations. 
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Bo eliminate the x variable in Example 2, both equations were multiplied by 
appropriate constants to create 12x and —12x. We chose 12 because it is the /east 
common multiple of 4 and 3. 

We could have solved the system by eliminating the y variable. To eliminate y, 
we would multiply the top equation by 4 and the bottom equation by —5. This would 
make the coefficients of the y variable 20 and —20, respectively. 


(Sie shy So) ANNE ge Sopa 


ae ay =1 Multiply by —5. Ex = 20y 5 


Skill Practice Solve by using the addition method. 
2. 2y=5x-4 
3x-4y=1 


| Example 3 _| Solving a System by the Addition Method 


Solve the system by using the addition method. 


x-2y=6+y 
0.05y = 0.02x — 0.10 
Solution: 
x-2y=6+y >x-3y=6 Step 1: Write both 


0.05y = 0.02x — 0.10 ——> -0.02x +0.05y=-0.10  °duations in 
standard form. 


x —3y =6 
Multiply by 100. 
—0.02x + 0.05y = —0.10 ————>-—2x+5y=-10 Step 2: Clear 
decimals. 
Multiply by 2. 


x-3y=6 ———> 2x-6y=12 Step 3: Create opposite coefficients. 
—2x + 5y = —10 ———_> -2x + 5y = -10 
-y=2 Step 4: Add the equations. 


y=-2 Step 5: Solve for y. 


x—-2y=6+y Step 6: To solve for x, substitute y= —2 
y- 0) =F ed) into one of the original equations. 
x+4=4 
x=0 Step 7: The ordered pair (0, —2) checks in 


each original equation. 


The solution set is {(0, —2)}. 


Skill Practice Solve by using the addition method. 
3. 0.2x + 0.3y = 1.5 
Sx+ 3y=20-y 


Answers 
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Answer 

4. Infinitely many solutions; 
(x y) | 3x + y= 4}; 
dependent equations 


2. Solving Inconsistent Systems and Systems of 
Dependent Equations 


Solving a System of Dependent Equations 


Solve the system by using the addition method. 


De, Bye y 
a 
—4x + 10y = —20 
Solution: 
1 1 : ; 
5 OD 1 Step 1: Equations are in standard form. 
—4x + 10y = —20 


Multiply by 10. 


10(<x- 39) = 10- | —> _ 2x-5y=10 Step 2: 
5 2 : 
Clear fractions. 
—4x + 10y = —20 


2x- Sy=10 MS 4x—10y=20 ‘Step 3: Multiply the 
—4x + 10y = —20 ——___» _4y4 10y = —20 first equation by 2. 


0 =0 Step 4: 
Add the equations. 


Notice that both variables were eliminated. The system of equations is reduced to the 
identity 0 = 0. Therefore, the two original equations are dependent. The solution set 
consists of an infinite number of ordered pairs (x, y) that fall on the common line of 
intersection —4x + 10y = —20, or equivalently tx — ty = 1. The solution set is 


{(x, y)|—4x + 10y = —20} or {9 aro gyat} 


Skill Practice Solve by the addition method. 


4.3x+ y=4 
xt+i =] 
a 


EATEN Solving an Inconsistent System 


Solve the system by using the addition method. 
2y=-3x+4 
20(6x + Sy) = 40 + 20y 
Solution: 


Step 1: Write the equations in standard form. 


2y = —3x + 4 ——————>. 3x + 2y=4 
20(6x + Sy) = 40 + 20y ——> 120x + 100y = 40 + 20y ——> 120x + 80y = 40 


With both equations now in standard form, we can proceed with the addition method. 
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y 
A 


Step 2: The goal is to create opposite coefficients on either the x or y terms. The 


second equation can be divided by —40. : 
3x+ 2y=4 3x + 2y=4 Step 3: Divide the second 3x+2y=4 
120x + 80y = 40 ——__—_» ~3x - 2y = -1 equation by —40. i os in a . 
Divide by —40..§. ———_ =§ =4 =3 —2 a 5. 
0=3 Step 4: Add the x 
equations. 3 
The equations reduce to a contradiction, indicating that the system has no solution. S 
The system is inconsistent. The two equations represent parallel lines, as shown in Figure 3-6 
Figure 3-6. 
There is no solution, { }. 
Skill Practice Solve by using the addition method. 
5. 18 + 10x =6y Answer 


5x -—3y=9 


5. No solution; { }; inconsistent system 


Section 3.3 Activity 


A.1. a. Add the equations. b. Add the equations. 
De sy = 3x+ Ty=1 
5x + 3y = —26 —6x + 2y= 14 


c. In which system was a variable eliminated? Why? 


A.2. a. Solve the system by using the addition method. 
Bie y= 
5x + 3y = —26 
b. Check the ordered pair in both equations. 


A.3. a. To solve the system by using the addition method, which variable is easier to eliminate? 
Sheek Thy = Il 
—6x+ 2y= 14 
b. Solve the system by using the addition method. 
c. Check the ordered pair in both equations. 


A.4. Consider the system. 
0.5x — 0.4y = —0.7 
0.02x + 0.03y = 0.11 
a. What is the smallest power of 10 (such as 10, 100, 1000, etc.) that could be used to clear the decimals 
in the first equation? 
. What is the smallest power of 10 that could be used to clear the decimals in the second equation? 
. Clear the decimals in both equations and rewrite the system of equations. 
. Solve the system of equations from part (c) using the addition method. 
. Check the ordered pair in both original equations. 


cea osk 


A.5. Consider the system. 
1 1 
to pot 
sp ee 
6(x — 10y) = 10 
a. What is the smallest positive integer that can be used to clear the fractions in the first equation? 
b. Clear the fractions in the first equation and write the second equation in standard form. 
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c. Solve the system from part (b) by using the addition method. 
d. How many solutions are there to the system? 


A.6. Consider the system. 


5x = 2(3y + 1) 
1 oye 
A a ao 


a. Solve the system using the addition method. 
b. How many solutions are there to the system? 


BESECEE Practice Exercises 


Study Skills Exercise 


Often in mathematics, more than one method can be used to solve a problem. Solving a system of linear equations 
with two variables is one such example. Solve the given system using the graphing method, the substitution method, 
and the addition method. There are two advantages to this exercise. One advantage is to check your answer. You 
should get the same answer for each of the three methods. The second advantage is to show which method is the 
easiest for you to use. 


© Solve the system by using the graphing method, the substitution method, and the addition method. 
2x+y=—7 
x—10=4y 


Prerequisite Review 
For Exercises R.1—R.2, determine whether the given ordered pair is a solution to the system. 
R.1. 2x=4y+2 R.2. 3x-—y=6 
5x -— 8y=1 —2ye ae Sy = 1) 
eb (1,0) b. (—3, —2) & ©, %) b. (1, —3) 
For Exercises R.3-R.8, solve the equation. 
R.3. 2(y+ 3) +y=3y4+8 4. 4-30 -—1) -2t=t-3 
3 


2) = 
R.5. zm ie 


Roo — = 6 I) — ll 8. w+5(wt+3)=17+6w-2 


Vocabulary and Key Concepts 


1. a. By what nonzero constant would the second equation be multiplied to eliminate the x variable from the system of 
equations? 
3x —4y = 8 
x+5y=-2 
b. By what nonzero constant would the first equation be multiplied to eliminate the y variable from the system of 
equations? 
3x-y=8 
—8x + 5y = 12 
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Concept 1: The Addition Method 


For Exercises 2—4, answers will vary. 


2. How would you eliminate x from the following system of equations? 


x+2y=2 
3x —4y = 16 
3. How would you eliminate y from the following system of equations? 
5x+4y= 14 
3x + 5y = 24 
4. How would you eliminate x from the following system of equations? 
2x — 3y = 8 
—7x+2y=-11 


For Exercises 5—16, solve the system by using the addition method. (See Examples 1-3.) 


5. 3x- y=-l 6. 5x-—2y = 15 7. 2x+3y=3 8. 2x- Sy=7 
—3x + 4y = —-14 3x+2y =—-7 —10x + 2y = —32 3x — 10y = 13 

9, 3x+7y = -20 10. 6x-—9y = -15 11. 3x = 10y+ 13 12. —5x = 6y-4 
—5x + 3y = —84 5x —2y = —40 Ty =4x-11 Sy = 1-3x 

13. 1.2x —0.6y = 3 14. 1.8x+0.8y = 1.4 15. 3x+2=4y4+2 16. —4y -—3 =2x-3 
0.8x — 1L.4y = 3 1.2x + 0.6y = 1.2 7x = 3y Sy =3x 


Concept 2: Solving Inconsistent Systems and Systems of Dependent Equations 


For Exercises 17-24, solve the system. For systems that do not have one unique solution, also state the number of solutions 
and whether the system is inconsistent or the equations are dependent. (See Examples 4-5.) 


17. 3x-2y=1 18. 3x - y=4 19. 6y = 14-4x 20. 2x=4-y 
—6x + 4y = -2 6x — 2y=8 2x = —3y-—7 -y=2x-2 

21. 12x—4y=2 22. 10x — 15y=5 23. at yet an, et 
6x=1+2 3y=2x-1 x- =y=3 
wane ey — x+2y=45 2 


Mixed Exercises 


25. Describe a situation in which you would prefer to use the substitution method over the addition method. 


26. If you used the addition method to solve the given system, would it be easier to eliminate the x or y variable? 
Explain. 
3x—- Sy=4 
7x + 10y = 31 


For Exercises 27—32, answer True or False. 
27. A system of dependent equations has exactly one solution. 
28. An inconsistent system has infinitely many solutions. 
29. If solving a system of equations results in the contradiction 0 = 4, then the system is inconsistent. 


30. If solving a system of equations results in the identity -3 = —3, then the equations are dependent. 
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31. If asystem of linear equations represents two intersecting lines, then the system has exactly one solution. 


32. If asystem of linear equations represents two parallel lines, then the system has no solution. 


For Exercises 33-56, solve the system. For systems that do not have one unique solution, also state the number of solutions 


and whether the system is inconsistent or the equations are dependent. 


33. 


36. 


2x —4y=8 
y=2x+1 


O.1x + 0.5y = 0.7 
0.2x + 0.7y = 0.8 


39. 4x-6y =5 
2x—-3y=7 
1 1 
Sy See 
42. Bt tay 
2 
on eee | 
x 5) 
45. 2(x+2y)=20- y 
-7(x- y)=16+3y 
48. —9x=15 
3y+2=1 


51. 


54. — 


3r-2=5(11 459) 


x4 3Qy—3)=-2 


i. 7, . 8 
io 2° 5 
pepe 

(2 


34. 


37. 


8x + 6y = -8 
x=6y— 10 


0.2x — O.ly = 0.8 
0.1x —O.ly = 0.4 


40. 3x+6y=7 
2x+4y=5 
1 1 
. =x-=y=0 
43 3 5) 
eal 
46. -3(x+ y)=10-4y 
4(x + 2y) = 50 + 3y 
49. 0.04x = —0.05y + 1.7 
—0.03y = —2.4+ 0.07x 
52. 2(2y +3) -—2x=1-x 


55. 


xty=a7+y) 


4x = 3y 


4 
==x+2 
va 


35. 2x+5y=9 
4x —7y = -16 
38. y=tr-3 
Sie 
4x+y=-3 
1 1 
yey 
41. Fe 6 
1 1 
——x+=y=4 
x+y 
2 2 
44, —x-~y=0 
5 3 
3, 
x5 
47. —4y= 10 
4x+3= 
50. —0.01x = —0.06y + 3.2 
0.08y = 0.03x + 4.6 
1 11 
53. —=x+—y = — 
ral ‘y 4 
247 
a 
56. 4x -—2y=6 
eee 


57. A luxury car gets 16 mpg in the city and 24 mpg on the highway. A sport-utility vehicle (SUV) gets 14 mpg in the 
city and 20 mpg on the highway. Suppose that each vehicle travels c miles in the city and h miles on the highway. 
The luxury car uses 12 gal of gasoline and the SUV uses 14 gal. Solve the system of equations to determine the 
number of city miles driven and the number of highway miles driven. 


1 1 

L > —e+—h=12 
uxury car 16° + A 
1 1 

SUV: —c+—h=14 


14 20 
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58. A sedan gets 21 mpg in the city and 27 mpg on the highway. A truck gets 15 mpg in the city and 21 mpg on the 
highway. Suppose that each vehicle travels c miles in the city and h miles on the highway. The sedan uses 12 gal 
of gasoline and the truck uses 16 gal. Solve the system of equations to determine the number of city miles driven 
and the number of highway miles driven. 


1 1 
Sedan: =-c+—-h=12 
edan n° +37 


1 1 
Truck: —c+—h=1 
Truc iota 6 


Expanding Your Skills 


Sometimes the solution to a system of equations is an ordered pair containing fractions. In such a case, it is often easier to 
solve for each coordinate separately using the addition method. That is, use the addition method to solve for x. Then, rather 
than substituting x back into one of the original equations, repeat the addition method and solve for y. For Exercises 59-61, 
solve each system. 


59. 9x+1ly = 47 60. —6x+7y = —4 61. 4x- 10y = 19 
—5x + 3y = 23 4x -—9y = 31 5x + 12y = —-41 


Problem Recognition Exercises 


ISTUDY 


Solving Systems of Linear Equations 


For Exercises 1-4, solve each system by using three different methods. 


a. Use the graphing method. b. Use the substitution method. c. Use the addition method. 
1. -3x+y=-2 2. 3x-2y=4 3) ey 4, 2y=3x4+1 
4x-y=4 2 4 5 4x=4 
=-y+— =x+1 
x 3> 3 y a oo 


For Exercises 5-8, solve the system of equations by using the most efficient method. 


5. y=—-4x-9 6. 5x-2y=-17 7. 5x-3y =2 8. ta =-5 
8x + 3y = —29 x+5y=2 Tx + 4y = —30 Bl 13 
4 ao 


Applications of Systems of Linear Equations 
in Two Variables 


1. Applications Involving Cost 


We have already solved numerous application problems using equations that contain one 1. Applications Involving Cost 
variable. However, when an application has more than one unknown, sometimes it is more 2. Applications Involving 


convenient to use multiple variables. In this section, we will solve applications contain- Mixtures 
ing two unknowns. When two variables are present, the goal is to set up a system of two 3. Applications Involving 
independent equations. Principal and Interest 


4. Applications Involving 
Uniform Motion 

5. Applications Involving 
Geometry 
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| Example | Solving a Cost Application 


At an amusement park, five hot dogs and one drink cost $22. Two hot dogs and three 
drinks cost $14. Find the cost per hot dog and the cost per drink. 


Solution: 
Let h represent the cost per hot dog. Label the variables. 
Let d represent the cost per drink. 


Cost of 5 i of 1 
hot dogs drink 


Cost of 2 . en of 3 
hot dogs drinks 


) = $22 —> 5h+ d=22 Write two equations. 
) = $14 —> 2h43d=14 
This system can be solved by either the substitution method or the addition method. 


We will solve by using the substitution method. The d variable in the first equation is 
the easiest variable to isolate. 


5h+ d=22 —> d=-5h+22 Solve for d in the first equation. 
2h + 3d = 14 

: 2h + 3(-5h + 22) = 14 Substitute the quantity —5h + 22 

for d in the second equation. 
2h — 15h+ 66 = 14 Clear parentheses. 
—13h+66 = 14 Solve for h. 
pe os -13h = —52 
imac/Alamy Stock Photo ee 


d= —5(4) +22 —~> d=2 Substitute h = 4 in the 
equation d = —5h + 22. 
Because h = 4, the cost per hot dog is $4.00. 
Because d = 2, the cost per drink is $2.00. 


Skill Practice 


1. At the movie theater, Tom spent $15.50 on 3 soft drinks and 2 boxes of popcorn. 
Carly bought 5 soft drinks and | box of popcorn for a total of $16.50. Use a system 
of equations to find the cost of a soft drink and the cost of a box of popcorn. 


\ word problem can be checked by verifying that the solution meets the conditions 
specified in the problem. 


5 hot dogs +1drink =5($4.00) + 1($2.00) = $22.00 V 
2 hot dogs + 3 drinks = 2($4.00) + 3($2.00) = $14.00 ¥ 


Answer 


1. Soft drinks cost $2.50 and popcorn 
costs $4.00. 


Section 3.4 Applications of Systems of Linear Equations in Two Variables 281 


2. Applications Involving Mixtures 


| Example2 | Solving an Application Involving Chemistry 


One brand of cleaner used to etch concrete is 25% acid. A stronger industrial-strength 
cleaner is 50% acid. How many gallons of each cleaner should be mixed to produce 
20 gal of a 40% acid solution? 


Solution: 


Let x represent the amount of 25% acid cleaner. 
Let y represent the amount of 50% acid cleaner. 


Number of gallons of solution eG y 20 
Number of gallons of pure acid 0.25x 0.50y 0.40(20), or 8 


Avoiding Mistakes 


Do not forget to write the percent 
as a decimal. 


From the first row of the table, we have 


( Amount of ) 4 ( amount of ) - ee ae) eee, 
25% solution 50% solution of solution y 


From the second row of the table we have 


Amount of amount of amount of 
pure acidin }+{ pureacidin }]= pure acid in > 0.25x + 0.50y = 8 


25% solution 50% solution resulting solution 


FOR REVIEW 


Recall that the amount of a pure 
substance in a mixture is equal to 
the amount of mixture times the 
concentration rate of the substance. 
For example, in 20 gal of a 40% 
acid mixture, the amount of pure 
acid is (20 gal)(0.40) = 8 gal. 


x+ y=20 ———~ x+ y=20 


0.25x + 0.50y = 8 = ——~ 25x + 50y = 800 Multiply by 100 to 
clear decimals. 


Multiply by —25. 
x+ y= 20 _—, 


25x+ 50y = 800 25x + 50y = 800 coefficients of x. 
25y = 300 Add the equations 


—25x — 25y = —500 Create opposite 


y=12 to eliminate x. 
x+y = 20 Substitute y = 12 
_ back into one of 
ema 2h) the original 
x=8 equations. 


Therefore, 8 gal of 25% acid solution must be added to 12 gal of 50% acid solution to 
create 20 gal of a 40% acid solution. 


Skill Practice 


2. A pharmacist needs 8 ounces (oz) of a solution that is 50% saline. How many 
ounces of 60% saline solution and 20% saline solution must be mixed to obtain the 
mixture needed? 


To check your answer to an application problem, be sure that your solution satisfies both 
criteria in the problem. From Example 2, we have 


Amount of solution: Amount of acid: Answer 
8 gal + 12 gal = 20 gal ¥ (8 gal)(0.25) + (12 gal)(0.50) = (20 gal)(0.40) 2: The phatinadiet should niles or erGO% 
2gal + 6 gal = 8galV¥ solution and 2 oz of 20% solution. 
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Avoiding Mistakes 


To check the result of Example 3, 
we have: 
Amount of principal: 
$11,000 = 2($5500) ¥ 
Amount of interest: 
0.045($5500) + 0.07($11,000) 


= $247.50 + $770 
= $1017.50 V 


Answer 


3. Seth invested $7000 at 5% and $8000 
at 6%. 


3. Applications Involving Principal and Interest 


| Example3 | Solving an Application Involving Finance 


Serena invested money in two mutual funds. One had a return of 4.5% and the other had 
areturn of 7%. Twice as much was invested at 7% as at 4.5%. If the amount earned on 
the original principal at the end of 1 yr was $1017.50, determine the amount invested 
in each fund. 


Solution: 


Let x represent the amount invested at 4.5%. 


Let y represent the amount invested at 7%. 


Principal x y 
0.045x 0.07 


Amount earned 1017.50 


Because the amount invested at 7% was twice the amount invested at 4.5%, we have 
Amount amount 
invested } =2{ invested | > y = 2x 
at 7% at 4.5% 
From the second row of the table, we have 
Amount amount total 
earned from | + { earned from }] ={ amount ] ~ 0.045x + 0.07y = 1017.50 
4.5% account 7% account earned 
y =2x 
45x + 70y = 1,017,500 Multiply by 1000 to clear decimals. 


Because the y variable in the first equation is 
isolated, we will use the substitution method. 


45x + 70(2x) = 1,017,500 Substitute the quantity 2x into the second 


equation. 
45x + 140x = 1,017,500 
185x = 1,017,500 


Solve for x. 


_ 1,017,500 
185 
x = 5500 
yH 2x 
y = 2(5500) Substitute x = 5500 into the equation y = 2x to solve for y. 
y= 11,000 


Because x = 5500, the amount invested at 4.5% was $5500. 


Because y = 11,000, the amount invested at 7% was $11,000. 


Skill Practice 


3. Seth invested money in two accounts, one paying 5% simple interest and the other 
paying 6% simple interest. The amount invested at 6% was $1000 more than the 
amount invested at 5%. He earned a total of $830 interest in 1 yr. Determine the 
amount invested in each account. 
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i) | To check Example 3, note that $11,000 is twice $5500. Furthermore, 


Amount amount 
( earned from ) + (comec rom) = $5500(0.045) + $11,000(0.07) = 1017.50 V 
4.5% account 7% account 


4. Applications Involving Uniform Motion 


Solving a Distance, Rate, and Time Application 


A plane flies 660 mi from Atlanta to Miami in 1.2 hr when traveling with the wind. The 
return flight against the same wind takes 1.5 hr. Find the speed of the plane in still air 
and the speed of the wind. 


Solution: 


Let p represent the speed of the plane in still air. 
Let w represent the speed of the wind. 
The speed of the plane with the wind: 
(Plane’s still airspeed) + (wind speed) > p + w 
The speed of the plane against the wind: 
(Plane’s still airspeed) — (wind speed) > p — w 


Set up a chart to organize the given information: 


With the wind 660 ptw 12 


Against the wind 660 p-w LS) 


Two equations can be found by using the relationship d = rt. 
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Distance speed time 
with )=( with )( with 660 = (p + w)(1.2) ET When using the 
wind wind wind addition method, we use 
‘ , the multiplication property 
D istance speed time of equality to create oppo- 
against | = | against }{ against ] ————~> 660 = (p - w)(1.5) site coefficients. Example 4 
wind wind wind demonstrates that we can 
660 =(p+w)(1.2) Notice that the first equation may be divided by 1.2 ap eens sane) 
‘ A i Dock of equality to create opposite 
660 = (p — w)(1.5) and still leave integer coefficients. Similarly, the EBCHICICHIS 


second equation may be simplified by dividing by 1.5. 


Divide by 1.2. 660  (p+w)L2 
> > 
1.2 12 
Divide by 15. 660 = (p-—w)ldS 
1.5 15 


660 = (p + w)(1.2) > 550=p+w 


660 = (p — w)(1.5) > 440 = p—w 
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FOR REVIEW 


Recall these important facts from 
geometry. 


e The sum of the measures of the 
angles in a triangle is 180°. 

¢ Two angles are supplementary 
if the sum of their measures 
is 180°. 

¢ Two angles are complementary 
if the sum of their measures 
is 90°. 


Answers 

4. The speed of the plane is 540 mph, 
and the speed of the wind is 60 mph. 

5. The angles are 49° and 131°. 


550 =p+w 
440 =p-—w 
990 = 2p Add the equations. 
p=495 Divide by 2 to isolate p. 
550 = (495) + w Substitute p = 495 into the equation 550 = p+ w. 
55=w Solve for w. 


The speed of the plane in still air is 495 mph, and the speed of the wind is 55 mph. 


Skill Practice 


4. A plane flies 1200 mi from Orlando to New York in 2 hr with the wind. The return 
flight against the same wind takes 2.5 hr. Find the speed of the plane in still air and 
the speed of the wind. 


5. Applications Involving Geometry 


| Example | Solving a Geometry Application 


The sum of the two acute angles in a right triangle is 90°. The measure of one angle 
is 6° less than 2 times the measure of the other angle. Find the measure of each angle. 


Solution: 
Let x represent one acute angle. 


Let y represent the other acute angle. 


The sum of the two acute angles is 90° ————-~ x + y= 90 


One angle is 6° less than 2 times the other angle ——> x = 2y — 6 


x+y=90 Because one variable is already isolated, we 
r= 2y-6 will use the substitution method. 
(2y t 6)+y=90 Substitute x = 2y — 6 into the first equation. 
3y —-6=90 
3y = 96 
y= 32 
x=2y-6 Substitute y = 32 into the equation x = 2y — 6. 
x = 2(32) - 
x=64-6 
x =58 


The two acute angles in the triangle measure 32° and 58°. 


Skill Practice 


5. Two angles are supplementary. The measure of one angle is 16° less than 3 times 
the measure of the other. Find the measure of each angle. 
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Section 3.4 Activity 


To solve an application with two unknowns, it is often helpful to use two variables such as x and y. When two variables 
are used to solve an application, we need to have two independent equations that relate the variables. That is, for two 
unknowns, set up a system of two equations. 


A.1. A food cart in an artisan mall serves burritos and tacos. The burritos cost $4 each and the tacos cost $1.50 each. 
At the end of one business day, the food cart sold 790 items for a total of $1785 in revenue. How many burritos 
and how many tacos were sold? To solve this application, follow these steps. 

a. Set up an equation that represents the fact that the number of burritos sold, x, plus 
the number of tacos sold, y, equals 790. 
Set up an equation that represents the fact that the revenue from burritos plus the revenue from tacos equals 
the total revenue of $1785. 

b. Solve the system of equations from part (a). 

c. Interpret the meaning of the solution from part (b). 


A.2. An alloy is a metal made by combining two or more metallic elements. 
a. If a chemist has 50 g of a 24% silver alloy, how much is pure silver? 
b. If a chemist has x grams of a 24% silver alloy, how much is pure silver? 
c. If achemist has y grams of a 54% silver alloy, how much is pure silver? 


A.3. Suppose that a 24% silver alloy is to be mixed with a 54% silver alloy to get 40 g of a 30% silver alloy. How 
much of the 24% alloy and how much of the 54% alloy should be used? Follow these steps. 
a. Let x represent the amount of 24% alloy. What should y represent? 
b. Refer to Exercises A.2(b) and A.2(c) and fill in the table. 


Amount of alloy (g) 


Amount of pure silver (g) 


c. Set up an equation that indicates that the amount of 24% alloy plus the amount of 
54% alloy equals 40 g of a 30% alloy. 


Set up an equation that indicates that the amount of pure silver in the 24% alloy plus the amount of pure silver 
in the 54% alloy equals the amount of pure silver in 40 g of the 30% alloy. 

d. Solve the system of equations from part (c). 

e. Interpret the meaning of the solution from part (d). 


A.4. a. If $5000 is invested in an account earning 2.5% annual interest, how much interest is earned in one year? 
b. Write an expression for the amount of interest earned in | year on x dollars at 2.5% annual interest. 
c. Write an expression for the amount of interest earned in 1 year on y dollars at 4% annual interest. 


A.5. Feliciano invests money in two different accounts. One account yields a 2.5% annual return and the other yields 
a 4% annual return. He invests three times as much in the 4% account as he does in the 2.5% account, and his 
total return for one year is $652.50. How much does he invest in each account? 

a. Let x represent the amount invested in the account paying 2.5% interest. What should y represent? 


b. In this scenario, there are two “types” of money: principal (amount invested) and interest. Refer to Exercises A.4(b) 
and A.4(c) and fill in the table with expressions for the principal and interest in each account. 


Amount invested ($) 


Interest earned ($) 


c. Set up an equation that indicates that he invests three times as much in the 4% account as the 2.5% account. 


Set up an equation that indicates that the total annual interest generated by the 2.5% account plus the interest 
generated by the 4% account is $652.50. 
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d. Solve the system of equations from part (c). 
e. Interpret the meaning of the solution from part (d). 


A.6. a. Suppose that a boat normally travels 13 mph in still water (without a current). If the boat travels with a 

current of 3 mph, what is the net speed? In such a case, how far would the boat travel in 2 hr? 

b. Suppose that a boat normally travels 13 mph in still water. If the boat travels against a current of 3 mph, what 
is the net speed? In such a case, how far would the boat travel in 2 hr? 

c. Suppose that a boat normally travels b mph in still water. If the boat travels with a current of c mph, 
write an expression for the net speed. Write an expression representing the distance the boat would 
travel in 1.5 hr. 

d. Suppose that a boat normally travels b mph in still water. If the boat travels against a current of c mph, 
write an expression for the net speed. Write an expression representing the distance the boat would 
travel in 2.4 hr. 


A.7. A boat travels 24 mi in 1.5 hr with the current. Against the current, the same trip takes 2.4 hr. What is the speed 
of the current and the speed of the boat in still water? 
a. Let b represent the speed of the boat in still water. What should c represent? 
b. Refer to Exercises A.6(c) and A.6(d) and complete the table. 


With the current 


Against the current 


c. Set up an equation that indicates that the distance traveled with the current equals the rate of speed with the 
current times the time of travel with the current. 


Set up an equation that indicates that the distance traveled against the current equals the rate of speed against 
the current times the time of travel against the current. 

d. Solve the system of equations from part (c). 

e. Interpret the meaning of the solution from part (d). 


EE. Practice Exercises 


Prerequisite Review 


For Exercises R.1-R.2, solve the system using two different methods: 
a. The substitution method. 
b. The addition method. 
R.1. 0.36x + 0.2y = 0.3(40) R.2. 0.3x + 0.1y = 0.12(200) 
x+y=40 x+y= 200 
R.3. The cost for a personal trainer is $55 per session. R.4. The cost to rent office space is $840 per month. 
a. What is the cost for 5 sessions? a. What is the cost for 12 months? 
b. What is the cost for x sessions? b. What is the cost for y months? 
R.5. Mark borrows money at a rate of 3.5% simple interest. 
a. How much interest will he owe on $8000 for 3 years? 
b. How much interest will he owe if he borrows y dollars for 1 year? 
R.6. Louise invests in an account that earns simple interest at a rate of 2.4%. 
a. How much interest will she earn if she invests $5000 for 4 years? 
b. How much interest will she earn if she invests x dollars for 1 year? 
R.7. A solution is made up of 25% bleach and 75% water. 
a. How much bleach is in a 2-L container of solution? How much is water? 
b. How much bleach is in x liters of solution? 
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R.8. A gardener makes up a nutrient solution that is 5% liquid fertilizer and 95% water. 
a. How much fertilizer is present in 50 gal of the nutrient solution? How much is water? 
b. How much fertilizer is in y gallons of solution? 


R.9. Captain Coronel drives her boat at 4 mph. The current is 1 mph. 
a. What is the net speed of the boat traveling against the current? 
b. What is the net speed of the boat traveling with the current? 

c. How far will Captain Coronel travel with the current in 1.5 hr? 

d. 

e. 


How far will Captain Coronel travel against the current in 1.5 hr? 
If the speed of the boat in still water is b miles per hour and the speed of the current is c miles per hour, 
write an expression for the net speed of the boat traveling against the current. 
R.10. Jorge rides his bicycle at an average of 15 mph when there is no wind present. If the speed of the wind is 3 mph, 
a. What is the net speed that Jorge travels riding against the wind? 
What is the net speed that Jorge travels riding with the wind? 
How far will Jorge travel with the wind in 1 hr and 20 min (4 hr)? 
How far will Jorge travel against the wind in 2 hr? 
If Jorge rides x miles per hour in still air and if the speed of the wind is y miles per hour, write an expression 
for the net speed when Jorge rides with the wind. 


b. 
Cc. 
d. 
e. 


Vocabulary and Key Concepts 


1. The sum of the measures of the angles within a triangle is 


. If the measure of an angle is x and the measure of its supplement is y, then x + y= 


2 
3. If the measure of an angle is x and the measure of its complement is y, then x + y= 
4 


. If the measure of one acute angle in a right triangle is a and the other acute angle has measure J, then 


atb= 


Concept 1: Applications Involving Cost 


5. A 1200-seat theater sells two types of tickets for a 
concert. Premium seats sell for $30 each and regu- 
lar seats sell for $20 each. At one event $30,180 
was collected in ticket sales with 10 seats left 
unsold. How many of each type of ticket was sold? 
(See Example 1.) 


7. Mickey bought lunch for his fellow office workers 
on Monday. He spent $24.20 on 3 hamburgers and 
2 fish sandwiches. Chloe bought lunch on Tuesday 
and spent $23.60 for 4 hamburgers and | fish sand- 
wich. What is the price of 1 hamburger, and what is 
the price of | fish sandwich? 


John Flournoy/McGraw Hill 


. John and Ariana bought school supplies. John 


spent $10.65 on 4 notebooks and 5 pens. Ariana 
spent $7.50 on 3 notebooks and 3 pens. What is the 
cost of 1 notebook and what is the cost of 

1 pen? 


. A group of four golfers paid $300 to play a round 


of golf. Of the golfers, one is a member of the club 
and three are nonmembers. Another group of 
golfers consists of two members and one 
nonmember. They paid a total of $150. What is the 
cost for a member to play a round of golf, and what 
is the cost for a nonmember? 
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9. Jen has 2 scoops of vanilla ice cream and | scoop of 
mud pie ice cream for a total of 40 g of fat. Jim has 
1 scoop of vanilla and 2 scoops of mud pie for a 
total of 44 g of fat. How much fat is in 1 scoop of 
each ice cream? 


Concept 2: Applications Involving Mixtures 


11. A jar of one face cream contains 18% moisturizer, 
and another type contains 24% moisturizer. How 
many ounces of each should be combined to get 12 oz 
of a cream that is 22% moisturizer? (See Example 2.) 


13. How much fertilizer containing 8% nitrogen 
should be mixed with a fertilizer containing 
12% nitrogen to get 8 L of a fertilizer containing 
11% nitrogen? 


15. How much pure bleach should Tim combine with 
a solution that is 4% bleach to make 12 oz of a 
12% bleach solution? (Hint: Pure bleach is 100% 
bleach.) 


Concept 3: Applications Involving Principal and Interest 


17. Mr. Coté invested 3 times as much money in a 
stock fund that returned 8% interest after 1 yr as he 
did in a bond fund that earned 5% interest. If his 
total earnings came to $435 after 1 yr, how much 
did he invest in each fund? (See Example 3.) 


19. Mr. Levy borrowed money from two lenders. One 
lender charged 5.5% simple interest and the other 
charged 3.5% simple interest. Mr. Levy had to bor- 
row $200 more at 5.5% than he did at 3.5%. If the 
total interest after the first year was $245, how 
much did he borrow at each rate? 


21. Alina borrowed a total of $15,000 from two banks 
to buy a new boat. Because of her excellent credit, 
one bank charged only 6% simple interest and the 
other charged 7% simple interest. At the end of 
5 yr, the total amount of money she paid in interest 
was $4750. How much did she borrow from each 
bank? 


Concept 4: Applications Involving Uniform Motion 


23. It takes a boat 2 hr to travel 16 mi downstream with 
the current and 4 hr to return against the current. 
Find the speed of the boat in still water and the 
speed of the current. (See Example 4.) 


10. 


12. 


14. 


16. 


18. 


20. 


22. 


24. 


Roselle has 2 cups of popcorn and 8 oz of soda for a 
total of 216 calories. Carmel has 1 cup of popcorn 
and 12 oz of soda for a total of 204 calories. Deter- 
mine the number of calories per cup of popcorn and 
per ounce of soda. 


Logan wants to mix an 18% acid solution with a 
45% acid solution to get 16 L of a 36% acid solu- 
tion. How many liters of the 18% solution and how 
many liters of the 45% solution should be mixed? 


How much 30% acid solution should be added to 
10% acid solution to make 100 mL of a 12% acid 
solution? 


A fruit punch that contains 25% fruit juice is com- 
bined with 100% fruit juice. How many ounces of 
each should be used to make 48 oz of a mixture that 
is 75% fruit juice? 


Aliya deposited half as much money in an account 
earning 2.5% simple interest as she invested in an 
account that earns 3.5% simple interest. If the total 
interest after 1 yr is $247, how much did she invest in 
each account? 


Jody invested $5000 less in an account paying 3% 
simple interest than she did in an account paying 
4% simple interest. At the end of the first year, the 
total interest from both accounts was $725. Find the 
amount invested in each account. 


Didi plans to take a trip to the Galapagos Islands in 
4 yr and knows that she needs approximately $3500 
for the trip. She invests a total of $15,500 in two 
funds. One fund has a 6% return, and the other has a 
5% return. How much should she invest in each 
fund so that she earns $3500 after 4 yr? 


A plane flew 720 mi in 3 hr with the wind. It would 
take 4 hr to travel the same distance against the 
wind. What is the speed of the plane in still air and 
the speed of the wind? 


25. 


27. 
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A plane flies from Atlanta to Los Angeles against 
the wind in 5 hr. The return trip back to Atlanta 
with the wind takes only 4 hr. If the distance 
between Atlanta and Los Angeles is 3200 km, find 
the speed of the plane in still air and the speed of 
the wind. 


A moving sidewalk in the Atlanta airport moves 
people between gates. It takes Molly’s 8-year-old 
son Stephen 20 sec to travel 100 ft walking with the 
sidewalk. It takes him 30 sec to travel 60 ft walking 
against the moving sidewalk (in the opposite direc- 
tion). Find the speed of the moving sidewalk and 
Stephen’s walking speed on nonmoving 

ground. 


Concept 5: Applications Involving Geometry 


For Exercises 29-34, solve the applications involving geometry. 


29. 


31. 


33. 


In a right triangle, one acute angle measures 6° 
more than 3 times the other. If the sum of the meas- 
ures of the two acute angles must equal 90°, find 
the measures of the acute angles. (See Example 5.) 


Two angles are supplementary. One angle measures 
2° less than 3 times the other. What are the meas- 
ures of the two angles? 

One angle measures 6° more than twice another. 

If the two angles are complementary, find the 
measures of the angles. 


Mixed Exercises 


26. 


28. 


30. 


32. 


34. 


The Gulf Stream is a warm ocean current that 
extends from the eastern side of the Gulf of Mexico 
up through the Florida Straits and along the south- 
eastern coast of the United States to Cape Hatteras, 
North Carolina. A boat travels with the current 

100 mi from Miami, Florida, to Freeport, Bahamas, 
in 2.5 hr. The return trip against the same current 
takes 34 hr. Find the speed of the boat in still water 
and the speed of the current. 


Kim rides a total of 48 km in the bicycle portion of 
a triathlon. The course is an “out and back” route. It 
takes her 3 hr on the way out against the wind. The 
ride back takes her 2 hr with the wind. Find the 
speed of the wind and Kim’s speed riding her bike 
in still air. 


An isosceles triangle has two angles of the same 
measure. If the angle represented by y measures 3° 
less than the angle x, find the measures of all angles 
of the triangle. 


The measure of one angle is 5 times the measure of 
another. If the two angles are supplementary, find 
the measures of the angles. 

Two angles are complementary. One angle 
measures 15° more than 2 times the measure of the 
other. What are the measures of the two angles? 


35. How much pure gold (24K) must be mixed with 60% gold to get 20 grams (g) of 75% gold? 


36. Connie is the head of maintenance at a large hospital. She received news of a new state mandate indicating that 
the minimum strength for disinfectant was to be 17%, up from the old requirement of 15%. Connie had plenty of 
barrels of 15% disinfectant left over, and also lots of the strong 55% disinfectant used in rooms for patients with 
highly contagious diseases. How many gallons of each disinfectant should be mixed to get 50 gal of 


17% disinfectant? 
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37. A rowing team trains on the Halifax River. It can 


39. 


41. 


43. 


45. 


47. 


48. 


row upstream 10 mi against the current in 2.5 hr 
and 16 mi downstream with the current in the same 
amount of time. Find the speed of the boat in still 
water and the speed of the current. 


Comstock Images 


There are two types of tickets sold at the Canadian 
Formula One Grand Prix race. The price of 6 
grandstand tickets and 2 general admissions tickets 
is $2330. The price of 4 grandstand tickets and 4 
general admission tickets is $2020. What is the 
price of each type of ticket? 


A bank offers two accounts, a money market 
account at 2% simple interest and a regular savings 
account at 1.3% interest. If Svetlana deposits $3000 
between the two accounts and receives $51.25 in 
total interest in the first year, how much did she 
invest in each account? 


The perimeter of a rectangle is 42 m. The length is 
1 m longer than the width. Find the dimensions of 
the rectangle. 


A coin collection consists of 50¢ pieces and $1 


coins. If there are 21 coins worth $15.50, how many 


50¢ pieces and $1 coins are there? 


38. In her kayak, Taylor can travel 31.5 mi downstream 


40. 


42. 


44, 


46. 


with the current in 7 hr. The return trip against the 
current takes 9 hr. Find the speed of the kayak in 
still water and the speed of the current. 


Karl Weatherly/Getty Images 


A basketball player scored 19 points by shooting 
two-point and three-point baskets. If she made a 

total of eight baskets, how many of each type did 
she make? 


Angelo invested $8000 in two accounts: one that 
pays 3% and one that pays 1.8%. At the end of the 
first year, his total interest earned was $222. How 
much did he deposit in the account that pays 

3%? 


In a right triangle, the measure of one acute angle is 
one-fourth the measure of the other. Find the meas- 
ures of the acute angles. 


Jacob has a piggy bank consisting of nickels and 
dimes. If there are 30 coins worth $1.90, how many 
nickels and dimes are in the bank? 


One storage company charges $60 per month to rent a small storage unit. Another charges $50 per month but has an 


initial fee of $100. 


a. Write a linear function representing the cost f(x) to rent a storage unit from the first company for x months. 


b. Write a linear function representing the cost g(x) to rent a storage unit from the second company for x months. 


c. Find the number of months for which the cost to rent a storage unit would be the same for each company. 


A rental car company rents a compact car for $20 a day, plus $0.25 per mile. A midsize car rents for $30 a day, plus 


$0.20 per mile. 


a. Write a linear function representing the cost c(x) to rent the compact car for x miles. 


b. Write a linear function representing the cost m(x) to rent a midsize car for x miles. 


c. Find the number of miles at which the cost to rent either car would be the same. 


[STUDY 
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Linear Inequalities and Systems of Linear 
Inequalities in Two Variables 


1. Graphing Linear Inequalities in Two Variables 


A linear inequality in two variables x and y is an inequality that can be written in one of 
the following forms: Ax + By < C, Ax + By > C, Ax + By < C, or Ax + By > C, provided A 
and B are not both zero. 

A solution to a linear inequality in two variables is an ordered pair that makes the 
inequality true. For example, solutions to the inequality x + y < 6 are ordered pairs (x, y) 
such that the sum of the x- and y-coordinates is less than 6. This inequality has an infinite 
number of solutions, and therefore it is convenient to express the solution set as a graph. 

To graph a linear inequality in two variables, we will follow these steps. 


phing a Linear Inequality in Two Variables 
Write the inequality with the y variable isolated, if possible. 


Graph the related equation. Draw a dashed line if the inequality is strict, 

< or >. Otherwise, draw a solid line. 

Shade above or below the line as follows: 

e Shade above the line if the inequality is of the form 
y>mx+bory>mx+b. 

e Shade below the line if the inequality is of the form 
y<mx+bory<mx+b. 


Note: A dashed line indicates that the line is not included in the solution set. A solid 
line implies that the line is included in the solution set. 


This process is demonstrated in Example 1. 


| Example1 | Graphing a Linear Inequality in Two Variables 


Graph the solution set. —3xty<l 
Solution: 
—3x+y<l 
y<3x4+1 Solve for y. 


Next graph the line defined by the related 
equation y= 3x+ 1. 


Because the inequality is of the form 

y < mx + b, the solution to the inequality is the 
region below the line y = 3x + 1. So to indicate 
the solution set, shade the region on and below 
the line. See Figure 3-7. Figure 3-7 


Skill Practice Graph the solution set. 
1. 2x+y>-4 


1. Graphing Linear 
Inequalities in Two 
Variables 

2. Systems of Linear 
Inequalities in Two 
Variables 

3. Graphing a Feasible 
Region 


Answer 
1. 
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Test point 
(0, 0) 
> Xx 
—5 -4 -3 -2-1 192) 3) 4eeS 


Figure 3-8 


FOR REVIEW 


Recall that to graph a linear equa- 
tion in two variables, we can make 
a table of points and graph the line 
through the points. Alternatively, 
we can write the equation in slope- 
intercept form. Then graph the line 
using the y-intercept and slope. 


Answer 
2. y 
A 
5 
4 
3} 
2: 
omen ji 
ee > X 
-5 -4 -3 -2-1 T2333 


After graphing the solution to a linear inequality, we can verify that we have shaded the 
correct side of the line by using test points. In Example |, we can pick an arbitrary ordered 
pair within the shaded region. Then substitute the x- and y-coordinates in the original ine- 
quality. If the result is a true statement, then that ordered pair is a solution to the inequality 
and suggests that other points from the same region are also solutions. 

For example, the point (0, 0) lies within the shaded region (Figure 3-8). 


—3xt+y<1 Substitute (0, 0) in the original inequality. 
-3(0) +(0) <1 
0+0 < 1¥ True The point (0, 0) from the shaded region is a 
solution. 


In Example 2, we will graph the solution set to a strict inequality. A strict inequality 
does not include equality and therefore, is expressed with the symbols < or >. In such a 
case, the boundary line will be drawn as a dashed line. This indicates that the boundary 
itself is not part of the solution set. 


| Example 2 _| Graphing a Linear Inequality in Two Variables 


Graph the solution set. —4y < 5x 


Solution: 


—4y < 5x 
—4y_ 5x 
ner Solve for y. Recall that when we divide both sides 
5 by a negative number, reverse the inequality sign. 
> ee 
pom 
. Graph the line defined by the related equation, 
ee sf y = —}x. The boundary line is drawn as a dashed line 
“one because the inequality is strict. Also note that the line 
‘. ; passes through the origin. 
s 
‘ = Because the inequality is of the form y > mx + b, 
cosccermet | the solution to the inequality is the region above the 
2 b : ; 
i. line. See Figure 3-9. 
-3 + 
LA oN 
Ls N 
Figure 3-9 


Skill Practice Graph the solution set. 


2. —3y <x 
y In Example 2, we cannot use the origin as a test point, 
& ; a ae because the point (0, 0) is on the boundary line. Be sure to 
x 2'| Test point select a test point strictly within the shaded region. In this 
a ap i) case, we choose (2, 1). See Figure 3-10. 
Sg e 
-§-4 3-2-1 a 13. aa —4y < 5x The test point (2, 1) is 
a. indeed a solution to the 
Pape -A(1) < 5(2) seen 
3 ~ original inequality. 
. 2 
e 4 —4 < 10 V True 


Figure 3-10 
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In Example 3, we encounter a situation in which we cannot solve for the y variable. 


| Example 3 _| Graphing a Linear Inequality in Two Variables 


Graph the solution set. 4x >—-12 


Solution: 
4x > -12 In this inequality, there is no y variable. However, 
gs 28 we can simplify the inequality by solving for x. 
‘ Graph the related equation x = —3. This is a vertical 
st line. The boundary is drawn as a solid line because the 
as inequality is not strict, >. 
3 
Test poi : : 
; : Toe To shade the appropriate region, refer to the 
: = inequality x > —3. The points for which x is greater 
Soe than —3 are to the right of x = —3. Therefore, shade 
-2 the region to the right of the line (Figure 3-11). 
3 
a Selecting a test point such as (0, 0) from the shaded FOR REVIEW 
- region indicates that we have shaded the correct side Recall that a vertical line is repre- 
Figure 3-11 of the line. sented by an equation of the form 
x =k, such as x = —3. A horizontal 
4x > -12 Substitute x = 0. line is represented by an equation 
Pp 'y q 


9 of the form y = k, such as y= 5. 
4(0)>-12 Y True 


Skill Practice Graph the solution set. 
3. —2x>2 


2. Systems of Linear Inequalities in Two Variables 


Some applications require us to find the solutions to a system of linear inequalities. 


Graphing a System of Linear Inequalities 


Graph the solution set.  y>4x+1 


xty<l 


Solution: 


Solve each inequality for y. 


First inequality 


1 Answer 
y>oxt1 

3. y 

A 
The inequality is of the form 5 
y> mx + b. Shade above the ; 
boundary line. See Figure 3-12. 2 
Figure 3-12 1 

—5 —4 -3 -2- 123 4 cal 


Ak WN 
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Answer 
4. 
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Second inequality 
x+ty<l 
y<-x4+l1 


The inequality is of the form 
y < mx + b. Shade below the 
boundary line. See Figure 3-13. 


The region bounded by the inequalities is 
the region above the line y=4x+ 1 and 
below the line y = —x + 1. This is the 
intersection or “overlap” of the two shaded 
regions (shown in purple in Figure 3-14). 


> 


‘: 


Sr 


o 


E- = 
-§ -4 3¥-2 -1 
Pia al 


Figure 3-14 


Skill Practice Graph the solution set. 
4. x-3y>3 
y<—-2x+4 


| Example5 | Graphing a System of Linear Inequalities 


Graph the solution set. 3y <6 
y-x<0 


Solution: 
First inequality 
3y <6 
ys<2 
The graph of y < 2 is the region 


on and below the horizontal 
line y = 2. See Figure 3-16. 


Figure 3-13 


The intersection is the solution 
set to the system of inequalities. 
See Figure 3-15. 


-5 


Figure 3-15 


pas iecadecereet 


Figure 3-16 
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Second inequality 


y—x<0 

Tee 

The inequality y < x is of the The solution to the system of inequalities 
form y < mx + b. Graph a solid is the intersection of the shaded regions. 
line and shade the region below Notice that the portions of the lines not 
the line. See Figure 3-17. bounding the solution are dashed. See 


Figure 3-18. 


Figure 3-17 Figure 3-18 


Skill Practice Graph the solution set. 
5. 2y <4 
y<x+l 


Graphing a System of Linear Inequalities 


Describe the region of the plane defined by the system of inequalities. 


x <0 
y>0 


Solution: 


x<0O  x<0 for points on the y-axis and in the second 


and third quadrants. 
Answers 


y>0O  y=0 for points on the x-axis and in the first 
and second quadrants. 


The intersection of these regions is the set 
of points in the second quadrant (with the 
boundaries included). 


Skill Practice Graph the region defined by the system of inequalities. 
6. x <0 
y<o0 


3. Graphing a Feasible Region 


When two variables are related under certain constraints, a system of linear inequalities can 
be used to show a region of feasible values for the variables. 


The feasible region represents the ordered pairs that are true for each inequality in the 
system. 


296 Chapter 3 Systems of Linear Equations and Inequalities 


GEESE Graphing a Feasible Region 


Susan has two tests on Friday: one in chemistry and one in psychology. Because the two 
classes meet in consecutive hours, she has no study time between tests. Susan estimates 
that she has a maximum of 12 hr of study time before the tests, and she must divide her 
time between chemistry and psychology. 


Let x represent the number of hours Susan spends studying chemistry. 
Let y represent the number of hours Susan spends studying psychology. 
a. Find a set of inequalities to describe the constraints on Susan’s study time. 


b. Graph the constraints to find the feasible region defining Susan’s study time. 


Solution: 


a. Because Susan cannot study chemistry or psychology for a negative period of 
time, we have x > 0 and y > 0. Furthermore, her total time studying cannot 
exceed 12 hr: x+y< 12. 


A system of inequalities that defines the constraints on Susan’s study time is: 


x>0 ' 
y> @) 16 
i 14 
x+ty<12 Bo 
2 10 
b. The first two conditions x > 0 and y > 0 4 8 
represent the set of points in the first quadrant. g : 
The third condition x + y < 12 represents = 2 


the set of points below and including the line 
x+y = 12 (Figure 3-19). 


x 
—4 -2 2 4 6 8 10 12 14 16 


Hours (chemistry) 


Figure 3-19 
Discussion: 


1. Refer to the feasible region drawn in Example 7(b). Is the ordered pair (8, 5) part 
of the feasible region? 

No. The ordered pair (8, 5) indicates that Susan spent 8 hr studying 
chemistry and 5 hr studying psychology. This is a total of 13 hr, which exceeds 
the constraint that Susan only had 12 hr to study. The point (8, 5) lies outside the 
feasible region, above the line x + y = 12 (Figure 3-20). 


Hours (psychology) 


Hours (chemistry) 2. Is the ordered pair (7, 3) part of the feasible region? 
Figure 3-20 Yes. The ordered pair (7, 3) indicates that Susan spent 7 hr studying chemistry 
and 3 hr studying psychology. 
This point lies within the feasible region and satisfies all three constraints. 


x>0 — > 7>0 True 
y>O —> 3>0 True 
x+y < 12 —+(7)+(3)<12 True 


Notice that the ordered pair (7, 3) corresponds to a point where Susan is not 
making full use of the 12 hr of study time. 
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3. Suppose there was one additional constraint ; 
imposed on Susan’s study time. She knows she 16 
needs to spend at least twice as much time study- 


3S 12 
ing chemistry as she does studying psychology. g 10 
Graph the feasible region with this additional Z 7 ; 
constraint. ae . 
Because the time studying chemistry must be 3 2 ee 
at least twice the time studying psychology, we 42 [946 8 101214 1¢ 
have x > 2y. re 


Hours (chemistry) 


This inequality may also be written as y < 4x. 
Figure 3-21 
Figure 3-21 shows the first quadrant with the 


constraint y < 4x. 


4. At what point in the feasible region is Susan making the most efficient use of her 
time for both classes? 

First and foremost, Susan must make use of al// 12 hr. This occurs for points 
along the line x + y = 12. Susan will also want to study for both classes with 
approximately twice as much time devoted to chemistry. Therefore, Susan will 
be deriving the maximum benefit at the point of intersection of the line 


x+y=12 and the line y= 4x. 


Using the substitution method, replace y = 4x into the equation 


x+y = 12. 
y 
x+4x = 12 6} 
14 
2x+x = 24 Clear fractions. Bowwhetys1 
< 10} 
3x = 24 $ - ae y=sx 2 
x=8 Solve for x. a6 ade Dat 
z 4 
(8) : J 2 
y= To solve for y, substitute x = 8 ca . 
2 , , 1 -4-2 24 6 8 10 1214 16 
into the equation y = 5x. ~2 
—4 
= 4 Hours (chemistry) 


Therefore, Susan should spend 8 hr studying chemistry and 4 hr studying psychology. 


Skill Practice 


7. A local pet rescue group has a total of 30 cages that can be used to hold cats and 
dogs. Let x represent the number of cages used for cats, and let y represent the 
number used for dogs. 


a. Write a set of inequalities to express the fact that the number of cat and dog 
cages cannot be negative. 

b. Write an inequality to describe the constraint on the total number of cages for 
cats and dogs. 


c. Graph the system of inequalities to find the feasible region describing the Answer 
available cages. 7. a. x>Oandy>0 
b. x+y < 30 


c. y 
A 


30 


30 
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Section 3.5 Activity 


A.1. Determine if the ordered pair is a solution to the inequality —3x + 5y < 15. 


a. (2, 4) b. (-4, 2) & (3) 
A.2. a. Graph the line —4x + 2y = 8. b. Graph the inequality —4x + 2y <8. 
ay a 
A ry 
: @ 5 sjaseevesopenssseangoonassss ys ~ 5 os 
: fod eee 
peed) aie 
. il oe foo on : 
jaa GAs ai ia on a 
$ ae “1 are ganic nciuammeneea aes 
3 ee 
BG Poe erates : ee = 


c. Explain how the graph of part (b) would change for the inequality —4x + 2y > 8. 
d. Explain how the graph of part (b) would change for the inequality —4x + 2y < 8. 


A.3. a. Graph the inequality x < 0. b. On the same coordinate system, graph the inequality y > 0. 


c. Describe the area of overlap between the two inequalities. 


d. Now graph the inequality x — y > —3 on the same coordinate system. Note that the region of overlap of the three 
inequalities is the solution set to the system: 


x<0 
y>0 
= VS 3 
a 
A 
eS) P 
4 ill temas aati 
3 
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Practice Exercises | Section 3.5 


Prerequisite Review 
For Exercises R.1-R.4, 


a. Find the x- and y-intercepts. 
b. Graph the equation. 


RA. 4x-3y=12 


For Exercises R.5—R.6, determine whether the given value is a solution to the inequality. 
R.5. 5x-3<7 

fh Laz 

R.6. —4x-8>8 

a. x=4 


Vocabulary and Key Concepts 


1. a. 
b. 


An inequality that can be written in the form Ax + By > C is called a ___________ inequality in two variables. 


Given the inequality 3x — 4y < 6, the boundary line 3x — 4y = 6 (is/is not) included in the solution set. 
However, given 3x — 4y < 6, then the boundary line (is/is not) included in the solution set. 


. Given the inequality 5x + y > 5, the boundary line 5x + y =5 should be drawn as a (solid/dashed) line to 


indicate that the line (is/is not) part of the solution set. 


. Given the inequality y > —x + 4, the boundary line y = —x + 4 should be drawn as a (solid/dashed) line to indicate 


that the line (is/is not) part of the solution set. 


3. The graph of y < x + 2 is the set of points below the line y = x + 2. How would the graph of y > x + 2 be different? 


4. The graph of y > 3x + | is the set of points on and above the line y = 3x + 1. How would the graph of y > 3x + 1 be 
different? 


5. The line y = —2x passes through the origin. Does the graph of y < —2x include the origin? 
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Concept 1: Graphing Linear Inequalities in Two Variables 


For Exercises 6—9, determine if the given point is a solution to the inequality. 


6. 2x-y>8 7. 3y+x<5 
a. (3, —5) c. (4, -2) a. (-1,7) c. (0, 0) 
b. (—1, —10) d. (0, 0) b. (5, 0) d. (2, —3) 
8. y<-2 9. xe5 
a. (5, —3) c. (0, 0) a. (4, 5) c. (8, 8) 
b. (—4, —2) d. (3, 2) b. (5, -1) d. (0, 0) 


10. When should you use a dashed line to graph the solution to a linear inequality? 


For Exercises 11-16, decide which inequality symbol should be used (<, >, >, <) by looking at the graph. 


ia 12. 13. y 


te rFNwWERYN 


: - - 
23 4a 


14. 15. 16. 


f eit s 
i 
a 


| 
nr 
| 
b 
| 
we 
| 
i) 
| 
= 
| 
wn 
= 
i 


_ 
wn 


For Exercises 17-40, graph the solution set. (See Examples 1-3.) 


17. x-2y>4 18. x-3y>6 19. 5x-2y< 10 
7 y y 
5 4 3 
4 3 2. 
3 2 1 

2 can 

| -5-4-3-2-1 12345” 

= ih 
= -3 2-1 1234567 
354 So | tO 4S <1 | 
a 5 a 
1-2: me} 4 
“3 = -5 
aid = io 
—5 


20. x-—3y<8 


al 


eye YD 


2-1 


12345 67 8°" 


26. y>5 


EN w END A 


8 <4 3-9 1 
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21. 


24. 


27. 


30. 


Linear Inequalities and Systems of Linear Inequalities in Two Variables 


2x < —6y + 12 
. 
A 
5: 
4 
ei) 
2 
1 
> xX 
eet Ne ee a 
—2, 
3: 
4 
5 
—6x < 2y 
; 
A 
5 
4 
3 
2 
1 
> 
ss Fae en dare | Mk ec es 
2 
3 
4 
5 
4x <5 
9 
A 
5 
4 
3 
2: 
> x 
—5 -4 -3 -2-1 123 4 5 
2 
—3; 
—4 
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y> =y —4 
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2 
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22. 4x<3y+12 


woe 
mi 


25. y>-2 


28. x+6<7 


B 


> 
123 45 


> 
123 45 
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> 
3 4567 8 
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> 
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38. 0.3x —0.2y < 0.6 


y 
A 


> 
12345 


x 


33. y—5x>0 


2 
39. x<-—= 
x< 3) 


> 
1 12345 


1 123 4 °5 


> 
1 123 45 


Concept 2: Systems of Linear Inequalities in Two Variables 


For Exercises 41-55, graph the solution set. (See Examples 4-6.) 


41. y<4 
y>-x+2 


ae 


Fy w RUDY 
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42. y<3 


x+2y<6 
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> 
12345 6 


34. ya 5x>0 


37. O.1x+0.2y < 0.6 
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44. x+3y>3 45. x+y<3 46. x+y<4 
x<-2 4x+y<6 3x+y<9 


y 
A 


>< 
me 


FyweY 
FEF Nw RUD 


> X 
—5 -4 -3 -2 -1 12 3 4 5 


FNWRUDA NID 


x 


$3 
2524 -9.29-=] 12345 
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47. 2x-y<2 48. 3x+2y>4 49. x>4 
2x + 3y>6 x-ys<3 y<2 
y y y 
A A nN 
5 4 6 
4 3 5 
3 2 4 
2 3 
and 2 
: -4-3-2-1 | 12345 6 ; 
hed = 9 12345 ¥ 
: 3 = =o} >x 
2-1 /12345678 
~2 3 zl : ! 3 3 
3 4 =;) 
4 5 3 
-5 6 4 
50. «<3 51. x<-2 52. x>0 
y>4 y<0 y>-3 
y y y 
A rY A 
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4 2 x 
; -7-6-5-4-3-2-1 | 1 2 3 
2 > Xx —2: 
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j32-1.[1234567 ae : na 
1 ; eee =) : i ' fae 
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53. x>0 54. x <0 55. y>0 
xt+y<6 xty<2 —2x+y<-4 
y y y 
A A A 
7 5 5 
6 4 4 
5 3 3 
4 2 2 
3 1 1 
2: >x xX 
; -5-4-3-2-1 | 123 4 5 $4-3-3-1 [133 4 5 
-3-2-1 i2gs4567 a 2 
i —| : : 5 35 —3 
-2 -4 -4 
= 5 5 


304 Chapter 3 Systems of Linear Equations and Inequalities 


Concept 3: Graphing a Feasible Region 
For Exercises 56-59, graph the feasible regions. 


56. x+y <3 and 57, x -—y<2 and 58. x>0,y>0 59. x>0,y>0 
x>0,y>0 x>0,y>0 x+y<8and x+y<5and 
3x + 5y < 30 x+2y<6 
y y y y 
A A h A 
5 5 8 5 
4 4 7 4 
3 3 6 3 
2 2 5 2 
1 1 4 1 
—5 -4 -3 -2-1 12 3 4 5 —5 -4 -3 -2 -1 123 4 5 —3 -2 -1 12345 6 7a 
Jef rndonel Beane i Jefeedenal ere 2 -1 
2 —2: 1 -2 
a ms -2-1 12345678 7 
-4 -4 1 -4 
5 5 —2 —5 
60. Suppose Sue has 50 ft of fencing with which she can build a rectangular 1 
dog run. Let x represent the length of the dog run and let y represent sal 
the width. 20 |- 
a. Write an inequality representing the fact that the total perimeter 3 By 
of the dog run is at most 50 ft. = 10 
b. Sketch part of the solution set for this inequality that represents all a= 
possible values for the length and width of the dog run. (Hint: Note 0 : 7 = a 5 =* 
that both the length and the width must be positive.) Length 
61. Suppose Rick has 40 ft of fencing with which he can build a rectangular y 
garden. Let x represent the length of the garden and let y represent the 25 /- 
width. 20- 
a. Write an inequality representing the fact that the total perimeter 3 15 ;— 
of the garden is at most 40 ft. 2 10h 
b. Sketch part of the solution set for this inequality that represents all a 
possible values for the length and width of the garden. (Hint: Note | | | | Lyx 
: a53 0 5 10 15 20 25 
that both the length and the width must be positive.) Length 


62. A manufacturer produces two models of desks. Model A requires 4 hr to stain and finish and 3 hr to assemble. 
Model B requires 3 hr to stain and finish and 1| hr to assemble. The total amount of time available for staining and 
finishing is 24 hr and for assembling is 12 hr. Let x represent the number of Model A desks produced, and let y 
represent the number of Model B desks produced. 


>< 


a. Write two inequalities that express the fact that the number of desks to be 


produced cannot be negative. : 
b. Write an inequality in terms of the number of Model A and Model B desks 4 : 
that can be produced if the total time for staining and finishing is at a 4 
most 24 hr. 3 3 
° 2 
c. Write an inequality in terms of the number of Model A and Model B desks 2 ! 
that can be produced if the total time for assembly is no more than 12 hr. Awe | ie aes SF ve 
2 
Model A desks 


d. Graph the feasible region formed by graphing the preceding inequalities. 
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e. Is the point (3, 1) in the feasible region? What does the point (3, 1) represent in the context of this 


problem? 


f. Is the point (5, 4) in the feasible region? What does the point (5, 4) represent in the context of this 


problem? 


63. In scheduling two drivers for delivering pizza, James needs to have at least 65 hr scheduled this week. His two drivers, 
Karen and Todd, are not allowed to get overtime, so each one can work at most 40 hr. Let x represent the number of 
hours that Karen can be scheduled, and let y represent the number of hours Todd can be scheduled. (See Example 7.) 


a. Write two inequalities that express the fact that Karen 
and Todd cannot work a negative number of hours. 


b. Write two inequalities that express the fact that neither 
Karen nor Todd is allowed overtime (i.e., each driver can 
have at most 40 hr). 


c. Write an inequality that expresses the fact that the total 
number of hours from both Karen and Todd needs to be at 
least 65 hr. 


d. Graph the feasible region formed by graphing the inequalities. 


y 


Hours (Todd) 
AK 
3S 


5 10 15 20 25 30 35 40 45 50 55 60 65 7 


Hours (Karen) 


e. Is the point (35, 40) in the feasible region? What does the point (35, 40) represent in the context of this problem? 


f. Is the point (20, 40) in the feasible region? What does the point (20, 40) represent in the context of this 


problem? 


Systems of Linear Equations in Three Variables 


and Applications 


1. Solutions to Systems of Linear Equations in 


Three Variables 


Thus far we have solved systems of linear equations in two variables. In this section, we 
will expand the discussion to solving systems involving three variables. 

A linear equation in three variables can be written in the form Ax + By + Cz=D, 
where A, B, and C are not all zero. For example, the equation 2x + 3y + z=6 is a linear 
equation in three variables. Solutions to this equation are ordered triples of the form 


(x, y, Z) that satisfy the equation. Some solutions to the equation 2x + 3y + z= 6 are 


Solution: Check: 


(1, 1, 1) —» 2(1) + 3(1) + (I) = 6 True 
(2, 0, 2) —» 2(2) + 3(0) + (2)46V True 
(0, 1, 3) —» 2(0) + 3(1) + (3) = 6 True 


Infinitely many ordered triples serve as solutions to the equation 
2x+ 3y+z=6. 

The set of all ordered triples that are solutions to a linear equation 
in three variables may be represented graphically by a plane in space. 
Figure 3-22 shows a portion of the plane 2x + 3y + z= 6 in a three- 
dimensional coordinate system. 


Figure 3-22 


1. Solutions to Systems of 


Linear Equations in Three 
Variables 


. Solving Systems of Linear 


Equations in Three 
Variables 


. Applications of Linear 


Equations in Three 
Variables 


. Solving Inconsistent 


Systems and Systems 
of Dependent Equations 
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An example of a system of three linear equations in three variables is shown here. 
2x+ y—3z=-7 
3x -—2y+ z=11 
—2x — 3y —2z=3 


A solution to a system of linear equations in three variables is an ordered triple that 
satisfies each equation. Geometrically, a solution is a point of intersection of the planes 
represented by the equations in the system. 

A system of linear equations in three variables may have one unique solution, infinitely 
many solutions, or no solution (Table 3-2, Table 3-3, and Table 3-4). 


Table 3-2 


One unique solution (planes intersect at one point) 


e The system is consistent. 
e The equations are independent. 


Table 3-3 


No solution (the three planes do not all intersect) 


e The system is inconsistent. 
e The equations are independent. 


S 


Table 3-4 


Infinitely many solutions (planes intersect at infinitely many points) 


e The system is consistent. 
e The equations are dependent. 


LY LO 
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2. Solving Systems of Linear Equations 
in Three Variables 


To solve a system involving three variables, the goal is to eliminate one variable. This 
reduces the system to two equations in two variables. One strategy for eliminating a vari- 
able is to pair up the original equations two at a time. 


Solving a System of Three Linear Equations 
in Three Variables 
Step 1 Write each equation in standard form Ax + By + Cz =D. 


Step 2 Choose a pair of equations, and eliminate one of the variables by using the 
addition method. 


Step 3 Choose a different pair of equations and eliminate the same variable. 


Step 4 Once steps 2 and 3 are complete, you should have two equations in two 
variables. Solve this system by using the substitution method or the 
addition method. 

Step 5 Substitute the values of the variables found in step 4 into any of the three 
original equations that contain the third variable. Solve for the third variable. 

Step 6 Check the ordered triple in each of the original equations. Then write the 
solution as an ordered triple within set notation. 


Solving a System of Linear Equations 
in Three Variables 


Solve the system. 
2x+ y—3z=-7 
3x-2y+ z= ll 
—2x —-3y-2z= 3 
Solution: 


[A] 2x+ y-3z=-7 Step 1: The equations are already in standard 
B] 3x-2y+ z=ll HORE 
C}-2x -— 3y —-2z= 3 


e Itis often helpful to label the equations. 


e The y variable can be easily eliminated from 
equations |A| and |B| and from equations |A| and 


C|. This is accomplished by creating opposite 
coefficients for the y terms and then adding 
the equations. 


Step 2: Eliminate the y variable from equations [A] and |B}. | TIP: 5 important to 

- Multiply by 2. _ note that in steps 2 and 3, 
Be See ee eh the same variable is 
B]3x-2y+ z= 11 ————» 3x-2y+ z= Ill eliminated. 


Tx —~5z= -3[D] 


Step 3: Eliminate the y variable again, this time from equations [A] and |C]. 
Multiply by 3. 
nr oe 


A] 2x+ y-—3z=-7 6x+3y- 9z=-21 


[C] -2x-3y-2z= 3 ——__» -2x-3y- 2z= 3 
4x — 11z=-18 [E] 
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Answer 
4. {(1, —2, 4)} 
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Step 4: Now equations [D| and |E|can be paired up to form a linear system in two 
variables. Solve this system. 


Multiply by —4. 
> 


D|7x- 5z= -3 —28x+20z= 12 


E} 4x — 1lz=-—18 > _ 28x —-77z=-126 
Multiply by 7. 


—57z=-114 
z=2 


Once one variable has been found, substitute this value into either equation in the two- 
variable system, that is, either equation |D] or |E}. 


D|7x- 5z=-3 


Tx —5(2) =-3 Substitute z = 2 into equation |D]. 


7x- 10=-3 
i= T 
G1 
2x+y- 3z=-7 Step 5: Now that two variables are known, 


substitute these values (x and z) into 


Bala aya 7 any of the original three equations 


2+y-6=-7 to find the remaining variable y. 
Substitute x = 1 and z= 2 into 
y-4=-7 . 
equation |A |. 
i=) 


The solution set is {(1, —3, 2)}. Step 6: Check the ordered triple in the three 
original equations. 
Check: 2x+ y—3z=-7— 21) + (-3) —3(2)4—-7v Tme 
3x -—2y+ z= 11—> 3(1)-2(-3)+ (2)= 11v True 
—2x —3y—2z= 3 ——2(1) — 3(-3)-202)4 3v True 


Skill Practice Solve the system. 
1ox+2y+ z= 1 
3x- y+2z= 13 
2x+3y- z= -8 


3. Applications of Linear Equations 
in Three Variables 


Applying Systems of Linear Equations 
to Geometry 


In a triangle, the smallest angle measures 10° more than one-half the measure of the 
largest angle. The middle angle measures 12° more than the measure of the smallest 
angle. Find the measure of each angle. 


Solution: 
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Let x represent the measure of the smallest angle. 
Let y represent the measure of the middle angle. 
Let z represent the measure of the largest angle. 


To solve for three variables, we need to establish three 
independent relationships among x, y, and z. 


[A | x= 5c+ 10 


The smallest angle measures 10° more than one-half the 
measure of the largest angle. 


[B] y=x+12 The middle angle measures 12° more than the measure 
of the smallest angle. 

[C] x+ y+z=180 The sum of the angles inscribed in a triangle is 180°. 
Clear fractions and write each equation in standard form. 

Standard Form 

A] x =5c+10 MMPS oe 2420 > 2x -z= 20 

[B| y = x4+12 > —-xt+y = 12 

C| xty+z= 180 > xty+z=180 


B 


Notice equation 


is missing the z variable. Therefore, we can eliminate z again 


by pairing up equations | A | and |C]. 
[A] 2x -z= 20 
[C] x+ y+z= 180 
3x+y  =200 [D| 
Multiply by —1. 

B| -x+y=12 = x—y=-12 Pair up equations |B| and 
D] 3x+y=200 3x4 y= 200 D to form a system of two 

——=_ variables. 

4x = 188 

x=47 Solve for x. 


B 
[c] 


From equation 


From equation 


we have —x + y= 12 ——_+» 


—-47+y= 12>y=59 


wehave x+y+z=180>47+594+z=180>z=74 


The smallest angle measures 47°, the middle angle measures 59°, and the largest angle 


measures 74°. 


Skill Practice 


2. The perimeter of a triangle is 30 in. The shortest side is 4 in. shorter than the long- 
est side. The longest side is 6 in. less than the sum of the other two sides. Find the 


length of each side. 


Answer 
2. The sides are 8 in., 10 in., and 12 in. 
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Answer 


3. Annette sold $600, Barb sold $480, 
and Carlita sold $400. 


| Example 3 _| Applying Systems of Linear Equations to Nutrition 


Doctors have become increasingly concerned about the sodium intake in the U.S. diet. 
Recommendations by the American Medical Association indicate that most individuals 
should not exceed 2400 mg of sodium per day. 

Torie ate | slice of pizza, 1 serving of ice cream, and | glass of soda for a total of 
1030 mg of sodium. David ate 3 slices of pizza, no ice cream, and 2 glasses of soda for 
a total of 2420 mg of sodium. Emilie ate 2 slices of pizza, 1 serving of ice cream, and 
2 glasses of soda for a total of 1910 mg of sodium. How much sodium is in one serving 
of each item? 


Solution: 


Let x represent the sodium content of 1 slice of pizza. 
Let y represent the sodium content of 1 serving of ice cream. 
Let z represent the sodium content of | glass of soda. 


From Torie’s meal we have: A} x+y+ z=1030 
From David’s meal we have: B} 3x + 2z = 2420 
From Emilie’s meal we have: C| 2x+y+2z= 1910 


Equation |B | is missing the y variable. Eliminating y from equations |A| and [C}, 
we have 


A} x+y+ z=1030 
C| 2x+y+2z=1910 ———+ 2x+y+2z= 1910 
D| x + z= 880 


Multiply by —1. 
pee age p~ 21000 


Solve the system formed by equations |B | and |D]. 


ive] 


3x + 2z= 2420 +}  3x+2z= 2420 


D} x+ z= 880 —W———+ —2x-—2z=~-1760 
Multiply by —2. 
x = 660 


From equation |D| we have x + z= 800 —> 660+ z= 880 —> z= 220 


From equation |A| we have x + y+ z= 1030 > 660+ y+ 220= 1030 > y=150 


Therefore, | slice of pizza has 660 mg of sodium, | serving of ice cream has 150 mg of 
sodium, and | glass of soda has 220 mg of sodium. 


Skill Practice 


3. Annette, Barb, and Carlita work in a clothing shop. One day the three had 
combined sales of $1480. Annette sold $120 more than Barb. Barb and Carlita 
combined sold $280 more than Annette. How much did each person sell? 
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4. Solving Inconsistent Systems and Systems 
of Dependent Equations 


Solving a System of Dependent Equations 


Solve the system. If the system does not have one unique solution, state the number of 


solutions and whether the system is inconsistent or the equations are dependent. 


A] 3x+ y- z=8 
B| 2x- y+2z=3 


C] x+2y—3z2=5 


Solution: 


The first step is to make a decision regarding the variable to eliminate. The y variable is 


particularly easy to eliminate because the coefficients of y in equations 


Al and 


B 


are already opposites. The y variable can be eliminated from equations |B 


and [Cc 


by 


multiplying equation |B | by 2. 


A| 3x+y- z= 8 


B|2x-y+2z= 3 


5x + z=11 |D 


B| 2x-— y+2z=3 — 4x —2y+4z= 6 Pair up equations 
C] x+2y-3z=5 ——___» x+2y-32=5 Elen ey 
——<$3$ = eliminate y. 


5x + z=l11/E 


Pair up equations |A | and |B | to eliminate y. 


Because equations |D| and |E | are equivalent equations, it appears that this is a dependent 


system. By eliminating variables we obtain the identity 0 = 0. 


Multiply by —1. 
> 


Dj 5x+z=11 —5x-z=-ll1 
E| 5x+z=11 ——+> Sx+z= ll 
O= O 


The result 0 = 0 indicates that there are infinitely many solutions and that the equations 


are dependent. 


Skill Practice Solve the system. If the system does not have one unique solution, state 


the number of solutions and whether the system is inconsistent or the equations are 
dependent. 


4 x+ y+ z= 8 
2x- y+ z= 6 
—5x — 2y — 4z = -—30 


Answer 


4. Infinitely many solutions; 
dependent equations 
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| Example5 | Solving an Inconsistent System of Linear Equations 


Solve the system. If the system does not have one unique solution, state the number of 
solutions and whether the system is inconsistent or the equations are dependent. 


2x+3y- 7z=4 

—4x — by + 14z=1 

5x+ y-— 3z=6 
Solution: 


We will eliminate the x variable from equations |A | and |B |. 


Multiply by 2. 
A] 2x+3y- 72=4 SPS 


4x + 6y — 14z=8 


B| —4x-6y+ 14z=1 —WW——+» —4x-6y+ l4z=1 


0=9 (contradiction) 
The result 0 =9 is a contradiction, indicating that the system has no solution. The 
system is inconsistent. 
Skill Practice 


5. Solve the system. If the system does not have one unique solution, state the number 
of solutions and whether the system is inconsistent or the equations are dependent. 


eae a 5) 


Answer x—3y+2z=-7 
5. No solution; inconsistent system —2x+4y-2z= 6 


Section 3.6 Activity | 


A.1. a. The graph of a linear equation in two variables Ax + By = C is a line, whereas the graph of a linear equation 


in three variables Ax + By + Cz = Disa in space. 
b. A solution to a linear equation in two variables Ax + By = C is an ordered of the form (x, y). A solution 
to a linear equation in three variables Ax + By + Cz = D is an ordered of the form (x, y, z). 


A.2. Determine if the ordered triple is a solution to the system. 
x+2y+3z=1 
3 Wb ZS 
2x — 3y-—4z=4 
a. (1, —3, 2) b. (2, 4, —3) 


The basic premise to solve a system of linear equations in three variables is to eliminate one of the variables to create a 
system of two-variable equations. In Exercise A.3, we walk through this process. 


A.3. For the given system, we must first choose a variable to eliminate. We will arbitrarily choose variable z to eliminate. 
x+2y+3z=1 [Al 
Bye Wap gl [B] 
2x — 3y —4z=4 [Cc] 
a. Choose two equations from the original system and eliminate the z variable. For example, pair up equations 
A|and |B}. Multiply equation [B| by —3, then add the equations. Label the resulting equation as |D}. 
x+2y+3z=1 |A 
Se Ware |e} 
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b. Repeat part (a) with a different pair of equations from the original system. For example, pair up equations |B 


and |C]. Then eliminate the z variable. Label the resulting equation, | E |. 
3x-y+z=-l [BI 
2x -—3y-4z=4 [C| 

c. Solve for the remaining variables x and y by solving the system given by equations |D] and | E]. 


d. Substitute the values of x and y found in part (c) into one of the original equations in the system. Then solve 
the equation for z. 


e. Write the solution set as an ordered triple. Be sure to check the ordered triple in all three original equations. 


A.4. The following system has missing variables within the individual equations. This makes the system slightly 
easier to solve. 


3x+4y+z=-3 A 
Be +4z=-10 |B 
Diy Be = 113} Cc 


a. Equations |B | and |C| each have a missing variable. For example, y is missing from equation |B |. Therefore, 


eliminate y from equations |A| and |C}|. Label the resulting equation as [D]. 


b. Pair up equation |B | from the original system and equation |D| to form a system of equations involving the 
variables x and z. Solve this system for x and z. 

c. Substitute the values of x and z found in part (b) into one of the original equations in the system. Then solve 
the equation for y. 

d. Write the solution set as an ordered triple. Be sure to check the ordered triple in all three original equations. 


A system of linear equations in three variables may have no solution. In such a case, you will encounter a contradiction 
such as 0 = 4 and will identify the system as inconsistent. Likewise, a system of three variables may have dependent 
equations. In such a case, you will encounter an identity such as 0 = 0 and will note that there are infinitely many 
solutions to the system. In Exercise A.5 and A.6, we investigate these two scenarios. 


A.5. Consider the system. 
4x +6z=6 |A 
8x —9y+15z=9 |B 
ake = Swear ig=s) (C 


a. Eliminate y from equations |B | and |C}. Label the resulting equation as [D]. 
b. As you solve the system given by equations |A| and [D}, do you encounter a contradiction or an identity? 
From this finding, does the original system have no solution or infinitely many solutions? 


A.6. Solve the system. 
x+2y—3z=-1 |A 
3x-—9y+3z=3 |B 
DES VW i Cc 


To solve an application with three unknowns, it is often helpful to use three variables such as x, y, and z. When three 
variables are used to solve an application, we need three independent equations that relate the variables. That is, for 
three unknowns, set up a system of three equations. 


A.7. The average of Randall’s three test grades in economics is 92. His first test score is 6 points higher than 
his second test score. His third test score is 3 points lower than the first test score. Find his test scores by 
following these steps. 

a. Let x represent Randall’s first test score. 


Let y represent 


Let z represent 
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b. Write an equation in terms of x, y, and z that represents the fact that the average of Randall’s three test 
scores is 92. 

c. Write an equation that represents the fact that Randall’s first test score is 6 points higher than his 
second test score. 

d. Write an equation that represents the fact that Randall’s third test score is 3 points lower than the 
first test score. 

e. Solve the system made up of the equations from parts (b) — (d). 

f. Interpret the answer from part (e). 


MELD Practice Exercises 


Prerequisite Review 
For Exercises R.1—-R.2, determine if the ordered pair is a solution to the system. 
R.1. —5x+3y=-1 R.2. 2x = 4y —2 
Ale = yy = 2 y=4x+4 
a. (2, 3) b. (—4, -7) a. (—1, 0) ts @2) 


For Exercises R.3-R.8, solve the system. If the system does not have one unique solution, also state whether the 
system is inconsistent or whether the equations are dependent. 


R.4. 4x+ 3y=-7 
tS Dye i 
R.6. x — 3y =-12 


yapxt4 
R.8. —4x+y=1 
—6x — I5y=0 8x — 2y=6 


Vocabulary and Key Concepts 


1. An equation written in the form Ax + By + Cz = D, where A, B, and C are not all zero, is called a 
equation in three variables. 


2. Solutions to a linear equation in three variables are of the form (x, y, z) and are called 


3. When solving a system of linear equations in three variables and you encounter the statement 0 = 0, how many 
solutions does the system have? 


4. When solving a system of linear equations in three variables and you encounter the statement 0 = 3, how many 
solutions does the system have? 


5. For the given system, the value of z is 2. Find the values of x and y and write the solution set. 
x+3y—2z=-12 


y+z=-l 
2x —3z=-4 
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Concept 1: Solutions to Systems of Linear Equations in Three Variables 


6. How many solutions are possible when solving a system of three equations with three variables? 


7. Which of the following points are solutions to 
the system? (2, 1, 7), (3, —10, —6), (4, 0, 2) 
2x- y+ z=10 
4x + 2y — 3z= 10 
x—3y+2z= 8 


9. Which of the following points are solutions to 
the system? (12, 2, —2), (4, 2, 1), 1, 1, 1D) 
—x- y-—4z=-6 
x-3y+ z=-l 
4x+ y- z= 4 


10. 


. Which of the following points are solutions to the 


system? (1, 1, 3), (0, 0, 4), (4, 2, 1) 
—3x — 3y — 67 = —24 
—9x — 6y + 3z = —45 
9x+3y-9z= 33 


Which of the following points are solutions to the 
system? (0, 4, 3), (3, 6, 10), (3, 3, 1) 
x+2y-—z= 5 
x= 3y+2=>'=5 
—2x+ y-z=-4 


Concept 2: Solving Systems of Linear Equations in Three Variables 


For Exercises 1 1—22, solve the system of equations. (See Example 1.) 


Vd. 2x+ y—3z=-12 12. 
sk = 2y— ZS 3 
—x+5y+2z= -3 

14. 6x-Sy+ z= 7 15. 


5x+3y+2z= 0 
—2x+ y-—3z=11 


17 x+ y+z= 6 
—K+ yor = -2 
2x+3y+z= 11 


18. 


—3x — 2y+4z=-15 
2x+5y-—3z= 3 
4x-— y+7z= 15 


4x + 2z= 12+ 3y 
2y =3x+ 3z- 5 
y=2x+7z+ 8 


x-y-z=-ll 
x+y=—z= 15 
2x-ytz= —9 


13. 


x—-3y-4z=-7 
5x+2y+2z=-1 
4x-— y—5z=-6 


16. y=2x+ zt l 
—3x- |1=-2y+2z 
5x+3z= 16-3y 

19. 2x —-3y+2z=-1 
x+2y =-4 
x z= 1 


20. x+ y+z=2 21. 4x + 9y = 8 22. 3x +2z=11 
2x —-z=5 8x +6z=-1 y-7Tz= 4 
3y+z7=2 6y + 6z = —-1 x — 6y = | 


Concept 3: Applications of Linear Equations in Three Variables 


23. A triangle has one angle that measures 5° more 
than twice the smallest angle, and the third 


angle measures 11° less than 3 times the 
measure of the smallest angle. Find the 


measures of the three angles. (See Example 2.) 


25. The perimeter of a triangle is 55 cm. The 
measure of the shortest side is 8 cm less than 
the middle side. The measure of the longest side 
is | cm less than the sum of the other two sides. 
Find the lengths of the sides. 


24. The largest angle of a triangle measures 4° less 


than 5 times the measure of the smallest angle. 
The middle angle measures twice that of the 
smallest angle. Find the measures of the three 


angles. 


26. The perimeter of a triangle is 5 ft. The longest 


side of the triangle measures 20 in. more than the 
shortest side. The middle side is 3 times the 
measure of the shortest side. Find the lengths 


of the three sides in inches. 
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27. Sean kept track of his fiber intake from three 28. Natalie kept track of her calcium intake from 
sources for 3 weeks. The first week he had three sources for 3 days. The first day she had 
3 servings of a fiber supplement, | serving of 1 glass of milk, 1 serving of ice cream, and 
oatmeal, and 4 servings of cereal, which totaled 1 calcium supplement in pill form which totaled 
19 g of fiber. The second week he had 2 servings 1180 mg of calcium. The second day she had 
of the fiber supplement, 4 servings of oatmeal, 2 glasses of milk, 1 serving of ice cream, and 
and 2 servings of cereal totaling 25 g. The third 1 calcium supplement totaling 1680 mg. The third 
week he had 5 servings of the fiber supplement, day she had 1 glass of milk, 2 servings of ice 
3 servings of oatmeal, and 2 servings of cereal cream, and | calcium supplement for a total of 
for a total of 30 g. Find the amount of fiber in 1260 mg. Find the amount of calcium in one glass 
one serving of each of the following: the fiber of milk, in one serving of ice cream, and in one 
supplement, the oatmeal, and the cereal. calcium supplement. 
(See Example 3.) 


29. Goofie Golf has 18 holes that are par 3, par 4, or par 5. Most of the holes are par 4. 
In fact, there are 3 times as many par 4s as par 3s. There are 3 more par 5s than par 3s. 
How many of each type are there? 


30. Combining peanuts, pecans, and cashews makes a party mixture of nuts. If the 
amount of peanuts equals the amount of pecans and cashews combined, and if there 
are twice as many cashews as pecans, how many ounces of each nut is used to make 
48 oz of party mixture? 


31. Souvenir hats, T-shirts, and jackets are sold at a rock concert. Three hats, two 
T-shirts, and one jacket cost $140. Two hats, two T-shirts, and two jackets cost 
$170. One hat, three T-shirts, and two jackets cost $180. Find the prices of the 
individual items. 


SW Productions/Getty Images 


32. Annie and Maria traveled overseas for 7 days and stayed in 
three different hotels in three different cities: Stockholm, 


Sweden; Oslo, Norway; and Paris, France. Pari 

aris, 1 EG 8% 
The total bill for all seven nights (not including tax) was France 
$1040. The total tax was $106. The nightly cost (excluding tax) Stockholm, 4 y 11% 
to stay at the hotel in Paris was $80 more than the nightly Sweden 
cost (excluding tax) to stay in Oslo. Find the cost per night Oslo, 2 z 10% 
for each hotel excluding tax. Norway 


33. Walter had $25,000 to invest. He split the money into three types of investment: small caps earning 6%, global market 
investments earning 10%, and a balanced fund earning 9%. He put twice as much money in the global account as he 
did in the balanced fund. If his earnings for the first year totaled $2160, how much did he invest in each account? 


34. Raeann deposited $8000 into three accounts at her credit union: a checking account that pays 1.2% interest, a savings 
account that pays 2.5% interest, and a money market account that pays 3% interest. If she put 3 times more money in 
the 3% account than she did in the 1.2% account, and her total interest for 1 yr was $202, how much did she deposit 
into each account? 
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For Exercises 35-46, solve the system. If the system does not have a unique solution, state whether the system is inconsistent 
or the equations are dependent. (See Examples 1, 4, and 5.) 


35. 2x+ y+3z= 2 X+ y= Zz 37. 6x—2y+2z= 2 
x- y+2z=-4 2x + 4y —-2z7=6 4x+8y-2z= 5 
—2x+2y-—4z= 8 3x + 6y — 3z=9 —2x-—4y+ z= -2 
38. 3x+2y+ z2=3 ax + 4y = 3 40. ixntiy+ 2=3 
x-3y+ z=4 4 -k=-i wtehbt+k=3 
—6x — 4y -2z=1 y-R= 7 X- Y-R=3 
41. -3x+ y- z= 8 2x+3y+3z= 15 43. 2x+ y=3(z- 1) 


—4x + 2y + 3z = -3 
2x + 3y —2z7=-1 


3x — 6y — 6z = —23 
-9x -—3y+6z= 8 


3x — 2(y — 2z)= 1 
2(2x — 3z) = -6 — 2y 


44. 2x+ y = —3 — 0.ly + 0.2z = 0.2 46. —0.4x — 0.3y = 0 
2y + 16z = -10 O.lx + O.Ly + 0.1z = 0.2 0.3y + 0.1z = -0.1 
-7x-—3y+ 4z= 8 —0.1x — 0.3z = 0.2 0.4x -—O1z= 1.2 


Expanding Your Skills 


The systems in Exercises 47-50 are called homogeneous systems because each system has (0, 0, 0) as a solution. However, 
if the equations are dependent, the system will have infinitely many more solutions. For each system, determine whether 
(0, 0, 0) is the only solution or if the equations are dependent. 


47. 2x -—4y+4+ 8z=0 48. 2x-4y+ z=0 49. 4x -—2y-— 3z=0 50. 5x+ y =0 
-x-—3y+ z=0 x—-3y- z=0 —8x- y+ z=0 4y-—z=0 
x-—2y+5z=0 3x- y+2z=0 5x + 5y-z=0 


2x — y-32=0 


Solving Systems of Linear Equations 
by Using Matrices 


We have already learned how to solve systems of linear equations by using the substitution 1. Introduction to Matrices 
method and the addition method. We now present a third method called the Gauss-Jordan 2. Solving Systems of Linear 
method that uses matrices to solve a linear system. Equations by Using the 
A matrix is a rectangular array of numbers (the plural of matrix is matrices). The rows Gauss-Jordan Method 
of a matrix are read horizontally, and the columns of a matrix are read vertically. Every 
number or entry within a matrix is called an element of the matrix. 
The order of a matrix is determined by the number of rows and number of columns. 
A matrix with m rows and n columns is an m X n (read as “m by n’”) matrix. Notice that with 
the order of a matrix, the number of rows is given first, followed by the number of columns. 


1. Introduction to Matrices 
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Answers 


1.3.2 
33.31 
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2. 1x2 
4.2x2 


ESSE (Determining the Order of a Matrix 


Determine the order of each matrix. 


sid 100 
: a. | bl? 010 d. fa b cl 
a. . Cc. i. 
5 AT 72 Ata A iis 
261 
Solution: 


a. This matrix has two rows and three columns. Therefore, it is a 2 x 3 matrix. 


b. This matrix has four rows and one column. Therefore, it is a 4 x 1 matrix. 
A matrix with one column is called a column matrix. 


c. This matrix has three rows and three columns. Therefore, it is a 3 x 3 matrix. 
A matrix with the same number of rows and columns is called a square matrix. 


d. This matrix has one row and three columns. Therefore, it is a 1 x 3 matrix. 
A matrix with one row is called a row matrix. 


Skill Practice Determine the order of the matrix. 


2. [4=8] Ses 4. | 2 “3 


A matrix can be used to represent a system of linear equations written in standard form. 
To do so, we extract the coefficients of the variable terms and the constants within the 
equation. For example, consider the system 


2x- y= 5 
x+2y=-5 
The matrix A is called the coefficient matrix. 
Aes F 7] 
1, 2 
If we extract both the coefficients and the constants from the equations, we can construct 
the augmented matrix of the system: 


al 

1 2/-5 

A vertical bar is inserted into an augmented matrix to designate the position of the 
equal signs. 


| Example2 | Writing an Augmented Matrix for a System 


of Linear Equations 


Write the augmented matrix for each linear system. 


a. —3x — 4y =3 b. 2x —3z=14 
2x + 4y =2 2y+ z= 2 
X+ y = 4 
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oon 20 - 14 i) | > Notice that zeros 
—3 -4]3 are inserted to denote the 
. 2 4 | ‘| be 10 2 1} 2 coefficient of each missing 
1 1 term. 


Skill Practice Write the augmented matrix for each system. 
5. -x+y=4 6 2x- y+ z=14 
2x-y=1 —3x + 4y = & 


pe Waroe= 0 


| Example 3 _| Writing a Linear System From an Augmented Matrix 


Write a system of linear equations represented by each augmented matrix. Use x, y, 
and z as the variables. 


2-5 8 2 -1 3 14 1 0 0 4 
a. | | b. | 1 1 —2] -5 ce 10 1 O|} -1 
4 1 6 
3 1-1 2. 00 1 0 
Solution: 


a. 2x — Sy = -8 b. 2x -—y + 3z= 14 


4x+ y= 6 x+y-—2z=-5 
3x +y- z= 2 
c *+0y+0z= 4 x= 4 
Ox+ y+0z=-1 or =-1 
Ox+0y+ z= O z= 0 


Skill Practice Write a system of linear equations represented by each augmented 
matrix. Use x, y, and z as the variables. 


7. 2Z 3 | | 8. [-3 2 1 4 Sep O @] =e 
-1 811 14 1 0] 20 0 1 0 2 
—8 3 5 6. ) @) it || ils 


2. Solving Systems of Linear Equations by Using 
the Gauss-Jordan Method 


We know that interchanging two equations results in an equivalent system of linear equa- 
tions. Interchanging two rows in an augmented matrix results in an equivalent augmented 
matrix. Similarly, because each row in an augmented matrix represents a linear equa- 
tion, we can perform the following elementary row operations that result in an equivalent 
augmented matrix. 


lementary Row Operations 
The following elementary row operations performed on an augmented matrix 
produce an equivalent augmented matrix: 
e Interchange two rows. 
e Multiply every element in a row by a nonzero real number. 


e Add a multiple of one row to another row. 


Answers 


5. 


6. 


MN 


LG al 
2 -111 
2-1 1 


-3 40 
1 -=1.5 


14 
| 
0 


—3x+2y+ z= 4 
ax+ y = 20 
—8x + 3y+5z= 6 


. 2x+3y=5 


—x + 8y=1 


x=-8, y=2,z=15 
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FOR REVIEW 


Recall that to check a solution to a 
system of equations in two varia- 
bles, test the ordered pair in both 
equations. 
—————EEEEEESESESESESESESSaaaSss 


When we are solving a system of linear equations by any method, the goal is to write 
a series of simpler but equivalent systems of equations until the solution is obvious. The 
Gauss-Jordan method uses a series of elementary row operations performed on the aug- 
mented matrix to produce a simpler augmented matrix. In particular, we want to produce 
an augmented matrix that has 1’s along the diagonal of the matrix of coefficients and 0’s 
for the remaining entries in the matrix of coefficients. A matrix written in this way is said 
to be written in reduced row echelon form. For example, the augmented matrix from 
Example 3(c) is written in reduced row echelon form. 


100 4 
0 10] -1 
00 1 0. 


The solution to the corresponding system of equations is easily recognized as x = 4, 
y=-l,andz=0. 
Similarly, matrix B represents a solution of x = a and y = b to a system of two linear 
equations. 
; 
b 


Solving a System by Using 


the Gauss-Jordan Method 


B=|/ 0 
0 1 


Solve by using the Gauss-Jordan method. 


i= Y=~S 
x+2y=-5 
Solution: 
als 
1 2)|-5 Set up the augmented matrix. 
RoR 1 2|-5 Switch row | and row 2 to geta 
: z = 1D: 7 5 1 in the upper left position. 
OR +ROR k 2 | Fe Multiply row | by —2 and add the 
! : e > lO —5 | 15 result to row 2. This produces 
an entry of 0 below the upper 
left position. 
—-1R,>R, \ 2 | =| Multiply row 2 by —+ to produce 
>lO 1 | -3 a | along the diagonal in the 
second row. 
=e Ror Rice Ss 10 1 Multiply row 2 by —2 and add the 
B 1 | | result to row 1. This produces 
a 0 in the first row, second column. 
caf} 9) 
O 11-3 


The matrix C is in reduced row echelon form. From the augmented matrix, we have 
x= 1 and y=-3. The solution set is {(1, —3)}. 
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Skill Practice 
10. Solve by using the Gauss-Jordan method. 
x—2y=-21 
2x+ y= —2 


The order in which we manipulate the elements of an augmented matrix to produce reduced 
row echelon form was demonstrated in Example 4. In general, the order is as follows: 


e First produce a | in the first row, first column. Then use the first row to obtain 0’s in 
the first column below this element. 


e Next, if possible, produce a | in the second row, second column. Use the second row 
to obtain 0’s above and below this element. 


e Next, if possible, produce a | in the third row, third column. Use the third row to 
obtain 0’s above and below this element. 


e The process continues until reduced row echelon form is obtained. 


| Example 5 | Solving a System by Using 


the Gauss-Jordan Method 


Solve by using the Gauss-Jordan method. 


x =-y+5 
—2x +2z= y-—10 
3x + 6y + 7z = 14 


Solution: 
First write each equation in the system in standard form. 
x =-y+5—~> x+y = 5 
—2x + 2z=y-— 10 —»-2x- y+2z=-10 
3x + 6y + 7z= 14 —  3x+6y+7z= 14 


1 10 5] Set up the 
—2 -1 2] -10 augmented matrix. 
3 67 14 


1 10 ) Multiply row | by 2 and add the 
2R, + R, > R, ———> |0 1 2 0) result to row 2. 


-—3R,+R;>R; ; 0371-1 Multiply row 1 by —3 and add 
the result to row 3. 


—1R,+R,=>R,——> [1 0 -2 3 Multiply row 2 by —1 and add 
O01 2 0 the result to row 1. 


—3R,+R;>R; : 00 1/-1 Multiply row 2 by —3 and add 
the result to row 3. 


Answer 
10. {(—5, 8)} 
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FOR REVIEW 


Recall that if a system of equations 
reduces to an identity such as 0 = 0, 
the system has infinitely many 
solutions. If the system reduces to 
a contradiction such as 0 = 7, the 
system has no solutions. 


Answers 

11. {(1, —1, 2)} 

12. Infinitely many solutions; 
{(x, y) |4x — 6y = 16}; 
dependent equations 


2R;+R,; > R, ——> 
—2R;+R,> R,——> 


3 Multiply row 3 by 2 and add the 


10 0 
0 10 2 result to row 1. 
001 Multiply row 3 by —2 and add 


the result to row 2. 


From the reduced row echelon form of the matrix, we have x = 3, y= 2, andz=-1. 
The solution set is {(3, 2, —1)}. 


Skill Practice Solve by using the Gauss-Jordan method. 
Ilx+ yt z=2 

x- yt z=4 

x+ 4y+2z= 1 


It is particularly easy to recognize a system of dependent equations or an inconsistent 
system of equations from the reduced row echelon form of an augmented matrix. This is 
demonstrated in Examples 6 and 7. 


Solving a System of Dependent Equations 


by Using the Gauss-Jordan Method 


Solve by using the Gauss-Jordan method. 


x-—3y=4 
1 3 
—~—= —y = 2 
2 
Solution: 
1 -3 | 4 
4 3]2 Set up the augmented matrix. 
IR, + Ri SR; |, =3 | ‘| Multiply row 1 by —4 and add the 
>l0 O10 result to row 2. 


The second row of the augmented matrix represents the equation 0 = 0. The equations 
are dependent. The solution set is {(x, y)lx — 3y = 4}. 


Skill Practice Solve by using the Gauss-Jordan method. 
12. 4x -— 6y = 16 
6x — 9y = 24 
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Solving an Inconsistent System by Using 
the Gauss-Jordan Method 


Solve by using the Gauss-Jordan method. 
x+3y=2 
—3x-9y=1 


Solution: 


; 5 | 1 Set up the augmented matrix. 


3R, +R, SR, b 3 1 Multiply row 1 by 3 and add the 
eo 


0017 result to row 2. 


The second row of the augmented matrix represents the contradiction 0 = 7. The system 
is inconsistent. There is no solution, { }. 


Skill Practice Solve by using the Gauss-Jordan method. 
13. 6x+ 10y=1 


15x+ 25y =3 


Answer 
13. No solution; { }; inconsistent system 


Section 3.7 Activity 


A.1. Match the description of the matrix with matrices A, B, C, D, or E. 


Or |e A= ae ae ee : 
A=| | B=| | c=|o 12]}10] D=4 5 -8} E=|-7 
eee is = et 1 
a. This matrix has 2 rows and 3 columns. b. This matrix is a square matrix. 
c. This matrix has | row and 3 columns. d. This matrix has 3 rows and | column. 
e. This matrix is a column matrix. f. This matrix is a row matrix. 
g. These matrices are augmented matrices. h. This matrix is in reduced row echelon form. 
1 -3 1 1 
A.2. Consider the augmented matrix C= ]0 1 2 | 10]. 
OOM 4 


a. Write the corresponding system of equations using x, y, and z as the variables. 
b. Write the solution set to the system. 
4 
=5 || 


1 0 
0 1 

a. Write the corresponding system of equations using x and y as the variables. 

b. Write the solution set to the system. 


A.3. Consider the augmented matrix A = | 


In Exercises A.4—A.5, we will step through the process to solve a system by using the Gauss-Jordan method. 
A.4. Consider the system. 2x — 2y = —4 
4x + 2y= 10 
a. Write the augmented matrix for this system. 


b. To make the leading element in the first row equal to 1, multiply row 1 by 4. Rewrite the matrix 
(row 2 is unchanged). 
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c. To make the element in the second row, first column equal to 0, multiply row | by -4 and add the result to 
row 2. Rewrite the matrix (row | is unchanged). 


d. Next, to make the leading nonzero element in the second row equal to 1, multiply row 2 by +. Rewrite the 
matrix (row | is unchanged). 

e. To make the element in the first row, second column equal to 0, add row 2 to row 1. 
Rewrite the matrix (row 2 is unchanged). 


f. The matrix from part (e) should now be in reduced row echelon form. Write the solution set to the 
original system. 


A.5. Consider the system. 2x — 4y + 2z = 10 
= V = 2S 5 
2x + 6y + 3z = —10 


a. Write the augmented matrix for this system. 


b. Give a row operation that can be used to make the leading element in 
row | equal to 1. Then perform that operation and rewrite the matrix. 
c. Perform suitable row operations to make the first elements in rows 2 and 3 equal to 0. 
il =—2 il 5 
d. The matrix from part (c) should nowbe 0 5 —5 | —10]. 
0 10 11 —20 
Explain how you can make the first nonzero element in row 2 equal to 1. 
Then perform that operation and rewrite the matrix. 
e. Perform suitable row operations to make the elements in column 2 of rows | and 
3 equal to 0. Then perform those operations and rewrite the matrix. 


10 -l 1 
f. The matrix from part (e) should now be |0 1 —1 | —2}. 
00 11 0 


Perform a row operation to make the leading nonzero term in row 3 equal to 1. 
g. Complete the process to write the matrix in reduced row echelon form by making 
the elements in column 3 of rows 1 and 2 equal to 0. 
h. From the reduced row echelon form in part (g), write the solution set to the system of equations. 


For Exercises A.6—A.7, a matrix in reduced row echelon form is given. What can you conclude about the solution to the 
corresponding system of equations? Explain your answer. 


100) 5 
XG On Onl =? ALT. [, 3 ; 
0001 10 yy 


ENA Practice Exercises 


Prerequisite Review 


For Exercises R.1-R.4, solve the system by using any method. 
1 2} 


5 
R.1. vie apa R.2. ae ie 


eed 3 
ee al aie eres 
a ao 
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R3. x+y-z=8 R4. 2x-y+z=-4 
= Dy eS Sie ap ae 3g = 7) 
x+3y+2z=7 x+3y —4z=22 

. When solving a system of linear equations, if the system results in a statement such as 0 = 7, 


what do you conclude about the solution set? Would you characterize the system as consistent 
or inconsistent? 


. When solving a system of linear equations, if the system results in the statement 0 = 0, how many 
solutions does the system have? Would you characterize the equations as independent 
or dependent? 


Vocabulary and Key Concepts 


1. a. A_______is arectangular array of numbers. The order of a matrix is m X n where m is the number 
of ______ and n is the number of 
b. A matrix that has exactly one column is called a __________ matrix. A matrix that has exactly __________ row is 
called a row matrix, and a matrix with the same number of rows and columns is called a________ matrix. 
c. Given the system of equations shown, matrix A is called the _________ matrix. The matrix B is called 
the _____ matrix. 


3x -—2y=6 = = 
y A=[i 1] B=|! | 
519 


4x+5y=9 4 5 4 
2. The matrix A is said to be written in reduced ___————_ form. 
ka , 0|8 
01/2 


Concept 1: Introduction to Matrices 
3 41 
ll -5 6 


3. 9 4. 11 5. 6 


For Exercises 3-5, consider the matrix A = i . Identify the row and column of the given element. 


For Exercises 6-14, (a) determine the order of each matrix and (b) determine if the matrix is a row matrix, a column matrix, a 
square matrix, or none of these. (See Example 1.) 


4 
fi 5 -9 4 3 
6. : 7. lad S jaf <e 4 
3 5 87 
0 
9, : =a 10. [4 -7] 11. (0 -8 11 5] 
5 -8.1 4.2 0 7 4 6 
12. ca 13. 14 
43 -9 18 3 21-4 


For Exercises 15-18, set up the augmented matrix. (See Example 2.) 
15. x-—2y=-1 16. x-3y=3 
2x+ y=-7 2x —5y =4 
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17. x-2y =5-z 18. 5x -17 =-2z 
2x + 6y + 3z = -2 8x + 6z= 26+y 
She VS I2z= J 8x + 3y—-12z= 24 


For Exercises 19-22, write a system of linear equations represented by the augmented matrix. Use x, y, and z as the variables. 
(See Example 3.) 


3 6 > 5 15 1 00 4 1 001]05 
19. Bs 5 7 20. = Ws ra 21. |0 1 0] -1 22. 10 1 0 | 6.1 
00 1 7 00 1139 
Concept 2: Solving Systems of Linear Equations by Using the Gauss-Jordan Method 
23. Given the matrix E 24. Given the matrix F 
E=(° — | | F=|_, 8 | 
9 -1|7 12 -13 | -—2 
a. What is the element in the second row and a. What is the element in the second row and 
third column? second column? 
b. What is the element in the first row and b. What is the element in the first row and 
second column? third column? 
25. Given the matrix Z 26. Given the matrix J 
z=[) ela i), 1 ] 
2 -1 1 0 31-6 
write the matrix obtained by multiplying the write the matrix obtained by multiplying the 
elements in the first row by 5. elements in the second row by 4. 
27. Given the matrix K 28. Given the matrix L 
K=|? all =| oli 
1 -413 -7 2119 
write the matrix obtained by interchanging write the matrix obtained by interchanging 
rows | and 2. rows | and 2. 
29. Given the matrix M 30. Given the matrix N 
M=|_ | ‘| el. a 
—3 -4]-1 —2 21 12 
write the matrix obtained by multiplying the first write the matrix obtained by multiplying the first row 
row by 3 and adding the result to row 2. by 2 and adding the result to row 2. 
31. Given the matrix R 32. Given the matrix S 
13 0-1 12 O | 10 
R=; 4 1 -5 6 S=|] 51 -4 3 
—2 0 -3 | 10 —3 4 5 2 
a. Write the matrix obtained by multiplying the first a. Write the matrix obtained by multiplying the first 
row by —4 and adding the result to row 2. row by —5 and adding the result to row 2. 
b. Using the matrix obtained from part (a), write the b. Using the matrix obtained from part (a), write the 
matrix obtained by multiplying the first row by 2 matrix obtained by multiplying the first row by 3 


and adding the result to row 3. and adding the result to row 3. 
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For Exercises 33-36, use the augmented matrices A, B, C, and D to answer true or false. 


A=? Pal B=|° (| c-|! 3 | p=| 5 I 4 

5 —217 6 -412 5:9 | 7 -12 81-4 

33. The matrix A is a 2 x 3 matrix. 34. Matrix B is equivalent to matrix A. 

35. Matrix A is equivalent to matrix C. 36. Matrix B is equivalent to matrix D. 

37. What does the notation R, = R, mean when one is 38. What does the notation 2R; > R; mean when one is 


performing the Gauss-Jordan method? performing the Gauss-Jordan method? 


39. What does the notation —3R, + R, > R, mean when 40. 
one is performing the Gauss-Jordan method? 


What does the notation 4R, + R; > R; mean when 
one is performing the Gauss-Jordan method? 


For Exercises 41—56, solve the system by using the Gauss-Jordan method. For systems that do not have one unique solution, 
also state the number of solutions and whether the system is inconsistent or the equations are dependent. (See Example 4-7.) 


41. x-2y=-1 42. x-—3y=3 43. x+3y=6 44, 2x -3y=-2 
2x+ y=-7 2x —S5y=4 —4x — 9y =3 x+2y = 13 
45. x+ 3y= 3 46. 2x+ Sy= 1 47. x-y=4 48. 2x-—y=0 
4x + 12y = 12 —4x — 10y = —2 2x+y=5 x+y=3 
49, x+3y=-l 50. x+ y= 4 51. 3x+ y=-4 52. 2x+ y= 4 
—3x —6y= 12 2x —4y = -4 —6x-2y= 3 6x+ 3y=-1 
53. xty+z=6 54, 2x-3y- 2z= 11 55. x-2y=5-z 56. 5x=10z+ 15 
x-y+tz=2 x+3y+ 8z= 1 2x + 6y + 3z=—-10 x—y+6z=23 
x+y-z=0 3x- y+ 14z=-2 3x- y-2z= 5 x+3y—12z= 13 


Technology Connections 


For Exercises 57-62, use the matrix features on a graphing calculator to express each augmented matrix in reduced row 
echelon form. Compare your results to the solution you obtained in the indicated exercise. 


he ss. [! 3/3 x. {| ab 
2 54 a4. =9 | 3 


2 1/-7 
Compare with Exercise 41. Compare with Exercise 42. Compare with Exercise 43. 


57. 


es i «# is 2-3 2) 11 

60. | | | 6. {1 -1 1/2 oe. |1 3 811 
1 2128 

1 1-10 a ae: 


Compare with Exercise 44. 


Compare with Exercise 53. Compare with Exercise 54. 
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Chapter3 Summary 
| Section 3.1 | Solving Systems of Linear Equations 


by the Graphing Method 


Key Concepts 
A system of linear equations in two variables can be solved 
by graphing. 

A solution to a system of linear equations is an ordered 
pair that satisfies each equation in the system. Graphically, 
this represents a point of intersection of the lines. 

There may be one solution, infinitely many solutions, or 
no solution. 


One solution Infinitely many No solution 

Consistent solutions Inconsistent 

Independent Consistent Independent 
Dependent 


A system of equations is consistent if there is at least 
one solution. A system is inconsistent if there is no solution. 

Two linear equations in x and y are dependent if the 
equations represent the same line. The solution set is the set 
of all points on the line. 

If two linear equations represent different lines, then the 
equations are independent. 


Examples 
Example 1 
Solve by graphing. x+y=3 
2x-y=0 
Write each equation in slope-intercept form 
(y = mx + b) to graph the lines. 
y=-x+3 
y= 2x 


The solution is the point of intersection, (1, 2). 


The solution set is {(1, 2)}. 
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| Section 3.2 | Solving Systems of Linear Equations by 


the Substitution Method 


Key Concepts Examples 
Substitution Method Example 1 
1. Isolate one of the variables. 2y = 6x + 14 
2. Substitute the quantity found in step | into the other ee 
equation. 2x+y=5 ———__> yard +5 
3. Solve the resulting equation. Substitute 
4. Substitute the value from step 3 back into the equation 
from step 1 to solve for the remaining variable. 2(-2x + 5) = -6x +14 
5. Check the ordered pair in both equations, and write the 
answer as an ordered pair within set notation. —4x + 10 = —6x + 14 
2x+ 10 = 14 
2x=4 
x=2 
y ==—20+5 Now solve for y. 
y = -2(2)4+5 
ok 


The ordered pair (2, 1) checks in both equations. 
The solution set is {(2, 1)}. 


A system is consistent if there is at least one solution. Example 2 

A system is inconsistent if there is no solution. An inconsistent Siete ae 
system is detected by a contradiction (such as 0 = 5). ae 
—4x —2y = 1 ———__» —-4x-2(-2x+3)=1 

—4x+4x-6= 1 

-6=1 


Contradiction. The system is inconsistent. 
There is no solution, { }. 


Two linear equations are independent if the equations Example 3 
represent different lines. The equations are dependent if they 
represent the same line. This produces infinitely many solu- 
tions. Two equations in a system of equations are dependent 2x + 6y = 2 ————_> 2(-3y+4 1)+6y =2 
if the system reduces to an identity (such as 0 = 0). 


x==3y9-> | 


—6y+2+6y=2 
2=2 


Identity. The equations are dependent. There are infinitely 
many solutions. 


{@ y)|x=—3y + 1} 
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Key Concepts 
Addition Method 

1. Write both equations in standard form Ax + By = C. 

2. Clear fractions or decimals (optional). 

3. Multiply one or both equations by nonzero constants to 
create opposite coefficients for one of the variables. 

4. Add the equations from step 3 to eliminate one 
variable. 

5. Solve for the remaining variable. 

6. Substitute the known value from step 5 back into 
one of the original equations to solve for the other 
variable. 

7. Check the ordered pair in both equations and write the 


solution set. 


Solving Systems of Linear Equations by 
the Addition Method 


Examples 
Example 1 
3x—Ay = 18 _Multby3. ox — 12y = 54 


—5x—3y = —1 Mult by “4 20x + 12y= 4 


29x = 58 

x=2 
3(2) — 4y = 18 
6-—4y = 18 
—4y = 12 
y=-3 


The ordered pair (2, —3) checks in both equations. 
The solution set is {(2, —3)}. 
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| Section 3.4 | Applications of Systems of Linear Equations 


in Two Variables 


Key Concepts 


Solve application problems by using systems of linear 


equations in two variables. 


Cost applications 

Mixture applications 

Principal and interest applications 
Uniform motion applications 
Geometry applications 


Steps to Solve Applications: 


1. 


Label two variables. 


2. Construct two equations in words. 
3. Write two equations. 

4. 

5. Write the answer in words. 


Solve the system. 


Examples 


Example 1 

Mercedes borrowed $1500 more from a lender that charges 
6.5% interest than she did from a lender that charges 
4% interest. If the total interest owed at the end of 1 yr is 
$622.50, find the amount she borrowed at 6.5%. 


Let x represent the amount borrowed at 6.5%. 
Let y represent the amount borrowed at 4%. 


eases plas) (aaa anes + $1500 


at 6.5% at 4% 
Interest owed interest owed 
from 6.5% J+ from 4% = $622.50 
account account 
x =y+1500 


0.065x + 0.04y = 622.50 


Using substitution gives 
0.065(y + 1500) + 0.04y = 622.50 
0.065y + 97.5 + 0.04y = 622.50 
0.105y = 525 
y = 5000 


x = (5000) + 1500 = 6500 
Mercedes borrowed $6500 at 6.5%. 
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| Section3.5 | Linear Inequalities and Systems of Linear 


Inequalities in Two Variables 


Key Concepts 


A linear inequality in two variables is an inequality 
of the form Ax + By < C, Ax+ By > C,Ax+ By <C, 
or Ax+ By>C. 


Graphing a Linear Inequality in Two Variables 


1. Write the inequality with the y variable isolated, 
if possible. 

2. Graph the related equation. Draw a dashed line if 
the inequality is strict, < or >. Otherwise, draw a 
solid line. 

3. Shade above or below the line according to the 
following convention. 


e Shade above the line if the inequality is of the form 
y>mx+bory>mx+b. 

e Shade below the line if the inequality is of the form 
y<mx+bory<mxt+b. 


You can use test points to check that you have shaded 
the correct region. Select an ordered pair from the proposed 
solution set and substitute the values of x and y in the original 
inequality. If the test point produces a true statement, then 
you have shaded the correct region. 


Graphing a System of Linear Inequalities in Two Variables 


Graph each linear inequality in the system. The solution to 
the system is the intersection of the shaded regions. 


Examples 

Example 1 

Graph the solution to the inequality 2x — y < 4. 

Graph the related equation, y = 2x — 4, with a dashed line. 

Solve for y: 2x -—y <4 
-y<—-2x+4 
y>2x-4 


Shade above the line. 


Example 2 
Graph. 
x<0 


y>2 


| Section3.6 Systems of Linear Equations in 


Three Variables and Applications 


Key Concepts 


A linear equation in three variables can be written in the 
form Ax + By + Cz=D, where A, B, and C are not all zero. 
The graph of a linear equation in three variables is a plane 
in space. 


A solution to a system of linear equations in three 
variables is an ordered triple that satisfies each equation. 
Graphically, a solution is a point of intersection among 
three planes. 


A system of linear equations in three variables may 
have one unique solution, infinitely many solutions (dependent 
equations), or no solution (inconsistent system). 


Examples 
Example 1 
A] x+2y- z=4 


B| 3x- y+ z=5 
C) 2x+ 3y+2z7=7 


[A] x+2y-z=4 
[B] 3x- y+z=5 
4x+ y =9 ID 


2-|A}2x+4y-2z= 8 
C|2x+3y+2z= 7 
4x + Ty = 15 [Bl 


Multiply by —1. 


es) 


4x + 7y = 15 


Substitute y = | into either equation 
[D] 4x+ (1) =9 
4x =8 
x= 2 


Substitute x = 2 and y = | into equation |A|, |B 


Al (22)+2(1)-z=4 


-z=0 
z=0 
The solution set is {(2, 1, 0)}. 


Summary 


D] or [E]. 


D] 4x+ y= 9 ———> -4x- y=-9 


4x+7y = 15 
6by= 6 
p= dt 


, OF 
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| Section 3.7 | Solving Systems of Linear Equations 


by Using Matrices 


Key Concepts 


A matrix is a rectangular array of numbers displayed in rows 
and columns. Every number or entry within a matrix is called 
an element of the matrix. 

The order of a matrix is determined by the number of 
rows and number of columns. A matrix with m rows and n 
columns is an m X n matrix. 


A system of equations written in standard form can be 
represented by an augmented matrix consisting of the coef- 
ficients of the terms of each equation in the system. 


The Gauss-Jordan method can be used to solve a system 
of equations by using the following elementary row opera- 
tions on an augmented matrix. 

1. Interchange two rows. 

2. Multiply every element in a row by a nonzero real 
number. 

3. Add a multiple of one row to another row. 

These operations are used to write the matrix in reduced 
row echelon form. 

k 0 ‘| 
0 1l!ob 


This represents the solution, x = a and y= b. 


Examples 
Example 1 


[1 2 5]isa1 x3 matrix (a row matrix). 


—-1 
; is a2 X 2 matrix (a square matrix). 
4]. : . 

; is a2 X | matrix (a column matrix). 


Example 2 


The augmented matrix for 


4x+ y=-12 : } 1 | mel 
1S 
x- 2y = 6 1 —2 6 
Example 3 


Solve the system from Example 2 by using the Gauss-Jordan 
method. 


b 1 7 

1 = 6 

R eR; ! 23 ‘ 

4 14 | =12 

-4R,+R,=>R, i =2 | 

> 0 9 | -36 

IR, >R Fe is | 
ohn 2 = Oo 1 | 44 

2R,+R,>R 

rs _s f 0 | i" 
0 1 | —4 


From the reduced row echelon form of the matrix we have 
x = —2 and y= —4. The solution set is {(—2, —4)}. 
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Chapter3 Review Exercises 


Section 3.1 


1. Determine if the ordered pair is a solution to the 


system. 
—5x-Ty=4 
y= 5x -1 
a. (2, 2) b. (2, -2) 


For Exercises 2-4, answer true or false. 


2. An inconsistent system has one solution. 
3. Parallel lines form an inconsistent system. 


4. Lines with different slopes intersect in one 
point. 


For Exercises 5-8, solve the system by graphing. For sys- 
tems that do not have one unique solution, also state the 
number of solutions and whether the system is inconsistent 
or the equations are dependent. 


5 
5. fw=x-1 st 
g(x) =2x-4 ; 
2 
1 
$7473 7271 1 1 2 3 4 5 
—2. 
3 
-4 
-5 
y 
6. y= 2x+7 st. 
4 
= -x-5 
y 3 
2 
1 
-5-4-3-2-1 | 12 3 4 a 
3 
3 
-4 
—5 
i 
7. 6x+2y=4 5 
4 
3x=-y+2 3 
2 
1 
S432 | i2345° 
2. 
—3 
—4 
—5. 


8. y=45x-2 


a 


—4x + 8y=—8 4 


Section 3.2 


For Exercises 9-14, solve the system by using the substi- 
tution method. For systems that do not have one unique 
solution, also state the number of solutions and whether 
the system is inconsistent or the equations are dependent. 


9, yaix-4 10, 6x+y=5 


Sx+y=3 
—x+2y=-6 


11. 2(¢+ y)=10-3y 12. 3x=1ly-9 


0.4x + y = 1.2 ae g 
i Ti 

13. 60(5x — y) = 90 14. 4x+ y=7 
10x = 2y+3 Pee _7 
4 


15. The cost y (in $) to rent a 5-ft by 5-ft storage space 
for x months is given for two companies. 


y = 105 + 45x 
y = 48.50x 


Company A: 
Company B: 
Determine the number of months for which the cost 


of renting a storage space would be the same for 
either company. 


16. The cost y (in $) to rent a car for x days is given for 
two rental car companies. 


y = 44+ 81.50x 
y = 87x 


Company A: 
Company B: 


Determine the number of days for which the 
cost of renting a car would be the same for each 
company. 
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Section 3.3 29. How many liters of 20% saline solution must be 
mixed with 50% saline solution to produce 16 L of a 
For Exercises 17—26, solve the system by using the addition 31.25% saline solution? 
method. For systems that do not have one unique solution, 
also state the number of solutions and whether the system is 30. It takes a pilot 1} hr to travel with the wind from 
inconsistent or the equations are dependent. Jacksonville, Florida, to Myrtle Beach, South 
2 3 Carolina. Her return trip takes 2 hr flying against the 
17. =x+iy=1 18. 4x+3y= 5 wind. What is the speed of the wind and the speed of 
ae) be ak eng : 
ap dy tO the plane in still air if the distance between 
Pp Sy =3 Jacksonville and Myrtle Beach is 280 mi? 
31. Josh wants to rent an apartment and he has a dog. 
i eee y=. The first apartment he re charges $915 per is 
2x+5y=-1 1 1 with a one-time pet fee of $275. The second charges 
ia 3 3 $940 per month for rent and an additional 
$25 per month for the dog. 
21, 2y=3x—-8 a. Write a linear function describing the total 
—~6x =—4y +4 cost f(x) to rent the first apartment for x months. 
22. 3x+ y= 16 b. Write a linear function describing the total 
cost g(x) to rent the second apartment for 
3(xt+y)=yt+2x+2 #inonths. 


c. Find the number of months for which the cost 
23. —(y + 4x) = 2x—9 24, —(4x — 35) =3y to rent each apartment would be the same. 
—2x+2y=-10 -(a~-15)=y 
32. Two angles are complementary. One angle measures 
25. —0.4x+0.3y= 1.8 26. 0.02x —0.0ly=—-0.11 6° more than 5 times the measure of the other. What 


are the measures of the two angles? 
0.6x — 0.2y = —1.2 0.01x+0.04y= 0.26 


Section 3.4 Section 3.5 


27. Melinda invested twice as much money in an account Ron Epcreises 20-0 solve Ihe tpg ualilics: By Brapunne: 


paying 5% simple interest as she did in an account 33. 2x>-y+5 34, 2x < -8 — 3y 
paying 3.5% simple interest. If her total interest at the ; 7 
end of 1 yr is $303.75, find the amount she invested it 3 
in the 5% account. 6 : : pre peed 
5 
4 > 
28. A school carnival sold tickets to ride on a Ferris 3 i ae a Oe ae ea 
wheel. The charge was $1.50 for adults and $1.00 : 2 
for students. If 54 tickets were sold for a total of = S 
$70.50, how many of each type of ticket were a ins cB ae ae ae eee 
3 7 
35. y>—-=x+3 36. y>—x-2 
y Bg 
A A 
5 5 
4 4 
3 3 
2 2: 
1 1 
=3 2 ay 1 2 3 4 5 6 7° a) -4 -3 -2 hy 1 2, 3 4 5 
ee ; -2 -2 
i ——— a 3 a 
Vadim Petrakov/Rawpixel.com/Shutterstock - i e: 
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37. x>-3 
y 

A 

5 

3 

2 

>X 
§4-32-1 [12344 

~ 

3 

5 

39. Pe 
2 

‘ 

rY 

5 

4 

3 

2 

1 

52 
12345 


38. x <2 
F 
A 
5 
4 
3 
2 
1 
- 
—5 -4 -3 -2 -1 123 45 
2 
3 
4 
—5: 
40. x<=y 
y 
5 
3 
2 
2 
=) =4=3—2-—1 123 45 


For Exercises 41-44 graph the system of inequalities. 
41. 2x-y>-2 


2x-y<2 


Nw hw 


42. 3x+y<6 


—3x+ty<-2 


y 
A 


eHyw kw 


> 
—5 —4 -3 -2 -1 123 45 


> 
-3 -2 -1 1234567 


pa 


Review Exercises 337 


45. Suppose a farmer has 100 acres of land on which to 
grow oranges and grapefruit. Furthermore, because 
of demand from his customers, he wants to plant at 
least 4 times as many acres of orange trees as grape- 
fruit trees. 


Adalberto Rios Lanz/Sexto Sol/Photodisc/Getty Images 


Let x represent the number of acres of orange trees. 


Let y represent the number of acres of grapefruit trees. 


a. 


Write two inequalities that express the fact that 
the farmer cannot use a negative number of acres 
to plant orange and grapefruit trees. 

Write an inequality that expresses the fact that the 
total number of acres used for growing orange 
and grapefruit trees is at most 100. 

Write an inequality that expresses the fact that the 
farmer wants to plant at least 4 times as many 
orange trees as grapefruit trees. 


Sketch the inequalities in parts (a)—(c) to find the 
feasible region for the farmer’s distribution of 
orange and grapefruit trees. 


100 |- 


> xX 
10 20 30 40 50 60 70 80 90 100 


Section 3.6 


For Exercises 46-49, solve the system. If a system does not 
have a unique solution, state whether the system is inconsistent 
or the equations are dependent. 


46. 5x+ 5y+5z= 30 47. 5x+3y-—z=5 


—x+ y+ z= 2 x+2y+z=6 


10x+ 6y—2z= 4 —-x-—2y-z7=8 
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48. x+ y+ z= 4 49. 3x +4z=5 
—x — 2y —3z=-6 2y + 3z=2 
2x+4y+6z= 12 2x — Sy =8 


50. The perimeter of a right triangle is 30 ft. One leg 
is 2 ft longer than twice the shortest leg. The 
hypotenuse is 2 ft less than 3 times the shortest leg. 
Find the lengths of the sides of this triangle. 


51. Three pumps are working to drain a construction site. 
Working together, the pumps can drain 950 gal/hr of 
water. The slowest pump drains 150 gal/hr less than 
the fastest pump. The fastest pump drains 150 gal/hr 
less than the sum of the other two pumps. How many 
gallons can each pump drain per hour? 


52. The smallest angle in a triangle measures 9° less than 
the middle angle. The largest angle is 26° more than 
3 times the measure of the smallest angle. Find the 
measure of each angle. 


Section 3.7 


For Exercises 53—56, determine the order of each matrix. 


ae 5 6 
53. | 5 & -=3 54.] 9 2 
-1 6 10 0 -3 

7 

55. [0 13 -4 16] 56. | 12 

~4 


For Exercises 57-58, set up the augmented matrix. 
57, x+y= 3 
x-y=-l 
58 x- y+ z= 4 
2x- y+3z= 8 
—2x+2y- z=-9 


For Exercises 59-60, write a corresponding system of equations 
from the augmented matrix. Use x, y, and z as the variables. 


1 0 0] -5 
1 O 9 
59. | 60. 1 2 
Oo 11-3 . : 
0 0 11 -8 


61. Given the matrix C 


cf 3] 
4 -l 6 
a. What is the element in the second row and 
first column? 


b. Write the matrix obtained by multiplying the 
first row by —4 and adding the result to row 2. 


62. Given the matrix D 


1 2 0 |-3 
D=| 4 -1 1 0 
—3 2 2 5 


a. Write the matrix obtained by multiplying the 
first row by —4 and adding the result to row 2. 


b. Using the matrix obtained in part (a), write the 
matrix obtained by multiplying the first row by 3 
and adding the result to row 3. 


For Exercises 63-66, solve the system by using the 


Gauss-Jordan method. 
63. x+y= 3 64. 4x+3y= 6 


x-y=-l 12x + 5y = -6 


65. x- y+ z=-4 66. x- y+ z= 4 


2x+ y-2z= 9 2x—- y+3z= 8 


x+2y+ z= 5 —2x+2y- z=-9 


Chapter3 Test 


1. Determine if the ordered pair (4, 2) is a solution to 
the system. 


4x — 3y = -5 
12x+2y= 7 


For Exercises 2—4, match each figure with the appropriate 
description, a, b, or c. 


a. 


The system is consistent. 
The equations are dependent. 
There are infinitely many solutions. 


. The system is consistent. 


The equations are independent. 
There is one solution. 


. The system is inconsistent. 


The equations are independent. 
There is no solution. 


> Xx 


5. Solve the system by graphing. 


4x — 2y = -4 
3x+ y= 7 
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sa 


> xX 
12345 


6. 
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Solve the system by graphing. 
fx) =x+3 4 
nin dats ttacdetd 
g(x) = —3x -—2 ; 
1 
—5 -4 -3 ene 123 4 5 
-2 
3 
-4 


. Solve the system by using the substitution 


method. 
3x + 5y= 13 
y=H=xt+9 


. Solve the system by using the addition method. 


6x + 8y=5 
3x —2y=1 


For Exercises 9-13, solve the system. For systems that do 
not have one unique solution, also state the number of solu- 
tions and whether the system is inconsistent or the equations 
are dependent. 


9. 7y=5x-21 10. 3x- 5y=-7 
Oy + 2x = —27 —18x + 30y = 42 
1 1 17 
HW. = =-=y+— 12. 4x=5-2 
go's , a 
1 y= —2x4+4 
= +2 _- —_— 
(x + 2) 6 
13. —0.03y + 0.06x = 0.3 
0.4x — 2 = —0.5y 
For Exercises 14—16, graph the solution set. 
14. 2x-5y> 10 » 


> 
12.3) 4 5 


x 
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15. x+y<3 
3x —2y>-6 


a 


FnNnwerwY 


> x 
sa kts eee am 123 45 


16. 5x<5 
x+y<0 


i 


xX 
1 2:3) -4 3 


4 
5 


17. After menopause, women are at higher risk for hip 
fractures as a result of low calcium. As early as their 
teen years, women need at least 1200 mg of calcium 
per day (the USDA recommended daily allowance). 
One 8-oz glass of skim milk contains 300 mg of 
calcium, and one antacid tablet (regular strength) 
contains 400 mg of calcium. Let x represent the num- 
ber of 8-0z glasses of milk that a woman drinks per 
day. Let y represent the number of antacid tablets 
(regular strength) that a woman takes per day. 


a. Write two inequalities that express the fact that 
the number of glasses of milk and the number of 
antacid tablets taken each day cannot be negative. 


b. Write a linear inequality in terms of x and y 
for which the daily calcium intake is at least 
1200 mg. 


c. Graph the inequalities. 


y 


FN wWRUDA 
> 


oak’ 
SHG | te 3) Ot 


2 
i-3 


For Exercises 18-19, solve the system. 
18. 2x + 2y + 4z = -6 
3x+ y+2z= 29 


x- y- z= 44 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


2(x+z)=6+x-3y 
2x=1ll+y—-z 
x+2(y+z)=8 


Aiko borrows a total of $5000 from two lenders. 
One charges 6.5% simple interest and the other 
charges 5% simple interest. If the total interest paid 
at the end of 1 yr is $268, how much did she borrow 
from each lender? 


How many liters of a 20% acid solution should be 
mixed with a 60% acid solution to produce 200 L of 
a 44% acid solution? 


Two angles are complementary. Two times the 
measure of one angle is 60° less than the measure of 
the other. Find the measure of each angle. 


Working together, Joanne, Kent, and Geoff can 
process 504 orders per day for their business. Kent 
can process 20 more orders per day than Joanne can 
process. Geoff can process 104 fewer orders per day 
than Kent and Joanne combined. Find the number of 
orders that each person can process per day. 


Write an example of a3 x 2 matrix. 


Given the matrix A 
1 2 1 —3 
A=]| 4 0 1 —2 
-5 -6 3 0. 
a. Write the matrix obtained by multiplying the first 
row by —4 and adding the result to row 2. 


b. Using the matrix obtained in part (a), write the 
matrix obtained by multiplying the first row by 
5 and adding the result to row 3. 


For Exercises 26-27, solve by using the Gauss-Jordan 


method. 

26. 5x — 4y = 34 
x-—2y= 8 

27. x+ yrz=l 


2x+  y =0 


—2y-—z=5 
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Mathematics and Modeling 


In this chapter we will define a mathematical structure called a 
polynomial. Polynomials and polynomial functions are important 
because they enable mathematicians to model data. They can also 
be used to approximate other, more complicated functions. 

Some polynomials may be used to describe curves of various 
types such as the curves on a rollercoaster. Combinations of 
polynomials are also used in economics to perform cost and revenue 
analyses. 

In physics, polynomials can be used to describe the trajectories 
of projectiles. For example, in a classic Seinfeld episode, Jerry tosses Tetra images/Getty Images 
a loaf of bread (a marble rye) straight upward to his friend George 
who is leaning out of a third-story window. The bread leaves Jerry’s hand at a height of 1m with an initial velocity of 
18 m/sec. The polynomial function defined by s(t) = —4.9t? + 18t + 1 approximates the height of the bread, s(t), at a time t 
seconds after leaving Jerry’s hand. 


° ee o oO ° jo 
: ° oO oo 00% : © 6 <* 1 
° aoe .* ° one 3° at Ss 
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Properties of Integer Exponents 
and Scientific Notation 


1. Simplifying Expressions with Exponents 


1. Simplifying Expressions 
with Exponents 
2. Scientific Notation 


We have already learned that exponents are used to represent repeated multiplication. 
The following properties of exponents (Table 4-1) are often used to simplify algebraic 
expressions. 


Table 4-1 Properties of Exponents* 


Multiplication of | b”-b"=b™*" b?- b+ =b?+4 | b?- bt = (b- b)\(b- b- b- b) 
like bases = p® = 9 
Division of Lier (aes b _ b-W-b-b-b 
like bases ie be Pe bb 
= be = b 
Power rule (Oy aoe Gyan" (b*? = (b-b-b- b\(b- b-b-b) 
= p® = ps 
Power of a (Gb) a aebe (ab) = ab? (aby = (ab)(ab)(ab) 
product =(a-a-a)(b-b-b)=ab° 
Power of a (=< CC — (2) - (2)(2)(4) 
quotient all ~ iB bb) pB b b/\b/\b 
_ a:a-a_ a 
bebe bb 


*Assume that a and b are real numbers (b # 0) and that m and n represent integers. 


In addition to the properties of exponents, two definitions are used to simplify algebraic 
expressions. 


Definition of b° and b~” 
Let n be an integer, and b be a real number such that b 4 0. 
*1, Do =1 Example: 5°=1 


1 
2g = =— 
( b" 


3. From the definition of b~” we also have: 


= (*) =2 forte ONn a0! 


a 


1 3} 
Example: A (3) 


2; Ge 


ier 


—2 
Example: (3) -( 


*Note: The value of 0° is not defined by definition 1 because the base, b, must not equal 0. 


The definition of b° is consistent with the properties of exponents. For example, if b is a 
nonzero real number and n is an integer, then 


b" 
| 

The expression b° = 1 
Bb = pr b? 
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The definition of b~” is also consistent with the properties of exponents. If b is a nonzero 
real number, then 


BD bbb 1 
b> bbb bb Pp 
The expression b~? = i 
b 3-5 =) 
‘iad 


| Example1 | Simplifying Expressions with Exponents 


Simplify the expressions. 


a. (—2)* b. -24 c. —2* d. (—7x)° e. —7x° 
Solution: 
a. (—2)* = (-2)(-2)(-2)(-2) 
= 16 
b. —2*=-1-2* 
=-1-(2-2-2-2) 
= -16 


eo" S3241-04 


Il 
| 
— 
TS 
Rl 
iaaeacaig 


d. (—7x)° = because b° = 1 


e. —7x°=-7-x° 


Skill Practice Simplify the expressions. 
1. (-3) 2. -3° 3. -3° 4, (-8y)° 5. —8y° 


| Example 2 _| Using Properties of Exponents 


Simplify the expressions. Write the final answer with positive exponents only. 


a. 8x7? b. c. (by 


FOR REVIEW 


Recall that an odd number of nega- 
tive factors produces a negative prod- 
uct. An even number of negative 
factors produces a positive product. 


Answers 
1.9 2. -9 3. - 
4.1 5. -8 


ola 
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Answers 


6. w® 


ye 
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8. 


a 
Pe 


Blow 


Solution: 
a, xxx? 
agree) Multiply like bases by adding exponents. 
=< Simplify. 
7 
b & 
y 
=y'-4 Divide like bases by subtracting exponents. 
ay Simplify. 
c. (b*)> 
= pr) Apply the power rule. 
=p? Multiply the exponents. 
= ra Write the answer with positive exponents. 


Skill Practice Simplify the expressions. Write the final answer with positive 
exponents only. 


ul 
6. w'w ew 7. a 8. (py 


| Example 3 _| Simplifying an Expression with Exponents 


“8 
Simplify the expression. (=) — (2)*+3° 


Solution: 


GG) — (2) +39 
5 


2 
= 57- (4) +3° Simplify negative exponents. 


= 125- . +1 Evaluate expressions with exponents. 
= a = - ao : Write the expressions with a common denominator. 


Simplify. 


Skill Practice Simplify the expression. 


yee) 
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Simplifying an Expression with Exponents 


Simplify the expression. Write the answer with positive exponents only. 


(2a"b*)* 
( 4 a b~)? 
Solution: 
(2a"b“*)* 
( A a by 
3 213 =12 
= Ser Apply the power rule. 
a 
21,,-12 
= a Simplify the coefficients. 
a 
8qa2!—§p- 12-4 
= 46 Divide like bases by subtracting exponents. 
1 
8a°b* ee 
= Simplify. 
: 
15 


Simplify negative exponents. 


Skill Practice Simplify the expression. Write the final answer with positive 
exponents only. 


5 CoD 


“Gy 


| Example5 | Simplifying an Expression with Exponents 


Simplify the expression. Write the answer with positive exponents only. 
8x \ 
4xy-?( —— 
J (sa) 


can 8 .\ 
Axy3 (35) ey (55) Simplify within parentheses. 


Solution: 


ax'y 
_ 4xy? 8? Raise the expression in 
1 374 parentheses to the —2 power. 
2,.6,,4 

= Be = ~ Simplify negative exponents. 

y 8 
492% Pa -y* Multiply the fractions and simplify 
~ 64y° the expressions 3” and 87. 

l 
a ae Add the exponents on x. 
~ 64 Subtract the exponents on y. 

16 
a 

= oe Simplify. 


Answer 


9 
10. =| 
xy 
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Answer 


64m"? 
3 
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Skill Practice Simplify the expression. Write the answer with positive exponents only. 


=2,3\-3 
11. -omr( 2 : ) 


4? 


2. Scientific Notation 


Scientists in a variety of fields often work with very large or very small numbers. For 
instance, the distance between the Earth and the Sun is approximately 93,000,000 mi. 
The mass of an electron is 0.000 000 000 000 000 000 000 000 000 000 911 kg. 

Scientific notation was devised as a shortcut method of expressing very large and very 
small numbers. The principle behind scientific notation is to use a power of 10 to express 
the magnitude of the number. For example, a number such as 50,000 can be written as 
5 x 10,000 or equivalently as 5 x 10*. Similarly, the number 0.0035 is equal to 3.5 x rho 
or, equivalently, 3.5 x 107°. 


Definition of Scientific Notation 


A number expressed in the form a x 10", where 1 < |a| < 10 and n is an integer, is 
said to be written in scientific notation. 


Consider the following numbers in scientific notation: 


The distance between the Sun and the Earth: 93,000,000 mi = 9.3 x 107 mi 
A 


7 places 
The mass of an electron: 0.000 000 000 000 000 000 000 000 000 000 911 kg 
| A 


=9.11x%10" ke  ?f plas 


In each case, the power of 10 corresponds to the number of place positions that the decimal 
point is moved. The power of 10 is sometimes called the order of magnitude (or simply 
the magnitude) of the number. The order of magnitude of the distance between the Earth 
and Sun is 10’ mi (tens of millions). The mass of an electron has an order of magnitude of 
10° ** ke, 


Writing Numbers in Scientific Notation 


Fill in the table by writing the numbers in scientific notation or standard notation 
as indicated. 


Number of NASCAR fans 75,000,000 people 

Width of an influenza virus 0.000000001 m 

Cost of Hurricane Katrina $1.25 x 101! 

Probability of winning the -8 
Florida state lottery oo eee 


Section 4.1. Properties of Integer Exponents and Scientific Notation 


Solution: 


Number of NASCAR fans 75,000,000 people 


10" people 


Width of an influenza virus 0.000000001 m 1x10°m 
Cost of Hurricane Katrina $125,000,000,000 $1.25 x 10!! 


Probability of winning the 


=i 
Florida state lottery pee ey 


0.0000000435587878 


Skill Practice Rewrite each number in either scientific notation or standard notation. 
12. 2,600,000 13. 0.00088 14. —5.7x 10-8 15. 1.9x 10° 


| Example7 | Applying Scientific Notation 


a. During a recent economic crisis, the U.S. government lent money to troubled 
financial institutions that had a large number of mortgage-related assets. The 
government committed an estimated $750,000,000,000. How much money does 
this represent per person if the U.S. population was 300,000,000 at that time? 


b. The mean distance between the Earth and the 
Andromeda Galaxy is approximately 1.8 x 10° 
light-years. Assuming that 1| light-year is 
6 x 10! mi, what is the distance in miles to 
the Andromeda Galaxy? 


Solution: Buras/S.E. Schneider/Shutterstock 


a. Express each value in scientific notation. Then divide the total amount to be paid 
off by the number of people. 


73 10" 

3 x 108 

= (25) x (108 Divide 7.5 by 3 and subtract th fl 
a x 10° ivide 7.5 by 3 and subtract the powers of 10. 
=3.5%10" 


In standard notation, this amounts to $2500 per person. 
b. Multiply the number of light-years by the number of miles per light-year. 
(1.8 x 10°)(6 x 10!”) 
= (1.8)(6) x (10°)(10'") 
= 10.8 x10" Multiply 1.8 and 6 and add the powers of 10. 


The number 10.8 x 10'* is not in “proper” 
scientific notation because 10.8 is not 
between | and 10. 


= (1.08 x 10')x 10'8 Rewrite 10.8 as 1.08 x 101. 
= 1.08 x (10! x 10’) Apply the associative property of multiplication. 
=1,08~ 10" 
Answers 
The distance between the Earth and the Andromeda Galaxy is 1.08 x 10’? mi. 12. 2.6x10° 


14. —0.000000057 
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13. 8.8x 107 
15. 190,000 
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Skill Practice 
16. The thickness of a penny is 6 x 10~? in. How many pennies would have to be 
Answers stacked to equal the height of the Empire State Building (1.5 x 10* in.)? 


46. Approximately 2.5 x 10° pennies 17. The distance from the Earth to the “nearby” star, Barnard’s Star, is 7.6 light-years 
7. 4.56 x 10° mi (where | light-year = 6 x 10'” mi). How many miles away is Barnard’s Star? 


Section 4.4 Activity 


A.1. Consider the expression x° - x”. 
a. Expand the factors in the expression and simplify. 
b. Write a rule to simplify x” - x’. 


For Exercises A.2—A.8, expand the factors for the given expression. Then simplify the expression, write an observation, 
and complete the general rule. 


ID, gh eae (Cec seo seogN Gr o5Po geo. 58050) x XY. axtt=x? Be o bi = per 
6 bm 
A3. — == 
w b" 
A4. (f° (b"" = 
EL (oy (ab)” = 
ay ion 
as. (% ole 
4 
AT ze +9 
A.8. b> pea 


For Exercises A.9Q—A.11, simplify the expression. 


Wy 2 ey 20 paren, ey) eh Oxy: 
as. (5) +(2) + (2) A.10. (4a°b~) A.11. [oH a 
For Exercises A.12—A.13, simplify the expressions. 
A.12. a. (—4)’ b. —4° c. (-4)° d. —4° 
e. (-4)° f. -4-° g. (-4)° h. -4°3 
A.13. a. (—6)° b. —6° c. (—6x)° d. —6x° 


A.14. Complete the table. The first two rows are done for you. 


63,000 6.3 x 10,000 6.3 x 10+ 
0.008 Bore 8x 107 
1000 10° 
8,120,000 
2x 10° 
0.034 
5.6 x 107! 
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A.15. An adult female has approximately 5 million red blood cells per 1 #L(1 microliter) of blood. 
a. Write 5 million in scientific notation. 
b. If 1 L = 1,000,000 wL, determine the number of red blood cells present in 1 L. Write the answer in 
scientific notation. 
c. Suppose a woman donates | pint of blood to a blood bank. How many red blood cells are present in 1 pint? 
Use the fact that 1 pint 0.47 L. 


A.16. The mass of Earth is 5.98 x 10 kg and the mass of the Moon is 7.36 x 10” kg. Find the ratio of the mass of 
Earth to the mass of the Moon. This tells us how much more massive Earth is than the Moon. 


Practice Exercises | Section 4.1 


Study Skills Exercise 


As you study properties of exponents, you will find that there are many rules for simplifying expressions. Identifying when 
and how to apply each rule is crucial. Good note-taking will help you master these skills. 
Use your notes and simplify each expression. Identify the rule that you applied to simplify the expression. Choose from: 


® Multiplication of like bases © Power of a Product 
@ Division of like bases © Power of a Quotient 
© Power Rule 


Also give another example of a similar expression that would be simplified using the same rule. 


ea 


(3xy)’ 
(O° 


Include this exercise in your class notes for future reference. Detailed notes will help you as you progress through the course. 


Prerequisite Review 
For Exercises R.1-R.8, simplify the exponential expression. 
R.1. R.2. 10° R.3. (—8)? R.4. (—10)? 
R.5. R.6. 2° R.7. (—5)° R.8. (—2)° 
R.9. a. Simplify 107. R.10. a. Simplify 10°. 
b. Write 10,000 as a power of 10. b. Write 10,000,000 as a power of 10. 
R.11. a. Simplify 1077. R.12. a. Simplify 10~°. 


. Write eee as a power of 10. . Write 


10,000 as a power of 10. 


1 
10,000,000 
. Write 0.01 as a power of 10. . Write 0.1 as a power of 10. 
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Vocabulary and Key Concepts 


1. a. AM) __ is used to show repeated multiplication of the base. 
b. For b 4 0, the expression b’ is defined to be 


c. For b £0, the expression b™” is defined as 


d. A number expressed in the form a x 10", where | < |a| < 10 and vis an integer is said to be written in 


Concept 1: Simplifying Expressions with Exponents 


2. Write the expressions in expanded form and 3. Write the expressions in expanded form and 
simplify. simplify. 


b*- b? and (b4y3 ab? and (ab)? 


For Exercises 4—9, write an example of each property. (Answers may vary.) 


4. b" ‘s b™ = ptm 5, (ab)" — a'b" 6. (b")” _ pi 
b" = n nh 
7. ab" (b#0) 8. (2) =F (b #0) 9. bo =1 (b#0) 


For Exercises 10-28, simplify. (See Example 1.) 


=] =1 

10. (=) u. (=) 12. 3"! 13. 5” 

14. 8? 15. 5” 16. -8 17. (-5) 

=3 aif _4 

18. (—8)”2 19. (-2) 20. (-2) 21. (-5) 

4 8 2 
a) =3 = 
22. (-5) 23. -(2) 24. -(5) 25. (10ab)? 
26. (13x) 27. 10ab° 28. 13x" 


1 il 
29. y-y 30. x’. x8 31. rey 32. 3 
33. (y’)* 34. (z°)* 35. (3x°)' 36. (2y°)° 
37. p™ 38. g° ce a ie 40. 11-°- 117 
3 4 
a. 42, £ 43. aa~> 44, b-'b-8 
Ww Tt 
-1 —6 —8 
45. — 4G, = 47, 48, 
cr Ss Zz Ww 


49, — 50. al 51. (6xyz’)° 52. (—7ab*)° 


53. 


57. 


61. 


65. 


69. 


73. 
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2442” 54, 37437! 55. 1° +57 56. 47°+2° 
2\-2 1\2 1\ 1\7! 2\9 1\~2 4\7! 3\2 2\9 4\9 2\2 9\-! 
3) ~G)+G) *() +G)-G) = G) +G)-G) ™ G)-G)+G) 
(5) (;) . (;) 6 # 3 4 5 ss 2 7 5) 6) - 5 
2 -13 _ 10 12 
= a rae i, PO 
Dg mn 32a°b 10x°y 
(-3x *yiz’)+ 66. (—6a~*b°c)* 67. (4m-n)(—m°n->) 68. (—6pq™*)(2p*q) 
ee ave 
(p°q)*(2pq*y? 70. (mn*)(5m-n’) 71. (=) (5x’y) 72. @ (3a°b*) 
9 ,2p2)4 _242,,3)2 _9 6,,-5\ 3 _672ph-3\ 2 
oe. ee oS a5 (= 716. (- ) 
(16a°b’)” (—2xy*)? 3x *y* 5a'b 
-3,,0\ -2 3p2,0 \-2 4. \-2 -1,.5\-3 
(=) 78. (5) 79. suy( 2 ) 80. wy y ) 
4x6y> a'b?c3 oxy 9x7 y* 


Concept 2: Scientific Notation 


81. 


82. 


83. 


84. 


The European Organization for Nuclear Research (known by the acronym CERN) has built the world’s largest 
high-energy particle accelerator, called the Large Hadron Collider (LHC). Scientists hope the LHC will 
answer many open questions in physics. Write the following numbers in scientific notation. (See Example 6.) 


a. The LHC cost $8,000,000,000 to build. 
b. 3,000,000 DVDs worth of data will be produced each year. 
c. 14,000,000,000,000 electron volts (eV) of energy will be produced to smash the protons together. 


d. 1 eV is equivalent to 0.000 000 000 000 000 000 1602 joules (J). 


Write the numbers in scientific notation. 
a. The estimated population of the United States for a recent year was 311,000,000. 
b. The size of the smallest visible object in an optical microscope is 0.0000002 m. 


c. A trillion is defined as 1,000,000,000,000. 


Write the numbers in standard notation. 
a. The Andromeda Galaxy contains at least 2 x 10'! stars. 
b. The diameter of a capillary is 4 x 10~° m. 


c. The mean distance between Venus and the Sun is 1.082 x 10!! m. 


Write the numbers in standard notation. 
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a. At the end of a recent year, the Department of Energy’s inventory of high-level radioactive waste was approximately 


3.784 x 10° m?. 
b. The diameter of a water molecule is 3 x 107'° m. 


c. The distance a bullet will travel in 1 sec when fired from a 0.22 caliber gun is 4.1 x 10? m. 
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For Exercises 85-90, determine which numbers are in “proper” scientific notation. If the number is not in “proper” scientific 
notation, correct it. 


85. 35 x 10° 86. 0.469 x 10° 87. 7x 10° 
88. 8.12 x 10! 89. 9x 10! 90. 6.9 x 10° 
For Exercises 91-98, perform the indicated operations and write the answer in scientific notation. 
91. (6.5 x 10°)(5.2 x 107°) 92. (3.26 x 107)(8.2 x 10”) 93. (0.0000024)(6,700,000,000) 


94. (3,400,000,000)(70,000,000,000,000) 95. (8.5 x 107°) + (2.5 x 107!) 96. (3 x 10°) + (1.5 x 101%) 


97. (900,000,000) + (360,000) 98. (0.0000000002) + (8,000,000) 

99. If one H,O molecule contains 2 hydrogen atoms 100. The star named Alpha Centauri is 4.3 light-years 
and | oxygen atom, and 10 H,O molecules from the Earth. If 1 light-year is approximately 
contain 20 hydrogen atoms and 10 oxygen 6 x 10° mi, how far (in miles) is Alpha Centauri? 


atoms, how many hydrogen atoms and oxygen 
atoms are contained in 6.02 x 1077 H,O 
molecules? (See Example 7.) 


101. If the county of Queens, New York, has a 102. If the county of Catawba, North Carolina, has a 
population of approximately 2,200,000 and the population of approximately 150,000 and the 
area is 110 mi*, how many people are there per area is 400 mi*, how many people are there per 
square mile? (See Example 7.) square mile? 

103. According to the Federal Emergency 104. Avogadro’s number NV, = 6.02 x 10” is the 
Management Agency (FEMA), the annual loss number of atoms in | mole of an element. 


due to earthquakes in California is approximately 
$3.5 x 10”. If this is representative as a yearly 


average, find the loss over 15 yr. b. If 75 g of carbon-12 has 4.515 x 10 atoms, 
how many moles is this? 


a. How many atoms are in 5 moles of carbon-12? 


Expanding Your Skills 


105. A 20-yr-old starts a savings plan for her retirement. She will put $20 per month into a mutual fund that she hopes will 
average 6% growth annually. 


a. If she plans to retire at age 65, for how many months will she be depositing money? 
b. By age 65, how much money will she have deposited? 


c. The value of an account built in this fashion is given by 


(+3) 1-042) 


where A is the final amount of money in the account, P is the amount of the monthly deposit, and N is the number 
of months. Use a calculator to find the total amount in the woman’s retirement account at age 65. 


A=P. 


For Exercises 106-111, simplify each expression. Assume that a and b represent positive integers and x and y are 
nonzero real numbers. 
2a+1 


106. x*1x2+5 107. y@~Syet7 108. > 


a1 


23 = » 
3a Poud 2,b+1 x24 2, a+3 


109. —— 110. ———— 111 


at+l Pal caida Fain salle 
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Addition and Subtraction of Polynomials 
and Polynomial Functions 


1. Polynomials: Basic Definitions 


One commonly used algebraic expression is called a polynomial. A polynomial in x is 1. Polynomials: Basic 


defined as a finite sum of terms of the form ax”, where a is a real number and the exponent n Definitions 
is a whole number. For each term, a is called the coefficient, and n is called the degree of 2. Addition of Polynomials 
the term. For example: 3. Subtraction of Polynomials 
ee eal | Gee | —_— 

Bn 3 5 

x4 _» rewrite as 1x!* 1 14 

7 ->rewrite as 7x° 7 0 

Lice ioe eu 1 

aP 2P 2 


If a polynomial has exactly one term, it is called a monomial. A two-term polynomial 
is called a binomial, and a three-term polynomial is called a trinomial. Usually the terms 
of a polynomial are written in descending order according to degree. In descending order, 
the highest-degree term is written first and is called the leading term. Its coefficient is 
called the leading coefficient. The degree of a polynomial is the greatest degree of all its 
terms. Thus, the leading term determines the degree of the polynomial. 


Monomials_ | 2x° ae 2 
49 49 —49 
Binomials 10y — Ty? -Ty + 10y -7 
D, 2 2, 

6525 == ai6 =e 1 
3 3) 

Trinomials | w+2w* + 9w° Ow’ + 2w? + w 9 6 

2.5a‘ — a® + 1.3a° -a’ +2.5a'+ 13a =ll 8 

FOR REVIEW 
Polynomials may have more than one variable. In such a case, the degree of a term is the The degree of a term in a polyno- 


mial is the sum of the exponents of 
the variable factors in the term. A 
polynomial is written in descending 


sum of the exponents of the variables contained in the term. For example, the term 2x°y“z 
has degree 8 because the exponents applied to x, y, and z are 3, 4, and 1, respectively. 


The following polynomial has a degree of 12 because the highest degree of its order if the terms are written in order 
terms is 12. by degree, with the term of highest 
d itten first. 
1 Ix’y’z = Sey? ao 2x*y te 7 egree written Hrs! 

degree 0 
| eal 

—8p — 48 + p? 

degree degree degree degree =p — 8p — 48 

8 12 3 0) 


2. Addition of Polynomials 


To add or subtract two polynomials, we combine like terms. Recall that two terms are like 
terms if they each have the same variables and the corresponding variables are raised to 
the same powers. 


[STUDY 
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Answers 
. 8x — 3x-10 
1 1 
2. =m? + 5m +— 
2 4 


3. —3a°b — 5ab? -1 


—_ 


| Example | Adding Polynomials 


Add the polynomials. 
a6 i. #83 1 
a. 3P+2P —51)+(f - 6A) b. aww) + —w +8w-<) 
3 8 3 4 
Solution: 
a. BP +2P —51) + (f — 60) 
=3P4+42P + (-5t) + (-62) Group like terms. 
=4f42P-11t Add like terms. 
b. (Sw*-w+2) + (Ju +8w-2) 
= Sy? + a? + (—w) + 8w+ ‘ + (-3) Group like terms. 
ne ae (= _ =) Add fractions with 
3 8 8 common denominators. 
=2w?+7w- ‘ Simplify. 


Skill Practice Add the polynomials. 
1. (2x? + 5x — 2) + (6x — 8x — 8) 


1 1 3 1 
2. (=m? — 2. 3) ( 2 -=) 
( a” mS + an + 7m D 


| Example2 | Adding Polynomials 


Add the polynomials. (a’b + Tab + 6) + (Sab — 2ab — 7) 


Solution: 
Polynomials can be added vertically. Be sure to line up the like terms. 
ab+Tab+6 
+ 5a’b — 2ab — 7 
6a’b+5ab—1 Add like terms. 


Skill Practice Add the polynomials. 
3. (—5a’b — 6ab* + 2) + (2a*b + ab’ — 3) 


3. Subtraction of Polynomials 


Subtraction of two polynomials is similar to subtracting real numbers. Add the opposite of 
the second polynomial to the first polynomial. 

The opposite (or additive inverse) of a real number a is —a. Similarly, if A is a polyno- 
mial, then —A is its opposite. 


[STUDY 
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| Example 3 | Finding the Opposite of a Polynomial 


Find the opposite of the polynomials. 


a. 5a—2b-c b. —5.5y* — 2.4y? + 1ly 
Solution: 
Expression Opposite Simplified Form 
a. 5a-—2b-—c —(5a —2b-c) —5a+2b+c 


b. —5.5y* — 2.4y3 + L.ly —(—5.5y* — 2.4y? + 1.1y) 5.5y' + 2.4y? — L.ly 


Skill Practice Find the opposite of the polynomials. 
4. —7z+ 6w 5. 2p-—3q+rt+1 


Subtraction of Polynomials 
If A and B are polynomials, then A — B= A + (—B). 


Subtracting Polynomials 


(3x° + 2x — 5) — (4x° — 7x + 2) 


Subtract the polynomials. 
Solution: 
(3x7 + 2x — 5) — (4x? — 7x + 2) 


=G242=5)4 4 he D) Add the opposite of the 


second polynomial. 


= 3x7 + (—4x°) + 2x + 7x + (—5) + (—2) 
= —-x°+9x-7 


Group like terms. 


Combine like terms. 


Skill Practice Subtract the polynomials. 
6. (6a* — 2a) — (—3a* + 2a + 3) 


| Example5 | Subtracting Polynomials 


(6x°y — 2xy + 5)- (x’y — 3) 


Subtract the polynomials. 
Solution: 
(6x’y — 2xy + 5) — (xy — 3) 


Subtraction of polynomials can be performed vertically by vertically aligning like 
terms. Then add the opposite of the second polynomial. “Placeholders” (shown in red) 


may be used to help line up /ike terms. 
6x°y — 2xy + 5 Add the Gx"y — Qxy + 5 


—(y + Oxy — 3) opposite. 


> 


+ —xy — Oxy +3 
5xy — Ixy + 8 


Skill Practice Subtract the polynomials. 
7. (Ip’q — ©) — (2p’q + 4pq + 4) 


tice that the sign of 
each term is changed when 
finding the opposite of a 
polynomial. 


FOR REVIEW 


Recall that to subtract two real 
numbers, we add the opposite. For 
example, 


3-4=3+4(-4). 


The same is true for subtracting poly- 
nomials. 


Answers 
4. 7z- 6w 
5. -2p+3q-r-1 
6. 9a — 4a - 3 
7. 
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Answer 


8. 13 ae 52 = 


6 


12 


Chapter 4 Polynomials 


3 
=P 


Subtracting Polynomials 


1 3 1 3 1 
Subtract ixt-2241 4 P52 _ ay 
ubtrac a a + 3 rom 5x + x" x 


Solution: 


In general, to subtract a from b, we write b — a. Therefore, to subtract 


> - oe + t from >! + x — 4x 
we have 
(5 + x = 4) = (5 = oe +e =) 
a 4,.4% i Subtract the polynomials by adding the 
= Es Ax — 2 : : 
a + x x ar + a 5 opposite of the second polynomial. 
= =x - > + a + a0 —4x—- : Group like terms. 
34 14,222,432 1 Write like terms with a common 
~ es * es a ? a — 4x — 5 denominator. 
= Sx! + 3 —4x- é Combine Jike terms. 
=x+ oe — 4x - : Simplify. 
Skill Practice 


1 1 1 1 3 
8. Subtract —p* + —p? + =p fi =p +—p?- 
ubtrac xP + 3P + >P nae. oe Pp 


4. Polynomial Functions 


A polynomial function is a function defined by a finite sum of terms of the form ax", 
where a is a real number and v is a whole number. For example, the functions defined here 
are polynomial functions: 


Six) = 3x-8 
e(x) = 4° — 2° + 5x-3 
Ig, 33 5 


h(x) = Sat ae aa 1 
k(x) =7 (7 =7x°, which is of the form ax”, where n = 0 is a whole number) 
The following functions are not polynomial functions: 


m(x) = = -8 (; =x! the exponent —1 is not a whole number) 
x x 


q(x) = |x| (|x| is not of the form ax”) 
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Example 7 Evaluating a Polynomial Function 


Given P(x) = x° + 2x" — x — 2, find the function values. 
a. P(—3) b. P(-1) c. P(O) d. P(2) 


Solution: 
a P(x) =x +2x-x-2 
P(-3) = (-3)° + 2(-3)? = (-3) = 2 
= -27+2(9)+3-2 
= -274+184+3-2 
= -8 
b. P(-1) = (-1)° +2(-D? - (-1) - 2 
=-1+4+2(1)+1-2 
=-14+24+1-2 
=0 
c. P(O) = (0)? + 2(0)? — (0) —2 
= -2 
d. P(2) = (2)? + 2(2)? — (2) -2 
=84+2(4)-2-2 
=8+8-2-2 
= 12 
The function values can be confirmed from the 
graph of y = P(x) (Figure 4-1). 
Skill Practice Given: P(x) = —2x° — 4x + 6 


9. Find P(0). 10. Find P(—2). 
11. Find P(-1). 12. Find P(2). 


(-3, -8) 


(0, -2) 
-6| P(x) =x + 2x? -x-2 


Figure 4-1 


Using Polynomial Functions in an Application 


The length of a rectangle is 4 m less than 3 times the width. Let x represent the width. 
Write a polynomial function P that represents the perimeter of the rectangle and 


simplify the result. 


Solution: 


Let x represent the width. Then 3x — 4 is the length. 
The perimeter of a rectangle is given by P= 2L + 2W. 
Thus, 


P(x) = 2(3x — 4) + 2(x) 
= 6x-8+4+2x 
= 8x-8 


3x -4 


Answers 
9. P(0) =6 10. P(—2) = 30 
41. P(—1) = 12 12. P(2) = —18 
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Skill Practice 


13. The longest side of a triangle is 2 ft less than 4 times the shortest side. The middle 
side is 3 ft more than twice the shortest side. Let x represent the shortest side. Find 
a polynomial function P that represents the perimeter of the triangle, and simplify 
the result. 


Using a Polynomial Function in an Application 


The percent of male smokers in Percent of Male Smokers, 
the United States has decreased in " | cesuiaiclahconiid 
recent years. The function defined , aan Mmieees oe eee 
a 2_ 7 
by M(x) = —0.003x° — 0.257x + 28.0 = 20 syiyy = 0.00322 — 0.257% + 28.0 
approximates the percent of male @ 15\- i 
smokers, M(x), where x represents the & 10/- 
number of years since the study began. 5 | | | | | 
See Figure 4-2. OF 5 10 15 20 25 
. Year 
a. Evaluate M(5) and interpret the 
meaning in the context of this Source: U.S. National Center for Health Statistics. 
problem. Figure 4-2 


b. Determine the percent of male smokers in year 18. 


Solution: 
a. M(5) = —0.003(5)” — 0.257(5) + 28.0 Substitute x = 5 into the function. 
~ 26.6 
M(5) = 26.6 means that in year 5, 26.6% of males in the United States smoked. 
b. Evaluate M(18). 
M(18) = —0.003(18)? — 0.257(18) + 28.0 Substitute x = 18 into the function. 


~ 22.4 
Answers M(18) & 22.4 means that in year 18, 22.4% of males in the United States smoked. 
13. P(x) = x + (4x — 2) + (2x + 3) 
=71x+1 “ . : 
44. P(3) = 41.273 means that in year 3 Skill Practice The population of Kenya can be modeled by P(#) = 0.0177 + 1.041 ap Oke 
the population of Kenya was The value ¢ is the number of years since the study began, and P(f) is the population of 
41.273 million. Kenya (in millions). (Source: Central Intelligence Agency) 


15. P(8) = 47.408; In year 8, the 
population of Kenya will be 
47.408 million. 15. If this trend continues, predict the population of Kenya for year 8. 


Section 4.2 Activity 


A.1. a. Write a monomial with variable t, coefficient 6, and degree 3. 
b. Write a trinomial of degree 2 in descending order. Use the variable x and coefficients 4, 1, and —5, 
respectively. 


14. Evaluate P(3) and interpret its meaning. 


A.2. a. Write a monomial of degree zero. (Answers may vary.) 


b. Write a binomial of degree 4 and leading coefficient * (Answers may vary.) 
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A.3. a. Find the sum of (4x7 — x) + (2x7 — 8x — 7). 
b. Explain how to add two polynomials. 
A.4. a. Simplify —(—7y’ + 3y — 4). 
b. Explain how to find the opposite of a polynomial. 
A.5. a. Find the difference of (Ga —wt 5) and (-4 w? — 2w + 2). 
5) 3 10 6 


b. Subtract (3x’y* — 5xy + 10) from (8x’y* — 2xy + 3). 
c. Summarize how the difference in wording in parts (a) and (b) affects the order in which the polynomials are 
subtracted. 


A.6. The length of a rectangle is 4 cm longer than the width. 

. Let x represent the width of the rectangle. Write an expression in terms of x that represents the length. 
. Write a function that represents the perimeter of the rectangle P(x). 

. Write a function that represents the area of the rectangle A(a). 

. Evaluate P(12) and interpret its meaning. 

. Evaluate A(7) and interpret its meaning. 


Practice Exercises | Section 4.2 


Study Skills Exercise 


Reading comprehension is the skill of understanding mathematical operations and symbols in an expression. This skill is 
required to add and subtract polynomials. 


ran of 


© One technique that might help your understanding is to read each term of the polynomial as if it were a word in a sentence. 
For example, read the expression out loud: (4x7 + 5x) + (—3x7 — 2x) 


@ Recall that only like terms can be combined within a polynomial. As you read the expression (4x° + 5x) + (—3x? — 2x), 
ask yourself what the parentheses imply and how you might regroup terms to add the polynomial. 


© As you read the expression (4x7 + 5x) + (—3x? — 2x), you recognize that the terms 4x” and —3x° can be combined. 
Ask yourself whether the exponents change when combining /ike terms. If necessary, expand each term to visualize the 
similarity between the terms. 


Prerequisite Review 


For Exercises R.1—R.4, combine like terms. 


R.1. 2¢+5t—- 10¢ 2. —3m+4m+6m 
R.3. So ee A, ee 
D 3 12 2 3 5 
For Exercises R.5—-R.6, apply the distributive property. 
R.5. —2(4y + 8z— 11) R.6. —7(3t — 45 + 6) 
For Exercises R.7—R.8, clear parentheses and combine like terms. 
R.7. (5m — 6) — (—-m +7) R.8. (—4n + 3) — (—2n — 8) 
R.9. a. Find the difference of 4 and —7. R.10. a. Subtract —15 from —2. 
b. Subtract 4 from —7. b. Find the difference of —15 and —2. 
For Exercises R.11—R.12, find the function values for f(x) = —3x + 6 and g(x) = 4x — 10. 
R.11. a. f(-4) R.12. a. g(—6) 
b. f(0) b. g(0) 


«(!) c1() 
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Vocabulary and Key Concepts 


1. a. A____—_in the variable, x, is a single term or a sum of terms of the form ax", where a is a real 
number and n is a nonnegative integer. 


b. Given the term ax”, a is called the , and is called the degree of the term. 


c. Given the term x, the coefficient of the term is ______ and the degree is 


d. The term in a polynomial with the highest degree is called the ____ term and its coefficient is called the 


e. The degree of a polynomial is the _____ deg ree of all of its terms. 
f. The degree of a nonzero constant such as 7 is 


g. If aterm of a polynomial has more than one variable, then the degree of the term is the sum of the 
of the variables contained in the term. 


h. A_______ function is a function defined by a finite sum of terms of the form ax”, where a is a real 
number and n is a whole number. 


2. A monomial is a polynomial with exactly _____ term(s). 
3. A —________is a polynomial with exactly two terms. 
4, A_______is a polynomial with exactly three terms. 


5. What is the degree of the term 3a*bc*? 


6. What is the degree of the term —Sxyz*? 


Concept 1: Polynomials: Basic Definitions 
For Exercises 7-12, write the polynomial in descending order. Then identify the leading coefficient and the degree. 
7. a —6a—a 8. 2b —b*+ 5b’ 9. 6° —x+3x4-1 


10. 8—4y+y-y’ 11. 100-7 12. -514+5s" 
For Exercises 13-18, write a polynomial in one variable that is described by the following. (Answers may vary.) 
13. A monomial of degree 5 14. A monomial of degree 4 15. A trinomial of degree 2 


16. A trinomial of degree 3 17. A binomial of degree 4 18. A binomial of degree 2 


Concept 2: Addition of Polynomials 
For Exercises 19-30, add the polynomials and simplify. (See Examples 1-2.) 


19. (—4m? + 4m) + (5m? + 6m) 20. (3n? + 5n) + (2n? — 2n) 
21. (3x4 — x — x*) + 3x — 7x? + 2x) 22. (6x° — 2x" — 12) + (°° + 3x +9) 
1 2 3 1 7 5 1 1 
23. (5 342218 ) (5 8 Fieaoq ) 24, (2.94 - 2 >| (-8.10- 21-2) 
ge Ge ee Os oF w ea 8 3 
25. Add (9x’y — 5xy + 1) to (8x°y + xy — 15). 26. Add (—x*y? + 5xy) to (10x°y? + x’y — 10). 


27. Add (—7a + 6a’ + 1) to (-8 — 4a — 2a”). 28. Add (1 — 12p + 8p) to (6p? + p? — 14). 
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29, 12x3 +6x-8 30. —8y' — 8y? — 6y’ -9 
+ (=3x' -5x?- 4%) + (dy! + 5 — 10y — 3) 
Concept 3: Subtraction of Polynomials 
For Exercises 31-36, write the opposite of the given polynomial. (See Example 3.) 
31. —30y° 32. —2x° 33. 4p? +2p—12 
34. 8° —41-3 35. —llab’+a°b 36. —23rs —4r+ 9s 
For Exercises 37-46, subtract the polynomials and simplify. (See Examples 4-5.) 
a7. (3e=2) =e +52) 38. (8w* + 3w’) — (12w4 — w’) 
39. (-3x° + 3x? -x+6)-(l-x-x? - 3) 40. (—8x° + 6x +7) — (—4 — 2x — 5x°) 
41. (—3xy’ + 3x°*y — x + 6) — (—xy? — xy — x41) 42, (—8xy? + 6xy* + Txy) — (Sxy* — 2xy — 4) 
4. 4P-6r — 18 44. 5w? — 9w? + bw + 13 
- G6f+7° +9t-_ 5) — (Tw = lOwi= 3) 
1 1 1 3 2 1 
45. | =a —= —p )- (Se =ab — —b’ — ) 
(<0 xb +55 +3 10" +a 7? 3 
4 1 1 1 2 9 
46. (=a? —= ah -1)-(G@-3 ——)p’ 1) 
6 (=a ab + 7 54 qab 4 + 


47. Subtract (9x? — 5x + 1) from (8x7 + x — 15). (See Example 6.) 
48. Subtract (—x° + 5x) from (10x? + x* — 10). 
49. Find the difference of (3x° — 2x° + 4) and (x* + 2x° — 7). 


50. Find the difference of (7x!° — 2x4 — 3x) and (—4x° — 5x4 +x +5). 


Mixed Exercises 


For Exercises 51-74, add or subtract as indicated. Write the answers in descending order, if possible. 


51. (8y* — 4y*) — By’ — 8y’) 52. (—9y* — 8) — (4y’ + 3) 

54. (—85° + 75°) + (7s° — 5?) 55. (Sxy + 13x° + 3y) — (4x7 - 8y) 
57. (1lab — 23b’) + (Jab — 19b’) 58. (—4x’y + 9) + (8x’y — 12) 

60. —(q— 2) — [4- (2q-3) +5] 61. 5 — [2m — (4m? + 1)] 


63. (6x9 — 5) — (—3x° + 2x) — (2x3 — 6x) 
65. (—ab + 5a’b) — [Tab* — 2ab — (Ta’b + 2ab’)| 
66. (men? + 4n?n) — [—Smin? — 4mn — (Tm?n — 6mn)| 


67. (8x8 — 2° +3) — [5x +x- (4° +-2)] 


53. 


56. 


59. 


62. 


(—2r — 6r*) + (—r4 — 9nr) 
(6p’q — 2q) — (—2p’q + 13) 
[2p - 3p +5)] + (4p —6) +2 


[4n? — (n? + 4)] + 37° 


64. (9p — 2) + (7p* + 1) — (8p* — 10) 


68. (y+ 6y — 6) - [(2y° — 4y) - By +y4+ DI 
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69. 12a°b — 4ab* — ab 70. 2x7 — Txy + 3y’ 
— (4a2b + ab® — 5ab) — (9x7 — 10xy -_y’) 

Ty. 5a" — 11x’ +6 72. 9! + 277 +11 
— (—5x4 + 3x3 + 5x? — 10x + 5) - 07 = 42482 -9z2- 4) 

3 9-227 =9.1p" +5.3p = 7.9p 74. 5.5w4 + 4.6w? — 9.3w - 83 
+ — 6.4p* — 8.5p*? — 10.3p” + 0.4w* — 7.3w* — 5.8w + 4.6 


For Exercises 75-76, find the perimeter. 


TS: 3 76. 5x -2 
2x3 + 6x iia 


6x? + x 


Concept 4: Polynomial Functions 


For Exercises 77-84, determine whether the given function is a polynomial function. If it is a polynomial function, state the 
degree. If not, state the reason why. 


77. A(x) = oe =5 78. k(x) =—7x'-0.3x4+x° 79. p(x) = 8x + 2x* — a 
x 

80. g(x) =x — 4x3 81. g(x) =-7 82. g(x) = 4x 

83. M(x) = |x| + 5x 84. N(x) =x + |x| 


85. Given P(x) = —x* + 2x — 5, find the function values. (See Example 7.) 


a. P(2) b. P(-1) c. P(O) d. P(1) 


86. Given M(x) = —x’ + 5x, find the function values. 
a. N(1) b. M(-1) c. N(2) d. N(O) 


87. Given H(x) =4x° — x +4, find the function values. 


a. H(0) b. (2) ce. H(—2) d. H(-1) 


88. Given K(x) = 3x° + 4, find the function values. 


a. K(0) b. K(3) c. K(—3) d. K(—1) 


89. A rectangular garden is designed to be 3 ft longer than it is wide. Let x represent the 
width of the garden. Find a function P that represents the perimeter in terms of x. 
(See Example 8.) 


90. Pauline measures a rectangular conference room and finds that the length is 4 yd 
greater than twice the width. Let x represent the width. Find a function P that 
represents the perimeter in terms of x. 


91. The cost in dollars of producing x calendars is C(x) = 5.40x + 99. The revenue 
for selling x calendars is R(x) = 12x. To calculate profit, subtract the cost from the Sandra Ivany/Brand X Pictures/Getty 
revenue. Images 


a. Write and simplify a function P that represents profit in terms of x. 


b. Find the profit of producing and selling 50 calendars. 


92. 


93. 


94. 


95. 


96. 
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The cost in dollars of producing x lawn chairs is C(x) = 4.5x + 10.1. The revenue for selling x chairs is 
R(x) = 12.99x. To calculate profit, subtract the cost from the revenue. 


a. Write and simplify a function P that represents profit in terms of x. 


b. Find the profit of producing and selling 100 lawn chairs. 


The function defined by D(x) = 5.2x° + 40.4x + 1636 approximates Yearly Dormitory Cost, 
the average yearly dormitory charge for 4-yr universities. D(x) is the eee Four-Year Universities 
cost in dollars and x represents the number of years since the study 5,000 D(x) = 5.22 + 40Ax + 1636 
began. (See Example 9.) E 4,000 i 
, : Rooms Z 3,000 
a. Evaluate D(O) and D(18), and interpret their meaning in the con- S 2.000 
text of this problem. 1.000 
0 | | l | | | 
0 + 8 12 16 20 24 
b. If this trend continues, what will the annual dormitory charge be Yea 
in year 25? Source: U.S. National Center for Education Statistics 
The population of bacteria in a culture can be modeled by Population of Bacteria Versus Time 
P(t) = —0.01P + 12.96f + 10, where f is the time in hours after the 200 ;— 


culture was started and P(f) is the population in thousands. 


un 
=) 
l 


a. Evaluate P(O) and P(14), and interpret their meaning in the 


context of this problem. 4 P(t) = 0.018 + 12.961 + 10 


Population (thousands) 
S 
=) 
l 


| 
b. Predict the population of bacteria 24 hr after the culture was 0 6 12 18 24 30 36 42 


started. Time (hr) 


The polynomial function defined by G(x) = —0.03x° + 2.4x — 12 for x between 20 and 60 mph, gives the gas mileage 
G(x) in miles per gallon (mpg) for a compact car based on the speed of the car in miles per hour (mph). Evaluate 
G(20), G(40), and G(50), and interpret their meanings in the context of this problem. 


The total yearly amount of child support due (in billions of dollars) in the United States can be approximated by 
D(t) = 0.925t + 4.625 

where f is the number of years since the study began, and D(f) is the amount due (in billions of dollars). 

a. Evaluate D(O), D(4), and D(8). 


b. Interpret the meaning of the function value D(8). 


Expanding Your Skills 


97. 


A toy rocket is shot from ground level at an angle of 60° from the horizontal. See the figure. The x- and y-positions of 
the rocket (measured in feet) vary with time ¢ (in seconds) according to 


x(t) = 25t 
y(t) = —16P + 43.3¢ 
a. Evaluate x(0) and y(0), and write the values as an ordered pair. 


Interpret the meaning of these function values in the context of y Path of Rocket 
this problem. Match the ordered pair with a point on the graph. 


b. Evaluate x(1) and y(1), and write the values as an ordered pair. 
Interpret the meaning of these function values in the context of 
this problem. Match the ordered pair with a point on the graph. 


Vertical Distance (ft) 


c. Evaluate x(2) and y(2), and write the values as an ordered pair. 2 a ; on axes en, 
Match the ordered pair with a point on the graph. aes aii \ 
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Section 4.3 Multiplication of Polynomials 
1. Multiplying Polynomials 


1. Multiplying Polynomials 

2. Special Case Products: 
Difference of Squares and 
Perfect Square Trinomials 

3. Translations Involving 
Polynomials 

4. Applications Involving a 
Product of Polynomials 


Answers 

4. 32r’s° 

2. —12b* — 18b° + 48b? 
3. 45°? — 257t4 


The properties of exponents can be used to simplify many algebraic expressions, including 
the multiplication of monomials. To multiply monomials, first use the associative and com- 
mutative properties of multiplication to group coefficients and like bases. Then simplify 
the result by using the properties of exponents. 


| Example | Multiplying Monomials 


Multiply the monomials. (3x°y’)(5x°y) 


Solution: 
(3x°y’)(5x°y) 
= (3-5)? - x\(y’- y) Group coefficients and like bases. 


= 15x°y8 Add exponents and simplify. 


Skill Practice Multiply the monomials. 
1. (-87°s)(—4r's*) 


The distributive property is used to multiply polynomials: a(b + c) = ab + ac. 


| Example2 | Multiplying a Polynomial by a Monomial 


Multiply the polynomials. 
a. 5y'(2y’ — Ty + 6) b. —4a'b'e(2ab ct - xb) 
Solution: 


a. 5y3(2y" — Ty + 6) 


= (5y*)(2y’) + (5y°)(—Ty) + (5y°)(6) Apply the distributive 
property. 
= 10y° — 35y* + 30y? Simplify each term. 


b. able ab ct = x) 


= (—4a°be\(2ab?c') + (—4a2b"c) (-30 b) Apply the distributive 
2; property. 
=—8a*b’c? + 2a’b’c Simplify each term. 


Skill Practice Multiply the polynomials. 


2. -6b7(2b? + 3b — 8) a sse(5s" 7 >") 


Section 4.3 Multiplication of Polynomials 


Thus far, we have illustrated polynomial multiplication involving monomials. Next, the 
distributive property will be used to multiply polynomials with more than one term. For 
example: 


(x+3)x%+5) = («44+ 3)x+ («4+ 3)5 Apply the distributive 
property. 
= (x+3)x+ (44+ 3)5 Apply the distributive 


property again. 
=x? + 3x4+5x4+ 15 


=x 4+ 8x4 15 Combine like terms. 


Note: Using the distributive property results in multiplying each term of the first polyno- 
mial by each term of the second polynomial: 


(x+3)(x+5) = 24+ 5x4 3x4 15 
Ve 


= x°+ 8x4 15 


| Example 3 _| Multiplying Polynomials 


Multiply the polynomials. (2x° + 4)(3x? — x + 5) 


Solution: 

(2x? + 4)(3x? — x +5) Multiply each term in the first 
polynomial by each term in 
the second. 

= (2x°)(3x°) + (2x7)(—x) + (2x)(5) Apply the distributive 
+ (4)(3x°) + (4)(—x) + (4)(5) property. 

= 6x* — 2x3 + 10x? + 12x? — 4x + 20 Simplify each term. 

= 6x* — 2x7 + 22x — 4x + 20 Combine like terms. 


1) | 4 Multiplication of polynomials can be performed vertically by a process similar to 
column multiplication of real numbers. 


(2x? + 4)(3x? — x + 5) —» 3x?- x+ 5 
x 2x? + 4 
12x? — 4x + 20 
6x* — 2x? + 10x? 
Oi = De A Dy — Lhe NO} 


Note: When multiplying by the column method, it is important to align like terms 
vertically before adding terms. 


Skill Practice Multiply the polynomials. 
4, (2y — 1)(3y* — 2y — 1) 

Answer 

4. 6y?-7y? +1 
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Multiplying Polynomials 


Multiply the polynomials. (3y + 2)(7y — 6) 


Solution: 

(3y + 2)(7y — 6) Multiply each term in the 
first polynomial by each 
term in the second. 

= GBy)(7y) + (3y)(—6) + (2)(7y) + (2)(-6) Apply the distributive 
property. 

= 21y’— 18y+ 14y—12 Simplify each term. 

= 21y’-4y—12 Combine like terms. 


i> The acronym FOIL (first outer inner last) can be used as a memory device to 
multiply the two binomials. 
Outer terms First Outer Inner Last 
First terms 
Y \/ Vf 
(3y + 2)(7y — 6) = (3y)(7y) + (3y)(-6) + (2)(7y) + (2)(-6) 
AoA A 
Inner| terms = 27 = By4 Viv 
Lastterms = 21y? —4y-12 


Note: It is important to realize that the acronym FOIL may only be used when finding 
the product of two binomials. 


Skill Practice Multiply the polynomials. 
5. (4t+ 5)(2t+ 3) 


2. Special Case Products: Difference of Squares 
and Perfect Square Trinomials 


In some cases, the product of two binomials takes on a special pattern. 


I. The first special case occurs when multiplying the sum and difference of the same two 
terms. For example: 


(2x + 3)(2x — 3) Notice that the “middle terms” are 
_ z _ opposites. This leaves only the difference 
= 4x’ — 6x + 6x —9 between the square of the first term and the 
=4,’-9 square of the second term. For this reason, 


the product is called a difference of squares. 


Note: The binomials 2x + 3 and 2x — 3 are called conjugates. In one expression, 2x and 3 
are added, and in the other, 2x and 3 are subtracted. In general, a + b and a — b are 
conjugates of each other. 

Answer 
5. 817 + 22t+ 15 
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II. The second special case involves the square of a binomial. For example: 


(3x +7) When squaring a binomial, the product 
= (3x +7)3x+7) will be a trinomial called a perfect 
square trinomial. The first and third 
= 9x7 + 21x+ 21x +49 terms are formed by squaring the terms 


of the binomial. The middle term is twice 


— 0,2 
i ae a the product of the terms in the binomial. 


= (3x)° + 2(3x)(7) + (7) 


Note: The expression (3x — 7)* also results in a perfect square trinomial, but the middle 
term is negative. 
(3x — 7)(3x — 7) = 9x? — 21x — 21x + 49 = 9x° — 42x + 49 


The special case products are summarized as follows. 


Special Case Product Formulas 
1. @+b\(a-b)=a -P’ The product is called a difference of squares. 


Di a, D, 
2. (a+b) =a’ + 2ab +b \ The product is called a perfect square 


(a — by)? = a2 — 2ab +b trinomial. 


It is advantageous for you to become familiar with these special case products because 
they will be presented again when we factor polynomials. 


| ExampleS | Using Special Products 


Use the special product formulas to multiply the polynomials. 


a. (6c — 7d)(6c + 7d) b. (x= 27 c. (4x7 + 3y*)? 


Solution: 


a. (6c — 7d)(6c + 7d) a=6c,b=7d 
= (6c)* — (7d) Apply the formula a” — b’. 
= 36c’ — 49d? Simplify each term. 

b. (5x — 2) a=5x,b=2 
= (5x)? — 2(5x)(2) + (2) Apply the formula a? — 2ab + b”. 
= 25x° — 20x + 4 Simplify each term. 

c. (4x7 + 3y’)* a=4x, b=3y" 
= (43) + 2(40°)B3y) + By’)? Apply the formula a? + 2ab + b’. 
= 16x° + 24x°y’ + 9y4 Simplify each term. 


Skill Practice Multiply the polynomials. 
o) 2 2 
6. (5x — 4y)(5x + 4y) 7. (c—3) 8. (7s° + 21) newer 
6. 25x? — 16y? 
7. 2 —6c4+9 
8. 4954 + 285°t + 4t? 
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Answers 
9. a&&—c?—10c— 25 
10. P+ 6° +12t+8 


The special case products can be used to simplify more complicated algebraic expressions. 


Using Special Products 


Multiply. [x+(y+2][x-O+2)] 


Solution: 
Ix+Q4+2][x-O +2] This product is in the form (a + b)(a — b), 
where a= x and b=(y +z). 
= (x! —(y+2)? Apply the formula a’ — b’. 
= (x) —(y* + 2yz + 2) Expand (y + z)” by using the special case 


product formula. 


=7—y—2yz- 2 Apply the distributive property. 


Skill Practice Multiply. 
9. [a+(c+5)][a-(c+5)] 


Using Special Products 


Multiply. (x+y)? 


Solution: 
(x+y) 
= (x+y)(x+y) Rewrite as the square of a 
binomial and another factor. 
= (x + 2xy+y)xt+y) Expand (x + y)* by using the 
special case product formula. 
= (x) + (°)(y) + (2xy)@) Apply the distributive 
+ (2xy)(y) + OQ) + OQ) property. 
= P+ xy + 2xy + 2xy?+xy*+y3 Simplify each term. 
+ 3xy 4+ 3x’ + Combine like terms. 


Skill Practice Multiply. 
10. (¢+2)° 


3. Translations Involving Polynomials 


Translating Between English Form 


and Algebraic Form 


The square of the sum 
of x and y 


50 de 


The square of the 
product of 3 and x 
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Solution: 

The square of the sum The sum is squared, not the 
of x and y (w+ y) individual terms. 

The sum of the squares The individual terms x and y are 
of x and y r+y squared first. Then the sum is 

taken. 

The square of the product The product of 3 and x is taken. 

of 3 and x (3x) Then the result is squared. 


Skill Practice Translate to algebraic form: 

11. The square of the difference of a and b 

12. The difference of the square of a and the square of b 
13. Translate to English form: a—b* 


4. Applications Involving a Product of Polynomials 


Applying a Product of Polynomials 


A box is created from a sheet of cardboard 20 in. on a side by cutting a square from each 
corner and folding up the sides (Figures 4-3 and 4-4). Let x represent the length of the 
sides of the squares removed from each corner. 


a. Write a function V that represents the volume of the box in terms of x. 


b. Find the volume if a 4-in. square is removed. 


x 


~= 20 > 20 — 2x 
Figure 4-3 Figure 4-4 


Solution: 


a. The volume of a rectangular box is given by the formula V = /wh. The length and 
width can both be expressed as 20 — 2x. The height of the box is x. The volume is 


given by 
V=l-w-h 
V(x) = (20 — 2x)(20 — 2x)x 

= (20 — 2x)*x 

= (400 — 80x + 4x7)x Ancwore 

= 400x — 80x" + 4x7 M1. (ab 12. a? = b? 
13. The difference of a and the 

= 4x3 — 80x" + 400x square of b 
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b. If a 4-in. square is removed from the corners of the box, we have x = 4. Thus, the 
volume is 


V(x) = 42° — 80x? + 400x 
V(4) = 4(4)° — 80(4)" + 400(4) 
= 4(64) — 80(16) + 400(4) 
= 256 — 1280 + 1600 
= 576 
The volume is 576 in.* 
Skill Practice A rectangular photograph is mounted on a square piece of cardboard 


whose sides have length x. The border that surrounds the photo is 3 in. on each side 
and 4 in. on both top and bottom. 


Answers ; . . 

44. Alx) = (x — 8) — 6); 14. Write a function A for the area of the photograph in terms of x. 
Alx) = x? — 14x + 48 15. Determine the area of the photograph if x is 12 in. 

15. 24 in 


Section 4.3 Activity 


A.1. Multiply the monomials by applying the properties of exponents. 


(30° )(14ab*) 
A.2. To multiply polynomials, multiply each term in the first polynomial by each term in the second polynomial. 


a. Given the product (2w — 3)(w” — 5w + 8), how many terms are in the first polynomial? How many terms are 
in the second polynomial? How many terms should be in the product before combining like terms? 


b. Multiply the polynomials. (2w — 3)(w? — Sw + 8), 
Se ed 


A.3. a. The polynomials (Sc — 2) and (Sc + 2) are called of each other. 
b. Multiply the polynomials by multiplying each term in the first binomial by each term in the second binomial. 


foe 
(5c — 2)(5c + 2) 


c. Multiply the polynomials by applying the formula (a — b)(a + b) = a’ — b’. 
(5c — 2)(5c +2) = 


A.4. a. Square the binomial by expanding the product of binomials and multiplying each term in the first binomial 
by each term in the second. 


(3x - 7/7 = see 


b. Square the binomial by applying the formula (a — b)? = a? — 2ab + b’. 
(x- 7)? = 


A.5. The expression (x + 2y)* can be written as (x + 2y)? = (x + 2y)(x + 2y)(x + 2y). Use the order of operations to 
find the product. That is, multiply the polynomials from left to right. 
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Practice Exercises | Section 4.3 


Prerequisite Review 


For Exercises R.1—-R.14, simplify the expression. Assume that all variables represent nonzero real numbers. 
R.1. 3y + 6y R.2. 6x7 — 2x R.3. (Gy)(6y) 
R.4. (6x°)(—2x’) R.5. —7a‘b + 3a‘b R.6. 6kn? — 11kn? 
R.7.. (—7a‘b)(3a‘b) R.8._ (6kn*)(—11kn°) R.9. 5k +4k-6k+8 
R.10. 10m? — 5m + 8m- 11 R11. —5(3a — 6b — 7c) 


R12. —3(-x + 3y — 52) R.13. 36x + 8y) 


R14. $(10¢ — 25d) 


Vocabulary and Key Concepts 
1. a. To multiply 2(4x — 5), apply the _______ property. 
b. The conjugate of 4x + 7 is 


2. a. When two conjugates are multiplied the resulting binomial is a difference of . This is given by 
the formula (a + b)(a — b) = 


b. When a binomial is squared, the resulting trinomial is a_____________ square trinomial. This is given by 
the formula (a + b)? = 


Concept 1: Multiplying Polynomials 
For Exercises 3-40, multiply the polynomials. (See Examples 1-4.) 


3. 7(2x) 4. —5(31*) 5 =(—6x)") 

6. -3(-10c*d) 7. (7x*y)(—6xy") 8. (—4a°b’)(—2ab’) 

9. (2.2a°b*c?)(Sab*c’) 10. (8.5c*d°e)(6cd’e) 11. 3(2a — 3) 
12. 36 +4) 13, 2m?n(m?n? — 3mn? + 4n) 14, 3p°q(p°q? — pq? — 4p) 
15. 6xy?(5x 2 =) 16. 12ab(2a ‘ ae") 7. G4)G— 

2 3 6 4 

18. (3a+5)(a—2) 19. (6x — 1)(5 + 2x) 20. (7 + 3x)(x — 8) 
21. (y’ — 12)2y’ + 3) 22. (4p? — 1)(2p? +5) 23. (5s + 3A)(5s — 20) 
24. (4a + 3b)(4a — b) 25. (n> + 10)(5n + 3) 26. (m? +8)(3m +7) 
27. (1.3a — 4b)(2.5a + 7b) 28. (2.1x — 3.5y)(4.7x + 2y) 29, (2x + y)\(3x? + xy + y’) 
30. (h — 5k)(h? — 2hk + 3k’) 31. (x— 7)? + 7x + 49) 32. (x + 3)(x? — 3x +9) 


33. (4a — b)(a’ — 4a°b + ab’ — b*) 34. (3m + 2n)(m> + 2n?n — mn? +2n*) 35. (52 —2b+ c)(a +6b-c) 
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36. (5 —2ab+ b*) Qa +b) 37. (—x* + 2x + 1)(3x —5) 38. (x+y — 2z)(5x-y+2z) 


Concept 2: Special Case Products: Difference of Squares and Perfect Square Trinomials 
For Exercises 41-60, multiply by using the special case products. (See Example 5.) 


41. (a—8)(a +8) 42. (b+2)(b—-2) 43. 3p + 1)Bp-1) 44. (5q —3)(5q + 3) 
1 1 t,. fi. 1 
45. (« = 3) (« + 3) 46. (5° iz =) (5* 7 3) 47. Bh—KGA+K 48. (x —Ty)(x +79) 
49. 3h—k? 50. (x-7y) 51. (t—7) 52. (w+9)* 
iy 2 . 
2. 2. 
53. (143i) 54. (a — 4b) 55. (i re a) 56. (= % 1) 
57, 22 —-w)27+w) 58. (a*—2b°\(a‘ +2b°) 59. (5x7 — 3y)? 60. (4p? — 2m)” 


For Exercises 61-62, the product of two binomials is shown. Determine if the binomials are conjugates. 


61. a. (—5x+4)(5x + 4) 62. a. (—3 — 7x)(3 + 7x) 
b. (—S5x + 4)(5x — 4) b. (-3 + 7x)(3 + 7x) 
63. Multiply the expressions. Explain their 64. Multiply the expressions. Explain their 
similarities. similarities. 
a. (A — B)(A+B) a. (A+ B)(A — B) 
b. (a+ y)- B][@+y)+B] b. [A+ Bh+4][A - 3h4+4)] 


For Exercises 65-70, multiply the expressions. (See Example 6.) 


65. [(w+v)-2][(w+v) +2] 66. [(x+y) —6][a~+y)+ 6] 67. [2-—(x+y][2+@+y)] 
68. [a-(b+ 1)][a+ (b+ 1)] 69. [(3a-4) + b][GBa—- 4) - 5] 70. [Sp —7) -— q][Sp -7) +4] 
71. Explain how to multiply (x + y)’. 72. Explain how to multiply (a — b)’. 


For Exercises 73-76, multiply the expressions. (See Example 7.) 


73. (2x+y) 74, (x—5Syy 75. (4a— by 76. (a+ 4b) 
77. Explain how you would multiply the 78. Explain how you would multiply the 
binomials. binomials. 


(x — 2)(x + 6)(2x + 1) (a+ b)(a — b)(2a + b)(2a — b) 


Section 4.3. Multiplication of Polynomials 373 


For Exercises 79-86, simplify the expressions. 
79, 2a*(a+5)(3a+t 1) 80. —Sy(2y — 3)(y + 3) 81. (x+ 3)(x-3)(x +5) 82. (t+ 2)(t — 3)(t+ 1) 
83. —3(2x+7)—(4x-1)* 84. (p+ 10)°-4(p + 6” 85. (y+ 1)’ -(Qy+3) 86. (b— 3)°-(b-1)? 


Concept 3: Translations Involving Polynomials 


For Exercises 87-90, translate from English form to algebraic form. (See Example 8.) 


87. The square of the sum of r and ¢ 88. The square of a plus the cube of b 


89. The difference of x squared and y cubed 90. The square of the product of 3 and a 


For Exercises 91-94, translate from algebraic form to English form. (See Example 8.) 


1. pte 2. ab 93, xy° 94, (c+d) 


Concept 4: Applications Involving a Product of Polynomials 


95. A rectangular garden has a sidewalk around it of 96. An 8-in. by 10-in. photograph is in a frame of 
width x. The garden is 20 ft by 15 ft. Write a width x. Write a function that represents the area 
function representing the combined area A(x) of A(x) of the frame alone. Simplify the result. 


the garden and sidewalk. Simplify the result. 


ar ar a) OF) OF ee 


SHER A EHS Cm 


alain! oF el) oe eT 


6 Be Hy | 6 (yee aH 


97. A box is created from a square piece of cardboard 
8 in. on a side by cutting a square from each corner 
and folding up the sides. Let x represent the length 
of the sides of the squares removed from each 
corner. (See Example 9.) 


a. Write a function representing the volume of x { eal TI : { 
the box. 


b. Find the volume if 1-in. squares are removed 
from the corners. 


98. A box is created from a rectangular piece of metal with dimensions 12 in. by 9 in. by removing a square from each 
corner of the metal sheet and folding up the sides. Let x represent the length of the sides of the squares removed from 
each corner. 


a. Write a function representing the volume of the box. 


b. Find the volume if 2-in. squares are removed from the corners. 


For Exercises 99-104, write an expression for the area and simplify your answer. 


99. Square 100. Square 101. Rectangle 


x-2 


x+2 


x+3 
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102. Rectangle 103. Triangle 


2x —3 


2x+3 


2x -6 


104. Triangle 


For Exercises 105-106, write an expression for the volume and simplify your answer. 


105. 


3x + 10 


Expanding Your Skills 
For Exercises 107-108, simplify completely. 


[a +h) —3(x+ h) —5] — (0? - 3x—-5) 


107. 
. h 


109. Explain how to multiply (x + 2)*. 


111. (2x — 3) multiplied by what binomial will result in 
the trinomial 10x* — 27x + 18? Check your answer 
by multiplying the binomials. 


113. (4y + 3) multiplied by what binomial will result in 
the trinomial 8y” + 2y — 3? Check your answer by 
multiplying the binomials. 


106. 


108. 


110. 


112. 


114. 


x+7 


[t+ hy —4(¢ + A) +2] — 0? — 4x4 2) 
h 


Explain how to multiply (y — 3)*. 


(4x + 1) multiplied by what binomial will result in 
the trinomial 12x* — 5x — 2? Check your answer by 
multiplying the binomials. 


(3y — 2) multiplied by what binomial will result in 
the trinomial 3y” — 17y + 10? Check your answer 
by multiplying the binomials. 


Tate a a Division of Polynomials 
Division of polynomials will be presented in this section as two separate cases: The first 


case illustrates division by a monomial divisor. The second case illustrates long division by 
1. Division by a Monomial a polynomial with two or more terms. 


2. Long Division 


a Ante ivisien 1. Division by a Monomial 


To divide a polynomial by a monomial, divide each individual term in the polynomial by 
the divisor and simplify the result. 
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viding a Polynomial by a Monomial 
If a, b, and c are polynomials such that c # 0, then 


oe ="4 e Similarly, 
c CAG 


| Example1 | Dividing a Polynomial by a Monomial 


Divide the polynomials. 


5a — 10a” + 20 
a, 


5a b. (12y’z? — 15yz* + 6y’z) + (—6yz) 


Solution: 


zs 5a’ — 10a” + 20 


Sa 
3 2 
ee + = Divide each term in the numerator by Sa. 
Sa Sa Sa 
Simplify each term using the properties 
2 4 
=a -2ats of exponents. 


b. (12y*z? — 15 yz” + 6y’z) + (—6y"z) 


_ 12y?z3 = 15yz* + 6y’z 
—6y’z 


2,3 2 2 
ee, oe + by’ Divide each term by —6y’z. 


—6y'z -6y’2 —6y’z 


= 27+ = -—1 Simplify each term. 
y 


Skill Practice Divide the polynomials. 


—15x°y* + 25x’y? — 5x” 


1. 36a‘ — 48a? + 12a’) + (6a°*) 2 5 
—S5xy 


2. Long Division 


If the divisor has two or more terms, a long division process similar to the division of real 
numbers is used. Take a minute to review the long division process for real numbers by 
dividing 2273 by 5. 


454~<— Quotient 


5)2273 
=20 
27 
=25 
23 
—20 
~ 3<— Remainder Therefore, 2273 +5 = 4543. 


A similar procedure is used for long division of polynomials as shown in Example 2. 


FOR REVIEW 


Recall the terminology associated 
with division. For the given divi- 
sion statement we have: 


3 


2273 +5= eer 


Answers 


2 
4; Oe Ge 
2. 3x’ — Sxy +1 
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| Example2 | Using Long Division to Divide Polynomials 


Divide the polynomials using long division. (2x° -x+3)+(x- 3) 


Solution: 
x — 3)2x7 —x+3 Divide the leading term in the dividend by the 
leading term in the divisor. 
2 
ae 2x 
~ __.| 
| TIP: ee that taking the | This is the first term in the quotient. 


opposite of a polynomial > 

changes the sign of each term —— ; = 

Pi oe polynomial. x— 3)2x°—x43 Multiply 2x by the divisor: 2x(x — 3) = 2x? — 6x. 
—(2x" — 6x) <—— Then subtract the result. 


2x 
x—3)2x°7-x4+3 Subtract the quantity 2x? — 6x. To do this, 
—2x7 + 6x add the opposite. 
aX 
2x+5 Bring down the next column, and repeat the 
x—-3)2e —-x43 process. 
—2x" + 6x | Divide the leading term by x: (5x)/x = 5 
5x +3 Place 5 in the quotient. 
2x+5 
x— 3)2x°-x+3 Multiply the divisor by 5: 5(x — 3) = 5x - 15 
—2x° + 6x Subtract the result. 
5x+3 
=(9x:— 15) 
2x+5 
y= 2 aes 
—2x° + 6x 


5x +3 Subtract the quantity 5x — 15 by adding the 
—5x +15” opposite. 
18<—The remainder is 18. 


Summary: 
The quotient is 2x+5 
The remainder is 18 
The divisor is x-3 
The dividend is 2x —x+3 
The solution to a long division problem is usually written in the form: 
quotient + sect ad 
divisor 
Hence, 
2 x 1 8 
(2x° -—x+3)+(«- 3) =2x4+5 +—— 
x- 


Skill Practice Divide the polynomials using long division. 
capes 3, (3x2 + 2x — 5) +(x +2) 


3. 3x -44— 
i + y42 


Section 4.4 Division of Polynomials 


The division of polynomials can be checked in the same fashion as the division of real 
numbers. To check Example 2, we use the division algorithm: 


Dividend = (divisor)(quotient) + remainder 
2x? —x+3 = (x — 3)(2x +5) + (18) 
= 2x° + Sx — 6x — 15 + (18) 
=2x°-x+3V 


WEEE Using Long Division to Divide Polynomials 


Divide the polynomials using long division: (3w? + 26w* — 3) + (3w — 1) 


Solution: 


First note that the dividend has a missing power of w and can be written as 
3w? + 26w? + Ow — 3. The term Ow is a placeholder for the missing term. It is helpful to 
use the placeholder to keep the powers of w lined up. 


2 
; ia + Divide 3w°® + 3w = w’. This is the first 
3w — 1)3w* + 26w? + Ow — 3 term of the quotient. 


—Gwi = w’)~—_____Then multiply w*(3w — 1) =3w? — w’. 


y) 


w 
3w — 1)3w? + 26w? ea by adding the opposite. 
3wt+ we 


27w*+0w ~——— Bring down the next column, and 
repeat the process. 


w> + 9w 
3w — 1)3w3 + 26w? + Ow — 3 Divide 27” by the leading term in the 
3w+ w divisor. 27w’ + 3w = 9w. 
27w- + Ow Place 9w in the quotient. 


~(27w? -— 9w) <——— Multiply 9w@w — 1) = 27w? — 9w. 


w? + 9w 
3w — 1)3w? + 26w? + Ow —3 
—3wit+ Ww 
27w? + Ow Subtract by adding the opposite. 
~2Tw? + Owe 


Ow — 3~——— Bring down the next column, and 
repeat the process. 


w+ 9w+3 
3w — 1)3w* + 26w? + Ow — 3 
—3wi+ we 
27w* + Ow Divide 9w by the leading term in the 
—27w* + 9w divisor. 9w + 3w = 3. 
9w— 3 Place 3 in the quotient. 


—(9w — 3) <—— Multiply 3(33w — 1) = 9w -3. 
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w+ Ow +3 
3w — 1)3w* + 26w? + Ow — 3 
33wi+ w 
27w’ + Ow 
—27w? + 9w 
ow -3 Subtract by adding the opposite. 
ppg idiis 


0 <——— The remainder is 0. 


The quotient is w” + 9w + 3, and the remainder is 0. 


Skill Practice Divide the polynomials using long division. 


9x° + 1lx+ 10 
3x+2 


In Example 3, the remainder is zero. Therefore, we say that 3w — 1 divides evenly into 3 
w? + 26w? — 3. For this reason, the divisor and quotient are factors of 3w* + 26w* — 3. 
To check, we have 


Dividend = (divisor)(quotient) + remainder 
3w? + 26w? — 3 = 3w— 1)(w? + 9w + 3) +0 
+ 3w3 + 27w? + 9w— Ww’? - 9w-3 
= 3w’ + 26w -3 7 


Using Long Division to Divide Polynomials 


Divide the polynomials using long division. 


2y+y'-5 
1+y 


Solution: 
First note that both the dividend and divisor should be written in descending order: 
yi+2y—5 
y+ 


Also note that the dividend and the divisor have missing powers of y. Leave placeholders. 


y+ Oy + l)y* + Oy? + Oy? + 2y —5 
2 


y Divide y* + y* = y*. This is the 
y +0yt+ 1)y? + Oy? + Oy’ +2y—5 first term of the quotient. 
-(y" + Oy" i ee 
Multiply y*(y" + Oy + 1) = 
4 Bg a2 
y +0y+y. 


2 


y 
y? + Oy + L)y* + Oy? + Oy? + 2y — 5 Subtract by adding the opposite. 
= ty = i 


—y? + 2y — 5 ~——— Bring down the next columns. 


Answer 
4. 3° — 2x45 


Section 4.4 Division of Polynomials 


y. =) 
y+ 0y+ ly? + Oy? + Oy? + 2y —5 
-y*-0y'-y Divide -y? + y?=-1. 
-y +2y-5 
—(-y’ — Oy — 1) <—— Multiply -10° + 0y + 1) = 
—<$$<—$<—< 2 
-y —Oy-1. 
y =] 
y+ Oy + Ly* + Oy + Oy? + 2y —5 
ay aby 
; : . 
=e Dy 5 Subtract by adding the opposite. 
y+0y+ ee 


2y — 4 <——_Remainder 


yt y+1 


4 —. — 
Therefore, ie aa y—-1+ 4 


Skill Practice Divide the polynomials using long division. 
5. (4-x +x°)=(2+2) 


| Example 5 | Determining Whether Long Division Is Necessary 


Determine whether long division is necessary for each division of polynomials. 
- 2p — 8p* + 4p — 16 b. 2p° — 8p* + 4p — 16 
p’—2p+1 2p* 
ce. (32° — 5z” + 10) + (152z’) d. (32° — 52° + 10) +(3z+1) 
Solution: 


e Long division is used when the divisor has two or more terms. 
e If the divisor has one term, then divide each term in the dividend by the monomial 
divisor. 


a 2p? — 8p* + 4p — 16 The divisor has three terms. Use long 
° p’—2p+1 division. 
b 2p? — 8p*+ 4p — 16 The divisor has one term. Long division is not 
; 2p* necessary. 
c. (32° — 527 + 10) + (152°) The divisor has one term. Long division is not 
necessary. 
d. 32° — 527+ 10) +(3z4+ 1) The divisor has two terms. Use long 
division. 


Skill Practice Divide the polynomials using the appropriate method of division. 


6x? — x7 + 3x -—5 7 Ow? — 18w? + 6w + 12 
2x+3 : 3w 
Answers 
—2x+6 
5. x-1+ rar 
—32 
i 
6. 3x MPT ag 


7. aw — 6w4+24— 
Ww 
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3. Synthetic Division 


In this section, we introduced the process of long division to divide two polynomials. Next, 
we will learn another technique called synthetic division to divide two polynomials. 
Synthetic division can be used when dividing a polynomial by a first-degree divisor of the 
form x — r, where r is a constant. Synthetic division is considered a “shortcut” because it 
uses the coefficients of the divisor and dividend without writing the variables. 

Consider dividing the polynomials (3x7 — 14x — 10) + (x — 2). 


3x- 8 

x — 2)3x" — 14x — 10 
—(3x? — 6x) 

—8x — 10 

—(—8x + 16) 

—26 


First note that the divisor x —2 is in the form x—r, where r= 2. Therefore, synthetic 
division can be used to find the quotient and remainder. 


Step 1: Write the value» 2} 3 -14 -10 <——Step 2: Write the 


of rin a box. coefficients of the 
3 dividend to the 
it right of the box. 
Step 3: Skip a line and Step 4: Bring down the 
draw a horizontal leading coefficient 
line below the from the dividend 
list of coefficients. and write it below 
the line. 


2} 3 -14 -10 Step 6: Add the numbers 
in the column 
above the line 
(-—14 + 6), and 
write the result 
below the line. 


Step 5: Multiply the value ———————_> 6 
of r by the number 3 af 
below the line 
(2x 3 = 6). Write the 
result in the next 
column above the line. 


Repeat steps 5 and 6 until all columns have been completed. 


Step 7: To get the final 2} 3 -14 —-10 A box is usually 
result, we use the 6 -16 a drawn around 
numbers below 3 -8 |~26 the remainder. 


the line. The 

number in the last 

column is the Quotient: 3x — 8, remainder: —26 
remainder. The 

other numbers are 

the coefficients of 

the quotient. 


The degree of the quotient will always be | less than that of the dividend. Because the 
dividend is a second-degree polynomial, the quotient will be a first-degree polynomial. In 
this case, the quotient is 3x — 8 and the remainder is —26. 
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Using Synthetic Division to Divide Polynomials 


Divide the polynomials (5x + 4x° — 6 + x*) + (x + 3) by using synthetic division. 
Solution: 


As with long division, the terms of the dividend and divisor should be written in 
descending order. Furthermore, missing powers must be accounted for by using place- 


holders (shown here in red). 
5x+40°-6+21 
= x'4+44+00° +5x-6 


To use synthetic division, the divisor must be in the form (x—1r). The divisor 


x +3 can be written as x — (—3). Hence, r= —3. 


Avoiding Mistakes 


It is important to check that the 
divisor is in the form (x — r) before 
applying synthetic division. The 
variable x in the divisor must be of 
first degree, and its coefficient 


I eioatsriadisHAsstSTLEVTEDORSINOASI AOL ETIDNESTSADEL DOGORT EARNS ESS must be 1. 

Step 1: Write the value -3| 1 4 0 5 -6~=<—— Step 2: Write the 
of rin a box. al ee coefficients of 

1 the dividend 
to the right of 
the box. 

Step 3: Skip a line and Step 4: Bring down 
draw a horizontal the leading 
line below the coefficient 
list of coefficients. from the 

dividend and 
write it 
below the 
line. 

Step 5: Multiply the -3} 1 4 05 -6 Step 6: Add the 
value of r by the 3 numbers in 
number below the column 
the line (-3x1=-3). |! | above the line: 
Write the result 44+(-3)=1. 
in the next column 
above the line. 

Repeat steps 5 and 6: -3} 1 4.05 -6 

—-3 -3 9 -42 
. . 1 1 3 14 [-48 ~—— remainder 

The quotient is A iadeas 

+3? — 3x4 14. 

x term coefficient 

The remainder is —48. x° term coefficient 

x° term coefficient 
3,2 —48 
The answer is x + x° — 3x + 14 +——. 
x+3 
Skill Practice Divide the polynomials by using synthetic division. 
8. (Sy? + 2y° — 5) +(y +2) 

Answer 
8. 2 +y-24+ eal 


yt2 
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GE itis interesting to compare the long division process to the synthetic division 
process. For Example 5, long division is shown on the left, and synthetic division is shown 
on the right. Notice that the same pattern of coefficients used in long division appears in 
the synthetic division process. 


e+ x?- 3x4 14 


x+3)x + 4x34 0x? +5x- 6 


~(x4 + 3x°) eM ROR Se as: 


ees 11-3 4 —4s 
—(x? + 3x?) 
= Ji td 
—(—3x? — 9x) »x° x? x constant remainder 
14x- 6 
—(14x + 42) Quotient: x? + x? — 3x +14 
—Ag8 Remainder: —48 


Example 7 Using Synthetic Division to Divide Polynomials 
Divide the polynomials by using synthetic division. (p* — 81) +(p— 3) 


Solution: 
(p* — 81) + (p - 3) 
(p* + Op’ + Op” + Op — 81) = (p — 3) Insert placeholders (red) for 


missing powers of p. 
3} 1 0 0 =O -81 


3.9 27 8i 
13 9 27 (0 


Quotient: p* + 3p” + 9p + 27 
Remainder: 0 


The answer is p* + 3p” + 9p + 27. 


Answer Skill Practice Divide the polynomials by using synthetic division. 


9. 2 —x+41 9% OX +1I+a4+) 


Section 4.4 Activity 


A.1. a. Write the division expression as a sum. 


12a* — 6a* + 18a 
= + + 
—6a —6a —6a —6a 
b. Simplify the expression from part (a). 


A.2. Divide. (12k — 2k? + 8k — 3) + (2k’) 


A.3. How do you determine when to use long division when dividing polynomials? 


A.4. Divide by using long division. 31)50,417 
remainder 


Write the answer in the form quotient + —— : 
divisor 


ISTUDY 


A.5. 


>oeans » 


. Divide the polynomials. 


Section 4.4 


2x* — 9x3 + 10x? — 7x + 10 
x—3 


. Identify the quotient. 

. Identify the divisor. 

. Identify the dividend. 

. Identify the remainder. 

. Check the result of the division by verifying that 


Dividend = (Divisor)(Quotient) + Remainder. 


A.6. Consider the division expression. (27x° + 8) + Gx + 2) 


a. 


vreomoan & 


A.7. Consider the division expression. 


a. 


b. 
c. 
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Rewrite the expression with the dividend written in descending order and with placeholders for missing 


powers of x. 


. Divide the polynomials. 

. Identify the quotient. 

. Identify the divisor. 

. Identify the dividend. 

. Identify the remainder. 

. Check the result of the division. 


2y? — 6y + 3y4 + 1 

yok 
Rewrite the expression with the dividend written in descending order and with 
placeholders for missing powers of y in the dividend and divisor. 


Divide the polynomials. 
Check the result of the division. 


A.8. Consider the division expression from Exercise A.5. 


coeosd 


AD. a. 


2x4 — 9x3 + 10x7 — 7x +10 
x-3 


. Perform synthetic division. 


sie -9 10 -—7 10 


LL 


. From the results of part (a), identify the quotient. 

. Identify the remainder. 

. Write the result of the division. Is this the same result as in Exercise A.5? 
. Was long division or synthetic division easier? 


Divide using synthetic division. (P — 125) + (t — 5) 
(Hint: Be sure to leave 0’s for missing powers of ¢ in the dividend.) 


. Check the result of the division. 


A.10. Given two polynomials in the variable x, explain when synthetic division can be used to divide two polynomials. 


For Exercises A.11—A.14, determine which technique of division could be used to perform the indicated operation. 
Choose from monomial division, long division, and synthetic division. 


All. (8y' + y’ —5y+3)=+(2y+ 1) 


A.13. (5p*— 3p’ +p — 6) =(p + 4) 


A.12. (4¢7 — 1217 — 6 + 3) = (28°) 


A.14, (20° — 3t* + 5t+8) = (¢? + 2t— 3) 
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T-yatte)a me eas Practice Exercises 


Study Skills Exercise 


Now is a good time to review your schedule to reflect on how you spend your time outside the classroom. Ask yourself the 
following questions: 


© How many hours are being spent studying mathematics outside of class? 
@ Is my study time spread out over the course of a week, or do I cram for long periods of time in one day? 
e@ Am retaining material that I’ve practiced, or am I forgetting the majority of the material after a day or two? 


If you have not done so already, now is the time to plan frequent, short intervals of time into your weekly schedule dedicated 
to practicing mathematics. 


Prerequisite Review 


R.1. Divide 8945 = 9 using long division. Identify the dividend, divisor, quotient, and remainder. 


R.2. Divide 25,461 + 24 using long division. Identify the dividend, divisor, quotient, and remainder. 


For Exercises R.3—R.10, perform the indicated operations. 


R.3.. (4x? — 2x + 3)Qx—5) +7 4, 6x =3% = 27x = =9 
R.5. 8b°(2b” — 5b + 12) 6. —4x°(3x? + 6x —7) 


7. 5.4 S$ Oy = 3x 
—(5x° — 153’) =O 4) 


R99. x°+4x?-5x 10, 4° = 3x 4 Ox 
-(x3 + 2x2 — 3x) —(x* — 7x? + 2x) 


Vocabulary and Key Concepts 
1. a. The ______ algorithm states that: Dividend = (divisor)( )+¢ )s 


b. ______ division or long division can be used when dividing a polynomial by a divisor of the form x — r, where 
r is a constant. 


2. Divide 313 by 6 and identify the dividend, divisor, quotient, and remainder. 


Concept 1: Division by a Monomial 


For Exercises 3—24, divide the polynomials. Check your answer by multiplication. (See Example 1.) 


12 15 5 7 3,4 3 
3. Ze 4. a 5. 14a ra 12b 7. 24x°y : pny 
Pp c 2a 3b 36xy? 250°v 
4 3 _ 
g, 16t 4r + 208 10, 22+ 8x° — 2x 
—4t —2x 
11. (36y + 24y’ + 6y°) + By) 12. (6p? — 18p* + 30p*) + (6p) 


13. (4x°y + 12x’y* — 4xy>) = (4xy) 14. (25m°n — 10m‘n + mn) = (Smin) 


21. 


23. 


. (—8y* — 12y? + 32y’) + (—4y’) 
. 3p" — 6p’ + 2p’ — p) = (-6p) 
. (a + 5a’ +a —5)+(a) 


6°? — 8871 + 10s? 
—2st* 


» (8p*q’ — 9p°g® — 11p*q - 4) + (pq) 


Concept 2: Long Division 


16. 


18. 


20. 


22. 


24. 
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(12y° — 8y® + 16y* — 10y%) + (2y%) 
(—4q? + 8q° — q) + (—12g) 
(2m? — 3m! + m> — m? + 9m) ~ (m’) 


—8r'w? — 4r-w + 2w? 
—4rw 
(20a°b° — 20a*b? + 5a*b + 6) + (a’b) 


25. a. Divide (2x° — 7x° + 5x — 1) + (x — 2) and identify the divisor, quotient, and remainder. 


b. Explain how to check by using multiplication. 


26. a. Divide (x? + 4x* + 7x — 3) + (x +3) and identify the divisor, quotient, and remainder. 


b. Explain how to check by using multiplication. 


For Exercises 27-48, divide the polynomials by using long division. Check your answer by multiplication. (See Examples 2-4.) 


27 


29 


31. 


33. 


35. 


37. 


39. 


41. 


43. 


45. 


47. 


. @#iig+19)2@44) 

. By — Ty — 4y+3)+(y—-3) 
(—12a? + 77a — 121) + (Ba— 11) 
(Sy + 18y? — 20) + By + 4) 
(18x79 + 7x + 12) + (3x — 2) 


(8a° + 1) + (2a +1) 


Qt — 38 — 9° + 4x -2)= (0? +x-1) 
(2x7 — 10x + x* — 25) = (x? —5) 
(x* — 3x° + 10) = (x — 2) 
(n* — 16) + (n— 2) 
3y* + 2y+3 
I+y 


Concept 3: Synthetic Division 


49. 


50. 


51. 


52. 


28. 


30 


32. 


34. 


36. 


38. 


40. 


42. 
44. 


46. 


48. 


» GP — Te? — 13x +3) +(e +2) 
. (2-227 +2z-5)+(z-4) 
(28x° — 29x + 6) = (4x — 3) 
(dy 3y = I ey=1) 
(Gx = Ge422)4 Ce= 1) 


(81x* — 1) +(3x+1) 


(2a° —7a* + 1la* — 22a” + 29a — 10) + (2a? —5a+2) 
(—5x° + xt — 4 — 10x) + (x° +2) 
(3y* = 257 — 18) (= 3) 
(m3 + 27) = (m+ 3) 
2x* + 6x +4 
24x 


Explain the conditions under which you may use synthetic division to divide polynomials. 
Can synthetic division be used directly to divide (4x* + 3x° — 7x + 9) by (2x +5)? Explain why or why not. 
Can synthetic division be used to divide (6x° — 3x* + 2x — 14) by (x? — 3)? Explain why or why not. 


Can synthetic division be used to divide (3x* — x + 1) by (x — 5)? Explain why or why not. 
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53. The following table represents the result of a 54. The following table represents the result of a 


synthetic division. 


S|} 1 —-2 -4 3 


15 455 
1 3 11 68 


Use x as the variable. 


a. Identify the divisor. 


b. Identify the quotient. 


c. Identify the remainder. 


synthetic division. 
—2)} 2 3 0 -l 6 
-4 2 -4 10 
2-1 2 -5 (16 


Use x as the variable. 
a. Identify the divisor. 
b. Identify the quotient. 


c. Identify the remainder. 


For Exercises 55-70, divide by using synthetic division. Check your answer by multiplication. (See Examples 6-7.) 


» (2 — 2x — 48) + (x- 8) 

. (+ 7h + 12) +(h+3) 

. (34 7y’ — 4y + 3y’) = (y+ 3) 
. Gy = 257 = 193) G3) 


. (x3 — 216) +(x — 6) 


i (4w*—w? +6w—3)+(w—3) 


Mixed Exercises 


56.. @ —4e— 12)2@-—6) 57. 39-4) G4 1 
59. (Sy? + S5yt+1)+Q—-1) 60. (3w? + w—5)+(wt+2) 
62. (22-227 + 2 -5)+(z+3) 63. (x — 3x° + 4)+(x- 2) 
65. (a — 32) +(a—2) 66. (b° +27) +(b +3) 


68. (yt — 16) +(y + 2) 


70. (-12y4-5y-yt+y+3)+ (»+3) 


For Exercises 71-82, divide the polynomials by using an appropriate method. (See Examples 5.) 


73. (22x? — 11x + 33) = (11x) 


» (—x0? — 8x° — 3x - 2) +(x +4) 


72. (8xy’ — 9x’y + 6x’y’) + (’y’) 


74, (2m? — 4m? + 5m — 33) = (m— 3) 


75. (12y? — 17y* + 30y — 10) = By’ — 2y +5) 76. (90h? — 63h? + 45h* — 36h’) = 9h’) 


77, (4x4 + 6x7 + 3x — 1) = (2x’ +1) 
79, (16k!! — 32k" + 8k — 40k‘) = (8k°) 


81. (5x9 + 9x7 + 10x) = (5x’) 


78. (y' — 3y — 5y* — 2y +5) +(y+ 2) 
80. (4m? — 18m? + 22m — 10) = (2m? — 4m +3) 


82. (15k 436 +4K +4) = BK —- 1) 


Problem Recognition Exercises 
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ISTUDY 


Operations on Polynomials 
Perform the indicated operations. 
1. a. (3x41) 
b. (3x + 1)(3x- 1) 
ce. 3x+ 1D -@Gx-) 


4x° + 8x — 10 
a, 
2x 


4x° + 8x — 10 
2x-1 


c. (42° + 8x — 10) +(«—- 1) 


5. a. (p—5\(p +5) — (p? +5) 
b. (p—5)(p +5) —(p +5) 
c. (p —5)(p + 5) — (p? — 25) 


7. (5f — 6t+2)- Bf —7t+3) 
9. (62 + 5)(6z — 5) 
11. (3b —4)(2b - 1) 
13. (P—4P +4-9) 4+ (t4 12) -(2P —- 60) 


15. (k+4)? + (—4k+9) 


17. —24(P + 6t — 3) + 13+ 2)(3t— 2) 


1,1 re Ce 
18. (bets) (2p ey) 
: (7p ge. 3P + aP — sP 


21. (6a — 4b)” 


23. (m— 3) —2(m+ 8) 
25. (m? — 6m + 7)(2m? + 4m — 3) 
27. [5-(at+b)/? 


29. («x+y -(x-y)’ 


1 1\/1 1 
31. (+5) (42-3) 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


a. (9m —5) — (9m +5) 
b. (9m — 5)(9m +5) 
c. (9m — 5)? 
3y’ — Sy +4 
3y 


3y — 15y+4 
3y+6 


c. 3y’ — 15y +4) +(y +6) 
a. @+40—4) = @ ae 
b. («+ 4x - 4) — (0? +4) 
& @+46—4— 1G — 16) 


» —5x°(3x7 + x — 2) 

. (6y' + 2y’ + y — 2) + By’ — 4y 4+ 3) 
. (5a + 2)(2a? + 3a + 1) 

. (2b? — 3b — 10) + (b—2) 


» Bx? = 11 = 492 = 5x20) ed) 


Ty — 14xy* — x? 
—Txy 


—6w>(1.2w — 2.6w? + 5.1) 


(3°-3)G°+5) 

(2x — 5)(x + 1) - (x- 3)? 
(x3 — 64) = (x - 4) 
la—(x—y)lla+ @—y)] 


(a-4) 


—3x’y*z4 (Zx'y2w') 
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Greatest Common Factor and Factoring 


by Grouping 
1. Factoring Out the Greatest Common Factor 

1. Factoring Out the Greatest In this section, we begin our study of a mathematical operation called factoring. To factor 
Common Factor an integer means to write the integer as a product of two or more integers. To factor a 

2. Factoring Out a Negative polynomial means to express the polynomial as a product of two or more polynomi- 
Factor als. For example, in the product 5 - 7 = 35, the numbers 5 and 7 are factors of 35. In the 

3. Factoring Out a Binomial product (2x + 1)(x- 6) = 2x* — 11x — 6, the quantities (2x + 1) and (x — 6) are factors of 
Factor 2x? — 11x - 6. 

4. Factoring by Grouping The greatest common factor (GCF) of a polynomial is the greatest factor that 


divides each term of the polynomial evenly. For example, the greatest common factor of 
9x* + 18x° — 6x? is 3°. To factor out the greatest common factor from a polynomial, 
follow these steps: 


Factoring Out the Greatest Common Factor 
Step 1 Identify the greatest common factor of all terms of the polynomial. 
Step 2 Write each term as the product of the GCF and another factor. 


Step 3 Use the distributive property to factor out the greatest common factor. 


Note: To check the factorization, multiply the polynomials. 


| Example1 | Factoring Out the Greatest Common Factor 


Factor out the greatest common factor. 


a. 12x° + 3027 b. 12c’d? — 30c3d? — 3cd 
Solution: 
a. 12x° + 30x The GCF is 6x”. 
= 6x7(2x) + 6x7(5) Write each term as the product of the GCF and 


another factor. 


= 6x°(2x + 5) Factor out 6x” by using the distributive property. 


BET Any factoring problem can be checked by multiplying the factors. 


Check: RAs 5) = 12x? + 30x? V 
Avoiding Mistakes é 


In Example 1(b), the GCF of 3cd is 


equal to one of the terms of the b. 12c’d* — 30c*d* — 3cd The GCF is 3cd. 
eeu : aH a or = = 3cd(4cd?) — 3cd(10c?d) — 3cd(1) Write each term as the product of the GCF 
must leave a 1 in place of that term 
after the GCF is factored out. pneliqnathce Tate 
3cd(Aca? — 10c2d — 1) = 3cd(4cd? — 10c*d — 1) Factor out 3cd by using the distributive 
property. 


Check: 3cd(4cd? — 10c*d — 1) = 12c*d? — 30c*d? — 3cd V 


Skill Practice Factor out the greatest common factor. 
Answers 


4. 15y(3y4 —y + 2) 1. 45y° — 15y’ + 30y 2. 16a°b + 12a°b? + 4a°b* 
2. 4a°b?(4b° + 3ab + a) 
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2. Factoring Out a Negative Factor 


Sometimes it is advantageous to factor out the opposite of the GCF, particularly when 
the leading coefficient of the polynomial is negative. This is demonstrated in Example 2. 
Notice that this changes the signs of the remaining terms inside the parentheses. 


| Example2 | Factoring Out a Negative Factor 


Factor out the quantity —5a’b from the polynomial —Sa*b — 10a*b? + 15a?b°. 


Solution: 


—5a‘b — 10a*b? + 15a*b*> Ss The GCF is 5a’b. However, in this case we will 
factor out the opposite of the GCF, —Sa’b. 


= —5a°b(a’) + —Sa°b(2ab) + —Sa°b(—3b”) Write each term as the product of 
—5a’b and another factor. 
=—5a°b(a* + 2ab—3b*) — Factor out —5a*b by using the distributive 
property. 
Skill Practice Factor out the quantity —6xy from the polynomial. 
3. 24x4y? — 12x°y + 18xy" 


3. Factoring Out a Binomial Factor 


The distributive property may also be used to factor out a common factor that consists of 
more than one term. This is shown in Example 3. 


| Example 3 _| Factoring Out a Binomial Factor 


Factor out the greatest common factor. 


x(x + 2) — x(x + 2) — 9(x + 2) 


Solution: 
w(x + 2) — x(x + 2) — 9(x +2) The GCF is the quantity (x + 2). 
= (x + 2)07) — (x + 2)(X) — (x + 2)(9) Write each term as the product of 
(x + 2) and another factor. 
=(x+ 2)? —x-9) Factor out (x + 2) by using the 


distributive property. 


Skill Practice Factor out the greatest common factor. 
4, a(b +2) +5(b+2) 


Answers 
3. -6xy(—4x°/? + 2x — 3y) 
4. (b + 2)(a? +5) 
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Avoiding Mistakes 


In step 2, the expression 

3a(2b — 7) + 2(2b — 7) is not yet 
factored because it is a sum, nota 
product. To factor the expression, 
you must carry it one step further. 


3a(2b — 7) + 2(2b — 7) 


= (2b — 7\(3a + 2) 


The factored form must be 
represented as a product. 


Answer 
5. (7c + a)(c + 2) 


4. Factoring by Grouping 


When two binomials are multiplied, the product before simplifying contains four terms. 
For example: 


a. 
(3a + 2)(2b —7) = Bat 2)(2b) + 3a t+ 2)(-7) 
x WA x PW 
= (3a + 2)(2b) + 3a+ 2)(—7) 


= 6ab + 4b —21a— 14 


In Example 4, we learn how to reverse this process. That is, given a four-term polyno- 
mial, we will factor it as a product of two binomials. The process is called factoring by 
grouping. 


Factoring by Grouping 


To factor a four-term polynomial by grouping: 


Step 1 Identify and factor out the GCF from all four terms. 

Step 2 Factor out the GCF from the first pair of terms. Factor out the GCF from 
the second pair of terms. (Sometimes it is necessary to factor out the 
opposite of the GCF.) 

Step 3 If the two terms share a common binomial factor, factor out the binomial 
factor. 


Factoring by Grouping 


Factor by grouping. 6ab — 21a+ 4b — 14 


Solution: 


6ab — 21a+ 4b — 14 Step 1: Identify and factor out the 
GCF from all four terms. In 
this case the GCF is 1. 


=6ab — 21a + 4b- 14 Group the first pair of terms 


and the second pair of terms. 


= 3a(2b — 7) + 2(2b — 7) Step 2: Factor out the GCF from each 
pair of terms. 


Note: The two terms now share 
a common binomial factor of 
(2b—7). 


= (2b — 7)(3a + 2) Step 3: Factor out the common 
binomial factor. 


Check: (2b —7)(3a + 2) = 2b(3a) + 2b(2) — 7(3a) — 7(2) 
= 6ab+4b—2la-14 V 


Skill Practice Factor by grouping. 
5. 7c? + cd + 14c + 2d 
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BES Factoring by Grouping 


Factor by grouping. x + 3x -3x-9 


Solution: 


x + 3x? -3x-9 Step 1: Identify and factor out the GCF 
from all four terms. In this case 
the GCF is 1. 


= 43x =—3x-—9 Group the first pair of terms and 
the second pair of terms. 


=x(x + 3) -— 343) Step 2: Factor out x’ from the first pair of 
terms. 


Factor out —3 from the second pair 
of terms (this causes the signs to 
change in the second parentheses). 
The terms now contain a common 
binomial factor. 


Step 3: Factor out the common binomial 
= (x + 3)(x’ — 3) (x + 3). 


e frequent question is, can the order be switched between factors? The 
answer is yes. Because multiplication is commutative, the order in which two or more 
factors are written does not matter. Thus, the following factorizations are equivalent: 


(x + 3)(x? — 3) = (x? — 3)(x + 3) 


Skill Practice Factor by grouping. 
6. a — 4a’ —3a+12 


Factoring by Grouping 


Factor by grouping. 24p’q? — 18p*q + 60pq’ — 45pq 


Solution: 
2p’? — 18p*q + 60pq’ — 45pq 


= 3pq(8pq — 6p + 20q — 15) Step 1: Remove the GCF 3pq from 
all four terms. 


+ 20q — 15) Group the first pair of terms 
and the second pair of terms. 


= 3pq(8pq — 6p 


Answer 
6. (a — 3)(a — 4) 
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= 3pql2p(4q — 3) + 5(4q — 3)] Step 2: Factor out the GCF from each 
pair of terms. The terms share 
the binomial factor (4g — 3). 


= 3pq(4q — 3)(2p +5) Step 3: Factor out the common 
binomial (4g — 3). 


Skill Practice Factor the polynomial. 
7, 24x’y — 12x? + 20xy — 10x 


Notice that in step 3 of factoring by grouping, a common binomial is factored from the two 
terms. These binomials must be exactly the same in each term. If the two binomial factors 
differ, try rearranging the original four terms. 


ESE Factoring by Grouping Where Rearranging Terms 
Is Necessary 


Factor the polynomial. 4x + 6pa — 8a — 3px 


Solution: 


4x + 6pa — 8a — 3px Step 1: Identify and factor out the 
GCF from all four terms. In 
this case the GCF is 1. 


1 

1 
Avoiding Mistakes =4x+6pa ; —8a—3px 
Remember that when factoring by = 2(2x + 3pa) — 1(8a + 3px) Step 2: The binomial factors in each 
grouping, the binomial factors must : : term are different. 


be exactly the same. 


1 
= 4x — 8a — 3px + Opa Try rearranging the original four terms 
; in such a way that the first pair of 
coefficients is in the same ratio as the 
second pair of coefficients. Notice that 
the ratio 4 to —8 is the same as the 
ratio —3 to 6. 


= 4(x — 2a) — 3p(x — 2a) Step 2: Factor out 4 from the first 
pair of terms. 


Factor out —3p from the 
second pair of terms. 


= (x — 2a)(4 — 3p) Step 3: Factor out the common 


binomial factor. 


Skill Practice Factor the polynomial. 
8. 3ry + 25+ sy + 6r 


Answers 
7. 2x(6x + 5)(2y — 1) 
8. (37 +s)(2 +) 
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Section 4.5 Activity 


A.1. Consider the terms 18x°y*, 12x’y*, and 9xy*. The terms can be written in expanded form as: 
Nex = 2-3 Jey sy 
Ixy SH 2-2-3 -4-x-y y y 
Oxy =3-3-x-y-y-y-y 
a. Circle the common factors that appear in all three lists. 


b. Identify the greatest common factor of the terms 18x°y”, 12x’y’, and 9xy* by multiplying the common 
factors identified in part (a). 


c. Factor out the greatest common factor. 18x°y? + 12x°y? + 9xy* = ( ) 
A.2. a. Identify the greatest common factor of the term 4x(a + 2b) and 6(a + 2b). 

b. Factor out the greatest common factor. 4x(a + 2b) + 6(a + 2b) = ___ (______) 
A.3. a. Factor out 8x from the polynomial. —8x* + 24x 

b. Factor out —8x from the polynomial. © —8x? + 24x 


c. When a negative factor is factored out of a polynomial, what is the effect on the signs of the terms? 
A.4. Multiply. (5x + 3y)(2x + 9) 


A.5. To factor 10x? + 45x + 6xy + 27y, follow these steps. 
a. Factor out the greatest common factor from the first two terms. 
Factor out the greatest common factor from the last two terms. 
b. Factor out the greatest common factor from the expression 5x(2x + 9) + 3y(2x + 9). 
c. Compare your answer to the result from Exercise A.4. 


A.6. Factor c* + 5c — 2cd — 10d by grouping. 


A.7. Given 8x” + 15y + 10x + 12xy, 
a. Factor out the GCF from the first two terms. 
Factor out the GCF from the last two terms. 
b. Why does the process of factoring by grouping fail at this stage? 
c. Return to the original polynomial and factor the polynomial by first rearranging the terms and then factoring 
by grouping. 
d. Check the answer by multiplying factors. 


Practice Exercises _Section 4.5 


Study Skills Exercise 

As you study mathematics you must believe that you are capable of achieving success despite any past difficulties. This 

requires the right frame of mind. It requires a growth mindset. One strategy for developing a growth mindset is to make 

connections between existing knowledge and new concepts. For example, as a child you learned to count to ten and then 
applied that knowledge to add whole numbers. As you learn about factoring polynomials, recall what you already know 

about greatest common factors. Notice the similarities between the two examples. 

@ Find the greatest common factor between 16 and 24: 8 


16=8-2 24=8 -3 


@ Find the greatest common factor between 16x° and 24x: 8x* 
16x°=8-2-x-x-x 2Ax = 8+ 3 <x +x 


Practice making connections between skills you already know and those you are learning. Your overall understanding will grow. 
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Prerequisite Review 


For Exercises R.1—R.2, write the prime factorization for the given real number. 
R.1. 240 R.2. 350 
For Exercises R.3—R.10, perform the indicated operations. 
R.3. —(3x? — 7x + 8) MJ =(=ilGr 113) 
R.5. —5d?(2d - 8) 6. —4n°(3n + 6) 
R.7.. 5x°y(3x* — 2x + 1) 8. 11a’b*(3a — 5ab + b’) 
R.9. (6x + 5)a — 11) b (Y= 2 = Sd) 


Vocabulary and Key Concepts 


1. a. Factoring a polynomial means to write it as a______ of two or more polynomials. 


b. The (GCF) of a polynomial is the greatest factor that divides each term of the 
polynomial evenly. 


2. a. The first step toward factoring a polynomial is to factor out the 


d. To factor a four-term polynomial, we try the process of factoring by 


Concept 1: Factoring Out the Greatest Common Factor 


For Exercises 3-18, factor out the greatest common factor. (See Example 1.) 


3, 3x4 12 4. 15x— 10 5. 62 +4z 6. 49y° — 35y" 
7. 4p°—4p 8. 5q°—5q 9. 12x* — 36x 10. Slw*—34w3 
11. 9st? +272 12. 8a°b* + 12a*b 13. 9a*b? + 27a°b* — 18a’b> 14. 3x y* — 15x4y + Oxy’ 


15. 10x*y + 15xy’ — 5xy 16. 12c%d— 15c’d + 3cd 17. 13b?— 1la*b— 12ab 18. 6a? — 2a°b + 5a’ 


Concept 2: Factoring Out a Negative Factor 


For Exercises 19-24, factor out the indicated quantity. (See Example 2.) 


19. —x’? — 10x +7: Factor out —1. 

20. —Sy? + 10y +3: Factor out —1. 

21. —12x°y — 6x’y — 3xy: Factor out —3xy. 

22. —32a‘b? + 24a*b + 16a*b: Factor out —8a7b. 
23. —2° + 117 — 3¢: Factor out —t. 

24. —7Ty’z — S5yz— z: Factor out —z. 


Concept 3: Factoring Out a Binomial Factor 
For Exercises 25-32, factor out the GCF. (See Example 3.) 


25. 2a(3z — 2b) — 5(3z — 2b) 26. 5x(3x + 4) + 2(3x + 4) 27. 2x°(2x — 3) + (2x — 3) 


28. 


31. 


33. 


34. 


35. 
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z(w — 9) + (w— 9) 29. y(2x + 1)? — 3(2x + 19° 30. a(b—7) +5(b-7) 
3y(x — 2)? + 6(x — 2)° 32. 10z(z+ 3)? — 2(z+ 3) 
Construct a polynomial that has a greatest common factor of 3x*. (Answers may vary.) 


Construct two different trinomials that have a greatest common factor of 5x*y*. (Answers may vary.) 


Construct a binomial that has a greatest common factor of (c + d). (Answers may vary.) 


Concept 4: Factoring by Grouping 


36. If a polynomial has four terms, what technique would you use to factor it? 


37. 


38. 


Factor the polynomials by grouping. 
a. 2ax — ay + 6bx — 3by 
b. 10w? — 5w — 6bw + 3b 
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c. Explain why you factored out 3b from the second pair of terms in part (a) but factored out the quantity —3b from 


the second pair of terms in part (b). 


Factor the polynomials by grouping. 
a. 3xy + 2bx + 6by +. 4b? 
b. 15ac + 10ab — 6bc — 4b° 


c. Explain why you factored out 2b from the second pair of terms in part (a) but factored out the quantity —2b from 


the second pair of terms in part (b). 


For Exercises 39-58, factor each polynomial by grouping (if possible). (See Examples 4-7.) 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


59. 


60. 


y+ 4y’ + 3y + 12 

6p — 42+ pq —7q 

2mx + 2nx + 3my + 3ny 
10ax — 15ay — 8bx + 12by 
x—x—3x+3 

6p"q + 18pq — 30p? — 90p 
100x° — 300x? + 200x — 600 
6ax — by + 2bx — 3ay 

4a —3b-ab+ 12 

Ty? — 21y? + 5y — 10 
Explain why the grouping method failed for Exercise 57. 


Explain why the grouping method failed for Exercise 58. 


40. 


42. 


44, 


46. 


48. 


50. 


52. 


54. 


56. 


58. 


ab+b+2a+2 
2t—8+st—4s 

4x? + Oxy — 2xy — 3y? 
35a’ — 15a + 14a—6 
2rs +45 —r—2 

5s°t + 20st — 15s” — 60s 
2x° — 10x* + 6x? — 30x? 
S5pq — 12 —4q+ 15p 
xy + 6x — 3x7 — 2y 


Sax + 10bx — 2ac + 4bc 
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Mixed Exercises 


61. Solve the equation U = Av+ Acw for A by 62. Solve the equation S = rt+ wt for t by first 


first factoring out A. 


factoring out f. 


63. Solve the equation ay + bx = cy for y. 64. Solve the equation cd + 2x = ac for c. 


65. The area of a rectangle of width w is given by A = 2w* + w. Factor the right-hand side of the equation to 
find an expression for the length of the rectangle. 


66. The amount in a savings account bearing simple interest at an annual interest rate r for ¢ years is given by 
A = P+ Prt where P is the principal amount invested. 


a. Solve the equation for P. 


b. Compute the amount of principal originally invested if the account is worth $12,705 after 3 yr at a 7% 


interest rate. 


Expanding Your Skills 


For Exercises 67—74, factor out the greatest common factor and simplify. 


67. (a+ 3)'+6(a +3) 


70. 10(2y + 3)? + 15(2y + 3)3 


68. (4—b)'-2(4-b) 69. 24(3x + 5)? — 30(3x + 5)? 


71. (t+4)2 —(t+4) 72. (p+ 6) -(p+6) 


73. 15w?(2w — 1)? + 5w°(2w — 1)” 74, 824(3z — 2)? + 127°(3z- 2)° 


-T-atCe meme Factoring Trinomials 
1. Factoring Trinomials: AC-Method 


1. Factoring Trinomials: 
AC-Method 

2. Factoring Trinomials: 
Trial-and-Error Method 

3. Factoring Perfect Square 
Trinomials 

4. Factoring by Using 
Substitution 


In this section, we present two methods to factor trinomials. The first method is called the 
ac-method. The second method is called the trial-and-error method. 

The product of two binomials results in a four-term expression that can sometimes be 
simplified to a trinomial. To factor the trinomial, we want to reverse the process. 


Multiply the binomials. 


Multiply: (2x+3)(x+2)= > 2x7 4+ 44+ 3x4+6 


_ Add the middle terms. 2x2 Coy ase 


Rewrite the middle term as 
a sum or difference of terms. 


Factor: 2x +7x+6= 2x? + 4x + 3x +6 


Factor by grouping. 
= E > (2x +3)(x +2) 
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To factor a trinomial ax* + bx +c by the ac-method, we rewrite the middle term bx as 
a sum or difference of terms. The goal is to produce a four-term polynomial that can be 
factored by grouping. The process is outlined as follows. 


After factoring out the GCF, multiply the coefficients of the first and last 
terms, ac. 


Find two integers whose product is ac and whose sum is D. (If no pair of 


integers can be found, then the trinomial cannot be factored further and is 
called a prime polynomial.) 


Rewrite the middle term bx as the sum of two terms whose coefficients are 
the integers found in step 2. 


Factor by grouping. 


The ac-method for factoring trinomials is illustrated in Example 1. Before we begin, 
however, keep these two important guidelines in mind. 


e For any factoring problem you encounter, always factor out the GCF from all terms 
first. 
¢ To factor a trinomial, write the trinomial in the form ax’ + bx +c. 


| Example1 | Factoring a Trinomial by the AC-Method 


Factor by using the ac-method. 12x° — 5x-—2 
Solution: 
12x? —5x-2 The GCF is 1. 
a=12 b=-5 c=-2 Step 1: The expression is written in the 


form ax? + bx + c. Find the 
product ac = 12(—2) = —24. 


Factors of —24 Factors of —24 Step 2: List all the factors of —24, and 
find the pair whose sum 
(1)(-24) (-D(24) y 


equals —5. 
(2)(—12) (—2)(12) 
The numbers 3 and —8 
x-8) ©) produce a product of —24 and FOR REVIEW 
(4)(—6) (—4)(6) asum of —5. Recall that the factored form of a 
2 . . polynomial can be checked by mul- 
12x°—5x—-2 Step 3: Write the middle term of the tiplying factors. 


trinomial as two terms whose 
coefficients are the selected 


(4x + 1)(3x - 2) 


= 1277+ 3x-—8x-2 = 12x" -8x+3x-2 


numbers 3 and —8. ~10—-5x-2vN 
= 120° + 3x | —8x-2 Step 4: Factor by grouping. 
= 3x(4x + 1) — 2(4x 4+ 1) 
= (4x + 1)(3x — 2) The check is left for the reader. 


Skill Practice 


1. Factor by using the ac-method. 10x*+ x —3. 
Answer 


4. (5x + 3)(2x —1) 
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Avoiding Mistakes 


For factoring by grouping to work, 
the two binomial factors must be 
the same. 

10c? — 17cd + 3d? 

=10c’ — 2cd — 15cd + 3a? 

= 2c(5c — d) — 3a(5c — d) 

= (5c — d)(2c — 3d) V 


Answer 
2. —2wz(2z + 5w)(z — 2w) 


1) |4 One frequently asked question is whether the order matters when we rewrite the 
middle term of the trinomial as two terms (step 3). The answer is no. From Example 1, the 
two middle terms in step 3 could have been reversed. 


(De = Sy = PSs =e =D 
= 4x(3x — 2) + 1(3x — 2) 
= (3x — 2)(4x + 1) 


This example also shows that the order in which two factors are written does not matter. 
The expression (3x — 2)(4x + 1) is equivalent to (4x + 1)(3x — 2) because multiplication is 
a commutative operation. 


EEELEM) Factoring a Trinomial by the AC-Method 


Factor the trinomial by using the ac-method. —20c? + 34c*d — 6cd* 
Solution: 
—20c? + 34c*d — 6cd* 
= —2c(10c? — 17cd + 3d’) Factor out —2c. 


Step 1: Find the product 
a-c=(10)(3) = 30 


Factors of 30 Factors of 30 

1-30 (—1)(—30) Step 2: The numbers —2 and —15 
form a product of 30 and a 

ees a sum of —17. 

3-10 (—3)(—10) 

5-6 (—5)(—6) 

= —2c(10c” — 17cd + 3d”) 

= —2c(10c? — 2cd | — 15cd + 3d’) Step 3: Write the middle term of the 


trinomial as two terms whose 
coefficients are —2 and —15. 


= —2c[2c(5c — d) — 3d(5c — d)| Step 4: Factor by grouping. 
= —2c(5c — d)(2c — 3d) 


Skill Practice 


2. Factor by using the ac-method. —4wz’ — 2w*z? + 20w?z 


OT in Example 2, removing the GCF from the original trinomial produced a new 
trinomial with smaller coefficients. This makes the factoring process simpler because 
the product ac is smaller. 


Original trinomial With the GCF factored out 
—20c? + 34c*d — 6cad? —2c(10c? — 17cd + 3a?) 
ac = (—20)(—6) = 120 ac = (10)(3) = 30 
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2. Factoring Trinomials: Trial-and-Error Method 


Another method that is widely used to factor trinomials of the form ax? + bx + cis the trial- 
and-error method. To understand how the trial-and-error method works, first consider the 
multiplication of two binomials: 


Product of 2 - 1 Product of 3 - 2 


(2x + 3)(1x +2) = 2x7 + 4x 4+ 3x 4+ 6 = 2x° + 7x46 
—— 
sum of products 


of inner terms 
and outer terms 


In Example 3, we will factor this trinomial by reversing this process. 


BESELEW Factoring a Trinomial by the Trial-and-Error Method 


Factor by the trial-and-error method. 2x? + 7x +6 


Solution: 


To factor by the trial-and-error method, we must fill in the blanks to create the correct 
product. 


Factors of 2 


2x? +7x+6= (Ox (Lx 
eager) 


Factors of 6 
¢ The first terms in the binomials must be 2x and x. This creates a product of 2x’, 
which is the first term in the trinomial. 


e The second terms in the binomials must form a product of 6. This means that the 
factors must both be positive or both be negative. Because the middle term of 
the trinomial is positive, we will consider only positive factors of 6. The options are 
1-6, 2-3, 6-1, and 3-2. 


e Test each combination of factors until the correct product of binomials is found. 


(2x + 1)(x + 6) = 2x7 4+ 12x 4+ 1x +6 


= 2x7 + 13x+6 Incorrect. | Wrong middle term. 
(2x + 2)(x +3) = 2x? + 6x + 2x +6 

=2x7+8x+6 Incorrect. | Wrong middle term. 
(2x + 6)(x+ 1) = 2x7 +2x+ 6x+6 

= 2x°+8x+6 Incorrect. | Wrong middle term. 
(2x + 3)(x + 2) = 2x7 +4x 43x46 

= 2x°+7x+6 Correct. 


The factored form of 2x* + 7x + 6 is (2x + 3)(x +2). 


Skill Practice Factor by the trial-and-error method. 
3. 5y’-9y +4 


Answer 
3. (by—4)ly — 1) 
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When applying the trial-and-error method, sometimes it is not necessary to test all possi- 
ble combinations of factors. For the trinomial 2x” + 7x + 6, the GCF is 1. Therefore, any 
binomial factor that shares a common factor greater than | will not work and does not need 
to be tested. For example, the following binomials cannot work: 


(2x + 2)(x + 3) (2x + 6)(x + 1) 
Common factor of 2 Common factor of 2 


Although the trial-and-error method is tedious, its principle is generally easy to remember. 
We reverse the process of multiplying binomials. 


The Trial-and-Error Method to Factor ax? + bx +¢ 


Factor out the greatest common factor. 


List all pairs of positive factors of a and pairs of positive factors of c. 
Consider the reverse order for either list of factors. 


Construct two binomials of the form 


Factors of a 


xX X 


_—a 


Factors of c 


Test each combination of factors and signs until the correct product is 
found. 


If no combination of factors produces the correct product, the trinomial 
cannot be factored further and is a prime polynomial. 


Factoring a Trinomial by the Trial-and-Error Method 


Factor by the trial-and-error method. 13y —6+ 8y" 


Solution: 
8y + 13y-6 Write in the form ax* + bx +c. 
(Oy (Cy ) Step 1: The GCF is 1. 
Factors of 8 Factors of 6 Step 2: List the positive factors of 8 
1-8 1-6 and positive factors of 6. 
Consider the reverse order in one 
2-4 2°3 list of factors. 
3-2 \ 
(reverse order) 
6-1 
Step 3: Construct all possible binomial 
(y LAY 6) factors by using different 
(2y 2)(4y 3) combinations of the factors of 
8 and 6. 
(Zy 3)4y 2) 
Without regard to signs, these factorizations cannot 
Qy 6)(4y 1) work because the terms in the binomial share a 
(ly 1)(8y 6) common factor greater than 1. 
Gy = 3)(8y 2) 
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Test the remaining factorizations. Keep in mind that to produce a product of —6, the 
signs within the parentheses must be opposite (one positive and one negative). Also, the 
sum of the products of the inner terms and outer terms must be combined to form 13y. 


(ly 6)(8y 1) Incorrect. Wrong middle term. 


Regardless of signs, the product of inner terms 
48y and the product of outer terms Ly cannot be 
combined to form the middle term 13y. 


(ly 2)(8y 3) Correct. The terms 16y and 3y can be combined to form 
the middle term 13y, provided the signs are 
applied correctly. We require +16y and —3y. 


The correct factorization of 8y* + 13y — 6 is (y + 2)(8y — 3). 


Skill Practice Factor by the trial-and-error method. 
4. 5t-6+4P 


In Example 4, the factors of —6 must have opposite signs to produce a negative product. 
Therefore, one binomial factor is a sum and one is a difference. Determining the correct 
signs is an important aspect of factoring trinomials. We suggest the following guidelines: 


i). Given the trinomial ax* + bx + c (a> 0), the signs can be determined as follows: 


1. If c is positive, then the signs in the binomials must be the same (either both 
positive or both negative). The correct choice is determined by the middle term. 
If the middle term is positive, then both signs must be positive. If the middle 
term is negative, then both signs must be negative. 


c is positive. c is positive. 
Example: 20x? + 43x + 21 Example: 20x? — 43x + 21 
(4x + 3)(5x + 7) (4x — 3)(5x — 7) 
= = 
same signs same signs 


2. If c is negative, then the signs in the binomials must be different. The middle 
term in the trinomial determines which factor gets the positive sign and which 
factor gets the negative sign. 


c is negative. c is negative. 
Example: x*+3x +28 Example: x*—3x—28 
(x + 7)(x — 4) (x — 7)(x + 4) 
L_- | 
different signs different signs 


Answer 
4. (4t — 3)(t + 2) 
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Factoring a Trinomial by the 
Trial-and-Error Method 


Factor by the trial-and-error method. 


—80x*y + 208x’y? — 20xy? 


Solution: 
—80x°y + 208x’y? — 20xy? 


—4xy(20x* — 52xy + Sy’) Step 1: Factor out —4xy. 
—4xy(Ox Oy) Oy) 


oy 


Factors of 20 Factors of 5 Step 2: List the positive factors of 20 and 
positive factors of 5. Consider 


et 2 the reverse order in one list of 
2-10 5-1 factors. 
4-5 


Step 3: Construct all possible binomial 
factors by using different combi- 
nations of the factors of 20 and 
factors of 5. The signs in the 
parentheses must both be 
negative. 


—Axy(1x — 1y)(20x — Sy) 
—4xy(2x — 1y)(10x — 5y) Incorrect. These binomials contain a 
—Axy(4x — ly)(5x — 5y) common factor. 


—Axy(1x — Sy)(20x — Ly) Incorrect. Wrong middle term. 
—4xy(x — Sy)(20x — Ly) 
= —4xy(20x? — 101 xy + Sy’) 


—Axy(4x — Sy)(Sx — Ly) Incorrect. Wrong middle term. 
—4xy(4x — Sy)(Sx — Ly) 
= —4xy(20x — 29x + Sy’) 


—4xy(2x — S5y)(10x — Ly) Correct. —4xy(2x — 5y)(10x — ly) 
= —4xy(20x? — 52xy + Sy”) 
= —80x°y + 208x’y” — 20xy° 


The correct factorization of —80x*y + 208x’y* — 20xy? is —4xy(2x — S5y)(10x — y). 


Skill Practice Factor by the trial-and-error method. 
5. —4z3 — 222° — 30z 


Answer 
5. —22z(2z + 5)(z + 3) 
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Factoring a Trinomial by the 


Trial-and-Error Method 


Factor completely. 2x° + 9x + 14 


Solution: 
2x + 9x + 14 The GCF is | and the trinomial is written 
in the form ax* + bx +c. 

(2x + 14)(x + 1) Incorrect. (2x + 14) contains a common 
factor of 2. 

(2x + 2)(x + 7) Incorrect. (2x +2) contains a common 
factor of 2. 

(2x + 1)(x + 14) = 2x? + 15x + 14 Incorrect. Wrong middle term. 

(2x + 7)\(x + 2) = 2x? + 11x + 14 Incorrect. Wrong middle term. 


No combination of factors results in the correct product. Therefore, the trinomial is 
prime (cannot be factored). 


Skill Practice Factor completely. 
6. 67 — 13r+10 


If a trinomial has a leading coefficient of 1, the factoring process simplifies significantly. 
Consider the trinomial x? + bx + c. To produce a leading term of x’, we can construct bino- 


mials of the form (x + 1))(x +). The remaining terms may be satisfied by two numbers 
p and q whose product is c and whose sum is b: 


Factors of c 


(x+ p\xt gq) =x + gxt pxtpq=x+(pt+Qxt pq 


Sum=b_ Product=c 


This process is demonstrated in Example 7. 


Example 7 Factoring a Trinomial with a 


Leading Coefficient of 1 


Factor completely. x’ —10x+ 16 


Solution: 
x — 10x + 16 Factor out the GCF from all terms. In this case, the 
GCF is 1. 
= (x Nee ) The trinomial is written in the form x* + bx +c. 


To form the product x”, use the factors x and x. 


Answer 
6. Prime 
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GE the following are 


perfect squares. 


a ee 
se b4r axe 
Se =9 (x3)? = x® 


4° =16 bar ase 


Any expression raised to an 
even power (multiple of 2) is 


a perfect square. 


Answer 
7. (c+ 9)(c — 3) 


Next, look for two numbers whose product is 16 and whose sum is —10. Because the 
middle term is negative, we will consider only the negative factors of 16. 


Factors of 16 Sum 

—1(-16) —1+(-16)=-17 
—2(-8) =2 (=s)S 10 
—4(—-4) —4 + (-4) = -8 


The numbers are —2 and —8. 


Therefore, x7 — 10x + 16 = (x — 2)(x — 8). 


Skill Practice Factor completely. 
7. c+ 6c — 27 


3. Factoring Perfect Square Trinomials 


Recall that the square of a binomial always results in a perfect square trinomial. 


(a+bY =(at+biatb)=a@ +ab+ab4+RP =a +2ab4+h 
(a— bY =(a—b\a—b)=a — ab —ab+b’ =a -2ab+b’ 
For example, (2x + 7)? = (2x)* + 2(2x)(7) + (7)? = 4x7 + 28x + 49 


a=2x b=7 a+2ab+b 


To factor the trinomial 4x° + 28x + 49, the ac-method or the trial-and-error method can be 
used. However, recognizing that the trinomial is a perfect square trinomial, we can use one 
of the following patterns to reach a quick solution. 


tored Form of a Perfect Square Trinomial 
a’ + 2ab + b = (a+ by 


a’ — 2ab + b” = (a— by 


TIP: determine if a trinomial is a perfect square trinomial, follow these steps: 
1. Check if the first and third terms are both perfect squares with positive 
coefficients. 


2. If this is the case, identify a and b, and determine if the middle term equals 2ab 
or —2ab. 


[STUDY 
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Factoring a Perfect Square Trinomial 


Factor completely. —.x* + 12x + 36 


Solution: 
x° + 12x + 36 The GCF is 1. 
e The first and third terms are positive. 
Perfect. squares e The first term is a perfect square: 
ra=G) 
e The third term is a perfect square: 
36 = (6)° 
=x + 12x+ 36 ¢ The middle term is twice the 
product of x and 6: 
12x = 2(x)(6) 
= (x) + 2(x)(6) + (6)* The trinomial is in the form 


a’ + 2ab +b’, where a=x and b=6. 


= (x + 6) Factor as (a + b)’. 


Skill Practice Factor completely. 
8. 2° + 2x41 


Factoring a Perfect Square Trinomial 


Factor completely. 4x” — 36xy + 81y’ 


Solution: 
Ax — 36xy + 81y” The GCF is 1. 
e The first and third terms are positive. 
Perfect squares e The first term is a perfect square: 
ae Ax? = (2x)? 
= 4x° — 36xy + 81y° e The third term is a perfect square: 


81y° = Oy) 
e The middle term: 


—36xy = —2(2x)(9y) 


= (2x)? — 2(2x)9y) + (9y) The trinomial is in the form 
a’ — 2ab + b’, where a = 2x and b = 9y. 


= (2x — 9y)” Factor as (a — b)’. 


Skill Practice Factor completely. 
9. Oy? — 12yz + 42” 


Answers 
8. (x +1)? 
9. (3y — 22)" 
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GE the acmethod or 


trial-and-error method can 
also be used for Example 11 
without using substitution. 


Answers 
10. 3(3x — 2)(x + 2) 
41. (2x? + 1)(x? + 3) 


4. Factoring by Using Substitution 


Sometimes it is convenient to use substitution to convert a polynomial into a simpler form 
before factoring. 


ens-ecee, Using Substitution to Factor a Polynomial 
Factor by using substitution. (2x — 7)? — 3(2x — 7) — 40 


Solution: 
(2x — 7)° — 3(2x — 7) — 40 
=u’ — 3u—40 Substitute vw = 2x — 7. The trinomial 
is simpler in form. 
= (u— 8)(u+5) Factor the trinomial. 
= [(2x —7) — 8][(2x —7) +5] Reverse substitute. Replace u by 2x — 7. 
= (2x —7 — 8)(2x —7 +5) Simplify. 
= (2x — 15)(2x — 2) The second binomial has a GCF of 2. 
= (2x — 15)(2) — 1) Factor out the GCF from the second 


binomial. 


= 2(2x — 15)(x— 1) 


Skill Practice Factor by using substitution. 
10. Gx+1)?+2Gx4+1)-15 


EEO Using Substitution to Factor a Polynomial 


Factor by using substitution. 6y° — 5y — 4 


Solution: 
6y® — 5y° —4 
= 60°) — 50°) -4 Letu=y’. 
= 6u’ —5u—4 Substitute w for y* in the trinomial. 
= (2u + 1)(3u — 4) Factor the trinomial. 


= 2y? + 1IGy' — 4) Reverse substitute. Replace wu with y’. 


Skill Practice Factor by using substitution. 
11. 2x4+7x° +3 
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As you work through the exercises in this section, keep these guidelines in mind to factor 
trinomials. 


_ Factoring Trinomials of the Form ax? + bx +c (a + 0) 


When factoring trinomials, the following guidelines should be considered: 

Step 1 Factor out the greatest common factor. 

Step 2 Check to see if the trinomial is a perfect square trinomial. If so, factor it as 
either (a + b)’ or (a — b)*. (With a perfect square trinomial, you do not 
need to use the ac-method or trial-and-error method.) 

Step 3 If the trinomial is not a perfect square, use either the ac-method or the 
trial-and-error method to factor. 

Step 4 Check the factorization by multiplication. 


Note: Consider using substitution if a trinomial is in the form 
au’ + bu +c, where u is an algebraic expression. 


Section 4.6 Activity 


A.1. To use the ac-method to factor the polynomial 6x? + x — 12, follow these steps. 
a. What is the greatest common factor? 
. Is the trinomial in descending order? If not, write it in descending order. 
. The trinomial is in the form ax? + bx +c. Identify a, b, and c. 
. What is the product of a and c? ac = 
. Find two numbers whose product is ac and whose sum is b. That is, the product is —72 and the sum is 1. 
. Write the trinomial as a four-term polynomial by splitting the middle term into the sum of two terms. 
The coefficients of the two terms should be the numbers you found in part (e). 


6x’ +x— 12 


moans 


= 6° + Ox +Ox—- 12 


g. Factor the expression from part (f) by grouping. 
h. Switch the order of the middle terms found in part (f). Then factor by grouping. Compare your result 
to that found in part (g). Does the order of the middle terms matter? 


A.2. Consider the polynomial 13x + 2x? + 6. 
a. What is the greatest common factor? 
b. Is the trinomial in descending order? If not, write it in descending order. 
c. Use the ac-method to factor the trinomial from part (b). Follow the steps given in 
Exercise A.1(c)—A.1(g). 
d. Multiply the factors to check your answer. 


A.3. Consider the trinomial 5x* + 34x + 24. 

. What is the greatest common factor? 

. Is the polynomial written in descending order? If not, write it in descending order. 

. What is the leading coefficient? 

. To factor the trinomial by the trial-and-error method, we can set up the binomials as either (5x  )(x +)or 

as(x _)(5x ___). In each case, what is the product of the leading terms in the binomials? 

e. Using the binomials (5x) (x __), complete the factorization by filling in the second term of each binomial. 
This will require some trial-and-error. The two numbers you insert into the binomials must have a product of 
24. But the overall product of the binomials should also produce a middle term of 34x. 

f. Check your answer by multiplying factors. 


ao of 
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A.4. 


A.5. 


A.6. 


A.7. 


A8. 
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Consider the trinomial 8c” — 18cd + 9d’. 
a. What is the greatest common factor? 
b. Which product will produce a leading term of 8c”? There may be more than one answer. 


8c? — 18cd+9d*=(8¢ Yc) 
8c* — 18cd+ 9d? =(4c )Qc_ +) 
8c* — 18cd+9d*=(c (8c) 

c. To factor the trinomial 8c* — 18cd + 9d° by the trial-and-error method, would the signs in the binomials be 
both positive, both negative, or different? 

d. Choose one of the products of binomials from part (b). Then try different pairs of factors of 9d? until you 
find the correct factorization. If you do not find the correct factorization, try using a different combination 
from part (b). 

e. Check your answer by multiplying factors. 

Consider the trinomial —3y’ + 12y* + 96y. 

a. What is the greatest common factor? 

b. Factor out —3y so that the leading term of the trinomial within the parentheses is positive. 

c. To factor the trinomial y” — 4y — 32, would the signs in the binomials be both positive, both negative, 
or different? 

d. Complete the factorization by factoring the trinomial from part (b). 

e. Check your answer by multiplying factors. 


a. Identify the values that are perfect squares. 


1, 2, 4, 6, 9, 15, 16, 18, 25, 30, 36, 40, 49, 64, 81, 100, 120, 121 
b. Identify the expressions that are perfect squares. 
Re ee ae el 2 
c. For what positive values of n is the expression x" a perfect square? 
. Multiply. (a+b) 
. Factor. a + 2ab + b’ 
. Multiply. (Gp +7) 
. Factor. 9p? + 42p + 49 
. How do you recognize a perfect square trinomial? 


crnafo oS f} 


Factor completely. 8m* — 40mn + 50n? 


T-Yei(elame-m-a Practice Exercises 


Prerequisite Review 


R.1. Find two integers whose product is —40 and whose sum is 6. 


R.2. Find two integers whose product is 48 and whose sum is —14. 


For Exercises R.3—-R.4, write the trinomial in descending order. 
R.3. 146+ 5° + 13 R.4. 22 - 13b + 4b° 


For Exercises R.5—R.6, factor out the greatest common factor. 
R.5. 4° + 20x" + 12x R.6. 6y* — 16y* + 8y” 
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For Exercises R.7—R.14, perform the indicated operations. 
R.7. (x — 3)(@ — 11) R.8. (¢+ 5)(t— 7) 
R.9. (2p — 5)(8p + 3) R.10. (4w + 3)2w + 1) 
R.11. 2cd’(c — 8)3c + 2) R.12. 3xy(x — 4)(2x — 7) 


R.13. (3c + 8)° R.14. (2d — 7)” 

For Exercises R.15-R.18, factor completely. 
R.15. 2x(3a — b) — Ba — b) R.16. 4y(2z + 5) — 3(2z +5) 
R.17. 8x7 + 6x — 20x — 15 R.18. 12° — 9t+ 8t-6 


Vocabulary and Key Concepts 


1. a. Given a trinomial x* + bx + c, if c is positive, then the signs in the binomial factors are either both 
or both negative. 


b. Given a trinomial x” + bx + c, if c is negative, then the signs in the binomial factors are (choose one: both positive, 
both negative, opposite). 


c. Which is the correct factored form of 2x* — 5x — 12, the product (2x + 3)(x — 4) or (x — 4)(2x + 3)? 
d. Which is the complete factorization of 6x” — 4x — 10, the product (3x — 5)(2x + 2) or 2(3x — 5)(x + 1)? 


e. A perfect square trinomial a* + 2ab + b* factors as 
Likewise a? — 2ab + b’ factors as 


2. Explain how to check a factoring problem. 


3. To factor 2x7 — 11x + 12 as a product of binomials, would the signs in the binomial factors be both positive, both 
negative, or different? 


4. To factor 6x7 — 11x — 35 as a product of binomials, would the signs in the binomial factors be both positive, both 
negative, or different? 


Concepts 1-2: Factoring Trinomials 

For Exercises 5-8, fill in the blanks. 
5. 2x°-5x-12=(2x+D0«- 6. 3x° + 14x-5 =(3x -D«+D) 
7. 10x° + 31x+ 15=(0+3)(O+5) 8. 8x? — 38x + 35 =(O-5)\-7) 


In Exercises 9-46, factor the trinomial completely by using any method. Remember to look for a common factor first. 
(See Examples 1-7.) 


9. b’ — 12b4+ 32 10. a? — 12a+27 11. y+ 10y— 24 

12. w?+3w—54 13. x? + 13x+30 14. °+91+8 

15. c’—6c— 16 16. 2 —3z—28 17. 2x° — 7x — 15 

18. 2y’- 13y +15 19. a+6a—5 20. 10b? — 3 — 29b 
21. s°+st—6P 22. p*— pq — 20q° 23. 3x* — 60x + 108 
24. 4c*+12¢—72 25. 2c? — 2c — 24 26. 3x°+ 12x-15 
27. 2x° + 8xy — 10y’ 28. 202? + 26zw — 28w” 29. 337 — 18r+2 
30. 5p*—10p +7 31. 3x7 + 14xy + 15y* 32. 2a? + 15ab — 27b* 


33. Su°v — 30u’v" + 45uv" 34. 3a’ + 30a*b + 75ab’ 35. x° — 5x? - 14x 
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38. 34+ l6y’ +4 14y 
41. —2° + 121+ 80 


44, 12x’ — 16x +5 


36. p> + 2p" — 24p 37. —23z-5+102 
39. b°+2b4+ 15 40. x -x-1 

42. -3c? +33c —72 43. 14a°+ 13a-12 
45. 6a°b + 22ab + 12b 46. 6cd* + 9cd — 42c 


Concept 3: Factoring Perfect Square Trinomials 
47. a. Multiply the binomials (x + 5)(x + 5). 
b. Factor x7 + 10x + 25. 


49. a. Multiply the binomials (3x — 2y)’. 
b. Factor 9x? — 12xy + 4y’. 


48. a. Multiply the binomials (2w — 5)(2w — 5). 


b. Factor 4w* — 20w + 25. 


50. a. Multiply the binomials (x + 7y)’. 


b. Factor x° + 14xy + 49y’. 


For Exercises 51—54, fill in the blank to make the trinomial a perfect square trinomial. 


51. 9x" + ( )+ 25 


53. 6424+ ( yer 


For Exercises 55-66, factor out the greatest common factor, if 
square trinomial. If it is, factor it if possible. (See Examples 8-9.) 


55. y —8y+16 56. x° + 10x + 25 
58. 100c” — 140c + 49 59. w>-S5w4+9 
61. 9a? — 30ab + 25b" 62. 16x* — 48x°y + 9y" 


64. 12x? — 12xy + 3y’ 65 


Concept 4: Factoring by Using Substitution 


. 5b*— 20b* + 20 


52. 16x —( je 


54. 9m'* — ( ) + 49n? 


necessary. Then determine if the polynomial is a perfect 


57. 64m + 80m + 25 
60. 2a’ + 14a 4+ 98 
63. 16° — 80tv + 20V" 


66. a’ + 12a? + 36 


For Exercises 67—70, factor the polynomial in part (a). Then use substitution to help factor the polynomials in parts 


(b) and (c). 
67. a. w?— 10u+ 25 
b. x*— 10x? + 25 
c. (a+ 1) — 10(a+ 1) +25 
69. a. w+ 1lu—26 
b. w° + 11w? — 26 
c. (y— 4)? + 110 — 4) — 26 


68. a. uw’ + 12u+36 


b. y+ 12y° + 36 

c. (b— 2) + 12(b — 2) + 36 
70. a. uw +17u+30 

b. 2°+ 1723 + 30 

c. (x +3)? + 17(x + 3) +30 


For Exercises 71-82, factor by using substitution. (See Examples 10-11.) 


. Gbx—- 1) -Gx-1)-6 
. Aa — 3) +7a-3)43 
. 3y°+ lly +6 78. 3x —5x°—12 


. 043° 4+2 81. x + 15x° +36 


72. (2x+5)?—(2x+5)—12 


75. 3(y+ 4) + 5(y +4) -2 


73. 2(x— 5) +9(x-— 5) +4 
76. (3t— 2) —(t—2)—20 
79. 4p*+ 5p? +1 


82. — 16° + 63 
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Mixed Exercises 


83. A student factored 4y* — 10y + 4 as 84. A student factored 9w* + 36w + 36 as (3w + 6)” 
(2y — 1)(2y — 4) on her factoring test. Why did on his factoring test. Why did his instructor deduct 
her professor deduct several points, even though several points, even though (3w + 6)? does multiply 
(2y — 1)(2y — 4) does multiply out to out to 9w? + 36w + 36? 
4y’ — 10y +4? 


For Exercises 85-105, factor completely by using an appropriate method. (Be sure to note the number of terms in the polynomial.) 


85. w* + 12w* + 36 86. 9-6r +7 87. 81w? + 90w + 25 
88. 49a’ — 28ab + 4b* 89. 3x(a + b) — 6(a + b) 90. 4p(t — 8) + 2(t- 8) 
91. 12a°bc* + 4ab*c* — 6abc? 92. 18x°z — 6xyz + 30x2” 93. —20x7 + 74x°* — 60x 
94, —24y' + 90y’ — 75y 95. 2y*-9y—4 96. 3w? — 12w+4 
97. 2(w? — 5)? + (w* -5)- 15 98. 5(° +3)? + 21(P + 3) +4 99. 1—-4d+3d? 
100. 2-—5a+2a’ 101. ax —5a* + 2bx — 10ab 102. my + y? — 3xm — 3xy 
103. 82° + 24cw — 224w? 104. 9x" — 18xy — 135y" 105. ay + ax — 5cy — Scx 


For Exercises 106-114, factor the expression that defines each function. 


106. f(x) =2x° + 13x-7 107. g(x) =3x° + 14x48 108. m(t) =f —22t+ 121 
109. n(t) =f + 20+ 100 110. P(x) =x +. 4x? + 3x 111. OW) =x 4+ 6° + 8x 
112. h(a) =a? +5a’ — 6a — 30 113. k(a) =a? — 4a’ + 2a-8 114, f(x) = 3x — 9x + 5x —15 


Factoring Binomials Section 4.7 


1. Difference of Squares Concepts 
Up to this point we have learned how to 1. Difference of Squares 
¢ Factor out the greatest common factor from a polynomial. 2. Using a Difference of 


Squares in Grouping 
3. Sum and Difference of 
Cubes 


e Factor a four-term polynomial by grouping. 
e Recognize and factor perfect square trinomials. 


e Factor trinomials by the ac-method and by the trial-and-error method. 4. Summary of Factoring 
Next, we will learn how to factor binomials that fit the pattern of a difference of Binomials 
squares. Recall that the product of two conjugates results in a difference of squares. 5. Peetollng Binpialals of the 
Form x’ —y 


(a+b\a-b)=a-b? 


Therefore, to factor a difference of squares, the process is reversed. Identify a and b and 
construct the conjugate factors. 


Factored Form of a Difference of Squares 


Pal S@EDG=D) 


[STUDY 
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FOR REVIEW 


When multiplying the product of con- 
jugates, the middle terms “cancel,” 
resulting in a difference of squares. 


(Ax + 3)(4x — 3) 
= 16° —- Yx+ Yx-9 
= 16-9 


Answers 

4. (2z —1)(2z +1) 

2. 7yzy + 3z)(y — 32) 
3. (b’ + 4)(b — 2)(b + 2) 


| Example | Factoring a Difference of Squares 


Factor the binomial completely. 16x’ —9 


Solution: 
16x? — 9 The GCF is 1. The binomial is a difference of squares. 


= (4x)? — (3)? Write in the form a? — b’, where a = 4x and b =3. 
= (4x + 3)(4x — 3) 


Factor as (a + b)(a — b). 


Skill Practice Factor completely. 
1. 47°-1 


| Example2 | Factoring a Difference of Squares 


Factor the binomial completely. — 98c?d — 50d? 


Solution: 
987d — 50d? 
= 2d(49c? — 25d”) The GCF is 2d. The resulting binomial is a 
difference of squares. 
= 2d[(7c) — (5d)’] Write in the form a’ — b”, where a = 7c and 
b=5d. 


= 2d(7c + 5d)(7c — 5d) Factor as (a + b)(a — b). 


Skill Practice Factor completely. 
2. Ty*z— 63yz? 


| Example3_ | Factoring a Difference of Squares 


Factor the binomial completely. v8 
Solution: 
7-81 The GCF is 1. The binomial is a difference 
of squares. 
=(7yr —(97 Write in the form a? — b”, where a = 2 
and b=9. 
= (24+ 9)(2 — 9) Factor as (a + b)(a — b). 


2 —9 is also a difference of squares. 


= (2 + 9)(z + 3)(z— 3) 


Skill Practice Factor completely. 
3. b'— 16 
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The difference of squares a* — b’ factors as (a — b)(a + b). However, the sum of squares is 
not factorable. 


Sum of Squares 
Suppose a and b have no common factors. Then the sum of squares a + b’ is not 


factorable over the real numbers. 


That is, a” + b is prime over the real numbers. 


To see why a’ + b’ is not factorable, consider the product of binomials: 
(a bla b)=a@+b 
If all possible combinations of signs are considered, none produces the correct product. 
(a+ b\(a—b)=a—b? Wrong sign 
(a+ b)(a+b) =a? +2ab+b? Wrong middle term 
(a—b)(a—b) =a —2ab+b? Wrong middle term 


After exhausting all possibilities, we see that if a and b share no common factors, then the 
sum of squares a? + b* is a prime polynomial. 


2. Using a Difference of Squares in Grouping 


Sometimes a difference of squares can be used along with other factoring techniques. 


Example 4 Using a Difference of Squares in Grouping 


Factor completely. y’ — 6y’ — 4y + 24 


Solution: 
y’ — 6y* — 4y + 24 The GCF is 1. 
=y —6y | — 4y + 24 The polynomial has four terms. 
Factor by grouping. 
= yy — 6) — 4 - 6) 
= (y — 6)" <4) y’ — 4 is a difference of squares. 


\ 


TT > 
= (y — 6) + 2)(y — 2) 


Skill Practice Factor completely. 
4, a’ + 5a’ —9a— 45 


Answer 
4. (a + 5)(a — 3)(a + 3) 
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Avoiding Mistakes 


When factoring the expression 

x — (y + 3)? as a difference of 
squares, be sure to use parenthe- 
ses around the quantity (y + 3). 
This will help you remember to 
“distribute the negative” in the 
expression [x — (y + 3)]. 


eyo) ey 3) 


Answer 
5. (x+5-y(x+5+4+y) 


ESSE Factoring a Four-Term Polynomial 


by Grouping Three Terms 


Factor completely. xr -y—-6by-9 
Solution: 


Grouping “2 by 2” will not work to factor this polynomial. However, if we factor out 
—1 from the last three terms, the resulting trinomial will be a perfect square trinomial. 


x -—y-6y-9 Group the last three terms. 
=x -1(° + 6y+9) Factor out —1 from the last three terms. 
=x -(y+3) Factor the perfect square trinomial 
y t+ 6y+9as(y +3). 


The quantity x” — (y + 3)’ is a difference 
of squares, a —b*, where a= x and 
b=(y +3). 


= [x- (y+ 3)| [x+ (y+ 3)| Factor as a? — b? = (a+ b)(a— b). 
=(x-—y—3)(x+y+3) Apply the distributive property to clear 


the inner parentheses. 


Skill Practice Factor completely. 
5. x°+10x+25-y* 


om Example 5, the expression x* — (y + 3)? can also be factored by using 
substitution. Let u= y+ 3. 


x? -(y+3)? 
=e =F Substitution u=y +3. 
= (xX — U(X + U) Factor as a difference of squares. 
=[x-(v+ 3)][k+ (y+ 3)] Substitute back. 
= (x -—y—- 3)(«+ y+ 3) Apply the distributive property. 


3. Sum and Difference of Cubes 


For binomials that represent the sum or difference of cubes, factor by using the following 
formulas. 


Factored Form of a Sum and Difference of Cubes 


Sum of cubes: a+b? =(a+b)\(a@ —ab+b’) 


Difference of cubes: a? — b> = (a— b)(a’ + ab +b’) 


Section 4.7 


Multiplication can be used to confirm the formulas for factoring a sum or difference of 
cubes. 


(a+b\(@—-—ab+ D)=a0-eb+ar+ceb-ab+ba=adtbv 
(a-—bl(@t+ab+ P= 4+ eb+abr -eb-ab-bP=d-bVv 


To help you remember the formulas for factoring a sum or difference of cubes, keep the 
following guidelines in mind. 
e The factored form is the product of a binomial and a trinomial. 
e The first and third terms in the trinomial are the squares of the terms within the bino- 
mial factor. Therefore, these terms are always positive. 
e Without regard to sign, the middle term in the trinomial is the product of terms in the 
binomial factor. 
Square the first Product of terms 


term of the in the binomial 
binomial. | 


Y y 
P+8=(x74+(2P = a + 2)[(x)? — (x)(2) + (2)?| 
| A 


Square the last 
term of the binomial. 


e The sign within the binomial factor is the same as the sign of the original binomial. 
e The first and third terms in the trinomial are always positive. 
e The sign of the middle term in the trinomial is opposite the sign within the binomial. 


Same sign Positive 


Y y ¥ Y 
2 +8 = (x)? + (2)? = («+ 2)[@)? — (02) + (2)7] 
AA 


Opposite signs 


Factoring a Difference of Cubes 


Factor. 8x° — 27 
Solution: 
8x? — 27 8x? and 27 are perfect cubes. 
= (2x)? — 3) Write as a’ — b°, where 
a=2xandb=3. 
a’ —b’=(a— bya’ +ab+b’) 
(2x)? — (3)? = (2x — 3)[(2x)* + (2x)(3) + (3) ] Apply the difference of 


cubes formula. 


= (2x — 3)(4x* + 6x + 9) Simplify. 


Skill Practice 
6. 125p°—8 


Factor completely. 


Factoring Binomials 


he following are 
perfect cubes. 


is Cree 
28 Cala e 
B=27 = (x P=x? 


43 = 64 (x43 = x2 


Any expression raised to 
a multiple of 3 is a perfect 
cube. 


i | To help remember 


the placement of the signs 

in factoring the sum or differ- 
ence of cubes, remember 
SOAP: Same sign, Opposite 
signs, Always Positive. 


Answer 
6. (5p — 2)(25p* + 10p + 4) 
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Factoring a Sum of Cubes 


Factor. 1257 + 642° 


Solution: 
1251 + 642° 1258 and 642° 
are perfect cubes. 
= (51) + (42°) Write as a? + b°, 
where a = 5t and 
b=42. 
a+b=(a+b\(a -—ab+b’) Apply the sum of 


cubes formula. 
(St) + (42°) = [(50) + (42°)][(50)" — (61)(427) + (42°)] 
= (5t+ 42)(25P — 20tz” + 162") 


Simplify. 


Skill Practice Factor completely. 
7. x + 1000y° 


4. Summary of Factoring Binomials 


After factoring out the greatest common factor, the next step in any factoring problem is 
to recognize what type of pattern it follows. Exponents that are divisible by 2 are perfect 
squares, and those divisible by 3 are perfect cubes. The formulas for factoring binomials 
are summarized here. 


Summary of Factoring Binomials 
e Difference of squares: a. (ae) (ap) 


e Difference of cubes: =F S@= DEF & abs [IP 
¢ Sum of cubes: a@+b>=(a+t b)(a — ab+b’) 


Senate, Review of Factoring Binomials 


Factor the binomials. 


a. mn? — " b. 9k? + 24m? c. 128y° + 54x? d. 50y° — 8x" 
Solution: 
a m— 2 m? is a perfect cube: m* = (m)°. 
3 + is a perfect cube: 4 = (4). 
3 
= (my — (5) This is a difference of cubes, 
where a = mand b=3. 
= (m-5)(n? + 5m-42) a’ — b= (a — ba? + ab + b) 


Answer 
7. (x + 10Y)(x? — 10xy7 + 100y) 


b. 9h + 24m 
= 3(3k? + 8m’) 


c. 128y° + 54° 
= 2(64y° + 272°) 


= 2[(4y’) + 3x)'] 

= 2(4y? + 3x)(l6y* — 12x? + 9x’) 
d. 50y° — 8x7 

= 2(25y° — 4x”) 


= 2[(5y’)’ — (2x) 
= 2(5y° + 2x)(5y° — 2x) 


Skill Practice Factor the binomials. 
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Factor out the GCF. 


The resulting binomial is not a 
difference of squares or a sum or 
difference of cubes. It cannot be 
factored further over the real 
numbers. 


Factor out the GCF. 


Both 64 and 27 are perfect cubes, 
and the exponents of both x and y 
are multiples of 3. This is a sum of 
cubes, where a = 4y and b = 3x. 


at+bhb=(at+b\a —ab+b’) 
Factor out the GCF. 


Both 25 and 4 are perfect squares. 
The exponents of both x and y are 
multiples of 2. This is a difference 


of squares, where a = Sy’ and b = 2x. 


a —b’=(at+b)a—b) 


a = 9. 16y° + 4y 10. 24a’ — 3a 11. 18p'- 50? 


5. Factoring Binomials of the Form x® — y*® 


Example 9 Factoring Binomials 


Factor the binomial x° — y° as 


a. A difference of cubes b. A difference of squares 


Solution: 


Notice that the expressions x° and y° are both perfect squares and perfect cubes because 
the exponents are both multiples of 2 and of 3. Consequently, x° — y° can be interpreted 


initially as either a difference of cubes or a difference of squares. 


a. x° — y® 
Difference 
of cubes 


/ 


= (xP - 0) 
= (= PCY + 09 + OI 


= (x — y(t + xy? + y’) 


= (x+ y)\x— yt +2°y + y*) 


Write as a° — b*, where a = x? 
and b= y’. 


Apply the formula 
a—b=(a—b)a+ab+b’). 


Factor x — y’ as a difference of 
squares. 


The expression x* + xy” + y* 
cannot be factored by using the 
skills learned thus far. 


FOR REVIEW 


Remember that the first step to fac- 
tor any polynomial is to factor out 
the greatest common factor, GCF. 
128y° + 54x3 
= 2(64y° + 272°) 


Answers 


2. (x+5)(+-3) 
9. 4y(4y* +1) 


10. 3a(2a? — 1)(4a* + 20° + 1) 
41. 2(3p? + 58)(3p? — 52) 
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Anewer 5 Skill Practice Factor completely. 
12. (a — 2)(a + 2)(a° + 2a + 4) 
(a? — 2a +4) 12. a° — 64 
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iy 
Difference 
of squares 
= (Fy - (7 Write as a — b’, where a=x° 
andb=y. 
=(+ yx - y ) Apply the formula 


a —b’ =(at+b)(a—b). 


Sum of Difference 


a ee Factor x* + y’ as a sum of cubes. 


Factor x* — y’ as a difference of 
cubes. 


S089 50—5=0——=&=&===-=S 
= (x+y)? —xy+y)(X- y)@? +ay +’) 


BET Notice that the expressions x° and y* are both perfect squares and perfect 
cubes because both exponents are multiples of 2 and of 3. Consequently, x® — y® can 
be factored initially as either the difference of squares or as the difference of cubes. 
In such a case, it is recommended that you factor the expression as a difference of 
squares first because it factors more completely into polynomials of lower degree. 


x8 — YP = (x + YO? — XY FY7)(K — OP + xv +’) 


Section 4.7 Activity | 


ISTUDY 


A.1. 


a. Multiply. (a— b)(a + b) b. Factor. a*—b? 
c. Multiply. (Sy — 4)(5y + 4) d. Factor. 25y* — 16 
e. How do you recognize a difference of squares? 


For Exercises A.2—A.4, factor completely. Recall that you can check your answers by multiplying factors. 


A.2. 
A.3. 
A. 
A.5. 


A.6. 


64p" — 49 
45m* — 20n* 
8114 — 16 


a. What technique of factoring is generally tried when factoring a four-term polynomial? 

b. Use factoring by grouping to factor the polynomial 2x° + 3x° — 50x — 75 into a product of two 
binomials. 

c. Can either binomial from part (b) be factored further? Explain. 

d. Factor 2x° + 3x” — 50x — 75 completely. 


Consider the polynomial y* — z* — 8z — 16. 
a. Explain why factoring by grouping the first two terms with the second two terms will not work. 


b. Instead, factor out —1 from the last three terms and rewrite the polynomial. 

c. The purpose of factoring out —1 from the last three terms is that the resulting trinomial is a perfect square 
trinomial. Write the polynomial from part (b) with the trinomial in factored form. 

d. Factor the expression from part (c) as a difference of squares. 
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A.7, a. Identify the values that are perfect cubes. 1, 4, 8, 9, 15, 16, 24, 27, 36, 48, 64, 100, 125 


b. Identify the expressions that are perfect cubes. x, Sy Be Oe ot ae ae ee yee 
c. For what positive values of n is the expression x” a perfect cube? 
A.8. a. Multiply (a — b)(a’ + ab + b’) b. Factor. a — b° 


A.9. Factor 125x* + 64 as a sum of cubes by using the following steps. 
a. Write the formula to factor a sum of cubes. a* + b? = ( )( ) 
. Write 125x° as a perfect cube. 125x°=( )° 
. Write 64 as a perfect cube. 64 = ( y 
. To factor the polynomial 125x* + 64 as a sum of cubes, a* + b’, identify the value of a and the value of b. 
. Factor 125x° + 64 using the formula in part (a). 


ceond 


f. Check the factored form by multiplying the factors. 


A.10. Factor c° — 8d° as a difference of cubes by using the following steps. 
a. Write the formula to factor a difference of cubes. a> — b* = ( \( ) 
b. Write c° as a perfect cube. c&=( 
c. Write 8d° as a perfect cube. 8d =( ) 
d. To factor the polynomial c° — 8d° as a difference of cubes, a* — b’, identify the value of a and the value of b. 
e. Factor c° — 8d° using the formula in part (a). 


f. Check the factored form by multiplying the factors. 


Practice Exercises Section 4.7 


Study Skills Exercise 


A valuable skill in mathematics is the ability to communicate your understanding of the steps required to solve a problem. 

This skill is especially important when factoring polynomials. In order to factor a polynomial successfully, you must 

recognize the strategy that is appropriate for the problem and how to properly apply that strategy. At this point in the 

text, we have covered several techniques to factor a polynomial. Suppose that you want to tutor a friend in how to factor 

a polynomial. 

@ Write a step-by-step approach that you would follow to assess and factor a polynomial. Consider all different scenarios, 
such as factoring two-term, three-term, and four-term polynomials. These guidelines will help your overall understanding 
(and your friend’s) and will help you commit these strategies to long-term memory. Refer to this list when completing the 
Practice Exercises, and commit the strategies to memory. 


Prerequisite Review 

For Exercises R.1—-R.6, fill in the blank. 
Ral 25), =e R28 = Ce) 
R.3. 64p°=( ) R4. 87 =( y 
R.5. —27°=( ) R.6. —1000n°=( > 


For Exercises R.7—R.14, perform the indicated operations. 
sis (Bie = Sheek 5) R.8. (2y + 11)2y—- 11) 
R.9. (¢— 4)(t+ 4)(7 + 16) R.10. (m —5)(m + 5)(m? + 25) 
R11. (x - 8) R.12. (m+ 4) 
R.13. (y — 2)(y” + 2y + 4) R14. (p+ 1)\(—p?- p+) 
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Vocabulary and Key Concepts 


1. a. The binomial x* — 36 is an example of a of squares. A difference of squares a* — b* factors 
as 
b. The binomial y* + 9 is an example of a_______ of squares. 


c. A sum of squares with greatest common factor | (is/is not) factorable over the real numbers. 


d. The square of a binomial always results in a perfect ____ trinomial. 
2. The binomial x° + 64 is an example of a_______ of 
3. The binomial c* — 27 is an example of a____ of 
4. A difference of cubes a* — b* factorsas( _)( ). 
5. Asum of cubes a’ + b° factors as ( \( ). 
6. Identify which expressions represent perfect squares. 2, 4, 8, 16, 25, 64, x7, x°, x4, °°, x° 
7. Identify which expressions represent perfect cubes. 2, 4, 8, 16, 25, 64, x7, x°, x4, 2°, x° 


Concept 1: Difference of Squares 


8. Explain how to identify and factor a 9. Can you factor 25x* + 4? 
difference of squares. 


10. What is the first step to factor 18x° — 50? 


For Exercises 11-22, factor the binomials. Identify the binomials that are prime. (See Examples 1-3.) 


11. xe -9 12. y’— 25 13. 16 —49w 14. 81-6407 
15. 8a° — 16257 16. 50c? — 72d? 17. 25uv’+1 18. w’+4 
19. 2a*— 32 20. 5y'-5 21. 49-k° 22. 4-h° 


Concept 2: Using a Difference of Squares in Grouping 


For Exercises 23-36, use the difference of squares along with factoring by grouping. (See Examples 4-5.) 


23. x —x — 16x+16 24. 7 4+5x-x-5 25. 4x°4+12x°-x-3 
26. SP — x — 45x49 27. 9y3 + Ty’ — 36y — 28 28. 92° — 52° - 36z+ 20 
29. 49.7 + 28x+ 4-7 30. 100y* + 140y + 49 — 2° 31. w’-9n? + 6n—-1 
32. m? — 25c? + 20c —4 33. p'—10p?+25-4 34. m‘— 14m’ + 49 - z4 
35. 9u' — 4y* + 20v* — 25 36. x‘— 9y* — 42y’ — 49 


Concept 3: Sum and Difference of Cubes 


37. Explain how to identify and factor a sum of cubes. 


38. Explain how to identify and factor a difference of cubes. 
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For Exercises 39-52, factor the sum or difference of cubes. (See Examples 6-7.) 
39. 8x° — 1 (Check by multiplying.) 


41. 125¢° +27 
45. 644° +1 


49. 16z' —54z 


Concept 4: Summary of Factoring Binomials 


For Exercises 53-80, factor completely. (See Example 8.) 


53. 36y?- we 


57. 242 + 32 


61. 25 — 49¢° 


65. 27-f 


69. 2m? +16 


73. a+b 


77. 4w +25 


Concept 5: Factoring Binomials of the Form x° — y® 


For Exercises 81-88, factor completely. (See Example 9.) 


81. a®° — b° (Hint: First factor as a difference of squares.) 


82. 64x° — y® 


86. 27q° + 125p° 


Mixed Exercises 


42. 216W-v 
46. 1257°+1 


50. x — 64x° 


54. 16p?— 5 


58. 8p + 200 


62. 1—25p’ 


66. 8+y 


70. 3x° — 375 


74. 27m? —8n? 


78. 644+a° 


83. 64-y° 


87. 8x°+ 125 


89. Find a difference of squares that has 
(2x + 3) as one of its factors. 


91. Find a difference of cubes that has 
(4a? + 6a + 9) as its trinomial factor. 


93. Find a sum of cubes that has (4x? + y) 


as its binomial factor. 


40. 


43. 


47. 


51. 


Ds 


59. 


63. 


67. 


71. 


73. 


79. 


84. 


88. 


90. 


92. 


94. 


y’ + 64 (Check by multiplying.) 


x — 1000 
2000y° + 2x3 


p'? — 125 


18d’? — 32 


4x — 16 
(t + 2s) — 36 


1 
27a + = 
ees 


44, 


48. 


52. 


68. 


72. 


76. 


80. 


85. 


yp —27 
3a®° + 24b° 


’-8 


. 322-12 


. 9m — 81n* 


. bx+4P-y 


81u* — 16" 
1 

1-—d? 
27 


Lea 
100 49 


he + ke 


Find a difference of squares that has 
(4 — p) as one of its factors. 


Find a sum of cubes that has (25c? — 10cd + 4d”) 


as its trinomial factor. 


Find a difference of cubes that has (3t — 7’) 


as its binomial factor. 
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95. Consider the shaded region. 96. A manufacturer needs to know the area of a 
metal washer. The outer radius of the washer is 


a. Find an expression that represents the : ee 
Pp P R and the inner radius is r. 


area of the shaded region. 
a. Find an expression that represents the area of 


b. Factor the expression found in part (a). rae ie 


c. Find the area of the shaded region if b. Factor the expression found in part (a). 
x =6in. and y=4in. 

c. Find the area of the washer if R = +4 in. and 
r=1in. (Round to the nearest 0.01 in.) 


yf |x ¢ 


x 


J 


Expanding Your Skills 


For Exercises 97-102, factor the polynomials by using the difference of squares, sum of cubes, or difference of 
cubes with grouping. 


97. P—ytxty 98. 64m? — 25n? + 8m+5n 
99. e+y4xty 100. 4pu? — 4pv? — Ty? + Tyv? 
101. 576a° — 9a’ — 64a°c? + c? 102. 32° — 1087 — 727’ + 243" 


Problem Recognition Exercises 


Factoring Summary 


We now review the techniques of factoring presented thus far along with a general strategy for factoring polynomials. 


Problem Recognition Exercises 


1. What is meant by a prime polynomial? 
2. What is the first step in factoring any polynomial? 


3. When factoring a binomial, what patterns do you look for? 
4. When factoring a trinomial, what pattern do you look for first? 
5. What do you look for when factoring a four-term polynomial? 


6. How would you use substitution to factor 3(4x7 + 1)? + 20(4x7 + 1) + 12. 


For Exercises 7-66, 


a. Factor out the GCF from each polynomial and identify the category in which the remaining polynomial 
best fits. Choose from 


e difference of squares e sum of squares 

e difference of cubes e sum of cubes 

e perfect square trinomial e trinomial (ac-method or trial-and-error) 
e four terms—grouping e none of these 


b. Factor the polynomial completely. 


7. 6x° —21x — 45 8. 8m — 10m? — 3m 9. 8a’ —50 
10. ab+ay—b’— by 11. 14u* — 1luv+2v” 12. 9p? — 12pq+4q¢° 
13. 16x°-2 14. 9m? + 16n? 15. 27y? + 125 
16. 3x — 16 17. 128p° + 54q° 18. 5b’ — 30b +45 
19. 16a*-—1 20. 81u? —90uv + 25v" 21. p’-12p + 36-¢’ 
22. 4x7 + 16 23. 12ax — 6ay + 4bx — 2by 24, 125y°?-8 
25. 5y’+14y—3 26. 2m*— 128 27. P-100 
28. 4m? — 49n? 29. y>+27 30. +1 
31. d>+3d—28 32. c¢ +5c—24 33, x — 12x +36 
34, p’+ 16p + 64 35. 2ax* —5ax + 2bx — 5b 36. 8x? — 4bx + 2ax — ab 
37. 10y’+3y-—4 38. 1227+ 11z+2 39. 10p* — 640 
40. 50a? — 72 41. z'— 64z 42. 1-8 


43. b> — 4b? - 45b 44. y?— 14y? + 40y 45. 9w? + 24wx + 16x 
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46. 4k? — 20kp + 25p* 47. 60x* — 20x + 30ax — 10a 48. 50x? — 200x + 10cx — 40c 
49. wi- 16 50. K-81 51. °-8 

52. p° +27 53. 8p? —22p+5 54. 9m? — 3m — 20 

55. 36y’— 12y+1 56. 9a" + 42a +49 57. 2¢' +50 

58. 4y° + 64 59, 12r’s* + Trs* — 10s” 60. 72’w? — 10zw? — 8w” 

61. x + 8xy — 33y" 62. s° — 9st — 36° 63. m+n 

aa 5 65. x — 4x 66. y’ —9y 


For Exercises 67—101, factor completely. 


67. P(xt+y)—y(x+y) 68. u?(u — v) — v'(u — Vv) 69. (a+3)*+6(a+3) 
704 — py — 24 — by Gl 2AGx-+ 5) = 303x457 72. 10(2y +3) + 15(2y + 3) 
2B. wr tastti 74. aa + at x 75. (5x2 — 1)? —4(5x- 1) —5 
fom +4) 100, +4) 4 24 Tee Gn = 4g 78. s‘t'-81 
i, eo iy eee 81, 6a? +a°b — 6ab?— B 

64 125 
ROMA ons = po? = 3 83. x + zt ‘ < 84. =v ‘ 2 + : 
85. 2° +12x+36-a 86. a + 10a+25 —b’ 87. p°+2pqtq?-81 
88. m? —2mn+n*-—9 89. BD? —- (2° +4x +4) 90. p? —(y* — 6y +9) 
OL, dla pees ie 93 25 a — 24ab— b’ 93. 6ax — by + 2bx — 3ay 
94. 5pq—12-—4q+ 15p 95. u° — 64 [Hint: Factor first as a difference of squares, (u°)” — (8).] 
96. 1-1 Vx — | 98. y® — 256 


99. ¢@-b+at+b 100. 25c? — 9d? + Sc — 3d 101. Swx? + 5wy? — 2zx7 — 2zy° 
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Solving Equations by Using the Zero 
Product Rule 


1. Solving Equations by Using the 
Zero Product Rule 


Previously we defined a linear equation in one variable as an equation of the form 
ax+b=c (a#0). A linear equation in one variable is sometimes called a first-degree 
polynomial equation because the highest degree of all its terms is 1. A second-degree poly- 
nomial equation is called a quadratic equation. 


inition of a Quadratic Equation in One Variable 
If a, b, and c are real numbers such that a#0, then a quadratic equation is an 


equation that can be written in the form 


ax’ + bx+c=0 


The following equations are quadratic because they can each be written in the form 
ax’ + bx+c=0(a¥0). 


—47 +4x= 1 x(x—2) =3 (x—4)(x+4) =9 
47+ 4x-1=0 xv —2x=3 xr -16=9 
x —2x-3=0 x —25=0 

x +0x-25=0 


One method to solve a quadratic equation is to factor and apply the zero product rule. 
The zero product rule states that if the product of two factors is zero, then one or both of 
its factors is equal to zero. 


The Zero Product Rule 


If ab =0, thena=0 or b=0. 


For example, the quadratic equation x* — x — 12 = 0 can be written in factored form as 
(x — 4)(x + 3) = 0. By the zero product rule, one or both factors must be zero: x — 4=0 
orx + 3 = 0. Therefore, to solve the quadratic equation, set each factor to zero and solve for x. 


(x -—4)(x+ 3) =0 Apply the zero product rule. 
x-4=0 or x+3=0 Set each factor to zero. 
x=4 or x =-3 Solve each equation for x. 


Quadratic equations, like linear equations, arise in many applications of mathematics, 
science, and business. The following steps summarize the factoring method to solve a 
quadratic equation. 


Section 4.8 


A. 


Solving Equations by Using 
the Zero Product Rule 


. Applications of Quadratic 


Equations 


. Definition of a Quadratic 


Function 


. Applications of Quadratic 


Functions 
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Solving a Quadratic Equation by Factoring 


Step 1 
Step 2 
Step 3 


Write the equation in the form ax* + bx +c =0. 

Factor completely. 

Apply the zero product rule. That is, set each factor equal to zero and 
solve the resulting equations.* 


*The solution(s) found in step 3 may be checked by substitution in the original equation. 


Avoiding Mistakes 


The zero product rule tellsus that 


ifab =0, thena=0orb=0. 
This property does not hold for 
other numbers. For example if 
ab = 12, then it is not necessary 
that a or b must equal 12. 


FOR REVIEW 


The purpose of factoring a quadratic 
equation is to rewrite the quadratic 
equation as two linear equations. 
Recall that linear equations are first- 
degree equations. 

2x° —5x-12=0 

(2x + 3)(x — 4) =0 

2x+3=0 x-4=0 


Two linear equations 


Answer 
4. {7, —5} 


| Example1 | Solving a Quadratic Equation 


Solve. 2x* — 5x=12 
Solution: 


2x -—5x = 12 


2x+3 =0 or x-4= 
2x =-3 or x=4 
3 
x=—— or 
2 
3 
Check: x = —~ 
Cneck: xX ) 
2x? —5x = 12 


The solution set is { - a}. 


Skill Practice Solve. 
1. y —2y=35 


Write the equation in the form 
ax’ +bx+c=0. 


Factor completely. 


Set each factor equal to zero. 


Solve each equation. 


Check: x = 4 


2x* — 5x = 12 


2(4)? — 5(4) = 12 


2(16) — 20 = 12 


92-202 13 7 
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| Example 2 _| Solving a Quadratic Equation 


Solve. 6x° + 8x =0 
Solution: 
6x" + 8x = 0 
2x(3x +4) =0 Factor completely. 


Set each factor equal to zero. 


x=0 3x = -4 Solve each equation for x. 
Pm! 
3 


The solution set is {0. -3}. The solutions check. 


Skill Practice Solve. 
2. 9x7 = 21x 


| Example 3 _| Solving a Quadratic Equation 


Solve. 9x(4x + 2) — 10x = 8x + 25 
Solution: 
9x(4x + 2) — 10x = 8x + 25 
36x" + 18x — 10x = 8x4 25 Clear parentheses. 
36x° + 8x = 8x + 25 Combine like terms. 
36x? — 25 = 0 Make one side of the equation 
equal to zero. The equation is in 
the form ax? + bx +c=0. 
(Note: b= 0.) 
(6x — 5)(6x + 5) = 0 Factor completely. 


6x-5=0 or 6x+5=0 Set each factor equal to zero. 


6x=5 or 6x = —-5 Solve each equation. 


x= = or x= > The check is left to the reader. 


The solution set is (2 -}. 


Skill Practice Solve. 
3. 5a(2a — 3) + 4(a + 1) = 3a(3a — 2) 


Answers 
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Answers 
4. {-2} 


1 
{24s} 
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Solving an Equation 


Solve. Qx(x + 5) +3 =2x°-5x41 
Solution: 
Qx(x +5) +3 = 2x°-5x41 
2x? + 10x+3 = 2x°-—5x+1 Clear parentheses. 
15x+2=0 Make one side of the equation equal to 
15x = —2 zero. The equation is not quadratic. It is 
in the form ax + b = 0, which is linear. 
x= 2 Solve by using the method for linear 
15 equations. 
The solution set is Ia \ The check is left to the reader. 


Skill Practice Solve. 
4.2-3t+1=f42t4+11 


The zero product rule can be used to solve higher-degree polynomial equations provided 


one side of the equation is zero and the other is written in factored form. 


| Example5 | Solving a Higher-Degree Polynomial Equation 


Solve. —2(y + 7(y — 1(10y + 3) =0 
Solution: 
—2(y + 7)(y — 1)(10y + 3) =0 


One side of the equation is zero, and the other side is already factored. 


—2=0 or y+7=0 or y—1=0 or 10y+3=0 Set each 


factor equal 
to zero. 
: 3 
No solution y=—7 or y=l or y=—— Solve each 
m equation 
for y. 


Notice that when the constant factor is set to zero, the result is the contradiction 
—2 = 0. The constant factor does not produce a solution to the equation. Therefore, 
the only solutions are —7, 1, and — Each solution can be checked in the original 
equation. 


The solution set is {-7. 1, -=}. 


Skill Practice Solve. 
5. 3(w + 2)(2w + 1)(w — 8) =0 
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Solving a Higher-Degree Polynomial Equation 


Solve. 243z-4z-12=0 
Solution: 
o+32°-4z-12=0 This is a higher-degree polynomial equation. 
+32 —47-12=0 One side of the equation is zero. Now factor. 
: Because there are four terms, try factoring 
Z(z+3)—-4(z+ 3) =0 by grouping. 
(z+ 32-4) =0 2 —4can be factored further as a 


difference of squares. 
(z+ 3)\(z-—2)(z+2) =0 


z+3=0 or z-2=0 or z+2=0 Set each factor 
equal to zero. 


z=-3 or 2=2 or z=-—2 Solve each 
equation. 


The solution set is { —3, 2, —2}. 


Skill Practice Solve. 
6. PC +x -9x-9=0 


2. Applications of Quadratic Equations 


Solving an Application of a Quadratic Equation 


The product of two consecutive odd integers is 35. Find the integers. 
Solution: 


Let x represent the smaller odd integer and x + 2 represent the next consecutive odd 
integer. 


First odd next odd 
: =3)) Verbal model 


integer integer 
x+(x+2) = 35 Mathematical equation 
x? + 2x = 35 Clear parentheses. 
x +2x-35=0 Set the equation equal to zero. 
(x+ 7)(x —5) =0 Factor. 
x+7=0 or x-5=0 Set each factor equal to zero. 
x=-7 or x=5 Solve each equation. 


If x = —7 then the next odd integer is x +2 =—5. 
If x = 5 then the next odd integer is x + 2 =7. 


There are two pairs of odd integers that are solutions, —7, —5 and 5, 7. 


Skill Practice 


7. The product of two consecutive even integers is 48. Find the integers. Answers 


6. {—1, 3, —3} 


7. The integers are —8 and —6 or 


6 and 8. 
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Solving an Application of a Quadratic Equation 


The length of a basketball court is 6 ft less than 2 times 
the width. If the total area is 4700 ft’, find the dimensions 


of the court. 


Solution: 


If the width of the court is represented by w, then the 
length can be represented by 2w — 6 (Figure 4-5). 


FOR REVIEW 


Recall that the area A of a rectangle 
of length / and width w is A = lw. 
The area A of a triangle with 


base b and height h is A = Shh. 


A = (length)(width) 


4700 = (2w — 6)w 
4700 = 2w’ — 6w 
2w* — 6w — 4700 = 0 


2(w* — 3w — 2350) = 0 
2(w — 50)(w + 47) = 0 


20 or w-50=0 9 or 
contradiction 
w = 50 or 
The width is 50 ft. 


The length is 2w — 6 = 2(50) — 6 = 94 ft. 


Skill Practice 


hen applying the 
Pythagorean theorem, it 
does not matter which leg 
you label a and which you 
label b. Since the lengths of 
the legs are interchangeable 
you can also write the 
Pythagorean theorem as 
leg? + leg? = hyp”. 


Find the length and width. 


A right triangle is a triangle that contains a 90° angle. Further- 
more, the sum of the squares of the two legs (the shorter sides) 
of a right triangle equals the square of the hypotenuse (the long- 
est side). This important fact is known as the Pythagorean theo- 
rem. For the right triangle shown in Figure 4-6, the Pythagorean 
theorem is stated as 


C+P=c 


In this formula, a and b are the legs and c is the hypotenuse. 


w+47=0 


Figure 4-5 


Area of a rectangle 


Mathematical equation 


Set the equation equal to 
zero and factor. 


Factor out the GCF. 
Factor the trinomial. 


Set each factor 
equal to zero. 


A negative 
width is not 
possible. 


w-47 


8. The width of a rectangle is 5 in. less than 3 times the length. The area is 2 in.” 


(leg) (hypotenuse) 


Notice that the hypotenuse is the longest side and is opposite 
the right angle. 


The triangle given in Figure 4-7 is a right triangle. 
We have 


Answer 


8. The width is 1in., and the length 
is 2 in. 


a+ bP =c 


(5 ft)? + (12 fe)? = (13 ft)” 
25 ft? + 144 ft? = 169 ft? 
169 ft? = 169 ft? V 


2 


a Cc 
b (leg) 
Figure 4-6 
b=12ft 
a=5ft 
c= 13 ft 
Figure 4-7 
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Application of a Quadratic Equation 


A region of coastline off Biscayne Bay is approximately 
in the shape of a right angle. The corresponding triangu- 
lar area has sandbars and is marked off on navigational 
charts as being shallow water. If one leg of the triangle 
is 0.5 mi shorter than the other leg, and the hypotenuse 
is 2.5 mi, find the lengths of the legs of the triangle 
(Figure 4-8). Figure 4-8 


Solution: 


Let x represent the longer leg. 
Then x — 0.5 represents the shorter leg. 


a+b=c Pythagorean theorem 


x + (x — 0.5)? = (2.5) 


i) |= Recall that the square of a 
binomial results in a perfect square 


trinomial. 

SS aS 

x + (x)? — 2(x)(0.5) + (0.5)? = 6.25 (a — b)? = a? — 2ab + b? 
2 +x? —x+4+0.25 = 6.25 (x — 0.5)? = (x)? — 2(x)(0.5) + (0.5)? 
= = O25 
2x*-x-6=0 Write the equation in the form 
ax’ + bx +c=0. 
(2x + 3)\(x — 2) =0 Factor. 

2x+3=0 or x-2=0 Set both factors to zero. 

x3 or x=2 Solve both equations for x. 


The side of a triangle cannot be negative, so we reject the solution x = —3. 
Therefore, one leg of the triangle is 2 mi. 


The other leg is x —-0.5=2-—0.5 = 1.5 mi. 


Skill Practice 


9. The longer leg of a right triangle measures 7 ft more than the shorter leg. The 
hypotenuse is 8 ft longer than the shorter leg. Find the lengths of the sides of the 
triangle. 


3 


Definition of a Quadratic Function 


We have already graphed several basic functions by plotting points, including f(x) = x°. 
This function is called a quadratic function, and its graph is in the shape of a parabola. In 
general, any second-degree polynomial function is a quadratic function. 


inition of a Quadratic Function 


Let a, b, and c represent real numbers such that a 4 0. Then a function defined by 
fx) = ax’ + bx + c is called a quadratic function. 


Answer 
9. The sides are 5 ft, 12 ft, and 13 ft. 
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Answer 
10. x-intercepts: (—6, 0) and (—2, 0); 
y-intercept: (0, 12) 


The graph of a quadratic function is a parabola that opens upward or downward. The 
leading coefficient a determines the direction of the parabola. For the quadratic function 
defined by f(x) = ax’ + bx +c: 


If a> 0, the parabola opens upward. For example, f(x) = x7 


; 
\LZ 
ed 


If a <0, the parabola opens downward. For example, g(x) = —x* 


y 
A 
ri 


Recall that the x-intercepts of a function y= f(x) are the real solutions to the equation 
f(x) = 0. The y-intercept is found by evaluating f(0). 


Finding the x- and y-Intercepts 


of a Quadratic Function 
Find the x- and y-intercepts. 
f@= x -—x-12 
Solution: 
To find the x-intercept, substitute f(x) = 0. 


f@) =x-x-12 


0O=xr-x-12 Substitute 0 for f(x). The result is a 
quadratic equation. 
0= (x -4)(x4+ 3) Factor. 
x-4=0 or x+3=0 Set each factor equal to zero. 
x=4 or K= =3 Solve each equation. 


The x-intercepts are (4, 0) and (—3, 0). 
To find the y-intercept, find f(0). 
f@) =x-x-12 
£(0) = (0) — (0) - 12 Substitute x = 0. 
=-12 
The y-intercept is (0, —12). 


Skill Practice 
10. Find the x- and y-intercepts of the function defined by f(x) =x° + 8x + 12. 


4. 


| Example 11 | Application of a Quadratic Function 
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Applications of Quadratic Functions 


A model rocket is shot vertically upward with an initial velocity of 288 ft/sec. The func- 
tion given by h(t) = —16f + 288¢ relates the rocket’s height h(t) (in feet) to the time ¢ 
after launch (in seconds). 


a. 


c. 


Find (0), h(5), (10), and A(15), and interpret the meaning of these function 
values in the context of the rocket’s height and time after launch. 


. Find the f-intercepts of the function, and interpret their meaning in the context 


of the rocket’s height and time after launch. 


Find the time(s) at which the rocket is at a height of 1152 ft. 


Solution: 


a. 


c. 


h(t) = —16f + 288 

h(O) = —16(0)* + 288(0) = 0 

h(5) = —16(5)* + 288(5) = 1040 
h(10) = —16(10)* + 288(10) = 1280 
h(15) = —16(15)? + 288(15) = 720 
h(O) = 0 means that at t= 0 sec, the height of the rocket is 0 ft. 
h(5) = 1040 means that 5 sec after launch, the height is 1040 ft. 
h(10) = 1280 means that 10 sec after launch, the height is 1280 ft. 
hA(15) = 720 means that 15 sec after launch, the height is 720 ft. 


. The intercepts of the function are represented by the real solutions of the 


equation h(t) = 0. 


—16f + 288t = 0 Set h(t) = 0. 

—1l6r(t- 18) =0 Factor. 

—16r=0 or t—18=0 Apply the zero product rule. 
t=0 or t= 18 


The rocket is at ground level initially (at t= 0 sec) and then again after 18 sec 
when it hits the ground. 


Set A(t) = 1152 and solve for t. 
h(t) = —16f + 288 
1152 = —16f + 288 Substitute 1152 for h(?). 


16f — 288r+ 1152 =0 Set the equation equal to zero. 
16(P — 181+ 72) =0 Factor out the GCF. 
16(t — 6)(t-— 12) = 0 Factor. 


t=6 or f= 10 
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The rocket will reach a Height of Rocket Versus Time 
height of 1152 ft after 6 sec ; Son After Launch 
_ 2 

(on the way up) and after 1250 (6, 1152) A(t) = —16t" + 2887 

12 sec (on the way down). = 1000 

(See Figure 4-9.) = 750 

2 500 
= 250 
° (0 9 j 
ae 6 12 15 18 
Time (sec) 
Figure 4-9 
Answer 
Ma. h(0) = 144, which is the initial Skill Practice An object is dropped from the top of a building that is 144 ft high. 
height of the object (after 0 sec). The function given by A(t) = —16f + 144 relates the height h(d) of the object (in feet) to 
b. The t-intercept is (3, 0), which the time ¢ in seconds after it is dropped. 
means the object is at ground level . . , . . . 
(0 ft high) after 3 sec. The intercept 11. a. Find /(0) and interpret the meaning of the function value in the context of this 
(—3, 0) does not make sense for problem. 
an ig Since Hine annige De b. Find the ¢-intercept(s) and interpret the meaning in the context of this problem. 
negative. . ; 
c. One second after release, the object c. When will the object be 128 ft above ground level? 


will be 128 ft above ground level. 


Section 4.8 Activity 


A.1. a. The equation 5x — 20 = 0 is (choose one: linear or quadratic) because the term of highest degree is 
(choose one: | or 2). 
b. The equation 3x° + 11x — 4 = 0 is (choose one: linear or quadratic) because the term of highest degree is 
(choose one: | or 2). 


A.2. a. Given the equation ab = 0, what do you know about a or b? 
b. Given the equation (2x + 1)(x — 6) = 0, then either =0or (0) 
c. Write the solution set to the equation (2x + 1)(x — 6) = 0. 


A.3. Solve the equation 3x° + 11x — 4 = 0 by following these steps. 
a. Write the equation with one side equal to zero and the other side factored. 
b. Set each factor equal to 0. 
c. Solve the individual equations from part (b) and write the solution set for the original equation. 
d. Do the solutions check in the original equation? 

A.4. Solve the equation 4x* = 4(10x — 16) by following these steps. 
a. Write the equation with one side equal to zero and the other side factored. 
b. Set each factor equal to 0. 
c. Solve the individual equations from part (b) and write the solution set for the original equation. 
d. Do the solutions check in the original equation? 

For Exercises A.5—A.10, 
a. Identify the equations as linear, quadratic, or a higher-order polynomial equation. 
b. Solve the equation. 


A.5. x(x + 10) = —-9 A.6. 4x — 15 = 3(x+4 2) 
A.7. x? = 10x — 25 A.B. 2(x — 3)(2x + 1)(5 — x) =0 
A.9. 50w? —2w=0 A.10. y' — 3y’ = 16y — 48 
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A.11. The product of two consecutive even integers is 14 more than their sum. Find the two integers by following 


these steps. 

a. Let x represent the first integer. Write an expression representing the second integer. 
b. Write an expression that represents the product of the two integers. 

c. Write an expression that represents 14 more than the sum of the two integers. 


d. Write an equation that indicates that the product of the two integers is 14 more than their sum. 


e. Solve the equation. 
f. Interpret your solution(s) and verify that the solutions meet the criteria of the problem. 


A.12. Ona map, Detroit, Michigan, Ann Arbor, Michigan, and Toledo, Ohio, form the vertices of 
a right triangle. The distance between Ann Arbor and Toledo is 11 miles more than the dis- 
tance between Ann Arbor and Detroit. The distance between Toledo and Detroit is 22 miles 
more than the distance between Ann Arbor and Detroit. To find the distances between each 
pair of cities, follow these steps. 

a. Let x represent the distance from Ann Arbor and Detroit. Write an expression in terms 
of x for the distance between Ann Arbor and Toledo. 

b. Write an expression in terms of x for the distance between Toledo and Detroit. 

c. Use the Pythagorean theorem to write an equation that relates the lengths of the 
three sides. 


_ Detroit 
Ann Arbor * 


Toledo 


d. Solve the equation from part (c). Which solution does not make sense in the context of this problem? 


e. Find the distances between each pair of cities. 


A.13. Cassandra makes decorative flower boxes that she sells at craft shows. Profit Versus Number 

Her profit is a function of the number of Dore she produces. Her cen of Boxes Produced 
profit P(x) (in dollars) is given by P(x) = —70 x(x — 420), where x is 
the number of boxes produced. 4000 
a. Categorize the function as one of the following: constant, linear, € 3000 

quadratic, other. 2 2000 
b. Evaluate P(100) and interpret its meaning. 

1000 
c. Evaluate P(200), P(300), and P(400). 0 | | | | | 
0 100 200 300 400 8 500 

d. The profit increases to a point and then drops as more boxes are Number of Boxes Produced 


produced. Explain why this might happen. 


e. Find the x-intercepts of the function and interpret their meaning. 


Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.4, solve the equation. 
th, @/4b iil =@) R.2. w-21=0 
Ish Se= O =O R.4. 6x+5=0 
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For Exercises R.5—R.10, factor completely. 
R5. °° +x-72 R.6. y? + 16y + 48 
R.7. 4° + 5t-6 R.8. 5w* — 8w — 21 
R.9. 4h° — 36h R.10. 3x? — 75x 
R.11. Given f(x) = x” — x — 20, find 


a. f(0) b. f(S) c. f(—4) 
R.12. Given g(x) = x* + 2x — 35, find 
a. g(0) b. g(5) ce. g(—7) 
For Exercises R.13—-R.14, a statement for y = f(x) is given. Determine the x- and y-intercepts. 
LI, jC) = =a = 8 R14. g(x) =5x- 10 


Vocabulary and Key Concepts 


1. An equation that can be written in the form ax* + bx +c =0,a #0, is called a_______ equation. 
2. The zero product rule states that if ab = 0, then a= orb= 
3. The __________ theorem states that given a right triangle with legs a and b and hypotenuse c, then 

a+b = 
4. A function defined by f(x) = ax* + bx +c, a #0, is calleda__________ function. 
5. Given a quadratic function f(x) = ax’ + bx +c, a# 0, find the x-intercept(s) by solving the equation 

. Find the _________ intercept by evaluating (0). 

6. Ifx is an integer, then ___________ represents the next greater integer. If x is an odd integer, then 

represents the next greater odd integer. Likewise if x is an even integer, then __________ represents the next 


greater even integer. 
7. The area of a rectangle of length / and width w is given by A = 


8. The area of a triangle with base b and height h is given by the formula A = 


Concept 1: Solving Equations by Using the Zero Product Rule 


9. What conditions are necessary to solve an 10. State the zero product rule. 
equation by using the zero product rule? 


For Exercises 11-16, determine which of the equations are written in the correct form to apply the zero product rule directly. 
If an equation is not in the correct form, explain what is wrong. 


1. 2x(x- 3) =0 12. (u-+ 1(u—3)= 10 13. 3p?—7p +4=0 
2 2 1 
14. P-t-12=0 15. a(a+3) =5 16. ($x-5)(x+5)=0 


For Exercises 17-20, factor the polynomial or solve the equation as indicated. 


17. a. Factor. w’-81 18. a. Factor. p*—25 
b. Solve. w?-—81=0 b. Solve. p*?—25=0 
19. a. Factor. 3x*+ 14x-—5 20. a. Factor. 2y?-y-—3 


b. Solve. 3x7 + 14x-5=0 b. Solve. 2y’-y-3=0 
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For Exercises 21—56, solve the equation. (See Examples 1-6.) 


21. 
24. 


27. 


30. 


33. 


36. 


39. 


42. 


45. 


48. 


51. 


54. 


(x + 3)(x +5) =0 22. «+ 7-4) =0 23. (2w + 9)(S5w—1)=0 
(3a + 1)(4a — 5) =0 25. x(x+4)(10x — 3) =0 26. t(t—6)(3t— 11) =0 
0=5(y — 0.4)(y + 2.1) 28. 0=—-4(z—7.5)(z — 9.3) 29. x°+6x—27=0 
2x°+x—-15=0 31. 20° +5x=3 32. -llx=3x°-4 

10x” = 15x 34, 5x2 =7x 35. 6(y—2)-307 +1) =8 
4x + 3(x-9) = 6x41 37. —9 = y(y + 6) 38. —62=x(t— 16) +2 

9p’ — 15p -6=0 40. 6y’ + 2y =48 41. (x+1)(2x- I)ix— 3) =0 
2x(x — 4)*(4x + 3) =0 43. (y—3)(y +4) =8 44, (t+ 10)(t+5)=6 

(2a —1)(a— 1) =6 46. w(6w + 1)=2 47. p?+(p+7) = 169 

x +(x+2) = 100 49. 3(t+5)—P=2P +4t-1 50. a’ —4a-—2=(a+3)(a—5) 
2x? — 8x? — 24x =0 52. 2p? +20p? + 42p =0 53. w= low 

12x3 = 27x 55. 0= 2x) + 5x? — 18x — 45 56. 0=3y'+ y’ — 48y — 16 


Concept 2: Applications of Quadratic Equations 


57. If 5 is added to the square of a number, the result 58. Four less than the square of a number is 77. Find 


59. 


61. 


63. 


65. 


67. 


69. 


is 30. Find all such numbers. 


The square of a number is equal to 12 more than 
the number. Find all such numbers. 


The product of two consecutive integers is 42. 
Find the integers. 


The product of two consecutive odd integers is 63. 
Find the integers. (See Example 7.) 


A rectangular pen has an area of 35 ft*. If the width 
is 2 ft less than the length, find the dimensions of 
the pen. (See Example 8.) 


The length of a rectangular room is 5 yd more 
than the width. If the area is 300 yd’, find the 
length and the width of the room. 


The height of a triangle is | in. more than the base. If 
the height is increased by 2 in. while the base 
remains the same, the new area becomes 20 in.” 


a. Find the base and height of the original 
triangle. 


b. Find the area of the original triangle. 


60. 


62. 


64. 


66. 


68. 


70. 


all such numbers. 


The square of a number is equal to 20 more than 
the number. Find all such numbers. 


The product of two consecutive integers is 110. 
Find the integers. 


The product of two consecutive even integers is 
120. Find the integers. 


The length of a rectangular photograph is 7 in. 
more than the width. If the area is 78 in.”, what are 
the dimensions of the photograph? 


The top of a rectangular dining room table is twice 
as long as it is wide. Find the dimensions of the table 
if the area is 18 ft’. 


The base of a triangle is 2 cm more than the 
height. If the base is increased by 4 cm while the 
height remains the same, the new area is 56 cm’. 


a. Find the base and height of the original 
triangle. 


b. Find the area of the original triangle. 
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71. The area of a triangular garden is 25 ft’. The base is 72. The height of a triangle is | in. more than twice 
twice the height. Find the base and the height of the the base. If the area is 18 in., find the base and 
triangle. height of the triangle. 

73. The sum of the squares of two consecutive positive 74. The sum of the squares of two consecutive, 
integers is 41. Find the integers. positive even integers is 164. Find the integers. 

75. Justin must travel from Summersville to Clayton. He can drive 10 mi through Clayton 


the mountains at 40 mph, or he can drive east and then north on superhighways 
at 60 mph. The alternative route forms a right angle as shown in the diagram. 
The eastern leg is 2 mi less than the northern leg. (See Example 9.) 


a. Find the total distance Justin would travel in going the alternative route. 


b. If Justin wants to minimize the time of the trip, which route should he take? 


76. A 17-ft ladder is standing up against a wall. The distance between the bottom of 
the ladder and the wall is 7 ft less than the distance between the top of the 
ladder and the base of the wall. Find the distance between the bottom of the 


ladder and the wall. 
Summersville 

77. A right triangle has side lengths represented by three 78. The hypotenuse of a right triangle is 3 m more 
consecutive even integers. Find the lengths of the than twice the short leg. The longer leg is 2 m 
three sides, measured in meters. more than twice the shorter leg. Find the lengths 

of the sides. 

79. Determine the length of the radius of a circle 80. Determine the length of the radius of a circle 
whose area is numerically equal to its whose area is numerically twice its circumference. 
circumference. 

Concept 3: Definition of a Quadratic Function 
For Exercises 81-84, a. Find the values of x for which f(x) = 0. b. Find f(0). 
81. f(x) =x -— 3x 82. f(x) =4x° + 2x 83. f(xy) =x -6x-7 84. f(x) =2x°+ 11x45 


For Exercises 85-88, find the x- and y-intercepts for the functions defined by y = f(x). (See Example 10.) 


85. f(y = 5( — 2)(x + 1)(2x) 86. f(x) =(¢+ D@—2)(x +3)" 
87. f(xy) =x -—2x41 88. fx) =x + 4x44 


For Exercises 89-92, find the x-intercepts of each function, and use that information to match the function with its graph. 


89. e(x)=x-9 90. h(x) = x(x — 2)(x + 4) 91. fH =4a~4+1) 


92. k(x) = (4+ It 3)a- 2) - 1) 


5-4 -4-2 
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Concept 4: Applications of Quadratic Functions 
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93. A rocket is fired upward from ground level with an initial velocity of 490 m/sec. The height of the rocket s(t) in 
meters is a function of the time ¢ in seconds after launch. (See Example 11.) 


s(t) = —4.97 + 490t 


a. What characteristics of s indicate that it is a quadratic function? 


b. Find the ¢-intercepts of the function. 


c. What do the ¢-intercepts mean in the context of this problem? 


d. At what times is the rocket at a height of 485.1 m? 


94. 


A company makes water purification systems. The factory can produce 


x water systems per year. The profit P(x) the company makes is a function 
of the number of systems x it produces. 


P(x) = —2x? + 1000x 


a. Is this function linear or quadratic? 


b. Find the number of water systems x that would produce a zero profit. 


c. What points on the graph do the answers in part (b) represent? 


d. Find the number of systems for which the profit is $80,000. 


Profit ($) 


P(x) Profit Versus Number Produced 


140,000 
120,000 
100,000 
80,000 
60,000 
40,000 
20,000 
0 


| | | | 
0 100 200 300 400 


Number Produced 


x 
500 


For Exercises 95-100, factor the expressions represented by f(x). Explain how the factored form relates to the graph of the 


function. 
95. fix) =x" — 7x +10 


97. fa =x +2x4+1 


99. fix) =-x -6x—-5 


y 96. fix) =x -—2x-3 


i 98. fix) =x — 8x+ 16 


100. fix) =-x° + 6x-8 


> 
123 4567 


> Xx 
6. 7 8 
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Technology Connections 


For Exercises 101-104, graph Y,. Use the Zero feature to approximate the x-intercepts. Then solve Y, = 0 and compare the 
solutions to the x-intercepts. 


101. Y,=-+x+2 102. ¥,=-x°-x+20 
103. Y,=x°-6x+9 104. Y,=2°+4x+4 


Expanding Your Skills 


105. The surface area of a right circular cylinder is represented by 27° + 2arh. If the surface area is 1562 ft* and the 
height is 7 ft, determine the radius of the cylinder. 


106. Determine the length and width of a rectangle with a perimeter of 20 yd and an area of 16 yd’. 
107. Determine the length and width of a rectangle with a perimeter of 28 ft and an area of 48 ft’. 


For Exercises 108-111, find an equation that has the given solutions. For example, 2 and —1 are solutions to (x — 2)(x+ 1) =0 
or x* —x—2=0. In general, x, and x, are solutions to the equation a(x — x;)(x — x») = 0, where a can be any nonzero real 
number. For each exercise there is more than one correct answer depending on your choice of a. 


108. x=-—3 andx=1 109. x=2andx=-—2 


110. x=0 andx=-—5 111. x=Oandx=-3 
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Chapter 4 Summary 
cure Properties of Integer Exponents 


and Scientific Notation 


Key Concepts 


Let a and b (b#0) represent real numbers and m and n 
represent positive integers. 


bt 

b” 3 b" — pmtn a pe 
b" 

(b")" _ bm (aby” _ a"b” 


a m q” i 
£) == D=1 
(2) bi” 
1\"_ 1 
bra={— ane 
(5) b" 


A number expressed in the form ax 10", where 
1 <|a|<10 and n is an integer, is written in scientific 
notation. 


Examples 
Example 1 


ee ee 
(ESP Yen 


Example 2 

0.0000002 x 35,000 
=(2x10°G.5 x 10°) 
= 7 x 10-3 or 0.007 


Cue ee «Addition and Subtraction of Polynomials 


and Polynomial Functions 


Key Concepts 


A polynomial in x is defined by a sum of terms of the form 
ax", where a is a real number and n is a whole number. 


e ais the coefficient of the term. 
e nis the degree of the term. 


The degree of a polynomial is the greatest degree of its 
terms. The term of a polynomial with the greatest degree is 
the leading term. Its coefficient is the leading coefficient. 


A one-term polynomial is a monomial. 


A two-term polynomial is a binomial. 
A three-term polynomial is a trinomial. 


To add or subtract polynomials, add or subtract like terms. 


Examples 
Example 1 


Ty‘ —2y’ +3y+8 


is a polynomial with leading coefficient 7 and degree 4. 


Example 2 
f) =40 -6x-11 


fis a polynomial function with leading term 4x° and 


leading coefficient 4. The degree of fis 3. 


Example 3 
For f(x) = 4x° — 6x — 11, find f(-1). 
f(-1) = 4(-1y - 6-1) - 11 
=-9 

Example 4 

(—4:3y + 32x°y’) — (Tey — 5x7y’) 
= —4x7y + 3x°y? — Tay + 5x’y 
= —11x’y + 8x°y" 


2 
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| Section 4.3 Multiplication of Polynomials 


Key Concepts 


To multiply polynomials, multiply each term in the first 
polynomial by each term in the second polynomial. 


Special Products 
1. Multiplication of conjugates 
(x+y)@-y)=xr-y 


The product is called a difference of squares. 


2. Square of a binomial 
(xt yP =x? 4+2xy+y’ 
(x-y? =x? -2xy+y’ 


The product is called a perfect square trinomial. 


Examples 
Example 1 


(x — 2)(3x? — 4x + 11) 


= 3x° — 44° + 11x — 6x7 + 8x — 22 


= 3x° — 10x7 + 19x — 22 


Example 2 

(3x + 5)(3x — 5) 
= (3x)? - (5) 
= 9x7 — 25 


Example 3 


(4y + 3y° 
= (4y)’ + (2)(4y)G) + BY 
= lo6y’+24y+9 


Division of Polynomials 


Key Concepts 
Division of polynomials: 


1. For division by a monomial, use the properties 


c Cc c c Cc (6 
forc #0. 


2. If the divisor has more than one term, use long 
division. 
e First write each polynomial in descending order. 
e Insert placeholders for missing powers. 


Examples 
Example 1 
—12a’ -6a+9 
—3a 
-12a 6a 9 


Example 2 

(3x? — 5x +1) +(x +2) 
3x-11 

x+2)3x?-5x+ 1 


—(3x7 + 6x) 
—llx+ 1 


1g 92) 
23 


Answer: 3x — 11 +—~ 
x+2 


Summary 443 


3. Synthetic division may be used to divide a polynomial Example 3 
by a binomial in the form x — r, where r is a constant. (3x2 —5x+1)+(¢+2) 
—2|3 -5 1 
-—6 22 
3 -11 [23 
Answer: 3x—-11+ ae 
x+2 


| Section 4.5 | Greatest Common Factor and 


Factoring by Grouping 


Key Concepts Examples 
The greatest common factor (GCF) is the largest factor Example 1 
common to all terms of a polynomial. To factor out the GCF neh buard 


from a polynomial, use the distributive property. 
= 3x(a + b)x — 3x(a + b)(2) 


= 3x(a + b)(x — 2) 


A four-term polynomial may be factored by grouping. Example 2 
Steps to Factor by Grouping 60xa — 30xb — 80ya + 40yb 
1. Identify and factor out the GCF from all four terms. = 10[6xa — 3xb — 8ya + 4yb] 
2. Factor out the GCF from the first pair of terms. _ 
Factor out the GCF from the second pair of terms. = ae 2) =e) 
(Sometimes it is necessary to factor out the opposite = 10(2a — b)(3x — 4y) 
of the GCF.) 


3. If the two pairs of terms share a common binomial 
factor, factor out the binomial factor. 


Section 4.6 Factoring Trinomials 


Key Concepts Examples 

AC-Method Example 1 

To factor trinomials of the form ax? + bx + c: 10y* + 35y — 20 = 5(2y? + Ty — 4) 
1. Factor out the GCF. Find the product ac. ac = (2)(-4) =-8 


2. Find two integers whose product is ac and whose 
sum is b. (If no pair of numbers can be found, then 
the trinomial is prime.) 

3. Rewrite the middle term bx as the sum of two terms 5[2y° + 8y —ly-4] 
whose coefficients are the numbers found in step 2. ! 

4. Factor the polynomial by grouping. = S2y + 4) - 1 +4)] 

= 5(y + 4)(2y- 1) 


Find two integers whose product is —8 and whose sum is 7. 
The numbers are 8 and —1. 
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Trial-and-Error Method 


To factor trinomials in the form ax* + bx + c: 


1. 
2. 


Factor out the GCF. 
List the pairs of factors of a and the pairs of factors 
of c. Consider the reverse order in either list. 


. Construct two binomials of the form 


Factors of a 


OoOx OO) 
Ld 


Factors of c 


(Ox 


. Test each combination of factors until the product of 


the outer terms and the product of inner terms add 
to the middle term. 


. If no combination of factors works, the polynomial is 


prime. 


The factored form of a perfect square trinomial is the square 
of a binomial: 


a +2ab+b> =(a+by 
a —2ab+b’ =(a—by 


Sometimes it is easier to factor a polynomial after making a 
substitution. 


Example 2 
10y* + 35y — 20 = 5(2y’ + Ty — 4) 


The pairs of factors of 2 are 2 - 1. 
The pairs of factors of —4 are 


Siva Tala) 
23.9 Be 23) 
Aci, “Axth 


(2y —2)(y + 2) = 2y’ + 2y—4 No 
(y —4)(y + 1) = 2y-2y-4 No 
(2y + 1(y —4) = 2y’-7Ty—4 No 
(2y +2)(y — 2) = 2y’ — 2y—4 No 
(2y + 4)(y— 1) = 2y’+2y-4 No 
(2y -1) +4) = 2y°+7y—-4 Yes 
Therefore, 10y? + 35y — 20 factors as 5(2y — 1)(y + 4). 
Example 3 
Ow? — 30wz + 252 
= (3w)? — 2(3w)(5z) + (52)? 


= (3w — 52)" 
Example 4 
(Iv -1P -—(7V -1)- 12 Let u = (7v" — 1). 
=uw—-—u-12 Substitute. 
= (ut 3)(u—4) Factor. 


= (7 — 1+3)(7”"—1-4) Back substitute. 


= (Tv + 2)(7v" — 5) Simplify. 


BEESSIEEME Factoring Binomials 


Key Concepts 


Factoring Binomials: Summary 


Difference of squares: 


a’ — b? =(a+ b)(a—b) 


Sum of squares: 


If a and b share no common factors, then 
a’ + b’ is prime. 


Examples 
Example 1 
25u’ — 9v* = (Su) — (3Vv’)? 
= (5u + 3v)(Su — 3’) 


Example 2 


32 + 2w* = 2(16 + w’) cannot be factored further 
because 16 + w’ is a sum 


of squares. 


Difference of cubes: 


a — b> =(a—b)(a + ab +b’) 


Sum of cubes: 


a+b =(a+b)(a —ab+b’) 


Sometimes it is necessary to group three terms with one term. 


Summary 


Example 3 


8c3 — d®° = (2c — d)(4c? + 2cd? + d*) 


Example 4 
27w? + 64x° 

= Bw? + 4x)Ow® — 12w'x + 16x”) 
Example 5 


4a’ — 12ab + 9b’ — c* 
= 4a° — 12ab + 9b* -¢ 


Group 3 by 1. 


=(2a-3bY -—¢ Perfect square 
trinomial. 

= (2a — 3b — c)(2a — 3b +c) Difference 
of squares. 


Section 4.8 Solving Equations by Using 


the Zero Product Rule 


Key Concepts 


An equation of the form ax’ + bx +c =0, where a£0, is a 
quadratic equation. 

The zero product rule states that if ab = 0, then a=0 
or b=0. The zero product rule can be used to solve a quad- 
ratic equation or higher-degree polynomial equation that is 
factored and equal to zero. 


f(x) = ax + bx +c (a 0) defines a quadratic function. 
The x-intercepts of a function defined by y = f(x) are deter- 
mined by finding the real solutions to the equation f(x) = 0. 
The y-intercept of y = f(x) is at f(0). 


> xX 
1.2 3° AS. 6: 7 


Examples 
Example 1 
O = x(2x — 3)\(x + 4) 


x=0 or 2x-3=0 or 


3 
x= or 
2 
. . 3 
The solution set is { 0, > —4}. 


Example 2 
Find the x-intercepts. 
f(x) = 3x -— 8x45 

0 = 3x°-8x+5 

0 = Bx-5)x- 1) 


3x-5=0 or x-l= 
1° or x=1 
3 


The x-intercepts are (3, 0) and (1, 0). 


Find the y-intercept. 
fd) = 3x — 8x45 
£0) = 30) — 80) +5 
FO) =5 

The y-intercept is (0, 5). 
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Section 4.1 


For Exercises 1-8, simplify the expression and write the 
answer with positive exponents. 


1. (3x)?(3x)? 2. (—6x7*)(3x78) 
2439 —18xy3 
y X "y 
5, (-2a*b-)3 6. (—4a~*b?)? 
7 —4x4y? a 8 xy? = 
: aye : “Ser = 
y xy 


9. Write the numbers in scientific notation. 


a. For a recent year, the population of Asia was 
3,686,600,000. 


b. A nanometer is 0.000001 of a millimeter. 


10. Write the numbers in scientific notation. 
a. A millimeter is 0.001 of a meter. 
b. The population of Asia is predicted to be 
5,155,700,000 by 2040. 
11. Write the numbers in standard form. 


a. A micrometer is 1 x 107? of a millimeter. 
b. A nanometer is 1 x 107? of a meter. 


12. Write the numbers in standard form. 


a. The total square footage of shopping centers 
in the United States is approximately 
5.23% 10° i. 


b. The total yearly sales of those shopping centers 
is $1.091 x 10'*. (Source: International Council 
of Shopping Centers) 


For Exercises 13-16, perform the indicated operations. 
Write the answer in scientific notation. 


2,500,000 0.0005 


13. . 
0.0004 25,000 


15. (3.6 x 10°)(9 x 10°’) 


16. (7 x 107'*)(5.2 x 10°) 


Chapter 4 Review Exercises 


Section 4.2 


For Exercises 17-18, identify the polynomial as a mono- 
mial, binomial, or trinomial; then give the degree of the 
polynomial. 


17. 6x'+10x-1 18. 18 


19. Given the polynomial function defined by 
g(x) = 4x — 7, find the function values. 
a. (0) b. g(-4) ce. g(3) 
20. Given the polynomial function defined by 
px) = —x'—x + 12, find the function values. 
a. p(0) b. pC) ce. p(—2) 
21. The amount A(x) of bottled water consumed per 
capita in the United States can be approximated by 
A(x) = 0.047x" + 1.46x + 16.8 


where x is the number of years since the study began, 
and A(x) is measured in gallons. 


a. Evaluate A(5) and interpret the meaning in the 
context of the problem. 


b. Interpret the meaning of A(15). 


Per Capita Consumption of 
Bottled Water 
50.0 -— 


40.0 E>» AG) = 0.0472? + 1.46x + 16.8 
30.0 
& 20.05 


“0 2 4 6 8 10 12 
Year 


For Exercises 22-33, add or subtract the polynomials as 
indicated. 


22. (x? — 2x — 3xy — 7) + (-3x? — x + 2xy + 6) 


23. Txy — 3xz + 5yz 
+13xy — 15xz - 8yz 


24. —4a? + 8a’ — 3a 
—(-7Ta? + 3a* — 9a) 


25. 


26. 


27. 


28. 


29. 


8 4 2 


30. Add —4x + 6 to —7x— 5. 


31. 


32. 


33. 


Add 2x” — 4x to 2x” — 7x. 


Section 4.3 


For Exercises 34-51, multiply the polynomials. 


34. 2x(x* — 7x — 4) 35. 

36. (x + 6)(x —7) 37. 
1 1 

38. (5* + 1) (Se Z 5) 39. 

40. (3x + 5)(9x" — 15x + 25) 

Al. (x—y)(? +xy+y’) 

42, (2x—5) 43. 

44. Gy-1DGByt+11) 45. 
2 2 

46. (= + 4) (= 2 4) 47. 

48. [(x4+ 2) —b][(x+2) +b] 

49. [c—(w+ 3)][c+ (w+ 3)] 

50. (2x+ 1) 51. 


34 52-5) -(-3t- 
eG +9 —3 oa 


(7x — y) — [-@x + y) — (-3x — 6y)] 


Subtract 2x7 — 4x from 2x? — 


(a? — 2a — a) — (5a — a’ — 8a) 


(2 - 12 - 5) = (-3 ar oe + >) 


2 
i 3) 
ae 


—(4x — 4y) — [(4x + 2y) — (3x + 7y)] 


Subtract —4x + 6 from —7x — 5. 


TX. 


—3x(6x" — 5x +4) 


(x — 2) — 9) 


1 1 
+ 49y)\(4 
( 57 (5+ 


2 
(5:44) 


(6w — 1)(6w + 1) 


(+a)(e-4) 


(y? 23 3y 


Review Exercises 447 


52. A square garden is surrounded by a walkway of 
uniform width x. If the sides of the garden are 
given by the expression 2x + 3, find and simplify 
a polynomial for the following. 


a. The area of the garden. 


b. The area of the walkway and garden. 


c. The area of the walkway only. 


53. The length of a rectangle is 2 ft more than 3 times 
the width. Let x represent the width of the rectangle. 


a. Write a function P that represents the perimeter 
of the rectangle. 


b. Write a function A that represents the area of the 
rectangle. 


54. In parts (a) and (b), one of the statements is true and 
the other is false. Identify the true statement and 
explain why the false statement is incorrect. 


a. 2x°4+5x=7x° (2x?)(5x) = 10x? 


b. 4x — 7x = -3x 4x -— 7x =-3 


Section 4.4 


For Exercises 55-56, divide the polynomials. 
55. (Oxy + 12x7y’ — Oxy) + Bxy) 


56. (10x* + 15x? — 20x”) + (—5x’) 
57. a. Divide (Sy* + 14y* — 8) + (By + 2). 
b. Identify the quotient and the remainder. 


c. Explain how you can check your answer. 


For Exercises 58-61, divide the polynomials by using long 
division. 
58. (x° + 7x + 10) +(x +5) 


59. 0? + 8x— 16) +(x +4) 
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60. (2x° — 4x4 + 2x7 — 4) = (x? — 3x) 
61. (22° + 3x2 +x? -—4) +0 +x) 


62. Explain the conditions under which you may use 
synthetic division. 


63. The following table is the result of a synthetic 
division. 


3) 2 & 2 «£6 f 


Use x as the variable. 
a. Identify the divisor. 
b. Identify the quotient. 


c. Identify the remainder. 


For Exercises 64-68, divide the polynomials by using 
synthetic division. 


64. (P — 37 + 8t— 12) =(t-2) 
65. (x + 7x + 14) +(x+5) 
66. (x° + 8x + 20) +(x +4) 
67. (w’ — 6w? + 8) + (w-3) 


68. (p* — 16) + (p—2) 


Section 4.5 


For Exercises 69-72, factor by removing the greatest 
common factor. 


69. —e —4x° + 11x 
70. 21w?-—7w+4+ 14 
71. 5x(x — 7) — 2(x - 7) 


72. 3t(t+4)+ 5(t+ 4) 


For Exercises 73-76, factor by grouping (remember to take 
out the GCF first). 


73. m—8m+m—-8 


74, 24x> — 36x? + 72x — 108 


75. 4ax* + 2bx? — 6ax — 3xb 


16. y—6y’ +y—-6 


Section 4.6 


77. What characteristics determine a perfect square 
trinomial? 


For Exercises 78-87, factor the polynomials by using any 
method. 


78. 18x°+27xy+10y* 79. 3m? + mt - 10° 


80. 60a°+ 65a°—20a* = 811. 2k +: 7k’ + 6K" 
82. 49x? + 36 — 84x $3. 802+ 32 +502 
84. (Ow + 2)?+4Ow + 2)-5 

85. (4x + 3)? — 12(4x + 3) + 36 


86. 18a* + 39a? — 15 87. 3w -—2w? —5 


Section 4.7 


For Exercises 88-94, factor the binomials. 


2 1 
88. 25-—y 89. x —-— 
- a oy 
90. b° + 64 
91. A? +9h 92. a? +64 
93. K-16 94. 9y> — 4y 


For Exercises 95-98, factor by grouping and by using the 
difference of squares. 


95. x° — 8xy + 16y* — 9 (Hint: Group three terms that 
make up a perfect square trinomial, then factor as a 
difference of squares.) 


96. a +12a+36-—b* 


97. P+16t+64—25c? 98. y’—6y+9— 16x 


Section 4.8 


99. How do you determine if an equation in the variables 
x and y is quadratic? 


100. What shape is the graph of a quadratic function? 


For Exercises 101-104, label the equation as quadratic or 


linear. 
101. °° +6x=7 102. («-3)\x+4 = 
103. 2x-5=3 104. x+3=5x 


105. a. Factor. 5x°+6x-8 
b. Solve. 5x°+6x-—8=0 


106. a. Factor. 3x*— 19x +28 
b. Solve. 3x7- 19x+28=0 


For Exercises 107-110, use the zero product rule to solve 


the equations. 


107. x°-—2x-15=0 
108. 8x° =59x — 21 
109. 24t+5)+1=3r-3-f 


110. 3@@— 1)(x + 5)QQx - 9) =0 


For Exercises 111-114, find the x- and y-intercepts of the 


function. Then match the function with its graph. 


111. f(x) =—4x° +4 


112. g(x) =2x-2 


113. h(x) = 5x° — 10x? — 20x + 40 
1 
114. k(x) = ie + 5 
a b. 
k ( 
3 5 


> Xx 


3 4 
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115. A moving van has the capacity to hold 1200 ft* in 


116. 


volume. If the van is 10 ft high and the length is 
1 ft less than twice the width, find the dimensions 
of the van. 


You-Haul 


Width ) 
A missile is shot upward from a submarine 1280 ft 
below sea level. The initial velocity of the missile is 


672 ft/sec. A function that approximates the height 
of the missile (relative to sea level) is given by 


h(t) = —16f + 672t— 1280 


where /(f) is the height in feet and fis the time in 
seconds. 


a. Complete the table to determine the height of the 
missile for the given values of f. 


(ft) 


Height h(t) 


0 Time t (sec) 


b. Interpret the meaning of a negative value 
of h(t). 


c. Factor the function to find the time required for 
the missile to emerge from the water and the 
time required for the missile to reenter the water. 
(Hint: The height of the missile will be zero at 
sea level.) 
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Chapter 4 Test 


For Exercises 17-32, factor completely. 
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For Exercises 1-4, simplify the expression, and write the 
answer with positive exponents only. 


1. 


—3x°\? 
( 3 ) ‘i 


. Multiply. 


20a" 5 ee 


4a x? 


Qty) 7a) 
ory 


(8 x 107°)(7.1 x 10°) 


. Divide. (Write the answer in scientific notation.) 


(9,200,000) + (0.004) 


. For the function defined by F(x) = 5x° — 2x? + 8, 


find the function values F(—1), F(2), and F(0). 


. Perform the indicated operations. Write the answer 


in descending order. 


(5x7 — 7x + 3) — (x? + 5x — 25) 
+ (4x° + 4x — 20) 


For Exercises 9-11, multiply the polynomials. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


(2a —5)(a’ — 4a — 9) 


(5 = +) (6x +4) 


(5x - Ay’)(5x + 4y’) 
Explain why (5x +7)? 4 25x" + 49. 


Write and simplify an expression that describes the 
area of the square. 


Tx -4 
Divide the polynomials. 
(2x3 y* + 5x’y* — Oxy? — xy) + (2xy) 


Divide the polynomials. 
(10p’ + 13p* — p + 3) + (2p + 3) 


Divide the polynomials by using synthetic division. 


(y* — 2y +5) +(y — 2) 


17. 
18. 
19. 


21. 


23. 


25. 


27. 


29. 


31. 


32. 


17y + 3y’ — 28 

x —5x-4 

3a’ + 27ab + 54D" 20. c*-1 

xy —7x+3y—-21 22. 49 +p’ 
—10u? + 30u — 20 4. 127 = 75 
5y” — 50y + 125 26. 21q°+ 14g 
2 +x°—8x-4 28. y' — 125 
+8x+16-y 30. 1° — 256° 
(7 + 1)? + 307+ 1)+2 


12a — 6ac + 2b — be 


For Exercises 33-38, solve the equation. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


(2x — 3)(x+5)=0 
w’ — Tw =0 

y’ — 6y = 16 
x(5x+4)=1 

4p — 64p* =0 


1 1 
P+it+—= 
a ace eas 


A child launches a toy rocket from the ground. The 
height, i(x), of the rocket can be determined by its 
horizontal distance, x, from the launch pad by 


2 


Xx 


MO) =o 56 


+x 


where x and /: are in feet and x > O andh>0. 


How many feet from the launch pad will the rocket 
hit the ground? 
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40. The population of Japan, P(t) (in millions), can be a. b. 
approximated by 


P(t) = —0.017 — 0.062r + 127.7, 


where ¢ = 0 represents the number of years since the 
study began. 


a. Evaluate P(4) and interpret in the context of the 
problem. 


b. Approximate the number of people in Japan in 
year 6. 

c. If the trend continues, predict the population of 
Japan in year 15. 


For Exercises 41-44, find the x- and y-intercepts of the func- 
tion. Then match the function with its graph. 


41. f(x) =x’ — 6x +8 ; : 246810 


42. k(x) =x? + 4x? — 9x — 36 


43. p(Xxy= —2x" — 8x -6 


44, g(x)=x°-x° — 12x 
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and Rational Equations 
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Mathematics in Biology 


“Mark and recapture” is a commonly used method to estimate an 
animal population when it is not practical to count the members of 
the population individually. For example, imagine trying to count all 
of the red shouldered hawks in Everglades National Park, an area of 
2357 square miles consisting of mostly wetland and swamp! It would 
be impossible to find and count hawks individually and to avoid 
redundancy (counting the same hawk more than once). 

Instead, biologists might capture a small sample of hawks 
and place an identifying tag around a leg of each hawk. Then the 
tagged hawks are released back into the environment. After waiting 
an optimal period of time, another sample of hawks is captured. The 
ratio of the original number of tagged hawks to the total population is 
approximately equal to the ratio of the number of recaptured tagged Steve Byland/Stockphoto/Getty Images 
hawks to the number of recaptured hawks. 

For example, suppose that 40 hawks are initially tagged in a total population of x hawks. A second sample of 
100 hawks taken 3 months later includes 2 tagged hawks from the original group. This is represented by the following 
equation. 


Number of hawks originally tagged ———-» 40 2 ~<———— Number of tagged hawks recaptured 


Total population ———» x 100 «Number of hawks recaptured 


This equation is called a proportion and the solution is 2000. Thus, there are approximately 2000 red shouldered 
hawks in Everglades National Park. In this chapter we will solve proportions and other applications involving algebraic 
fractions called rational expressions. 


° ae ° Oo ° = 
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Section 5.1, Rational Expressions and Rational Functions 


Concepts 


1. Rational Functions 
2. Simplifying Rational 
Expressions 


3. Simplifying Ratios of —1 


Figure 5-1 


FOR REVIEW 


2 


The expression ; is undefined 
because there is no real number that 
when multiplied by 0 equals 2. 


1. Rational Functions 


We have previously introduced polynomials and polynomial functions. The ratio of two 
polynomials defines a rational expression. This leads to the following definition of a 
rational function. 


Definition of a Rational Function 


ae) 


A function is a rational function if it can be written in the form f(x) = Gx)’ 
qx 


where p and q are polynomial functions and q(x) # 0. 


For example, the functions f, g, h, and k are rational functions. 


a+7 t+4 
zg MO Da as 

We have already introduced the rational function defined by f(x) =+4. Recall that 
f(x) = + has a restriction on its domain that x 4 0 and the graph of f(x) = + has a vertical 
asymptote at x = 0 (Figure 5-1). 

In this course, we restrict our discussion of functions defined by y= f(x) to those 
whose domain and range are subsets of the set of real numbers. Therefore, the domain of 
a function is the set of real numbers that when substituted into the function produce a real 
number. For a rational function, we must exclude values that make the denominator zero. 
To find the domain of a rational function, we offer these guidelines. 


== 2655. 262 
x x-3 a 


Finding the Domain of a Rational Function 
Step 1 Set the denominator equal to zero and solve the resulting equation. 


Step 2 The domain is the set of all real numbers excluding the values found in 
step 1. 


| Example1 | Evaluating a Rational Function 


Given g(x) = <7 
x—-3 


a. Determine the function values if possible. 
8(0), 81), (2), g(2.5), g(2.9), 8(3), 83.1), 83.5), (4), and g(5) 


b. Write the domain of the function. 


Solution: 
8(0) = a a= g(3) = oe ; =< (undefined) 
c= agen 6B. = y= = 20 
6) = 5=2 6B.) = 45-37 5574 
gens a ca =n a g(4) = (4-3 
@(2.9) = = = 
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The value of the function is undefined when the denominator 


b. g@) = x—3 equals zero. 
x-3=0 Set the denominator equal to zero and solve for x. 
x=3 The value x = 3 must be excluded from the domain. 


The domain can be written in set-builder notation or in interval notation. 
Set-builder notation: {x|x is areal number, x 4 3} 


Interval notation: (—oo, 3) U (3, oo) 


Arms® 
BM) asa st 


1. h(0) 2. h(2) 3. h(—2) 4. h(-6) 
5. Write the domain in set-builder notation. 


455 


6. Write the domain in interval notation. 


The graph of g(x) =~; is shown in Figure 5-2. Notice that the function has a vertical 


asymptote at x = 3 where the function is undefined. 


| Example2 | Finding the Domain of a Rational Function 


Write the domain in set-builder notation and in interval notation. 


x+4 x 
a. f(x) = b. g(x) =—— 
ae eee ee 4 
Solution: 
x+4 
a. fx) = ———— 
Fe) 2x? — 11x +5 
2x°-11lx+5=0 Set the denominator equal to zero and solve for x. 
he domain of a 
(2x - 1)\x-5) =0 This is a factorable quadratic equation. rational function excludes 


Figure 5-2 


values for which the denomi- 


2x-1=0 or x-5=0 nator is zero. 


or x=5 
The domain written in set-builder notation is 


{x|x is a real number and x4 4,x4 5}. 


The domain written in interval notation is (00, 3) U Cj 5) U (5, oo). 


1 
3 

0 4. Undefined 

{x|x is a real number, x # —6} 
. (—0o, —6) U (—6, 00) 
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xX 


b. g(x) ==— 
FOR REVIEW g(x) Sia 
Recall that the sum of squares is not Because the quantity x* is nonnegative for any real number x, the 


factorable. The expression x” + 4 is 


” : denominator x* + 4 cannot equal zero; therefore, no real numbers are 
a prime polynomial. 


excluded from the domain. 


The domain written in set-builder notation is {x|x is a real number}. 


The domain written in interval notation is (—oo, oo). 


Skill Practice Write the domain in set-builder notation and in interval notation. 


x+10 t 
7. A(x) =———_ 8. ef == — 
”) poe ay r+1 


—-x-1 


2. Simplifying Rational Expressions 


A rational expression is an expression in the form 4, where p and q are polynomials 
and gq #0. As with fractions, it is often advantageous to simplify rational expressions to 
lowest terms. 

The method for simplifying rational expressions mirrors the process to simplify 
fractions. In each case, factor the numerator and denominator. Common factors in the 
numerator and denominator form a ratio of 1 and can be simplified. 


Simplifying a fraction: Zs en a ee l= 3 
35 7s 7S 7 4 
seni a a vr—-x-12 factor (x+3)~—-—4) — («+ 3) ; (x — 4) 
rational expression: ~_16 («+4a—4) «+4 G4) 
ae 
(x + 4) 
_ @ +3) 
(x + 4) 


This process is stated formally as the fundamental principle of rational expressions. 


Fundamental Principle of Rational Expressions 
Let p, g, and r represent polynomials. Then 


ee AS ea a 
qr g tq 1 forg#0Oandr40 


A rational expression is not defined for the values of the variable that make the denomina- 
tor equal to zero. We refer to these values as restrictions on the variable. 


Answers 


7. {x|xis areal number and 
X#-ZX#1}; 
(co, -3) U (3, 1) U (1, 00) 


8. {t|tis a real number}; (—oo, oo) 
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| Example 3 | Simplifying a Rational Expression 


Given the expression 2x) + 12x" + 16x 

: 6x +24 
a. Factor the numerator and denominator. 
b. Determine the restrictions on x. 


c. Simplify the expression. 


Solution: 


2x7 + 12x? + 16x 
6x + 24 


2x(x° + 6x + 8 
_ 2x(a_+ 6x + 8) Factor the numerator and denominator. 


6(x + 4) 
Qx(x + 4)(x + 2) Avoiding Mistakes 
= se RA ew Oe eEEUPEOCEOSOOOCOOSO OCC ee eee reer reer eererrrerrrrrrerrcercreecrrerre Prey Always determine the restrictions 
6(x + 4) 


on the variable before simplifying 


Ao ; : ; : an expression. 
b. The expression is not defined for all values of x for which the denominator is equal 


to zero. 
6(x + 4) = 0 Solve the equation. 
x=-4 


The restriction on x is that x # —4. 


1 
2x(x + AX +2) _ A+ 2) | Whe +4) Simplify the ratio of common factors. 


2. 3(x +4) 3 Gees 
= wees (provided x 4 —4) 
Skill Practice Given 2 +3*—28 
2x +14 


9, a. Factor the numerator and denominator. 
b. Determine the restrictions on x. 
c. Simplify the expression. 


From Example 3, it is important to note that the expressions 


2x7 + 12x? + 16x x(x + 2) 
a a and ————— 
6x + 24 3 


are equal for all values of x that make each expression a real number. Therefore, 


2x3 + 1207 + 16x x(x +2) 
6x+24 = 3 


for all values of x except x = —4. (At x = —4, the original expression is undefined.) From 
this point forward, when we simplify rational expressions we will not explicitly write the 


restrictions by the simplified form. These will be implied from the original expression. RSWeE 
Example 4 involves simplifying a quotient of two monomials. 9. a. on b. x¢-7 
x-4 


Cc. 


provided x 4 —7 
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FOR REVIEW 


The expression in Example 4 can be 
simplified using the properties of 
exponents. Recall: 


b" - = 1 
Boa pmn pra 
b" b" 
Ix. 8 2! 2,8 
Thu. zs = 


ul) Recall the formula to 
factor a sum of cubes. 


Gpeabe 
= (a + b)(a? — ab + b’) 


Recall the formula to factor a 
perfect square trinomial. 


OF se Dold) 4 for = ((ojsb [oy 


Answers 


Sense Simplifying a Rational Expression 
eee 2x°y* 
Simplify. 
party 8x4y? 
Solution: 
ay . . moe 
ax¥y3 This expression has the restriction that x 4 0 and y £0. 
2,8 
= ois Factor the denominator. 
xy 


Simplify common factors whose ratio is 1. 


Skill Practice Simplify. 
9a>b> 
” 18a*b 


10 


| Example | Simplifying a Rational Expression 


eee +8 
Simplify. > 
pe r+4t+4 
Solution: 
th = si [ae a) Factor the numerator and denominator. 
a (t+ 2) The numerator is a sum of cubes. 
The denominator is a perfect square 
trinomial. The restriction on fis t 4 —2. 
i 
_(P-2t+4) G42) Simplify common factors whose 
(t+ 2) (t+2) ratio is 1. 
_fam+4 


t+2 


Skill Practice Simplify. 


11, —__——_ 
p’—6p+9 
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Avoiding Mistakes 


Because the fundamental property of rational expressions is based on the identity property of multiplica- 
tion, reducing applies only to factors (remember that factors are multiplied). Therefore, terms that are 
added or subtracted cannot be reduced. For example: 

1 


xX+3 coae 
a = aes = (\)- x=* However, ate cannot be simplified. 
sy 3y Yo y+3 
Reduce common Cannot reduce 
factor. common terms. 


3. Simplifying Ratios of —1 


When two factors are identical in the numerator and denominator, they form a ratio of 1 
and can be simplified. Sometimes we encounter two factors that are opposites and form a 
ratio equal to —1. For example: 


Simplified Form Details/Notes 
2a-1 The ratio of a number and its opposite is —1. 
100 : : ok 
=e The ratio of a number and its opposite is —1. 
1 
x+7 =i) X+7  x+7 — xt+7 _ 1 oe 
= —3=7 =1647) —lee7) -1 
a out —1. 
( | 
2-x_ | 2-x _-l(-2+x)_-I@~2)_-l__, 
x-2- x-20 0 x-2 7 ee 


Recognizing factors that are opposites is useful when simplifying rational expressions. 
For example, a — b and b — a are opposites because the opposite of a — b can be written 
—(a— b)=—a+b=b~—aa. Therefore, in general, =2 =—1. 


> b-a 
Seatice Simplifying a Rational Expression 
Simplify the rational expression to lowest terms. 2 a ; 
—Xx 


Solution: 


x= 5 
25 —x 
= a Factor. 
(5 —x)(5 +x) 
Notice that x — 5 and 5 — x are opposites and form a 
ratio of —1. 
= 
= te fecal 
(+x) O-—sj b-a 
1 
= -1 
s+ . ) 
1 1 
=- or — 


459 


460 


Chapter 5 Rational Expressions and Rational Equations 


he factor of —1 may be applied in front of the rational expression, or it may be 
applied to the numerator or to the denominator. Therefore, the final answer may be 


written in different forms. 


Skill Practice Simplify the expression. 


Answer 


12,.= 


X+3 


20 — 5x 


12, 
x -—x-12 
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A.1. 


A.2. 


A.3. 


A.4. 


A.5. 


A.6. 


Given fa) = Fay find 

a. f(0) b. f() 
c. f(-1) d. f(—2) 
Refer to f(x) = oe 


a. Why is f undefined for x = —2? 
b. Write the domain of fin interval notation. 
2x + 6x — 20 
oe ee | 
a. Write the function with the numerator and denominator in factored form. 


Given g(x) = 


b. What are the restrictions on x? 
c. Write the domain of g in interval notation. 
d. Write the function in simplified form. 


by Ghaplitty2 == 


a. Write the opposite of y — 5. 5 : 
may 


a. Write the opposite of —4a — 2b. b. Simplify a 


Simplify the expression and identify the restricted values of the variable. 
72t — 2° 
e-5f - 6t 


4a+2b 
Db 
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Practice Exercises | Section 5.1 


Study Skills Exercise 


As the content grows in complexity, it is important to remind yourself of your long term goals. Times of challenge are 
great opportunities to strengthen your character. Strategies that will help you persist include: 


© Self-awareness of your math skills. 

© Not fearing mistakes, but rather learning from mistakes. 

e@ Advocating for yourself when you need help. 

© Not procrastinating on your math homework or in seeking help. 


With persistence you will find success. 


Prerequisite Review 


For Exercises R.1—R.2, factor the number into a product of prime factors. 


R.1. 84 R.2. 1350 


For Exercises R.3—-R.10, simplify the expression. 


120 
600 


15 


R.3. R.4. 


y 
R.7. R.8, 2 


BY 
For Exercises R.11—R.20, factor completely. 


R11. 24x* — 60x R.12. 120y’ + 28y _ = . 9y — 642 


R.15. 14W7-29w+12 R16. 10x°- 13x-3 » Sac £ 12a— Phe — 3h . 14x? + 63x + 2xy + Oy 
R19. 16x° —72xy+8ly R20. 121c? + 22cd+ d° 
For Exercises R.21—R.22, graph the set and write the set in interval notation. 


R.21. {x|x is areal number and x 4 —3} 


> 


R.22. {x|x is areal number and x 4 2} 
> 


Vocabulary and Key Concepts 
Pp) 
Xx 


laA function is a function that can be written as f(x) =——, where p(x) and q(x) are polynomial 
functions and g(x) £0. q(x) 


b. The domain of a rational function is all real numbers excluding the values of the variable that make the 
equal to zero. 


c. For polynomials p, g, and r, where (q #0 and r #0), pr simplifies to 
qr 


d. The ratio 


a7? = , whereas the ratio - = =_____—provided that a ¥ b. 


a 
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Concept 1: Rational Functions 
For Exercises 2—6, determine the function values, if possible. (See Example 1.) 


2. fix) = nat f(0), f2). f(-D), f(-6) 


3. kx)= are k(O), k(—1), k(2), k(—4) 


4. m(x)= m(—6), m(—4), m(O), m(4) 


5. n(a) = aa n(1), n(0), n(-2), n(—1) 


N 


. fi) = f(4), (4), f3), f-3) 
+9 


For Exercises 7—20, 
a. Write the domain in set-builder notation. 


b. Write the domain in interval notation. (See Example 2.) 


9 10 
7. fa)=— 8. g(a) = -—— 
Xx. a 
+1 t+9 
9. hiv) =~ 10. p() =—— 
eG PO= 3 
it, tee! 12: mac 
2x —5 3t+8 
+1 a 
13. ee 14, k(a) =—._——_- 
IO = Fy éq—27 OF Fades 
15. h(c) =——— 16. aa 
aos 2 aA 
+5 t+4 
17. =— 18. (tf) = 
IO) = 295 16 


19. p(x) = a 20. ry == 2 
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For Exercises 21—24, write the domain of each function in interval notation and use that information to match the function 
with its graph. 


1 
24. P(x) = ra 


21. m(x) = 4 22. n(x) = > 


y 


b. d. 


| 

wn 

| 
ee ee ee 


Concept 2: Simplifying Rational Expressions 
For Exercises 25-26, simplify the expression if possible. 


a5. 9, 2% ‘ioe 4.2 = ieee 
Ay aay 14+ 14b 


For Exercises 27-30, 
a. Factor the numerator and denominator. 
b. Determine the restrictions on x. 


c. Simplify the expression. (See Example 3.) 


2 — 
27. xX +6x+8 98, 2 —o* 
Vr 4+3x-4 2x* — 11x -6 
*— 18x +81 x°+ 14x +49 
2S 30. ————_—_ 
xr -—81 x — 49 


For Exercises 31-52, simplify the rational expression. (See Examples 4-5.) 


3,5 3.2 11,6 93 
31. ay 32. ae 33. Tw is 34. at 
36xy 6a'bc 14w°z 24r°s 
—3m'n 5x’ 6a+ 18 Sy — 15 
35, ——_ 36. 37. — - 38. 
12m°n* 20x*y? 9a +27 3y —9 
39, 22 5 40 3z-—6 41 —7Tc 2 2p +3 
= 95 " 37? 12 " 21c? = 35¢ * 2p? + Tp +6 
= 2 = _ 1)4 _ 2y5 
43. 2 44. Mea) mae 45. a De = 46. ee 
—2P — 5143 y—Ssy+4 (p + 1)°(2p 1) Pir=3) 
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47. eis Se 48. 2c" +2c— 12 
27 +z—-15 -—84+2c+0? 


10x? — 25x* + 4x — 10 


51. 
—4— 10x’ 


Concept 3: Simplifying Ratios of —1 


49 


52. 


For Exercises 53-64, simplify the rational expression. (See Example 6.) 


53, r+6 54, a+2 
6+r 2+a 
ee rs ae 
x— 10 14-y 
c+4 b+2 
1, —— 9 age 
6 c-4 6 b-2 


Mixed Exercises 


For Exercises 65-84, simplify the rational expression. 


65. Fah. 66. xit+4x+4 
P+7t+6 Vr-4 
1625-4 _Oy3y-2 

69. a 70. ae 

8ab°c 27x yz 

73, oe 74, = 

2b° + 5b-—12 3c’ -—17c-6 
_ 2 _ 3 _ 4 
a7, @-2D*a-5) ag PO=11) 
(a—2)(a —5) P(t— 11) 


3 — — 
81. * : = 25x + 50 82. 
x +5x° — 4x -— 20 


4y°+12y—-y-3 
aye +y— 18y—9 


Expanding Your Skills 
85. Write a rational expression whose domain is 


(—oo, 2) U (2, oo). (Answers may vary.) 


87. Write a rational function whose domain is 
(—oo, —5) U (—5, oo). (Answers may vary.) 


55. 


59. 


63. 


67. 


71. 


75. 


79. 


83. 


86. 


88. 


223 + 128 p= 
* 1648242 " 5—10p + 5p” 

8x3 — 12x? + 6x -—9 

16x —9 
b+8 56. igus 
—b-8 -—7-—w 
2r-2 60. 5p — 10 
1-t 2-—p 

_ 2_ 4o-2 

y-x 64. 4w* — 49z 
12x? — 12y* 14z—4w 

8p +8 15y — 15 
aT eT S. 
2p° —4p —6 3y° + 9y — 12 
2 2 2 
— i Mia 
8y — 8x 14-2p 
—2x + 34 16. —9w -3 
—4x+6 3w + 12 
4x — 2x7 80. ae) 
5x — 10 ay 3" 

3 3 
ets $4. wa 27 
3r+1—10 4w* - 5w- 21 


Write a rational expression whose domain is 
(—oo, 3) U (3, oo). (Answers may vary.) 


Write a rational function whose domain is 
(—co, —6) U (—6, oo). (Answers may vary.) 
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1. Multiplication of Rational 
Expressions 

2. Division of Rational 
Expressions 


Multiplication and Division of Rational Expressions 


1. Multiplication of Rational Expressions 


Recall that to multiply fractions, we multiply the numerators and multiply the denomina- 
tors. The same is true for multiplying rational expressions. 


For example: 


Multiply the Fractions Multiply the Rational Expressions 


2.5_10 2x 5z_ 10xz 


a5 A ay 7 Oty 


Sometimes it is possible to simplify a ratio of common factors to 1 before multiplying. To 
do so, we must first factor the numerators and denominators of each fraction. 


i, 4:2 
7-3-8 


7 15 Factor. 7 “5 
ao oes 


. > 
10 21 2-5 


2 = 
3 2 


The same process is also used to multiply rational expressions. 


Multiplying Rational Expressions 
Step 1 Factor the numerator and denominator of each expression. 


Step 2 Multiply the numerators, and multiply the denominators. 
Step 3 Reduce the ratios of common factors to 1 or —1 and simplify. 


| Example1 | Multiplying Rational Expressions 


Multiply. 23-3? . 2 2 Pp 
Solution: 
Sa-—Sb 2 
10 @-b 
= te ae : ga Daa +b Factor numerator and denominator. 
S(a—b)-2 


Multiply. 


ae ae call Avoiding Mistakes 


~ 5-2-(a—byatb) 


1 | if 
3(a—b) -2 1 If all factors in the numerator sim- 


~ §-2-(a—bat+b) a+b 


Reduce common factors and simplify. 


plify to 1, do not forget to write the 
factor of 1in the numerator. 
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Skill Practice Multiply. 
3y-6 y+3y+2 


1 2 
6y y -4 


| Example 2 _| Multiplying Rational Expressions 


4w—20p 2w?+ Twp — 15p* 


Multiply. = * 
i 2w* — 50p” 3w + 9p 
Solution: 
4w—20p 2w?+ Twp — 15p” 
Ww —50p? w+ 9p 
_ 4w—5p)_ _ Qw—3p)(w + Sp) Factor numerator and 
2(w? — 25p) 3(w + 3p) denominator. 


a 2 -2(w — 5p) : (2w — 3p)(w + 5p) 
2(w — 5p)(w + Sp) 3(w + 3p) 

_ 2-2(w — 5p)(2w — 3p)(w+ Sp) 

~ 2(w — Sp)(w + 5p) - 3(w + 3p) 


_ 2: 2Qv—SpyQw — 3p)Gr-4-5p) 
~ _ 20n—Spyav-t-Sp) - 3(w + 3p) 
_ 2(2w — 3p) 
~ 3(w + 3p) 


Notice that the expression is left in factored form to show that it has been simplified to 
lowest terms. 


Factor further. 


Multiply. 


Simplify common factors. 


Skill Practice Multiply. 
5 pt+8p+16  2pt+6 
10p+10  p*+7p+12 


2. Division of Rational Expressions 


Recall that to divide fractions, multiply the first fraction by the reciprocal of the second 
fraction. 


veh s 15. 10 Multiply by the reciprocal 15 49 3 
Divide: 14 ° 49 of the second fraction. ~ 14 10 2.- 


The same process is used for dividing rational expressions. 


Answers 
yt+1 pt+4 
ay * 5(p +1) 


1. 


[STUDY 
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| Example 3 _| Dividing Rational Expressions 


8427 . 4°-6t+9 
g=—4f  2P-1=3 


Divide. 


Solution: 


8°+27 . 4° -6r+9 
9-4P° § 2P-1-3 
BP 427 2-1-3 Multiply the first fraction by 
~ 9 — 47? 4° —6t+9 the reciprocal of the second. 


: “ PTOOTEPeEPeeTETTETEPePeTeTEPeeeeeTeerereeeeeeereeeeeee eee re rereee rere (re Avoiding Mistakes 
_ 2t+3)4t — 6t+9) ; (2t — 3)(t+ 1) 


Factor numerator and See : F 
= ; denoanaioe Naieedat When dividing rational expressions, 
(3 — 21)3 + 21) Ar = 61-9 . your first step should be to take the 


3 . 
8r° + 27 isa nes of cubes. reciprocal of the second fraction 
Furthermore, 4¢° — 6¢+ 9 (divisor). Do this first so that you do 


does not factor over the not forget. 
real numbers. 
1 1 4 
_ (2t4+3)40 = 6t+9)2t—3)(t + I) Simpl 
— 5 implify to lowest terms. 
(3-—21)(3-+-21)(4t- —6t+ 9) 
(t+ 1) 
=(-1)j——— 
(=I) 7 
=-(t+1) or -t-1 
Skill Practice Divide. 
V+x . 10x7+12x+2 
5e—-x 257-1 
i) |=» In Example 3, the factors (2t — 3) and (3 — 2¢) are opposites and form a ratio of —1. 
The factors (2t + 3) and (3 + 2t) are equal and form a ratio of 1. 
Zio EA) uRereas 2t+3 = Answer 
3S SAD a 
* 2x 
Section 5.2 Activity 
, : G Ail 
A.1. Multiply the fractions. — -— 
ultiply the fractions 35° 4 


A.2. Multiply the rational expressions by simplifying common factors whose ratio is | or —1. 


¥Gx-1) G-w6+%) 
(x — 4)(2x +5) 5x(x + 6)Gx - 1) 
2y — 20y’ + 50y 2y?+7y— 15 
—2y* + 3y3 4y’ — 100 
a. Factor the numerator and denominator of both rational expressions. 


A.3. Multiply the rational expressions 


by following these steps. 


b. Multiply and write the simplified expression. 


ISTUDY 
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A.4. Divide the fractions. = +— 


Aac*d . 8a°c 
5ca2 | 25ab 
a. Write the division expression as a related multiplication expression. That is, multiply 

the first fraction (the dividend) by the reciprocal of the second fraction (the divisor). 


A.5. Divide the rational expressions by following these steps. 


b. Simplify common factors whose ratio is 1 or —1. 
1-2x. 4-1 
+8 2° 45x42 
a. Multiply the first expression by the reciprocal of the second expression. 


A.6. Divide the rational expressions by following these steps. 


b. Factor the numerator and denominator of each expression. 


c. Simplify the expression. 


EE Practice Exercises 


Study Skills Exercise 


Talking out loud to yourself and/or teaching the material to another person is also a great way to retain information. As you 
are speaking and relating a concept to another individual, you are increasing your own understanding of the content. 


@ Pick a key concept that was presented in this section. Develop a lesson for teaching this concept to another student. 
Include important definitions or rules and worked out example problems. 


Prerequisite Review 


For Exercises R.1—R.4, identify the reciprocal of the given expressions. Assume all variable expressions represent 
nonzero real numbers. 


3 4 
ay 5 ; R.2. a. i b. 


eel R4 2x7 + 17x +21 
x +15x+ 14 ar 


1 
Ri. a. —1 
ae) 


For Exercises R.5—R.12, perform the indicated operation. 


| 
an 

| 
= 
alse 
——— 


[Sein wt 
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Vocabulary and Key Concepts 


1. a. Given polynomials p, g, r, and s such that g #0 and s £0, a . z ==. 
: ; P.r_U 
b. Given polynomials p, g, r, and s such that g #0, 7 40, and s 40, qos a 
Concept 1: Multiplication of Rational Expressions 
For Exercises 2-17, multiply the rational expression. (See Examples 1-2.) 
2, 2. 3t 2. 4. -6ab- (°°) 5 aes Am? 
12¢ 10 14 15y 3ab 6m 
2 4 24 2 
6, 3 7, 16.2 ora Se 
9 2w* 2 8 12pq? 20q* 
9, 2745, 28rs° A a id ey 2? 13x415 
" Ts Ops? ""g3 9z + 36 Y des oo 
P - 2 = Oh 53D 
je 2 ee De 13, LOw=8 3w*-w-14 14 22 
a ee wt2  25w? — 16 e+xy ly—2x 
3x—15 10x — 20x” 2 2 2 y 
15. : 16. x(x+5)- 17. yor -4)-—— 
4° -2x S-x x — 25 al y+2 
Concept 2: Division of Rational Expressions 
For Exercises 18-35, divide the rational expressions. (See Example 3.) 
fe, 20 jo, 224 ae 
21d 14 25 35w 
45p" 3 
20, —18p? + 2? a, 124 . 6 
2 5 
5x. 10x? 2a . 10a° 
22, —=—+—— 23. ——+ 
7 21 3 Tp 77 
2,2 2 2 
7) age A _ 
(x-2) (-2) 4r’s od 
t+ 5t 6p +7 é 
26. +@¢4+5 27. + (36p" — 49 
t+1 Gro) pt+2 Ge ) 
28 a _@ + 6a’ — 40a 29 b’-6b+9 . b’-9 
a—10 a — 100 b—b-6 
af 2x7 + Sxy + 2y” x +xy—2y 31 68° + st—2P , 3s? + 17st + 10° 
47 —y 2 +xy-y" 6s°-—Sst+P 6s? + 13st -—5P 
32 woxrt+rn-x . re -4r4x-4 33 atatatl 2 at+atab+b 
Wt2tx+1 2-8 +x-4 ata+ab’+b 2a*+2ab+ab’?+b 
_—y 2 
4 35. 8x-4x7 3x +6 


yuo ¢a3y+9 


xy—2y+3x-6° y+3 
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Mixed Exercises 


For Exercises 36-55, perform the indicated operations. 


8atb? . ab? 37, 3x. Avy 


36. I Sai ep 


10x? — 13xy —3y’_ 2y + 8x 
8x°— 10xy-—3y* 2x°+2y’ 


40. 


2 
42. (3m? — 12m) + — 4" 
mn —6m+8 


(at+by @-b .@+ab+v 


44, 
a-b @-bh (a—by 


xy 4y? g 
Satay — 


46. 
x+2y x—2y 


8x7 27y> 8x? + 12xy + 18y" 


48. + 
4x? — 9y? 2x + 3y 


50 mm? + 2m — mn? — 2n? . m> — 25m 


nv? — m? — 20m nm? +m?n—4m—4n 


b -(x+5)+ ss 


52. 
3x+15 9x — 27 


12y +3 _ Ay’ — 19y—5 


54. : 
6y-y-12 2y-y-3 


Expanding Your Skills 


2 5x. 2 4y y 3 
: ‘+ 9, +a 5 
38 95,2 12° 15x ae gy 
4 6a +ab—b 2a* + 4a’b 

10a°+5ab  3a*+5ab— 2b? 

4 
i. Cree. 
x+x-6 


45 m —n? mm —2mn+n2 (m—n)' 


(m—n)y~ m—-mnt+n m+n 


x - Oxy + 9y? x°—S5xy+6y? x7 -9y? 


47. : 
x — Ay? 3y—x x+2y 


49 25m’-1 . S5m+1 
125m’? -—1 25m*+5m+1 


2a’ +ab-8a-—4b a —6a+9 


51. 
2a -—6atab-—3b a’—16 


45 eT 
Gal ako 


53. 
2x*-11x-6 . 2x°-5x-3 


55. : 
3x -2 3x° —7x—6 


For Exercises 56-59, write an expression for the area of the figure and simplify. 


56. 


x+2 


BYE 


59. 


5x - 15 
4x 


[STUDY 
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Addition and Subtraction of Rational Expressions }Section 5.30 
1. Addition and Subtraction of Rational Expressions 


with Like Denominators 4. Addition and Subtraction 
of Rational Expressions 
with Like Denominators 

2. Least Common 
Denominator 

3. Equivalent Rational 
Expressions 

r 4. Addition and Subtraction 
dition and Subtraction Properties of Rational Expressions of Rational Expressions 

Let p, g, and r represent polynomials where g # 0. Then with Unlike Denominators 


iene ae Pa Den ee eal 


Gs ag GG Fa 


To add or subtract rational expressions, the expressions must have the same denominator. 
As with fractions, we add or subtract rational expressions with the same denominator by 
combining the terms in the numerator and then writing the result over the common 
denominator. Then, if possible, we simplify the expression to lowest terms. 


P 
1. = 
a 


| Example | Adding and Subtracting Rational Expressions 
with Like Denominators 


Add or subtract as indicated. 


. 1,3 5x 4 3 ‘ a _x4+l2 
"8 8 “2x-1 0 2x-1 “x-4 x-4 
Solution: 
a. Pgs - Bla Add the terms in the numerator. 
8 8 8 
25 
8 
- 5 Simplify the fraction. 
5x 3 5x+3 Add the terms in the numerator. The answer 
b. ie] Oya Se— 4 is already in lowest terms. 
ne x42 Combine the terms in the numerator. Use 
x-4 x-4 parentheses to group the terms in the 
. numerator that follow the subtraction sign. 
ee) This will help you remember to apply the 
ie distributive property. 
2, 
_vax- 2 Apply the distributive property. 
x-4 
= (=O + 3) Factor the numerator and denominator. 
(x —4) 
1 
— 2A + 3) Simplify the rational expression. 
(x4) 


=x+3 
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Skill Practice Add or subtract as indicated. 
5 1 4c —3 ae 8 


"12 12 c-2 c-2 


2. Least Common Denominator 


If two rational expressions have different denominators, each expression must be rewritten 
with a common denominator before adding or subtracting the expressions. The least 
common denominator (LCD) of two or more rational expressions is defined as the least 


common multiple of the denominators. 
1 


For example, consider the fractions 3; and }. By inspection, the least common 
denominator is 40. To understand why, find the prime factorization of both denominators. 


0=7"55 and j=2 


Acommon multiple of 20 and 8 must be a multiple of 5, a multiple of 2”, and a multiple of 2°. 
However, any number that is a multiple of 27 =8 is automatically a multiple of 27 = 4. 
Therefore, it is sufficient to construct the least common denominator as the product of 


unique prime factors, where each factor is raised to its highest power. 


Bg and gis 2-5 = 40, 


The LCD of 


Finding the LCD of Two or More Rational Expressions 
Step 1 Factor all denominators completely. 


Step 2 The LCD is the product of unique prime factors from the denominators, 
where each factor is raised to the highest power to which it appears in any 
denominator. 


| Example 2 | Finding the LCD of Rational Expressions 


Find the LCD of the rational expressions. 


ehe | tS 
* 12’ 18’ 30 * 2x39" L6xy2z 
Solution: 
al 5 7 
12’ 18’ 30 
1 5 q 


2.3°2.322-3°5 Factor the denominators completely. 


12 =Q2). 3 
18 = 2'G) 
30 = 2! . 3'6) 


LCD = 27. 37-5 =180 


Answers 
1 4c+5 


a Ca? 


2? is the greatest power of 2 that appears. 
3 is the greatest power of 3 that appears. 
5' is the greatest power of 5 that appears. 


The LCD is the product of the factors 2, 3, and 5, where 
each factor is raised to its highest power. 


[STUDY 
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be 
2x*y’ 1L6xy’z 
1 5 F 
D3 5402L Factor the denominators completely. 
2xy 2°xy'Z 
LOD = 2472 The LCD is the product of the factors 2, x, y, and z, where 
= 16x3y°z each factor is raised to its highest power. 


Skill Practice Find the LCD of the rational expressions. 


7 1°55 1.5 


" 40’ 15° 6 ” gap?’ 18a*b 


| Example3 | Finding the LCD of Rational Expressions 


Find the LCD of the rational expre 


es a ee 
"3249x420 x24 8x+16 


Solution: 
a oxt3 6 
x +9x+20 x7 + 8x+ 16 
Vr +3 6 


(x + 4)(x + 5)’ (x + 4)? 


LCD = (x + 5)(x +4) 


oat 
x—-3'3-x 


Notice that x — 3 and 3 — x are opposite factors. If —1 is factored from either 
expression, the binomial factors will be the same. 


x+4 1 


ie 

out —1. 
same binomial factors 
LCD = (x — 3)(-1) 


=-x+3 


=3-x 


The LCD is either (3 — x) or (x — 3). 


Skill Practice Find the LCD of the rational expressions. 


5 xt+1 
“2 phe 4 Pe 6 


ssions. 


Factor the denominators completely. 


The LCD is the product of the factors 
(x + 5) and (x + 4), where each factor is raised to 
its highest power. 


The denominators are already factored. 


x+4 1 


Factor 
out —1. 


same binomial factors 


LCD = (—1)(3 — x) 


Answers 

4. 120 5. 18a*b? 
6. (x + 2)(x — 3) 

7. z—Tor7—-z 
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Example 4 we multiplied the 
polynomials in the numerator 
but left the denominator in 
factored form. This conven- 
tion is followed because 
when we add and subtract 
rational expressions, the 
terms in the numerators must 
be combined. 


Answers 


2x’y 5b? + 15b 
8. 9. 
16x77 b’-9 


3. Equivalent Rational Expressions 


Rational expressions can be added if they have common denominators. Once the LCD has 
been determined, each rational expression must be converted to an equivalent rational 
expression with the indicated denominator. 

Using the identity property of multiplication, we know that for g #4 0 and r £0, 


P_P 4, _P FPF 
q 4 qr sq 


This principle is used to convert a rational expression to an equivalent expression with 
a different denominator. For example, + can be converted to an equivalent expression 
with a denominator of 12 as follows: 


In this example, we multiplied + by a convenient form of 1. The ratio 8 was chosen 
so that the product produced a new denominator of 12. Notice that multiplying > by 
$ is equivalent to multiplying the numerator and denominator of the original expression 
by 6. 


Creating Equivalent Rational Expressions 


Convert each expression to an equivalent rational expression with the indicated 
denominator. 


ae _ 
" 5p? 20p® “w+5 w?+3w-10 
Solution: 
i 
a. =F 
5p’ 20p® 
7 4p" _ 28p* 5p” must be multiplied by 4p* to create 20p°. 


5p 4p’ ~ 20p° Multiply numerator and denominator by 4p". 


|; re 
w+5 w’?+3w-10 


Factor the denominator. 


~ (w+ 5)(w — 2) 
wo _ w_w-2 Multiply the numerator and denominator by the 
w+5 wt+5 w—-2 missing factor (w — 2). 
_  w-2w 
(w+ 5)(w — 2) 


Skill Practice Convert each expression to an equivalent rational expression with the 
indicated denominator. 
1 5b 
8. — a 9. 
8xy  16x°y 


Section 5.3 Addition and Subtraction of Rational Expressions 475 


4. Addition and Subtraction of Rational Expressions 
with Unlike Denominators 


To add or subtract rational expressions with unlike denominators, we must convert each 
expression to an equivalent expression with the same denominator. For example, consider 
adding the expressions ay +5 2 7: The LCD is (x — 2)(x + 1). For each expression, identify 
the factors from the LCD that are missing in the denominator. Then multiply the numerator 


and denominator of the expression by the missing factor(s): 


(3) ; (x+ 1) (5) ; (x — 2) The rational expressions now have the 
(¥=-2) @+1I) G@+l) @=2) same denominator and can be added. 


_ 3a+1)+5@—-2) 
(x — 2)(x+ 1) 
= ap Clear parentheses and simplify. 
Eee a 
(x — 2)(x + 1) 


Combine terms in the numerator. 


Factor the denominator of each rational expression. 
Identify the LCD. 
Rewrite each rational expression as an equivalent expression with the LCD 


as its denominator. 


Add or subtract the numerators, and write the result over the common 
denominator. 


Simplify, if possible. 


| Example5 | Adding Rational Expressions 


with Unlike Denominators 


3. 4 
Add. —+— 
Tb 7 b 
Solution: 
2 fe = Step 1: The denominators are already factored. 
7b b 
Step 2: The LCD is 7b”. 
me + ae! Step 3: Write each expression with the LCD 
7b bw 7 
_ 35 4 28 Step 4: Add the numerators, and write the result 
7b’ Tb’ over the LCD. 


: Simplify. 


Skill Practice Add. 


iGo 
Sy  3y 
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Subtracting Rational Expressions 


with Unlike Denominators 
3r-—2 5 


Subtract. SS SF SSS 
P+4¢-12 2t+12 
Solution: 
3t-—2 5 


P+4t—12 2¢+12 


___ 3t- 2, 5 Step 1: Factor the denominators. 
(t+6)(t—2) 2(t+6) 


Step 2: The LCD is 2(t+ 6)(t — 2). 


2 3t-—2 5 —2 
a 2 Step 3: Write each expression 


with the LCD. 
_ 28t— 2) —-5(¢— 2) Step 4: Add the numerators and write the result 
~ t+ 6)(t — 2) over the LCD. 
_ 6t-4-—5t+10 Step 5: Simplify. 
~ -2(t + 6)(t- 2) 
t+6 Combine like terms. 


~ 2(t-+ 6)(t — 2) 
il 
=. ee Simplify. 
2(t-+6)(t — 2) 
1 
OG = 3) 


Skill Practice Subtract. 


7 a 


e+x-2 3x-3 


Adding and Subtracting Rational Expressions 
with Unlike Denominators 


Add onal cubactandadiened. epee ole 
x x43 43x 


Solution: 
2 " x 3x+ 18 


x x43 43x 


2 et 3x + 18 Step 1: Factor the denominators. 
RES METS) Step 2: The LCD is x(x +3). 


2 (x+3) x x 3x+18 Step 3: Write each expression 


~ x (x+3). +3) x xx+3) with the LCD. 


Answer 
1 
ms 3(x + 2) 


[STUDY 
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Avoiding Mistakes 


2 
= et ee SpE) Step 4: Add the numerators, and write the 
x(x + 3) : result over the LCD. 
2. 
—2xt+6+x —3x—18 Step 5: Simplify. 
x(x + 3) 
x —x-12 Combine like terms. 
x(x + 3) 
_ &- 4+ 3) Factor the numerator. 
x(x + 3) 
il 
— &-D@+3) Simplify. 
x(x-+3) 
_x-4 
x 


Skill Practice Add. 


a+at24 5 


12. SNP: 
a-9 at+3 


Subtracting Rational Expressions 


with Unlike Denominators 


Subtract. eae 
w -w 
Solution: 
os. Step 1: The denominators are already factored. 
w -w 
Step 2: The denominators are opposites and differ by 
a factor of —1. The LCD can either be taken 
as w or —w. We will use an LCD of w. 
= 5 Step 3: Write each expression with the LCD. 
w -w (-1) Note that (-w)(—1) = w. 
a 
wow 
_ 6-(-4) Step 4: Subtract the numerators, and write the result 
~ w over the LCD. 


: Simplify. 


Skill Practice Subtract. 


G2 


= J. 


_. Itis important to insert 


471 


parentheses around the quantity 


being subtracted. 


Answers 
a+3 8 


12. 
a-3 
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Adding Rational Expressions 


with Unlike Denominators 
2 
X-y yr-x 
Solution: 


Add. 


x y Step 1: The denominators are already 
xX-y yx factored. 


Step 2: The denominators are opposites and 
differ by a factor of —1. The LCD can 
be taken as either (x — y) or (y — x). We 
will use an LCD of (x — y). 


x y (Cl . ; . 
= = 5 + C=) : CD Step 3: Write each expression with the 
y LCD. Note that 


(y—x(-D =-ytxex-y. 


2 ae 
— ad + y 

xX-y x-y 

ea y 
= e Step 4: Combine the numerators, and write the 


result over the LCD. 


: Factor and simplify to lowest terms. 


Skill Practice Add. 
3a 15 


Answer 
14. 3 


Section 5.3 Activity 


For Exercises A.1—A.2, perform the indicated operations and simplify the result. 


ee Ag, 2 +2x-7_ 2x+18 
PES my 5 x-5 
A.3. To add or subtract expressions with different denominators, we must first convert the expressions to equivalent 


‘ : : : 5 1 
expressions with a common denominator. Consider the sum —— + —~ 


Axy* 8x? 


A.1. 


a. Factor the denominators of each expression. 


b. To build the least common denominator of the two expressions, follow these steps. Identify each unique 
prime factor from the two denominators and the highest power to which it appears in either denominator. 
Then take the product of these. 


Write the greatest power to which 2 appears: 2 


Write the greatest power to which x appears: x— 


Write the greatest power to which y appears: y~ 
The product is 


ISTUDY 
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c. Multiply each term by an appropriate ratio of 1 so that the denominator of each term is the LCD 8x’y*. (Hint: 
Determine the missing factors from each denominator that are needed so that the product equals the LCD.) 


oy Elle 
ty ll 3, Sl 


d. Add the fractions from part (c). 


For Exercises A.4—A.6, add or subtract the expressions by following these steps. 
a. Factor the denominators. 
b. Identify the LCD. 
c. Write each term as an equivalent expression with the LCD as the denominator. 
d. Add or subtract the numerators and write the result over the common denominator. 
e. Simplify the result and write the expression in lowest terms. 


3 7 
A4, =—+— 
5x : 15 
2 8 
A.5. 
3x-18 +%— 36 
ING y 1 11 


9 
Pe os 


a. Explain why the LCD can be taken as x — 3 or as 3 — x. 


A.7. Consider the expression 


b. Add the fractions using x — 3 as the LCD. 
c. Add the fractions using 3 — x as the LCD. 


5 
eee 


d. Show that the expressions are equivalent. 


Practice Exercises 


Study Skills Exercise 

Math anxiety can stem from negative past experiences, fear of failure in a current course, or experiencing failure in a 

specific content area. However, advocating for yourself will help you build confidence. Ask questions in class or privately 

with your instructor. Learning new concepts requires productive struggle, so don’t be afraid to make mistakes, take risks, 

and seek assistance when needed. 

@ Review the key concepts of this section and identify one to three concepts or problems that you do not understand. 
Continue to seek help until you are satisfied that your questions have been answered and that you are confident in your 
understanding. 


Prerequisite Review 


For Exercises R.1—-R.2, find the least common multiple of the pair of numbers. 
R.1. 18 and 24 R.2. 12 and 15 


For Exercises R.3—R.4, identify the least common denominator of the given expressions. 


R.3. os and as R.4. = and 13 


12 18 14 63 
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For Exercises R.5—R.10, simplify the expression and identify restricted values of the variables. 
4 yp 
aL RO. ane 
scm) 3c°d 
Gly le 4x° — 100 


R.8. 
4x? + 20x 


R10. 2-= 

For Exercises R.11-R.14, multiply. 
R.11. —5¢(t — 6) R.12. —7w(w — 10) 
R.13. (3x + 1)(5x - 7) R.14. (2y + 9)(y — 4) 


2-x 


R.15. Which of the expressions are equivalent to ? Circle all that apply. 


a 222 i —(x - 2) d 2-x 


—6 ‘ 6 : : 6 


. Which of the expressions are equivalent to 5 3 ? Circle all that apply. 
y 


jean 


Vocabulary and Key Concepts 


oa a a 
b. The (LCD) of two rational expressions is defined as the least 
common multiple of their denominators. 


1. a. Given polynomials p, g, and r such that g # 0, Pye = andl - 
q 4 


Concept 1: Addition and Subtraction of Rational Expressions with Like Denominators 


For Exercises 2-14, add or subtract as indicated and simplify if possible. (See Example 1.) 


14 2 3 12 
2 —= 2 eee 
aul 3) 4 5 65 
3,4 2 3 
4. i @ 5. oy 
3 1 3 7 
6. =+— 5 7 a 
xr x 5% “OX 
8. fo 9, x _ 3 
2x7 2x? Vr -2x-3 x -2x-3 
10. x 7 6 uu. 5x- 1 z 3x-6 
er+4x-12 x 4+4x-12 (2x+9)(x-6) (2x+9)(x- 6) 
2. 4—-x 35x—6 BB. x+2 x-12 
8xt+1 8x41 x-5 x-5 
14. 2x1 x-5 


x-2 x-2 
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Concept 2: Least Common Denominator 


For Exercises 15-26, find the least common denominator (LCD). (See Examples 2-3.) 


2 

15. a as 16. a aie ee 

8 20x 5a 35 

—5 1 13 9 
SS 18, 3. = 

6m* = 15mn" 12cd> 8c3 
19. a = 20. Benes : 

(x-4)(x+2) (x-4)(x- 6) (2x-1)\(x-7) (Qx-1)(x+1) 
21, ee a5 a 4 

x(x— 1(x+7)? x°(x+7) (x—2)°(x +9) xe — 2)(x4 9) 
23. 5 x-5 24. Ta a+12 

X-6 x°—8x+4+12 at+4 @-16 
a5. 28 : : ey 222 

a-4 4-a x-6 6-x 


Concept 3: Equivalent Rational Expressions 


For Exercises 27-32, fill in the blank to make an equivalent fraction with the given denominator. (See Example 4.) 


5 —5 
7, —=— 28. —=—~ 
3x 9x?y xy 4x23 
7 ea a 
x-1l xx-1)4+4+2) 2x-5 (2x—5)(x+ 8) 
1 a 32, 


yt6 y+5y—6 =8 P2616 


Concept 4: Addition and Subtraction of Rational Expressions with Unlike Denominators 


For Exercises 33-58, add or subtract as indicated. (See Examples 5-9.) 


4 5 6 1 s-1 t+1 
33. —-—— 34, —— -——— 35. — 
3p 2p? 5a’b 10ab s t 
x+2 y-2 4a-2 a-2 6by+5 yt2 
36. —— ->—— 37. — — 38. —---== — ——= 
x y 3a+12 a+4 Sy-25 y-5 
10 2 6 3 x-2 x4+2 
39, ——— + — 40. ———— + — 41. — 
b(b+5) b ww-2) w x-6 6-x 
42. x=10 x+10 43. 6b st Ag 5 
x-8 8-—x b-4 b+1 a-3 a+6 
2 4 3 1 y-2. 2y’— 15y4 12 
45, ———_+ 46. —— +——_ 47. + 
2x+1 x-2 yt6 3y+1 y-4 y — 16 
48. xi +13x+18 xt] 49, *#2__ x 50. 7 n x 
vr-9 x+3 vr —36 x +9x+18 V-x-2 44043 
ee Cae 55 eS 
w —-w y -y S-n n-—-5 
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Cc 2c—-7 2 x 5 4 
54, + 55: + 56. ->——— 
7=¢ @=7 3x-15 25-2 9-2 44x43 
57. ee a eee eee 
204+9m+m 12+7m+m 64+5t+P 24340 


Mixed Exercises 
For Exercises 59-80, simplify. 


9, 2 +e 0, 2454 61. wH2+— 

= h-34 = Pee ae Toga 
65. teats 66. i eee [a2 +5] 
oe ge = era fares a rae lees =r 
a at are res: = aS a a se 
. ees Faas eee | eee: 

80. stay 


For Exercises 81-84, write an expression that represents the perimeter of the figure and simplify. 


81. 
+1 aay 
2m <= cm 
= 
x 
air ia 


S om 


83. 
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Complex Fractions 


1. Simplifying Complex Fractions by Method | 


A complex fraction is an expression containing one or more fractional expressions in the 
numerator, denominator, or both. For example: 


se 


and 


are complex fractions. 

Two methods will be presented to simplify complex fractions. The first method 
(Method I) follows the order of operations to simplify the numerator and denominator 
separately before dividing. The process is summarized as follows. 


simplifying a Complex Fraction—Method | 
Step 1 Add or subtract expressions in the numerator to form a single fraction. 
Add or subtract expressions in the denominator to form a single fraction. 


Step 2 Divide the rational expressions from step 1. 
Step 3 Simplify to lowest terms, if possible. 


| Example1 | Simplifying a Complex Fraction by Method | 
Sx 


Simplify the expression. a. 
10x 
ye 
Solution: 
se 
ae Step 1: The numerator and denominator of the 
10x complex fraction are already single fractions. 
y 
= 5x? + ae Step 2: Divide the fractions. 
y y 
sey , 
yy 10x Multiply the numerator of the complex 
fraction by the reciprocal of the denominator. 
- aes 
10xy 


Simplify. 


Skill Practice Simplify the expression. 
18a? 
b? 


1. Simplifying Complex 
Fractions by Method | 

2. Simplifying Complex 
Fractions by Method II 


FOR REVIEW 


The expression in Example | is a 
complex fraction with variables. 
Before attempting Example 1, con- 
sider a similar looking numerical 


fraction. 

5 

3 5.10 

10 3° 9 

9 4 3 
a2, 7 3 
x 2 
1 2 


Answer 
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Sometimes it is necessary to simplify the numerator and denominator of a complex fraction 
before the division is performed. This is illustrated in Example 2. 


| Example 2 _| Simplifying a Complex Fraction by Method | 
ti 


4x 2 
1 


2x 


Simplify the expression. 


Solution: 
ee 
4x2 Step 1: Combine fractions in the numerator and 
a i denominator separately. 
2x 
ce 
_4Ax 2x 2 The LCD in the numerator is 4x. 
2x 3 01 The LCD in the denominator is 2x. 
2% 1 2x 
1 — 6x 
4x Step 2: Divide the expression in the numerator of 
Geet the complex fraction by the expression in 
2 the denominator. 
x 
L-6r 2x 
= ae er Multiply by the reciprocal of the divisor. 


Simplify to lowest terms. 


2. Simplifying Complex Fractions by Method II 


We will now use a second method to simplify complex fractions—Method II. Recall that 
multiplying the numerator and denominator of a rational expression by the same quantity 
does not change the value of the expression. This is the basis for Method II. 


Simplifying a Complex Fraction—Method II 
Multiply the numerator and denominator of the complex fraction by the 
LCD of all individual fractions within the expression. 


Apply the distributive property, and simplify the numerator and 
denominator. 


Simplify to lowest terms, if possible. 


Answer 


1 
2. -—> 
3 
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| Example 3 _| Simplifying a Complex Fraction by Method II 
6 


Aes 


Simplify by using Method II. 


Solution: 


The LCD of all individual terms is x’. 


6 
a (4 = ) Step 1: Multiply the numerator and denominator 


=~ 3, of the complex fraction by the LCD of x’. 
2 . ——_— 
Nz 
2-2. (2) 
a Step 2: Apply the distributive property. 
2 3 
ea) 
x 
_ 4x? = 6x 
263 


Factor and simplify. 


Simplifying a Complex Fraction by Method II 


=... 9 
oe ; x -x 
Simplify by using Method II. —_—_—_——; 
ree . 14+2x7! -— 3x? 
Solution: OT When writing 2x7" 
xii x? with positive exponents 
1 42x) — 3x2 recall that 
7% Deo 
ee Rewrite the expression with positive - 
= 5) * 3 exponents. The LCD of all individual ~2,1_2 
14+=-5 terms is x°. xx 
ae 
Answer 


3. y 
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1 1 
- G = =) Step 1: Multiply the numerator and denomi- 
oe a nator of the complex fraction by the 
#.(142-3) LCD x, 
x 


= Step 2: Apply the distributive property. 


= GF DGQoD Step 3: Factor and simplify to lowest terms. 


1 


eee ot ee 
(x + 3)(4—1) 


1 
x4+3 


Skill Practice Simplify by using Method II. 
clb- bic 
bl+c! 


Simplify the expression by Method II. wae 5 = 
1+ 
we 
Solution: 
oe eee oe 
w+3 w-3 
9 
1+ 
w—9 
oft 
a 3 oy -3 Factor all denominators to find the LCD. 
Ge w= 3) 
1 1 1 9 : 
The LCD of — 3). 
e LCD o wake pas and ewes is (w + 3)(w — 3) 
_ 1 1 Step 1: Multiply the numerator 
_ sidididad ais +3 w- 3) and denominator of 
7 9 the complex fraction 
3)(w — 3)} 1 + —— 
ae | + Ww 3we I by (w + 3)(w — 3). 


Answer 
4. b-c 
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_ Go 3)" — 3)( eg) ~ Ow + Dory 1s) Step 2: 


Distributive 


- (w+3)(w—3)1 + o-4+3\00—~3)] 2 | property. 


(w+ 3)(w—3y 


_ w-3)- (43) 


Z Step 3: Simplify, 
(ee w= 3)4 0 *P pave 


_w-3-w-3 
w—-9+4+9 


=o 


Apply the distributive property. 


Skill Practice Simplify by using Method II. 


ea 
5 xt] x-1 Answer 
x 1 5 x-3 
x-1 x41 “41 


A.1. a. Add the fractions. + 


b. Subtract the fractions. 


c. Simplify the complex fraction using the order of operations (Method I). That is, simplify the numerator, 
simplify the denominator, and then divide the results. 


50 
5 
al 
3. 6 


A.2. a. Subtract the fractions. 


identify the LCD. 


1 
» and = 


Nin 
\Olt 


WIN 


A.3. a. Given the fractions 


tf 


b. Multiply. 18-( 


alt, 
Dl wold 


eee 


WIN AlN 


c. Multiply. 18- ( 


as 
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De 
= + = 
d. Simplify the complex fraction by $ ‘ by using Method II. To begin, multiply the numerator and denominator 
4G 
by the LCD of all terms in the fraction. Compare your answer to the answer to Exercise A.1(c). 
Be 2 
ime) 
679 
dl 
ma) 
3) (0) 
; P 141 Dy : 
A.4. a. Given the expressions —, —, =, and <, identify the LCD. 
yx y 


: 1 4 
b. Multiply. ey (G = *) 
ey, 


: a Hl 
c. Multiply. xy (+ oF 7) 
d. Simplify the complex fraction by using Method II. That is, multiply numerator and denominator by the LCD 


of all individual terms in the complex fraction. 


xl 4x? 
Lae aa 
a. Write each term in the numerator and denominator with positive exponents. 
b. What is the LCD of all individual terms in the expression from part (a)? 
c. Simplify the complex fraction by using Method II. 


A.5. Consider the expression 


ee Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.6, apply the distributive property. 


oe are 
R.A. 15(3x 1) R2. 18(Zy +3) 


vi 1D ib 
R4. x (epee RS. ca( 2 - +) 


For Exercises R.7—R.10, perform the indicated operation. 


For Exercises R.11—R.12, write the expression with positive exponents only. 


Ree ice: R.12. —2w7! 


Section 5.4 Complex Fractions 


Vocabulary and Key Concepts 


1. A________ fraction is an expression containing one or more fractional expressions in the numerator, 
denominator, or both. 


2. Divide the fractions. 


4x 

4x . 10x <= 
a ta oe Gg 
3 


Concept 1: Simplifying Complex Fractions by Method | 
For Exercises 3—10, simplify the complex fractions by using Method I. (See Examples 1-2.) 


3x2 3w? x-6 a+4 
9y? drs 3x 6 
3. 4. 5. ———— 6. 
3x 15wr 3x — 18 16-—a@ 
yx x 9 3 
2d ia 5 3 
<+— a+ = - > 10-> 
3 6 8 2x 5x 
7. TU 8 Ts 9. 5 10. a 
a a —-2 —-5 
2 4 8x 10x 


Concept 2: Simplifying Complex Fractions by Method II 
For Exercises 11-42, simplify the complex fractions by using Method II. (See Examples 3-5.) 


ih meee ae 12, — 14. 
1 1 54 Poe: 
4y + 12 4x — 20 6 10 
g. 4 
ar > 3p a Za pra aie 
ee ae ig, = 17, ——* ig, 22 
q 2b 4 9 4 1 
qg-4 pi = ee 
Pp a a a y’ y 
-1 2 nnd = 
ream 1 ae 5 22, —° 
1-r or 6w 10 
a 22- 
wel z-4 
nat — ees io 
ph a oy a 16, —— — 
J ee jee Lier, 
yt+3 : w—-4 x x x x 
_ 20 34 30 2_ 3 J 
27 tel 28 p-1 29, 2 a+l1 30 b b+i1 
© 942 " 3.8 ee "4 5 
t Dp a+1 a b b+i1 
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14 2 2 o2 oe 
y+2 y-3 t-4 ¢t+5 x+h x 2x+2h 2x 
1. — > 2, _ 4, = 
: 2 7 - 6 r 2 2 h : h 
y-3 yt+2 t+5 t-4 
2 =f ~2 -1 2 -1 -1 
a yee cei aa 
x+3x 5x a —b m~—4n 
i: 1 oo. 6 6 =e 
4+h 4 34+3h 3 x+h x xt+h 
._ ——_— 40, ——~—_— 41, ——— 42. 
a7 h : h h h 


Expanding Your Skills 


43. The slope formula is used to find the slope of the line passing through the points (x,, y,) and (x, yz). Write the 
slope formula from memory. 


For Exercises 44-47, find the slope of the line that passes through the given points. 
12)\ /1 3 3 5. 9 1 1 
44. (1-,=},{-,-2 45. -3.2), -1,-3 46. (2.5), (-=. -:) 
(aa) G ) aa) ) 8 10 16 5 


Xx 
rt 


(8) 
4 3 8 6 


by writing the expression on the left without negative exponents and 


48. Show that (x+x7!)!= 


simplifying. 


49. Show that (7! +y!)'= ae by writing the expression on the left without negative exponents and 
xr y 


simplifying. 


50. Simplify. 51. Simplify. 


Problem Recognition Exercises 


Operations on Rational Expressions 

For Exercises 1—24, identify the operation (addition, subtraction, multiplication, or division), then simplify the expression. In 

each case, be sure to ask yourself if you need a common denominator. 

Se -6x+1, 167-9 x 
P-1 4° 4+7x4+3 4x-3 


) ee 2. (+5)+(—5) 3. 
x-4 


Bw? 4w 


G2) a +4atab+4b 5 4 Ware 


3 
" 3a?+3ab a’? + 9a +20 “y+l y-1 y-l w— low w—4w 
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2+ 
7 a-16 x+3 8 P-9 t+3 9 
" 2x+6 a—-4 “  t t+2 ih 
@ 
6x°y 
—ae ii, 2 12. (?- 6r+8)- (=) 
3x r-y yr-x ae 
y 
B 3 a2 14 5 x+7 15 1 owt2 
“x-2 6 “x+7 10 “w-1 3w-3 
2 
y+——3 
iG 7, = 18, 222 ae 
y-3y-10 y-5 ie P38 tar 
ay. 
2 35 7 = 
19. 4x’ +22x+24 6x+6 20. L2x'y"z , loxy 21. 3x i vi 
4x+4 4° —9 5x" 107 4 6x — 2 
2x7! + 3x7? 2y+1 y-2 a 100 — 20a 
ee 23. 2): = 24. a 
22 qos Os Mie y-4 yt+3 a-—10 10-a 


Solving Rational Equations }Section 55 


1. Solving Rational Equations Concepts 


Thus far, we have studied two types of equations in one variable: linear equations and —-_ Solving Rational Equations 


quadratic equations. In this section, we will study another type of equation called arational 2. Formulas Involving Rational 
equation. Equations 


Definition of a Rational Equation 


The following equations are rational equations: 


3 1.2 6w 6 


» *& 3 w+l wl 


To understand the process of solving a rational equation, first review the procedure of 
clearing fractions. 
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FOR REVIEW Solution: _ 


The technique of clearing fractions 
utilizes the multiplication property 
of equality. Multiplying both sides 
of an equation by the same nonzero 
real number results in an equivalent 
equation. 


Answer 


3) 


| Example | Solving an Equation with Fractions 


1 1 1 
Ive th ion. =x+—=— 
Solve the equation a + 3 re 


e + a a The LCD of all terms in the equation is 12. 
1 1 1 : . ; 
12 a + 3) = 12 7) Multiply both sides by 12 to clear fractions. 


12 Se i = Iz: > Apply the distributive property. 


6x +4 = 3x Solve the resulting equation. 
3x = —4 
gen 
3 
1 1 1 
heck: —x+2=-— 
Chec et 3 ria 
Ue eee) 
2-3) 44g 
2,12 1 
a aa 
1» 1 
Sees 
3 3 


The solution set is {-3}: 


Skill Practice Solve the equation. 


ide 0 
20.5 


1. = 
2 


The same process of clearing fractions is used to solve rational equations when variables 


are present in the denominator. 


ESTEEM) Solving a Rational Equation 


Solve the equation. 2 + mae 
5 x 3 
Solution: 
3 yin2 The LCD of all terms in the equation is 15x. 
oe 3B. Note that in this equation there is a restriction 
that x 40. 


15x(2 + 1) = 15x(3) Multiply by 15x to clear fractions. 


[STUDY 


3 iggy? 
ax 5 + 1x le 3 
9x+ 15 = 10x 


15=x 


The solution set is {15}. 


Skill Practice Solve the equation. 
2.245=-1 
y 3 


| Example 3 | Solving a Rational Equation 


Section 5.5 Solving Rational Equations 


Apply the distributive property. 


Solve the resulting equation. 


Check: x = 15 +i a3 
Se ee 


Solve the equation. 3 — om = we 
w+l wt+l 
Solution: 
_ bw _ 6 The LCD of all terms in the 
wel wl equation is w + 1. Note that 


in this equation there is a 
restriction that w 4 —-1. 


6w 6 Multiply by (w + 1) on both 
1)(3) - 1){ —— ]= 1){ —— 
TS es (5 +1 ee Ge +1 sides to clear fractions. 
6w 6 Apply the distributive property. 
+1)(3) = ety) = ot (— } 
(w+ 1)3) -( ) i ( : F 
3w+3-6w=6 Solve the resulting equation. 
—3w=3 
w=-l 


Check: a eee 
wt+l wt+l 
6(-1) 2 6 


Gh+1 @1)+1 


The denominator is 0 
for the value of w= -—1. 


Answer 


2 {3} 
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FOR REVIEW 


Recall that to solve a quadratic 
equation, set one side equal to zero 
and factor the other side. If the 
product of factors equals zero, then 
one or both factors must be zero. 
Thus, if 

(x + 7)(x — 4) = 0, then x + 7 =0or 
x-4=0. 


Answer 
3. { } (The value —2 does not check.) 


The value —1 is one of the restrictions on w found in the first step. As expected, the 
value w = —1 does not check. Since no other potential solution exists, the equation has 
no solution. 


The solution set is the empty set, { }. 


Skill Practice Solve the equation. 


8 4x 
3. 5 -——-= 
x+2 x+2 


Examples 1-3 show that the steps to solve a rational equation mirror the process of clear- 
ing fractions. However, we must check whether the potential solutions are defined in each 
expression in the original equation. A potential solution that does not check is called an 
extraneous solution. 

The steps for solving a rational equation are summarized as follows. 


Solving a Rational Equation 
Factor the denominators of all rational expressions. Identify any values of 
the variable for which any expression is undefined. 
Identify the LCD of all terms in the equation. 
Multiply both sides of the equation by the LCD. 
Solve the resulting equation. 


Check the potential solutions in the original equation. Note that any value 
from step 1 for which the equation is undefined cannot be a solution to the 
equation. 


Solving a Rational Equation 


Solve the equation. 1+ 28 
xX Xx 


Solution: 


The LCD of all terms in the equation is x’. 
x Expressions will be undefined for x = 0. 


eed) 


ae sere 
x 


Multiply both sides by x’ to clear fractions. 


Apply the distributive property. 


“18 


x + 3x = 28 
x +3x—28=0 
(x+ 7)(x-4) =0 


The resulting equation is quadratic. 


Set the equation equal to zero and factor. 


x=-7 or x=4 


[STUDY 


Section 5.5 Solving Rational Equations 


Check: x = —7 Check: x = 4 
143-3 ees 
Xx xX x 

io a 432 28 
a ep 4 4 
fesaee 43228 
7 7 49 4°4 16 
4.4 7To7 
—=-JS pcre ie 
74 a ae 


The solution set is {—7, 4}. 


Skill Practice Solve the equation. 


grees 
X 


Solve. or ae 
p-9 pt3 
Solution: 
36. 2p 
p—-9 pt3 
36 > The LCD is (p + 3)(p — 3). 
se ee Expressions will be undefined for p = 3 
Dee =2) ped and p = —3. 
Multiply both sides by the LCD to clear 
fractions. 
36 2p 
+ 3)(p — 3)} —.———__ = (p + 3)(p — 3){ — = ) -@ + 3)(p -3)1 
(p + 3)(p loess (p + 3)(p (72, (p + 3)(p — 3) 
36 2p 
3-3 | = w+sip-3(2,) = (p+ 3p -3)1 
(p+3p= 3) p*3 


36 = 2p(p — 3) —-(p + 3)(p —3) Solve the resulting equation. 

36 = 2p’ — 6p — (—p? — 9) The equation is quadratic. 

36 = 2p? -— 6p — p* +9 

36 = p’- 6p +9 
0 = p’—6p—27 Set the equation equal to zero and factor. 
0 = (p— 9)(p +3) 
p=9 or p=-3 


Answer 
4. {-8, 2} 
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Avoiding Mistakes 


Variables in algebra are case- 
sensitive. For example, M and m 
are different variables. 


Answer 
5. {—9} (The value —2 does not check.) 


Solve for the indicated variable. V= - form 
m 
Solution: 
Sa for m 
m+M 


Check: p = 9 Check: p = —3 
36 2p 36 _ 2p 
2 ag 29 p+3 
p—-9 pt3 P Pp 
36 2» 2(-—3) 


36» 29) zt = 
ee ee ee ee 676 C343 
OES (3% -9  (-3) + 


pene ance | Denominator is zero. 
72 12 

eS 1 

2 2 

Tal 

2 2 


Here the value —3 is not a solution to the original equation because it is restricted in the 
original equation. However, 9 checks in the original equation. 


The solution set is {9}. 


Skill Practice Solve. 


6 _ 20x x 
“xt2 2 -x-6 x+2 


2. Formulas Involving Rational Equations 


Solving a Literal Equation Involving 


Rational Expressions 


Multiply by the LCD and clear 


m+M fractions. 
Vim + M) = mv 
Vm + VM = mv Use the distributive property to clear 


parentheses. 
Collect all m terms on one side. 


Factor out m. 


(Y—y) —VM — 
e = S Divide by (V — v). 
Y—-y) (V-v) 
—VM 
m= 
V-yv 
i) | > The factor of —1 that appears in the numerator may be written in the denominator 


or out in front of the expression. The following expressions are equivalent: 


—VM VM VM VM VM 
n= OF fas = = 
V-v —(V-v) -V+v v-V V-v 
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Skill Practice Solve the equation for x. 


_ax+b 


Answer 
6. y= 
y x+d 


ap a Le 
y-a 


Section 5.5 Activity 


A.1. a. What is the LCD of the expressions 31, 2 and a 


3 3) 
. 5 2) 
b. Multiply. 15-(=t-< 
ed cae 
c. Multiply. 15- (« e 5) 
15 
d. Solve the equation by first multiplying both sides by the LCD of all terms in the equation. 
De als 
See) 15 
A.2. a. Factor the denominators of the terms in the equation 


1 dyenelmy ss =e 
x+4 x-4 _16 
b. What are the restrictions on the variable? 
c. What is the LCD of all terms in the equation 
1 peices —8 9 
x+4 x-4 (*4+40-4) 
d. Solve the equation by first multiplying both sides by the LCD of all terms in the equation. 
1 gee eee = 
x+4 x-4 ~_16 
. What is the smallest power of x that can be used to clear the fractions in the equation 2 — EL + A = 
. Clear the fractions in the equation part (a). oe 
c. Solve the equation. 


A.3. 0. 


a 2 


A.4. The equation = = ; + k is used to study electromagnetism in physics. Solve the equation for a by following 
these steps. 

a. To “move” a out of the denominator, clear the fractions in the equation. 

b. The variable a appears in two terms in the equation bc = ac + ab. To isolate a, we want only one 
occurrence of a in the equation. To accomplish this, factor out a as the greatest common factor on the 
left side of the equation. 

c. Use the resulting equation from part (b) to complete the process to solve for a. 


Practice Exercises _ Section 5.5 


Prerequisite Review 


For Exercises R.1—R.6, determine the least common denominator. 


=3 8 2; 5) 


and and 


R.1. R.2. 
x 


7 
y+7 3y wt+5’ 4w+ 20’ 8 


ell merece dea 
R.4. n z 5s po Co ag dg 
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For Exercises R.7—R.10, apply the distributive property and simplify. 


ii 5) 3 8 
RI. 2x(x-4(24 25) RB. 39+7)(—35 +3) 


R.9. p° ice ~ 
P 


For Exercises R.11—R.12, identify the restricted values of the expression. 


RD. 4 


ard Shy 
For Exercises R.13-R.16, solve the equation. 
R13. x? — 12x = -32 R14. x° + 8x =—-12 
R.15. 4x(x + 2) = 21 R.16. 3x° = 2 — 5x 
For Exercises R.17—R.20, solve for the indicated variable. 
R.17. A= lw for w R.18. A = 2arh for r 
R.19. 2x — 7y = 14 for y R.20. —3x — 10y = 30 for y 


Vocabulary and Key Concepts 


1. a. The equation 


tice an example of a_________ equation 
e402 «5 ian 


b. After solving a rational equation, check each potential solution to determine if it makes the 
equal to zero in one or more of the rational expressions. If so, that potential solution is not part of the 
solution set. 


26 = s , iS it possible for 4 to be a solution to the equation? 


c. Gi + 
ee Oe 1 2x—-7Tx-4 x-4 


Concept 1: Solving Rational Equations 


2. Why is it important to check your answer when solving a rational equation? 


For Exercises 3-6, identify the restricted values of the variable that would make any expression in the equation undefined. 


Bin 20 _ 3 
3. 2-==5 4.74+== 
yo ¥ oe 
e Me Ne 6, 3%. 5 2 = 1 
“6-5 c+l CH4c-5 “x42 x-4 ~_2x-8 
For Exercises 7-42, solve the rational equation. (See Examples 1-5.) 
Bt Sa Dy 1 xt2 x74_1 X+6_ x+8_ 
7. 5 SoS 8. gt gta 9, 3 7 3 10. 3 5 =0 
3y Sy 2w 4w 5 7 7 3 
11. —-2== 12. —-8 =— 13. —--—-+3=0 14. —--—-2=0 
4 6 5 2 4p 6 15w 10 
15, eee: iC eee fe a 
2 2x x 12 3x 4 6x 3 x-4 x-4 x+3 x4+3 
(9) 0. 24.) 29 ,) eer Pan ee 
3 w-3 5 pt+2 x x-5 x y y-2 y 


23. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


Concept 2: Formulas Involving Rational Equations 


Sees 4, aoe. 
a a w Ww 
2 ee ee 
yt+3 y+ 3y y 
8 es 
i). P= 
6 1. 4 
S5y+10 y-5 y-—3y-10 
Be gic 5 
e=5°5 x=5 
6 11 
4x43 x-3 4x-4 
1 4 Ry 
k42 k=2 4-7 
5 2 5 
2 = 7 
x°—7x+12 x*x-3 x-4 
4 7 1 


C4+Ix412 248x415 2249x420 


25. 


28. 


30. 


32. 


34. 


36. 


38. 


40. 


42. 


Section 5.5 Solving Rational Equations 


ma -—4a'=0 


x 72 


= +4 
X+6 x°—36 


3 _ 2 _ 10 
x -Tx4+12 x 4+x-12 x -16 


x ,2_ 2 
x-2 3 x-2 


1 5 2 


= + =0 
4° —36 x+3 x-3 
heh _ 4 
2 h-4 4-h 
9 5 3 


Peiei0 222 245 


5 _ 2 _ 8 
Vr -—6x+8 °43x-10 x +x-20 


For Exercises 43-60, solve the formula for the indicated variable. (See Example 6.) 


43. 


46. 


49. 


52. 


55. 


58. 


K="" form 44. K= 
poe for R 47. [=—— 
E a 
fee for B 50. ee 
Bb mh 
TE for m 53. 
m xy 
2A A 
b=— forh 56. l4+rt=— 
at 7 or +r P 
b+a 


1 = 
=— forb 59. y= + 
a 


45. jp for E 
E 
48. es for r 
R+r 
51. set for t 
54. for w 
wn 
57. sa aaee for R 
RR, R; 
60. a= 2"! for v, 


1 
26. —t—12r'=0 
3 
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Mixed Exercises 


For Exercises 61-74, solve the equation. 


61. 2 ae = 62. a ae 
xt+2 x 42x y-3y y y-3 
63. 4c(c + 1) =3(c? + 4) 64. 34(2t— 2) =5(P — 1) 
2 4 3 29 3 6 
65. - = > ___ 66. = fb 
v-1l v+5 w+4v-5 a+4 a-5 a@—a—-20 
67. 5(x —9) =3(x + 4) — 2(4x + 1) 68. 4z—3(5z-3) =z-12 
3y 5 y 2h 8 A 
a ee 1 =e 
m 10 2y 5 3 3h 2 
71 diag = 15+ 200d +2)= S (4d +1) 72 20n +5) 4 1 ap -—10)= 1i3p 49) 
ao 3 6 ns 10 “2 
73. 8f'4+2=3r'! 74. 6z7-—5z1=0 


Expanding Your Skills 
75. Find the value of y so that the slope of the line between the points (3, 1) and (11, y) is 4. 


76. Find the value of x so that the slope of the line between the points (—2, —5) and (x, 10) is 3. 


77. Find the value of x so that the slope of the line between the points (4, —2) and (x, 2) is 4. 


78. Find the value of y so that the slope of the line between the points (3, 2) and (—1, y) is —3. 


Problem Recognition Exercises 


Rational Equations vs. Expressions 
10 1 x 2 


1. a. Simplify. ——+ = 2. a. Simplify. + -1 
Vo aaa w-5 yw*-25 wt5 eae aa | x+4 3x+6 
3 10 1 x 2 
b. Solve. —=+ =——— =) b. Solve. + =1 
ee w-5 w'-25 wt5 oe 2x+4 3x+6 
c. Identify each problem in parts (a) and (b) as c. Identify each problem in parts (a) and (b) as 
either an equation or an expression. either an equation or an expression. 


For Exercises 3—20, first ask yourself whether the problem is an expression to simplify or an equation to solve. Then simplify 
or solve as indicated. 


2; 1 1 4 7 1 3 


i EL 4. +>—-——_— §. ———_ + —_ - —— = 
a+4at+3 at+3 c+6 C7 +8c4+12 yoyes yr! ye2 
3 1 5 x te 3 4 

DC —————— rT) on - 8. f—— 
ay ae on a a) x-1 +x 5t-20 t-4 
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oe ee i), 2 

= 5-5 a site 

15. star 16. Stans 

18. : 3 dec ie 36 3 


y—l0y+25  y—7y+10 w-4 WwW _—Tw—4 wel 


Applications of Rational Equations 
and Proportions 


1. Solving Proportions 


A proportion is a rational equation that equates two ratios. 


Definition of Ratio and Proportion 


1. The ratio of a to bis ; (b # 0) and can also be expressed as a:b or a + b. 


2. An equation that equates two ratios or rates is called a proportion. 
Therefore, if b #0 and d# 0, then = : is a proportion. 


The process for solving rational equations can be used to solve proportions. 


| Example1 | Solving a Proportion 


Solve the proportion. 222 
19 y 
Solution: 
5 _ 95 : 
io. The LCD is 19y. Note that y 4 0. 
J 


Multiply both sides by the LCD. 


1y( 3) = 195(38) 
(es) (5) 


Clear fractions. 


Sy = 1805 Solve the resulting equation. 
Sy _ 1805 
5 5 
y = 361 The solution 361 checks in the original equation. 


The solution set is {361}. 


“1 2 eee 
* 8p-12 2p-3 
5 ul 
14. —+— 
4a 6a? 
17. s z 


C+4e43 C+6C049 


i) 


z Bis DS) 
3 ee 


. Solving Proportions 
. Applications of Proportions 
. Similar Triangles 


. Applications of Rational 
Equations 


hWN = 
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Skill Practice Solve the proportion. 


2. Applications of Proportions 


| Example2 | Solving a Proportion 


The recommended ratio of total cholesterol to HDL cholesterol is 7 to 2. If Rich’s blood 
test revealed that he has a total cholesterol level of 210 mg/dL (milligrams per deciliter), 
what should his HDL level be to fit within the recommendations? 


Solution: 


One method of solving this problem is to set up a proportion. Write two equivalent 
ratios depicting the amount of total cholesterol to HDL cholesterol. Let x represent the 
unknown amount of HDL cholesterol. 


Given 7 210 Amount of total cholesterol 
< —<—— SS SS SS 
ratio 2 x Amount of HDL cholesterol 


2x(3) = 2x (=) Multiply both sides by the LCD 2x. 


Tx = 420 Clear fractions. 
x = 60 
Rich’s HDL cholesterol level should be 60 mg/dL to fit within the recommended level. 


Skill Practice 


2. The ratio of cats to dogs at an animal rescue facility is 8 to 5. How many dogs are 
in the facility if there are 400 cats? 


| Example 3 | Solving a Proportion 


The ratio of male to female police officers in a certain town 
is 11:3. If the total number of officers is 112, how many are 
men and how many are women? 


Solution: 


Let x represent the number of male police officers. 


Then 112 — x represents the number of female police 


officers. Sean Locke Photography/ 
Shutterstock 


Answers 


1. {2} 2. There are 250 dogs. 
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Male 11_ =x = ~<— Number of males 
Female 3. 112 —x~<— Number of females 


3(112 i( 11 ) _ 3(112—/ x ) Multiply both sides by 
NB) 112—x 3(112 —x). 
110112 —x) = 3x The resulting equation is 
linear. 

1232 — 11x = 3x 

1232 = 14x 

1232 _ 14x 

14 14 
x = 88 


Then 112 —x= 112-88 =24 


There are 88 male police officers and 24 female officers. 


Skill Practice 


3. Professor Wolfe has a ratio of passing students to failing students of 5 to 4. 
One semester he had a total of 207 students. How many students passed and 
how many failed? 


3. Similar Triangles 


Proportions are used in geometry with similar triangles. Two triangles are similar if their 
corresponding angles are equal. In such a case, the lengths of the corresponding sides are 
proportional. In Figure 5-3, triangle ABC is similar to triangle XYZ. Therefore, the follow- 
ing ratios are equivalent. 


oP We 
x y 2Z 
Y 
B 
, ~~ 
c a 
A C X Z 
b y 
Figure 5-3 


Using Similar Triangles in an Application 


The shadow cast by a yardstick is 2 ft long. The shadow cast by a tree is 11 ft long. Find 
the height of the tree. 


Solution: 


Let x represent the height of the tree. 


We will assume that the measure- 
ments were taken at the same time of 


day. Therefore, the angle of the sun is lyd=3 ht 
the same on both objects, and we can \ 
set up similar triangles (Figure 5-4). 2 ft 11 ft Answer 


Figure 5-4 3. 115 passed and 92 failed. 
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Height of yardstick 3 ft 2ft Length of yardstick’s shadow 
Height of tree xft~ 11 ft Length of tree’s shadow 


2 = = Write an equation. 
x 1 
1 (2) = lhx- (=) Multiply by the LCD 
Py Ut ply by : 
332% Solve the equation. 
16.5=x Interpret the results. 
The tree is 16.5 ft high. 
Skill Practice He 
4. Triangle XYZ is similar to triangle ABC. 
Solve for x. 9m A 
3m 
Z V4 _ Ne 
EG 4m 


4. Applications of Rational Equations 


| Example5 | Solving an Application Involving Distance, 


Rate, and Time 


An athlete’s average speed on her bike is 14 mph faster 
than her average speed running. She can bike 31.5 mi in 
the same time that it takes her to run 10.5 mi. Find her 
speed running and her speed biking. 


Solution: 


Because the speed biking is given in terms of the speed 
running, let x represent the running speed. 


Let x represent the speed running. 
Then x + 14 represents the speed biking. 


Organize the given information in a chart. 


Biking Biles x+ 14 


Answer 
4. x=12m 
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The time required to run 10.5 mi is the same as the time required to bike 31.5 mi, so we 
can equate the two expressions for time: 


2 = Los The LCD is x(x + 14). 
x x+14 
ee) ee) i 
10.5(« + 14) = 31.5x The resulting equation is linear. 
10.5x + 147 = 31.5x Solve for x. 
—21x = -147 
x=7 


Thenx+ 14=7+4 14=21. 
The athlete runs 7 mph and bikes 21 mph. 


Skill Practice 


5. Devon can cross-country ski 5 km/hr faster than his sister, Shanelle. Devon skis 
45 km in the same amount of time that Shanelle skis 30 km. Find their speeds. 


Solving an Application Involving Distance, 
Rate, and Time 


Valentina travels 70 km to Rome by train, and then 
takes a bus 30 km to the Coliseum. The bus travels 
24 km/hr slower than the train. If the total time trave- 
ling on the bus and train is 2 hr, find the average speed 
of the train and the average speed of the bus. 


Solution: 


Because the speed of the bus is given in terms of _ Digital Stock/Corbis 
the speed of the train, let x represent the speed of 
the train. 


Let x represent the speed of the train. 
Let x — 24 represent the speed of the bus. 


Organize the given information in a chart. 


Train 70 a ot) 
i 
30 
B 30 — 24 
ie z x—2A 


Fill in the last column with t = —. 
r 


Answer 
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5. Shanelle skis 10 km/hr and Devon skis 


15 km/hr. 
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Avoiding Mistakes 


Remember to multiply all terms 
on both sides of the equation by 
the LCD. 


Answer 


6. The car’s average speed is 50 mph and 


the train’s average speed is 70 mph. 


In this problem, we are given that the total time is 2 hr. So we add the two times to 
equal 2. 


=2 The LCD is x(x — 24). 


PSOE OSH E SHEESH SESE ESTO SESE EEE ES ESEEESS 


x(x — 24) (2) + Pe = 2% S 24)(2) Multiply by the LCD to 
x x24 . 
clear the fractions. 


70(x — 24) + 30x = 2x(x — 24) 


70x — 1680 + 30x = 2x” — 48x The resulting equation 


is quadratic. 


0 = 2x — 148x + 1680 Set the equation 


equal to 0. 
0 = 2(x° — 74x + 840) Factor. 
0 = 2(x — 60)(x — 14) Solve for x. 


x-60=0 or x-—14=0 
x=60 or x=14 


Set each factor 
equal to 0. 


If x = 14, then the rate of the bus would be 14 — 24 = —10. Because a negative rate of 
—10 km/hr is not reasonable, we reject x = 14 as a solution. Therefore, the solution is 
x = 60. That is, the average rate of the train is 60 km/hr and the average rate of the bus 
is 60 — 24 or 36 km/hr. 


Skill Practice 


6. Jason drives 50 mi to a train station and then continues his trip with a 210-mi train 
ride. The car travels 20 mph slower than the train. If the total travel time is 4 hr, find 
the average speed of the car and the average speed of the train. 


Solving an Application Involving “Work” 


JoAn can wallpaper a bathroom in 3 hr. Bonnie can 
wallpaper the same bathroom in 5 hr. How long 
would it take them if they worked together? 


Solution: 


Let x represent the amount of time required 
for both people working together to complete 
the job. 


Tom Grill/Fuse/Getty Images 


Section 5.6 Applications of Rational Equations and Proportions 


One method to approach this problem is to add the rates of speed at which each person 
works. 


JoAn’s i. Bonnie’s\ _ /speed working 
speed speed ] together 


1 job ‘ 1 job _ 1 job 
3 hr Shr x hr 
a + ne Set up an equation. 
3 x 
L5x- (5 4: 7 2! Sy. (=) Multiply by the LCD, 15x to clear 
a so x fractions. 
5x+3x = 15 Solve the resulting equation. 
8x = 15 
x= 22 or x= ie 
8 8 


JoAn and Bonnie can wallpaper the bathroom in 12 hr. 


Skill Practice 


7. Antonio can install a new roof in 4 days. Bob can install the same size roof in 
6 days. How long will it take them to install a roof if they work together? 


alternative approach to solving a “work” problem is to determine the portion of 
the job that each person can complete in 1 hr. Let x represent the amount of time required 
to complete the job working together. Then 


- JoAn completes ¢ of the job in 1 hr, and 3x jobs in x hours. 
- Bonnie completes ¢ of the job in 1 hr and 4x jobs in x hours. 


( Portion ey ( portion of the job ) (' a) 


completed by JoAn completed by Bonnie job 
1 1 
3% ap 5% = 1 
(se (Sx+ 2x) = 15 - (1) 
3 By 
5x + 3x = 15 
Se—a15 
<—— ues Of Sie 

8 


if 
The time working together is tg hr. 


Answer 
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7. It will take them ? days or 2 days. 
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Section 5.6 Activity 


A.1. 


A.2. 


A.3. 


AA. 


A.5. 


A.6. 


Chapter 5 Rational Expressions and Rational Equations 


a. Three cookies have 150 calories. Therefore cookies have 450 calories. 
b. Written as an equation, the statement in part (a) is: 


3 cookies _ 
150 calories 450 calories 


In a certain state, the sales tax is $11.70 on an item that costs $180. Suppose that another item costs $1250. 
To use a proportion to find the sales tax follow these steps. 

a. In this scenario, what is the unknown quantity. Let x be this value. 

b. Write a proportion that represents this scenario. 

c. Solve the proportion and interpret your answer. 


At a small engineering college, the ratio of men to women is 5:4. Suppose that the total number of students is 1890. 

a. Let x represent the number of men. Then the number of women is represented by 

b. Set up and solve a proportion to determine the number of women at the school and the number of men at the 
school. 


Triangle ABC is similar to triangle XYZ. Solve for a and y. 
Xx 
4.5cm A 


ve y 
B 5.4cm 


10cm a 


1, EG 


Mike’s average speed riding a new bicycle is 4 mph more than his speed riding his old bicycle. If he can ride 

28 miles on his new bike in the same amount of time that he can ride 21 miles on his old bike, what is his average 

speed on his new bike and his average speed on his old bike? 

a. The unknowns to be found are Mike’s rate of speed on his new bicycle and his rate of speed on his old bicycle. 
Let x represent one of these two unknowns. 

b. Complete the table. 


Riding old bike 


Riding new bike 


c. Write an equation that indicates that the time to ride the old bike 21 mi is the same as the time to ride the new 
bike 28 mi. 

d. Solve the equation from part (c). 

e. Interpret the solution to the equation and verify that the solution makes sense in the context of this problem. 


Two hoses of different flow rates are used to fill a man-made pond in an apartment complex. When both hoses are 

working together, it takes 4 hours to fill the pond. If the hoses work separately, it takes the smaller hose 6 hours 

longer than the larger hose to fill the pond. How long would it take the larger hose to fill the pond alone? 

a. Let x represent the time required for the larger hose to fill the pond. Write an expression that represents the time 
required for the smaller hose. 
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b. This scenario can be modeled by adding the rates of speed at which the smaller hose and the larger hose fill the 
pond. Fill in the blanks. 


_ {The rate at which the 


( The rate at which the ) The rate at which the 
ar = 
hoses work together 


the smaller hose works larger hose works 


1 pond io 1 pond _ | pond 
| hr hr é 


or simply ap ae =< 


c. Solve the equation from part (b). 
d. Interpret the solution to the equation and verify that the solution makes sense in the context of this problem. 


Practice Exercises | Section 5.6 


Prerequisite Review 


For Exercises R.1—R.8, solve the equation or simplify the expression. 


R.1. fe ean 
x 


4 i 1 
* =i Ira? 


at+l1 8 i 
6 12 ab+b  p’—4p+4 2p? + 20p +32 


Vocabulary and Key Concepts 


1. An equation that equates two rates or ratios is called a 


2. Given similar triangles, the lengths of corresponding sides are 


Concept 1: Solving Proportions 


For Exercises 3-18, solve the proportion. (See Example 1.) 


¥ _20 4, 214 5, 2am 6, 2a 
"6 15 “18 x "75 50 “15 45 
7 p-l_pt+3 8 q-5_4qt2 9 xt+1_4 10 t-1_2 
4 3 a 3 5 15 a Sl 
nu, 2=4-! vy. 27t3_3 (9 ee vw, 1 =*=3 
x 4 y 2 y-l 4 x-5 3 
(5 es (7, ee (Ss ee 
49w 9 4z 25 5x+26 x+4 x-2 8x+4+11 
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Concept 2: Applications of Proportions 


19. A preschool advertises that it has a 3-to-1 ratio of 20. An after-school care facility tries to maintain a 
children to adults. If 18 children are enrolled, how 4-to-1 ratio of children to adults. If the facility 
many adults must be on the staff? (See Example 2.) hired five adults, what is the maximum number 


of children that can enroll? 


21. A 3.5-0z box of candy has a total of 21.0 g of fat. 22. A 6-0z box of candy has 350 calories. How many 
How many grams of fat would a 14-0z box of calories would a 10-o0z box contain? 
candy contain? 


23. A fisherman in the North Atlantic catches eight 24. If a64-oz bottle of laundry detergent costs $12.00, 
swordfish for a total of 1840 lb. How many how much would an 80-oz bottle cost? 
swordfish were caught if a commercial fishing boat 
arrives in port with 230,000 lb of swordfish? 


25. Pam drives her hybrid 243 mi in city driving on 26. Ona map, the distance from Sacramento, California, 
4.5 gal of gas. At this rate how many gallons of to San Francisco, California, is 8 cm. The legend 
gas are required to drive 621 mi? gives the actual distance as 96 mi. On the same map, 


Fatima measured 7 cm from Sacramento to Modesto, 
California. What is the actual distance? 


27. Yellowstone National Park in Wyoming has the largest population of free-roaming 
bison. To approximate the number of bison, 200 are captured and tagged and then 
left free to roam. Later, a sample of 120 bison is observed and 6 have tags. 
Approximate the population of bison in the park. 


28. Laws have been instituted in Florida to help save the manatee. To establish the 
number of manatees in Florida, 150 manatees were tagged. A new sample was 
taken later, and among the 40 manatees in the sample, 3 were tagged. Approximate 


Jeff Vanuga/Corbis 

the number of manatees in Florida. 

29. The ratio of men to women enrolled in a math course 30. The ratio of Hank’s income spent on rent to his 
to train elementary school teachers is | to 5. If the income spent on car payments is 3 to 1. If he spends 
total enrollment in these classes is approximately 186 a total of $1640 per month on the rent and car 
students per semester, how many men are enrolled? payment, how much does he spend on each item? 
(See Example 3.) 

31. The ratio of single men in their 20s to single women 32. A chemist mixes water and alcohol in a 7 to 8 ratio. 
in their 20s is 119 to 100 (Source: U.S. Census). In a If she makes a 450-L solution, how much is water 
random group of 1095 single college students in their and how much is alcohol? 


20s, approximately how many are men and how 
many are women? 


Concept 3: Similar Triangles 
For Exercises 33-36, triangle ABC is similar to triangle XYZ. Find the lengths of the missing sides. (See Example 4.) 


33. 34. x 


y 18 cm 


10 ft 13 cm c 
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Sin B é 


A 


Concept 4: Applications of Rational Equations 


‘ y Cc 
1.75 in. 
x 4.55 in. 


36. 


3.75 m 


37. If 5 is added to the reciprocal of a number, the result is 42. Find the number. 


38. If 2 is added to the reciprocal of a number, the result is 42. Find the number. 


39. If 7 is decreased by the reciprocal of a number, the result is 3. Find the number. 


40. If a number is added to its reciprocal, the result is 43. Find the number. 


For Exercises 41-42, use the fact that distance = (rate)(time). 


41. A truck travels 7 mph faster than a car. Let x represent the speed of the car. 


42. 


43. 


45. 


a. Write an expression for the speed of the truck. 


b. Write an expression for the time it takes the car to travel 48 mi. 


c. Write an expression for the time it takes the truck to travel 83 mi. 


A car travels 4 mph slower than a motorcycle. Let x represent the speed of the motorcycle. 


a. Write an expression for the speed of the car. 


b. Write an expression for the time it takes the motorcycle to travel 50 mi. 


c. Write an expression for the time it takes the car to travel 145 mi. 


A motorist travels 80 mi while driving in a bad 
rainstorm. In sunny weather, the motorist drives 
20 mph faster and covers 120 mi in the same 
amount of time. Find the speed of the motorist in 
the rainstorm and the speed in sunny weather. 
(See Example 5.) 


Two out-of-town firefighting crews have been called 
to a wildfire in the mountains. The Wescott Fire 
Station is 96 mi from the fire, and the Broadmoor 
Fire Station is 88 mi from the fire. The fire truck 
from the Wescott Fire Station travels 6.4 mph faster 
than the Broadmoor fire truck. If it takes the trucks 
the same amount of time to reach the fire, what is the 
average speed of each truck? 


44. 


46. 


Brooke walks 2 km/hr slower than her older sister 
Adrianna. If Brooke can walk 12 km in the same 
amount of time that Adrianna can walk 18 km, 
find their speeds. 


Kathy can run 3 mi to the beach in the same amount 
of time Dennis can ride his bike 7 mi to work. Kathy 
runs 8 mph slower than Dennis rides his bike. Find 
their speeds. 
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48. 


49, 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


. A bicyclist rides 30 mi against a wind and returns 30 mi with the wind. His average 
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speed for the return trip is 5 mph faster. How fast did the cyclist ride against the wind 
if the total time of the trip was 5 hr? (See Example 6.) 


A boat travels 60 mi to an island and 60 mi back again. Changes in the wind and tide 
made the average speed on the return trip 3 mph slower than the speed on the way out. 
If the total time of the trip took 9 hr, find the speed going to the island and the speed of 
the return trip. 


Celeste walked 140 ft on a moving walkway at the airport. Then she walked on the 
ground for 100 ft. She travels 2 ft/sec faster on the walkway than she does on the 
ground. If the time it takes her to travel the total distance of 240 ft is 40 sec, how fast 
does Celeste travel on and off the moving walkway? 


Julio rides his bike 6 mi and gets a flat tire. Then he has to walk with the bike for 
another mile. His speed walking is 6 mph less than his speed riding the bike. If the total 
time is | hr, find his speed riding the bike and his speed walking. 


Digital Stock/Corbis 


Beatrice participates in professional triathlons. She runs 2 mph faster than her friend Joe, a weekend athlete. If they 
each run 12 mi, Beatrice finishes 30 min (4 hr) ahead of Joe. Determine how fast each person runs. 


A bus leaves a terminal at 9:00. A car leaves | hr later and averages 10 mph faster than the bus. If the car overtakes 
the bus after 200 mi, find the average speed of the bus and the average speed of the car. 


One painter can paint a room in 6 hr. Another painter can paint the same room in 8 hr. How long would it take them 
working together? (See Example 7.) 


Karen can wax her SUV in 2 hr. Clarann can wax the same SUV in 3 hr. If they work together, how long will it take 
them to wax the SUV? 


A new housing development offers fenced-in yards that all have the same dimen- 
sions. Joel can fence a yard in 12 hr, and Michael can fence a yard in 15 hr. How 
long will it take if they work together? 


Ted can change an advertisement on a billboard in 4 hr. Marie can do the same job in 
5 hr. How long would it take them if they worked together? 


A swimming pool takes 30 hr to fill using an old pump. When a new pump was 
installed, it took only 12 hr to fill the pool with both pumps. However, the old pump 
had to be repaired. 


a. Determine how long it would take for the new pump to fill the pool alone. 


David Papazian/Corbis 


b. If the new pump begins filling the empty pool at 4 p.m. on Thursday, when 
should the technician return to stop the pump? 


One carpenter can complete a kitchen in 8 days. With the help of another carpenter, they can do the job together 
in 4 days. How long would it take the second carpenter if he worked alone? 


Gus works twice as fast as Sid. Together they can dig a garden in 4 hr. How long 
would it take each person working alone? 


It takes a child 3 times longer to vacuum a house than an adult. If it takes 1 hr for 
one adult and one child working together to vacuum a house, how long would it take 
each person working alone? 


Randy Faris/Corbis/Getty Images 


Variation 


1. Definition of Direct and Inverse Variation 


In this section, we introduce the concept of variation. Direct and inverse variation models 
can show how one quantity varies in proportion to another. 


Definition of Direct and Inverse Variation 
Let k be a nonzero constant real number. Then, 


1. y varies directly as x. 
ere : WS lee 
y is directly proportional to x. 


ae 
x 


2. y varies inversely as x. \ k 


y is inversely proportional to x. 


Note: The value of k is called the constant of variation. 


For a car traveling 30 mph, the equation d= 30t indicates that the distance traveled is 
directly proportional to the time of travel. For positive values of k, when two variables are 
directly related, as one variable increases, the other variable will also increase. Likewise, if 
one variable decreases, the other will decrease. In the equation d = 30, the longer the time 
of the trip, the greater the distance traveled. The shorter the time of the trip, the shorter the 
distance traveled. 

For positive values of k, when two positive variables are inversely related, as one 
variable increases, the other will decrease, and vice versa. Consider a car traveling between 
Toronto and Montreal, a distance of 500 km. The time required to make the trip is inversely 
proportional to the speed of travel: t = 500/r. As the rate of speed, r, increases, the quotient 
500/r will decrease. Thus, the time will decrease. Similarly, as the rate of speed decreases, 
the trip will take longer. 


2. Translations Involving Variation 


The first step in using a variation model is to write an English phrase as an equivalent 
mathematical equation. 


| Example1 | Translating to a Variation Model 


Write each expression as an equivalent mathematical model. 


a. The circumference of a circle varies directly as the radius. 
b. At a constant temperature, the volume of a gas varies inversely as the pressure. 
c. The length of time of a meeting is directly proportional to the square of the 


number of people present. 


Solution: 


a. Let C represent circumference and r represent radius. The variables are directly 
related, so use the model C = kr. 
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Concepts 


1. Definition of Direct and 
Inverse Variation 


2. Translations Involving 
Variation 


3. Applications of Variation 


514 


Answers 
1. d=ks 


3. v=—= 


vb 
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b. Let V represent volume and P represent pressure. Because the variables are 
inversely related, use the model V= 4. 


c. Let ¢ represent time, and let N be the number of people present at a meeting. 
Because t is directly related to N’, use the model t = kN’. 


Skill Practice Write each expression as an equivalent mathematical model. 
1. The distance, d, driven in a particular time varies directly with the speed of 
the car, s. 


2. The weight of an individual kitten, w, varies inversely with the number of 
kittens in the litter, n. 


3. The value of v varies inversely as the square root of b. 


Sometimes a variable varies directly as the product of two or more other variables. In this 
case, we have joint variation. 


finition of Joint Variation 
Let k be a nonzero constant real number. Then the following statements are equivalent: 
y varies jointly as w and z. 
wee : y=kwz 
y is jointly proportional to w and z. 


| Example2 | Translating to a Variation Model 


Write each expression as an equivalent mathematical model. 


a. y varies jointly as u and the square root of v. 


b. The gravitational force of attraction between two planets varies jointly as the 
product of their masses and inversely as the square of the distance between them. 


Solution: 
a. y=kuv/v 


b. Let m, and m, represent the masses of the two planets. Let F represent the 
gravitational force of attraction and d represent the distance between the planets. 


km 1N2 


The variation modelis: F= 7 


Skill Practice Write each expression as an equivalent mathematical model. 


4. The value of q varies jointly as u and v. 
5. The value of x varies directly as the square of y and inversely as z. 
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3. Applications of Variation 


Consider the variation models y = kx and y=£. In either case, if values for x and y are 
known, we can solve for k. Once k is known, we can use the variation equation to find y if x 
is known, or to find x if y is known. This concept is the basis for solving many applications 
involving variation. 


Finding a Variation Model 
Write a general variation model that relates the variables given in the 
problem. Let k represent the constant of variation. 


Solve for k by substituting known values of the variables into the model 
from step 1. 


Substitute the value of x into the original variation model from step 1. 


| Example3 | Solving an Application Involving Direct Variation 


The variable z varies directly as w. When w is 16, z is 56. 
a. Write a variation model for this situation. Use k as the constant of variation. 
b. Solve for the constant of variation. 


c. Find the value of z when w is 84. 


Solution: 
a. z=kw 
b. z= kw 
56 = k(16) Substitute known values for z and w. Then solve for the 
unknown value of k. 
Eg = ul) To isolate k, divide both sides by 16. 
16 16 
5 =k Simplify . to i 


c. With the value of k known, the variation model can now be written as: 


a 


z= i184) To find z when w = 84, substitute w = 84 into the equation. 
z= 294 


Skill Practice The variable t varies directly as the square of v. When v is 8, f is 32. 
6. Write a variation model for this relationship. 


7. Solve for the constant of variation. 
8. Find t when v = 10. 


Answers 
6. t=kv 7. 
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Solving an Application Involving Direct Variation 


The speed of a racing canoe in still water varies directly as the square root of the length 
of the canoe. 


a. If a 16-ft canoe can travel 6.2 mph in still water, find a variation model that 
relates the speed of a canoe to its length. 


b. Find the speed of a 25-ft canoe. 


Solution: 


a. Let s represent the speed of the canoe and L represent the length. The general 
variation model is s = k WL. To solve for k, substitute the known values for s and L. 


s=kvVvL 
6.2 =kvV16 Substitute s = 6.2 mph and L = 16 ft. 
6.2=k-4 
82 = 2 Solve for k. 
k= 1.55 
s=155VL Substitute k = 1.55 into the model s = kVL. 
b. s = 1.55VL 
= 1554/25. Find the speed when L = 25 ft. 
= 7.75 mph The speed is 7.75 mph. 


Skill Practice 


9. The amount of water needed by a mountain hiker varies directly as the time spent 
hiking. The hiker needs 2.4 L for a 4-hr hike. How much water will be needed for a 
5-hr hike? 


| Example 5 | Solving an Application Involving Inverse Variation 


The loudness of sound measured in decibels (dB) varies inversely as the square of the 
distance between the listener and the source of the sound. If the loudness of sound is 
17.92 dB at a distance of 10 ft from a home theater speaker, what is the decibel level 
20 ft from the speaker? 


Solution: 


Let LZ represent the loudness of sound in decibels and d represent the distance in 
feet. The inverse relationship between decibel level and the square of the distance is 


modeled by 
k 
17.92 = vie Substitute L = 17.92 dB and d= 10 ft. 


Answer 
9. 3L 
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k 
17.92 = T00 
(17.92)100 = oa - 100 Solve for k (clear fractions). 
k = 1792 
L= a Substitute k = 1792 into the original 


model L = a 


With the value of k known, we can find L for any value of d. 


= a= Find the loudness when d = 20 ft. 
(20) 
= 4.48 dB The loudness is 4.48 dB. 


Notice that the loudness of sound is 17.92 dB at a distance 10 ft from the speaker. When 
the distance from the speaker is increased to 20 ft, the decibel level decreases to 4.48 dB. 
This is consistent with an inverse relationship. For k > 0, as one variable is increased, the 
other is decreased. It also seems reasonable that the farther one moves away from the 
source of a sound, the softer the sound becomes. 


Skill Practice 


10. The yield on a bond varies inversely as the price. The yield on a particular 
bond is 5% when the price is $100. Find the yield when the price is $125. 


Solving an Application Involving Joint Variation 


The kinetic energy of an object varies jointly as the weight of the object at sea level and 
as the square of its velocity. During a hurricane, a 0.5-Ib stone traveling at 60 mph has 
81 J Goules) of kinetic energy. Suppose the wind speed doubles to 120 mph. Find the 
kinetic energy. 


Solution: 


Let E represent the kinetic energy, let w represent the weight, and let v represent the 
velocity of the stone. The variation model is 


E=kwv 
81 = k(0.5)(60) Substitute E = 81 J, w =0.5 Ib, and v = 60 mph. 
81 = k(0.5)(3600) Simplify exponents. 
81 = k(1800) 
aa = er Divide by 1800. 
0.045 =k Solve for k. 


Answer 
10. 4% 
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Answer 


1. $135 
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With the value of k known, the model E = kwv’ can now be written as E = 0.045wv’. We 
now find the kinetic energy of a 0.5-Ib stone traveling at 120 mph. 


E = 0.045(0.5)(120)* 


= 324 
The kinetic energy of a 0.5-lb stone traveling 120 mph is 324 J. 


Skill Practice 


11. The amount of simple interest earned in an account varies jointly as the interest rate 
and time of the investment. An account earns $72 in 4 years at 2% interest. How 
much interest would be earned in 3 years at a rate of 5%? 


In Example 6, when the velocity increased by 2 times, the kinetic energy increased by 
4 times (note that 324 J=4- 81 J). This factor of 4 occurs because the kinetic energy is 
proportional to the square of the velocity. When the velocity increased by 2 times, the 
kinetic energy increased by 2? times. 


Section 5.7 Activity 


A.1. Which equation represents a direct relationship between z and p and which represents an inverse relationship? 


k 
=k = 
z=kp and zZ=5 


A.2. a. Consider the equation z = 6p, where z and p are positive real numbers. If p increases, then z will 


A.3. 


A. 


b. 


(choose one: increase or decrease) proportionally. 
Consider the equation z = S, where z and p are positive real numbers. If p increases, then z will 


(choose one: increase or decrease) proportionally. 


The amount of medicine that a physician prescribes for a patient varies directly as the weight of the patient. 
A physician prescribes 3 g (grams) of a medicine for a 150-Ib person. 


a. 


b. 


moan 


Write a variation equation using A for the amount of medicine, w for the weight of the patient, and k as the 
constant of variation. 

Solve for k by using the fact that 3 g of medicine is given to a 150-Ib person. Write the resulting 

variation model. 


. Based on the variation model, as the weight of the patient increases, will more or less medicine be prescribed? 
. How many grams should the physician prescribe for a 180-Ib person? 
. How many grams should the physician prescribe for a 225-Ib person? 


How many grams should the physician prescribe for a 120-lb person? 


The average cost of producing DVDs is inversely proportional to the number of DVDs produced. If 5000 DVDs are 
produced, the average cost per DVD is $0.48. 


a. 


b. 


Write a variation equation using C for the average cost, n for the number of DVDs produced, and k as the 
constant of variation. 

Solve for k by using the known average cost of $0.48 for 5000 DVDs. Write the resulting variation 
model. 


. Based on the variation model, as the number of DVDs produced increases, will the average cost per DVD 


go up or down? 


d. What would the average cost be if 6000 DVDs are produced? 


oO 


. What would the average cost be if 8000 DVDs are produced? 


What would the average cost be if 2400 DVDs are produced? 
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A.5. The variable y varies jointly as b and the square root of c. 

. Write a variation model using k as the constant of variation. 
. If yis 150 when b is 10 and c is 25, find the value of k. 
Write the variation model using the numerical value of k. 

. Determine the value of y when b is 7 and c is 36. 


aes 


Practice Exercises | Section 5.7 


Prerequisite Review 


For Exercises R.1—R.4, solve the equation. 


R.1. 40=k-8 R.2. 75 =k-12 


ae mes 
R3. 0.16 =7 R4, 1.25=;% 


2 


R.5. Given x = and k = 4, y = 6, and z = 3, solve for x. 


R.6. Given y= 4 and k = 10, a= 12, and b = 2, solve for y. 


R.7. Given p = kavc and k= 12, c =9, and p = 72, solve for a. 
R.8. Given t= kxy? and k=5, y = 3, and t = 54, solve for x. 


Vocabulary and Key Concepts 


1. a. Let k be a nonzero constant. If y varies directly as x, then y= ____, where k is the constant of 
variation. 
b. Let k be a nonzero constant. If y varies inversely as x, then y= _________, where k is the constant of 
variation. 
c. Let k be a nonzero constant. If y varies jointly as x and w, then y = __________, where k is the constant 
of variation. 


Concept 1: Definition of Direct and Inverse Variation 


2. In the equation r= kt, does r vary directly or inversely as t? 


3. In the equation w = a does w vary directly or inversely as v? 
v 
4. In the equation P = ~ does P vary directly or inversely as v? 
v 


Concept 2: Translations Involving Variation 


For Exercises 5—16, write a variation model. Use k as the constant of variation. (See Examples 1-2.) 


5. T varies directly as q. 6. W varies directly as z. 
7. b varies inversely as c. 8. m varies inversely as ¢. 
9. Qis directly proportional to x and 10. dis directly proportional to p 


inversely proportional to y. and inversely proportional to n. 
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11. c varies jointly as s and ¢. 


13. L varies jointly as w and the square root of v. 


15. x varies directly as the square of y and inversely 


as Z. 


Concept 3: Applications of Variation 


For Exercises 17-22, find the constant of variation, k. (See Example 3.) 


17. y varies directly as x and when x is 4, y is 18. 


19. p varies inversely as g and when q is 16, p is 32. 


21. y varies jointly as w and v. When w is 50 
and v is 0.1, y is 8.75. 


For Exercises 23-34, solve for the indicated variable. (See Example 3.) 


23. x varies directly as p. If x = 50 when p = 10, 
find x when p is 14. 

25. b is inversely proportional to c. If b is 4 when c 

is 3, find b when c = 2. 

27. Z varies directly as the square of w. If Z= 14 

when w = 4, find Z when w = 8. 

29. Q varies inversely as the square of p. If Q=4 

when p = 3, find Q when p = 2. 

31. L varies jointly as a and the square root of b. 

If L=72 when a = 8 and b =9, find L when a =+ 

and b = 36. 

33. B varies directly as m and inversely as n. B = 20 

when m = 10 and n= 3. Find B when m= 15 

and n= 12. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


. w varies jointly as p and f- 


. q varies jointly as v and the cube root of w. 


a varies directly as n and inversely as the 
square of d. 


m varies directly as x and when x is 8, m is 22. 


T varies inversely as x and when x is 40, T is 200. 


N varies jointly as tf and p. When fis | and pis 7.5, 
N is 330. 


y is directly proportional to z. If y= 12 when 
z= 36, find y when zis 21. 


q varies inversely as w. If g is 8 when w is 50, 
find g when w is 125. 


m varies directly as the square of x. If m = 200 
when x = 20, find m when x is 32. 


zis inversely proportional to the square of t. 
If z= 15 when t = 4, find z when t = 10. 


Y varies jointly as the cube of x and the square 
root of w. Y= 128 when x = 2 and w = 16. 
Find Y when x = 4 and w = 64. 


R varies directly as s and inversely as 4. R= 14 
when s = 2 and t= 9. Find R when s = 4 and t=3. 


For Exercises 35-50, use a variation model to solve for the unknown value. (See Examples 4-6.) 


35. The weight of a person’s heart varies directly as 
the person’s actual weight. For a 150-Ib man, 
his heart would weigh 0.75 Ib. 


a. Approximate the weight of a 184-lb man’s 
heart. 


b. How much does your heart weigh? 


36. 


The number of calories, C, in beer varies 
directly with the number of ounces, n. If 12 oz 
of beer contains 153 calories, how many 
calories are in 40 oz of beer? 
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37. The number of turkeys needed for a banquet is 38. An author self-publishes a book and finds that 
directly proportional to the number of guests the number of books she can sell per month 
that must be fed. Master Chef Rico knows that varies inversely as the price of the book. The 
he needs to cook 3 turkeys to feed 42 guests. author can sell 1500 books per month when the 


39. 


41. 


42. 


43. 


44, 


a. How many turkeys should he cook to feed PERSIE EAE Ee DEC DR Oks 


70 guests? a. How many books would she expect to sell if 


i ? 
b. How many turkeys should he cook to feed ino pneemere e12t 


140 guests? b. How many books would she expect to sell if 


i ? 
c. How many turkeys should be cooked to feed ihe paige were 9: 


700 guests at an inaugural ball? c. How many books would she expect to sell if 


i ? 
d. How many turkeys should be cooked for a ne PHCp Iyer Po 


wedding with 100 guests? 


The amount of pollution entering the atmosphere 40. The area of a picture projected on a wall varies 
over a given time varies directly as the number of directly as the square of the distance from the 
people living in an area. If 80,000 people create projector to the wall. If a 10-ft distance produces a 
56,800 tons of pollutants, how many tons enter the 16-ft* picture, what is the area of a picture produced 
atmosphere in a city with a population of when the projection unit is moved to a distance 
500,000? 20 ft from the wall? 

-=WL0 ft 1g 

ee 9, a 

ey AN 

¥ 

Patrick Clark/Photodisc/Getty Images 

The stopping distance of a car varies directly as the square of the speed of the car. If a car traveling 40 mph has a 


stopping distance of 109 ft, find the stopping distance of a car that travels 25 mph. (Round the answer to one 
decimal place.) 


The intensity of a light source varies inversely as the square of the distance from the source. If the intensity of a light 
bulb is 400 lumen/m? (lux) at a distance of 5 m, determine the intensity at 8 m. 


The power in an electric circuit varies jointly as the current and the square of the resistance. If the power is 144 W 
(watts) when the current is 4 A (amperes) and the resistance is 6 Q (ohms), find the power when the current is 3 A 
and the resistance is 10 Q. 


Some bodybuilders claim that, within safe limits, the number of repetitions that a person can complete on a given 
weight-lifting exercise is inversely proportional to the amount of weight lifted. Roxanne can bench press 45 Ib for 
15 repetitions. 


a. How many repetitions can Roxanne bench with 60 lb of weight? 
b. How many repetitions can Roxanne bench with 75 lb of weight? 


c. How many repetitions can Roxanne bench with 100 lb of weight? 
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45. 


47. 


49. 
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The current in a wire varies directly as the 
voltage and inversely as the resistance. If the 
current is 9 A when the voltage is 90 V (volts) 
and the resistance is 10 Q, find the 

current when the voltage is 185 V and the 
resistance is 10 Q. 


The weight of a medicine ball varies directly 
as the cube of its radius. A ball with a radius 
of 3 in. weighs 4.32 Ib. How much does a 
medicine ball weigh if its radius is 5 in.? 


The amount of simple interest earned in an 
account varies jointly as the amount of 
principal invested and the amount of time the 
money is invested. If $2500 in principal earns 
$500 in interest after 4 years, then how much 
interest will be earned on $7000 invested for 
10 years? 


46. 


48. 


50. 


The resistance of a wire varies directly as its 
length and inversely as the square of its 
diameter. A 40-ft wire 0.1 in. in diameter has a 
resistance of 4 Q. What is the resistance of a 
50-ft wire with a diameter of 0.2 in.? 


The area of an equilateral triangle varies directly as 
the square of the length of the sides. For an 
equilateral triangle with 7-cm sides, the area is 
21.22 cm?. What is the area of an equilateral triangle 
with 17-cm sides? Round to the nearest whole unit. 


The amount of simple interest earned in an account 
varies jointly as the amount of principal invested 
and the amount of time the money is invested. If 
$6000 in principal earns $840 in interest after 

2 years, then how much interest will be earned on 
$4500 invested for 8 years? 
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Chapter5 Summary 
| Section 5.1 Rational Expressions and Rational Functions 


Key Concepts 


A rational expression is in the form Zo where p and q 
are polynomials and q # 0. q 


A rational function is a function of the form 
Sx) =P where p(x) and q(x) are polynomial functions 
q(x 
and q(x) £0. 


The domain of a rational function excludes the values 
for which the denominator is zero. 

To simplify a rational expression to lowest terms, factor 
the numerator and denominator completely. Then simplify 
factors whose ratio is | or —1. A rational expression written 
in lowest terms will still have the same restrictions on the 
domain as the original expression. 


Examples 
Example 1 
Find the domain of the function. 


fx) = 


x—3 
(x + 4)(2x — 1) 


x is areal number and x 4 —4,x 4 x} 


Domain: {* 


or (—o0, —4) U (-4, 4) U G, oo) 


Example 2 
Simplify to lowest terms. 
Pr —6t—16 
5t+ 10 
_ (t= 8) + 2) 
S(t + 2) 
_ @—8) +2) 
5 (t¥72) 
_ (¢-8) t—8 
~ 5 5 
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| Section 5.2 | Multiplication and Division 


of Rational Expressions 


Key Concepts 


To multiply rational expressions, factor the numerators and 
denominators completely. Then simplify factors whose ratio 
is | or —1. 


To divide rational expressions, multiply by the recipro- 
cal of the divisor. 


Examples 
Example 1 


b-a a —3ab + 2b’ 


@—2ab+bh? 2a+2b 


_ (&~a)(bKa) - (a — 26)(@~) 


Factor. 
(a—b)(a—b) - 2(a+-b) 
= ee or ae Simplify. 
Example 2 
We +3, 0x41 
xr —4 ° 4x48 
= x amy = au : Multiply by the 
le reciprocal. 
1 1 
= ee Factor. 
(x—2)Q+2) 3x1 
= 2 Simplify. 


x-2 
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| Section 5.3 | Addition and Subtraction 


of Rational Expressions 


Key Concepts 


To add or subtract rational expressions, the expressions must 
have the same denominator. 

The least common denominator (LCD) is the product 
of unique factors from the denominators, in which each fac- 
tor is raised to its highest power. 


Steps to Add or Subtract Rational Expressions 


1. Factor the denominator of each rational expression. 

2. Identify the LCD. 

3. Rewrite each rational expression as an equivalent 
expression with the LCD as its denominator. (This is 
accomplished by multiplying the numerator and 
denominator of each rational expression by the missing 
factor(s) from the LCD.) 

4. Add or subtract the numerators, and write the result 
over the common denominator. 

5. Simplify, if possible. 


Examples 
Example 1 
1 —5 
———— . and 
3(x — 1)°(x + 2) 6(x — 1) +7)" 
LCD = 6(« — 1)7(x + 2)(x + 79° 


Example 2 
c _ 1 
C—-c—-12 2c-8 
= c il Factor the 
(c-—4)(c +3) 2(c-4) denominators. 


The LCD is 2(c — 4)(c + 3) 


2 c 1 (c+3) Write 


2 (c-4(e+3) Ac—4) (c+3) equivalent 
fractions with 


LCD. 
— _2¢-(c +3) — Subtract. 
2(c — 4)(c + 3) 
__2¢7-c73 Simplify. 


~ 2c — 4)(c + 3) 


= c-3 
~ 2c — 4)(c + 3) 
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| Section 5.4 | Complex Fractions 


Key Concepts Examples 
Complex fractions can be simplified by using Method I or Example 1 
Method II. : ae Simplify by using Method I. 
Method I uses the order of operations to simplify the 
numerator and denominator separately before multiplying 5x + 15 
by the reciprocal of the denominator of the complex fraction. 7 
pests 
2 
_ e415 x43 
7 2 
_oxt+15 2 
7 x+3 
1 
2) 
7 X+3 
_10 
7 
To use Method II, multiply the numerator and denomi- Example 2 


nator of the complex fraction by the LCD of all the individ- Simplify by using Method II. 
ual fractions. Then simplify the result. 


ta 


The LCD is w”. 


_ w—2)(w+2) 


~ (w—3)0r-+2) 


_w-2 


p= 3 
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| Section 5.5 | Solving Rational Equations 


Key Concepts 
Steps to Solve a Rational Equation 


1. Factor the denominators of all rational expressions. 


Identify any restrictions on the variable. 


. Multiply both sides of the equation by the LCD. 
. Solve the resulting equation. 
. Check each potential solution. 


nA Bw bh 


. Identify the LCD of all expressions in the equation. 


Summary 
Examples 
Example 1 
11 _ -2w 
w 2w-l 2w-1 
The LCD is w(2w — 1). 
w(2w — i — w(2w—1) - J 
w 2w—l 
—2w 
= w(2w—1) - 
) 2w—l 


(2w — 1)l — w(1) = w(-2w) 


fl (quadratic equation) 


2w-l—-—w=-2w 
2w+w—-1=0 


(2w — l)(w+1)=0 


wis or w=-l 


The solution set is {—1}. (The value 4 does not check.) 


| Section 5.6 | Applications of Rational Equations 


and Proportions 


Key Concepts 


An equation that equates two ratios is called a proportion. 


: provided b #0, d#0 


a 


Example 1 


A sample of 85 g of a particular ice cream contains 17 g 


of fat. How much fat does 324 g of the same ice cream 
contain? 


fat(g)—> 17_ x ~<— fat (g) 


ice cream (g)—> 85 324 . icecream (g) 


| 17 i x Multiply by 
- 324) - — = (85 - 324) -—— 
a a5 "394 the LCD. 
5508 = 85x 
x = 64.8 g 


There would be 64.8 g of fat in 324 g of ice cream. 


Examples 
Example 2 


An old water pump can fill a tank in 6 hr, and a new 
pump can fill the tank in 4 hr. How long will it take to 
fill the tank if both pumps are working? 


Let x represent the time working together. 


ee of ) rn ( speed of ) = ae a) 


old pump new pump together 
Tee? 
6 4 x 
av (fe) =2-() 
2x +3x = 12 
5x = 12 


12 
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12 
=-=  Itwill take = hr. 
x 5 wl e€ 5 
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| Section 5.7 MAS 


Key Concepts 
Direct Variation 


For a constant k, 


y varies directly as x. 


y is directly proportional to . i 


Inverse Variation 


For a constant k, 
y varies inversely as x. _k 
y is inversely proportional to x. Ce 


Joint Variation 


For a constant k, 
y varies jointly as w and z. = 
y is jointly proportional to w andz.f ~~“ 


Steps to Find a Variation Model 


1. Write a general variation model that relates the vari- 
ables given in the problem. Let k represent the constant 
of variation. 


2. Solve for k by substituting known values of the varia- 
bles into the model from step 1. 


3. Substitute the value of k into the original variation 
model from step 1. 


Chapter 5 Rational Expressions and Rational Equations 


Examples 
Example 1 


t varies directly as the square root of x. 


t=kvx 


Example 2 


W is inversely proportional to the cube of x. 


W=— 
x 


Example 3 
y is jointly proportional to x and to the square of z. 
y= kxz 


Example 4 


C varies directly as the square root of d and inversely 
as t. If C=12 when d is 9 and ¢ is 6, find C if d is 16 
and fis 12. 


Step 1: cakvd 

Step 2: ip gh 8 np gy 
6 6 

Step 3: caBVE ca BVO cas 


Chapter5 Review Exercises 


ISTUDY 


Section 5.1 


y 
1. Let ky) =——. 
(y) FA 


a. Find the function values (if they exist): 
K(2), KO), KD), =D), k(5). 


b. Identify the domain for & Write the answer in 
interval notation. 


2. Let h(x) at 


a. Find the function values (if they exist): 


h(1), h(O), h(—1), h(-3), (3). 


b. Identify the domain for h. Write the answer in 
interval notation. 


For Exercises 3-10, simplify the rational expression. 


Review Exercises 


ab+2a+b+2 _ab—3b+Aa— 12 


20. 
28033 ‘ 25x2yz3 ab—3b+2a-—-6 ab—b+4a-4 
14a°b* 125xyz 
51, 2 + 8x- 20, x' + 6x—-40 
F vr -—4x43 ‘ K+ 3k— 10 ¥+6x-16 x +3x—40 
"= 3 * P=5E+6 
2 2b-b b’+2b+4 
3-27 a’ 81 " B-8 b° 
q. 1 
9-x 3-a 
93, 2”. 3wi 4 
OP 4 3t=—5 y—4y 21° 7 w 
” TP a SECRET 
—6t-r —S5y+ 
a a4 5y°— 20. 7y’- 14y 


For Exercises 11-14, write the domain of each function in 
interval notation. Use that information to match the func- 


yrs yey 


XP +x-20 x +x-6 , 2x+10 


529 


: as 25, 5 
tion with its graph. ~uieed eye 10—5x 
1 
11. f) =— 12. ma)= 
x—3 x+2 26. 9% - 25). (<*>) 
3k —5 
13. k(x) = — 14. p(x) ae 
x — 3x “+4 ‘ 
Section 5.3 
a t b. 1 For Exercises 27-38, add or subtract as indicated. 
6 1 1 1 1 5 
27. —+—=-— 28. 
A, oe x 42 aa0 
-8-=6-WN1 246 8 * 
v2 
L4 y 3 at ph 3 
29. — 30. = 
Bet laa 2446 a+3 
4k 5} 
31. + 
R+2k+1 k-1 
1 
68° <a ato 30: deg! 
= x+4 
-2 of 
33. 2 = 2a 
a+3 a—2a-15 
Section 5.2 ; : 
: fa : Bi tis : 7 34. + 
For Exercises 15—26, multiply or divide as indicated. padens 2a Sead 
3 = = 
15, 2449, a 16, <=2 22 =* . 
eo 35. ~8 
3x=5 
pe ee aL (P+ 5x—24)(=*2) 
txy X-y x-3 7 1 
36. +—, 
4P—k-3 4k —7k+3 


Tk+28 k—-2k-8 


19. : 
2k+4 K+2k-8 


[STUDY 


530 Chapter 5 Rational Expressions and Rational Equations 


6a ie 2 fe 3a 
3a —-Ta+2 1-3a a-2 


37. 


2y- 3, y 


38. 44+ 
y+2 3-y 


Section 5.4 


For Exercises 39-46, simplify the complex fraction. 


2x k+2 
3x7 —3 3 
39, ——- 40. — 
4x 5} 
6x — 6 k-2 
a2 4, 
4, an 
= pics 
2 yy 
1 3 i! 
1 = 
a-1l is x-1l 1-x 
43, ——_—___ 44. 
a 2 2 
a+1 x-l x 
1+xy! 5a! + (ab)! 
y a 


For Exercises 47-48, find the slope of the line containing 
the two points. 


48. (=. -;) and (=. 4 
is’ 3 10° 5 


Section 5.5 


For Exercises 49-54, solve the equation. 


4,222 = 


50. .- = 


51. x-9= 


53. Sy? +1=6y"! 


55. Solve forx. c= 


56. Solve for P. ae P+ Z 


Section 5.6 


For Exercises 57-60, solve the proportion. 


oe eee 

4 6 36-7 
59, x+2_S5@+) 60. — =? 
3 4 x42. 5 


61. Ina football game, the quarterback completed 34 
passes for 357 yd. At this rate how many yards would 
be gained for 22 passes? 


62. Erik bought $108 Canadian with $100 American. 
At this rate, how many Canadian dollars can he buy 
with $235 American? 


63. Tony rode 175 mi on a 2-day bicycle ride to benefit 
the Multiple Sclerosis Foundation. The second day 
he rode 5 mph slower than the first day because of a 
strong headwind. If Tony rode 100 mi on the first 
day and 75 mi on the second day in a total time of 
10 hr, how fast did he ride each day? 


64. Stephen drove his car 45 mi. He ran out of gas and 
had to walk 3 mi to a gas station. His speed driving is 
15 times his speed walking. If the total time for the 
drive and walk was 14 hr, what was his speed 
driving? 


65. Doug and Jean work as phone solicitors. They work 
in batches of 400 calls. Doug can finish a batch in an 
average of 8 hr, and Jean can finish a batch in 10 hr. 
How long would it take them to finish a batch if they 
worked together? 


66. Two pipes can fill a tank in 6 hr. The larger pipe 
works twice as fast as the smaller pipe. How long 
would it take each pipe to fill the tank if they worked 
separately? 
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Section 5.7 70. The distance d that one can see to the horizon varies 
; ; ee directly as the square root of the height above sea 
67. The force applied to a apalp vanes directly with level. If a person 25 m above sea level can see 
the distance that the spring is stretched. 30 km, how far can a person see if she is 64 m above 
a. Write a variation model using k as the sea level? 


constant of variation. 


b. When 6 lb of force is applied, the spring 
stretches 2 ft. Find k. 


c. How much force is required to stretch the 


spring 4.2 ft? 


68. Suppose y varies inversely with x and y = 32 
when x = 2. Find y when x = 4. 


69. Suppose y varies jointly with x and the square 
root of z, and y= 3 when x = 3 and z= 4. Find y 
when x = 8 and z=9. 


Digital Stock/Corbis 


Chapter5 Test 


2x — 14 x 8x — 16 
x — 49 “x-4 x-4 


1. For the function h(x) = 


a. Evaluate h(0), h(5), h(7), and h(—7), if 


4x 2 
ible. 9. 
possible ae eae 
b. Write the domain of / in interval notation. 
5x—-3 3+ 2 
2. Write the domain of k(x) = —~— in interval if k 2u7! + 27! 
notation. , 4 * 4yu3 + 4y-3 
4+— 
k 
3. For the function f(x) = ee 
x—*-12 v ax+bx+2a+2b x-3, x+2 
a. Write the domain in set-builder notation. * ax—3a+bx—3b 5—x ' ax—S5a 
b. Simplify to lowest terms. re 3 1 1 


498x415 4+ 7xt12 4+9x+4+20 
For Exercises 4—5, simplify to lowest terms. 


12m?n’ 5 9x7 —9 For Exercises 14-16, solve the equation. 
8 . -_ 
18mn 3x° + 2x — 5 i 7 _z-5_6 i 3 se 
6. Find the slope of the line containing the points cel gel 2 ya yrs 
12’ 4 6 3) ie. 34" 
x-4 eae 
For Exercises 7-13, simplify. 
17. Solve for T. an =p 
2x —5 2 T 
7. ——- (2x° -—x- 15) 


25 —4x 
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18. 


19. 


20. 


21. 
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_ Gmym, 
r 


If the reciprocal of a number is added to 3 times the 
number, the result is 43. Find the number. 


Solve form,. F 


Triangle ABC is similar to triangle XYZ. Find the 
lengths of the missing sides. 


C BZ Y 


On a certain map, the distance between New York 
and Los Angeles is 8.2 in., and the actual distance is 
2820 mi. What is the distance between two cities that 
are 5.7 in. apart on the same map? Round to the 
nearest mile. 


22. 


23. 


24. 


25. 


Lance can ride 48 mi on his bike against the wind. 
With the wind at his back, he rides 4 mph faster and 
can ride 60 mi in the same amount of time. Find his 
speed riding against the wind and his speed riding 
with the wind. 


Barbara can type a chapter in a book in 4 hr. Jack can 
type a chapter in a book in 10 hr. How long would it 
take them to type a chapter if they worked together? 


Write a variation model using & as the constant of 
variation. The variable x varies directly as y and 
inversely as the square of f. 


The period of a pendulum varies directly as the 
square root of the length of the pendulum. If the 
period of the pendulum is 2.2 sec when the length is 
4 ft, find the period when the length is 9 ft. 


Radicals and 


Complex Numbers 
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Mathematics in Architecture 


The area A of a triangle can be found if the length of one side 
(the base b) and the corresponding height h of the triangle are 


f 
k ; ==bh 
nown 5P 


However, if the base and height are not known, but the 
lengths of the three sides a, b, and c are Known, then we can 
use Heron’s formula to find the area of the triangle. Let s 
represent the semi-perimeter of the triangle. 


1 
That is, s= 3a +b+c). 


Then Heron’s formula gives the area A as 


I. M. Pei (American architect, born 1917 in China)/ 
A= Vs(s — alls — bys — c) Photov.com/Pixtal/age fotostock 


The Louvre pyramid, designed by architect I.M. Pei, is a glass structure that serves as the entrance to the Louvre 
Museum in Paris, France. Each triangular face is made of glass with sides of lengths 108.5 ft, 108.5 ft, and 116 ft. 
To determine the surface area of glass for each face, we can apply Heron’s formula. 


ge 3(a Lbeeqe 3(108.5 + 108.5 +116) =166.5 


A= Vs(s — ays — b)\(S — c) = /166.5(166.5 — 108.5)(166.5 — 108.5)(166.5 — 116) 


~ 5318 ft? Each face is approximately 5318 ft? of glass. 


Heron’s formula is one application of radicals. In this chapter, we will simplify radical expressions and solve equations 
containing radicals. 


° = 5 o oO ° ‘ ~ o 
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Section 6.1. Definition of an nth Root 
4. Definition of a Square Root 


1. Definition of a Square Root The reverse operation to squaring a number is to find its square roots. For example, finding 
2. Definition of an nth Root a square root of 36 is equivalent to asking, “when squared, what number equals 36?” 
3. Roots of Variable One obvious answer to this question is 6 because (6)? = 36, but —6 will also work, 
Expressions because (—6)? = 


4. Pythagorean Theorem 
5. Radical Functions 


Definition of a Square Root 


bis a square root of a if b? =a. 


| Example1 | Identifying Square Roots 


Identify the square roots of the real numbers. 


a. 25 b. 49 c. 0 d. —9 


Solution: 
a. 5 is a square root of 25 because (5)? = 
—5 is asquare root of 25 because (—5)” = 25. 
b. 7 is a square root of 49 because (7)* = 49. 
—7 is a square root of 49 because (—7)? = 49. 
c. 0 is a square root of 0 because (0)? = 0. 


d. There are no real numbers that when squared will equal a negative number; 
therefore, there are no real-valued square roots of —9. 


Skill Practice Identify the square roots of the real numbers. 
1. 64 2. 16 3. 1 4. —100 


e All positive real numbers have two real-valued square roots (one positive and 
one negative). 


e Zero has only one square root, which is zero itself. 
e A negative number has no real-valued square roots. 


Recall that the positive square root of a real number can be denoted with a radical 


sign V . 


itive and Negative Square Roots 
Let a represent a positive real number. Then 


1. Va is the positive square root of a. The positive square root is also called the 


Answers principal square root. 
. 3 a 2. —Va is the negative square root of a. 


3. —land1 3. V0 =0 


4. No real-valued square roots 


Section 6.1. Definition of an nth Root 535 


| Example2_| Simplifying Square Roots 


Simplify the square roots. 


a. V36 b. fz c. V0.04 


Solution: 


a. V 36 denotes the positive square root of 36. 
V36 =6 because (6)? = 36 


b. fz denotes the positive square root of * 


ee because z oe 
9° 3 3) 9 


c. V0.04 denotes the positive square root of 0.04. 
V0.04 =0.2 because (0.2) = 0.04 


Skill Practice Simplify the square roots. 


5. V81 7. V0.09 


The numbers 36, , and 0.04 are perfect squares because their square roots are rational 
numbers. 


Radicals that cannot be simplified to rational numbers are irrational numbers. Recall 
that an irrational number cannot be written as a terminating or repeating decimal. For 
example, the symbol V13 is used to represent the exact value of the square root of 13. 
The symbol V42 is used to represent the exact value of the square root of 42. These values 
can be approximated by a rational number by using a calculator. 


V 13 = 3.605551275 V42 = 6.480740698 


GT Betore using a calculator to evaluate a square root, try estimating the value first. 
V3 must be a number between 3 and 4 because V9 < V13 < V6. 
V42 must be a number between 6 and 7 because V36 < V42 < V49. 


A negative number cannot have a real number as a square root because no real number 
when squared is negative. For example, V —25 is not areal number because there is no real 
number b for which (b)? = —25. 


Answers 


vl 
o 
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N 
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| Example 3 _| Simplifying Square Roots 


Simplify the square roots, if possible. 


a. V—-144 b. —v 144 c. V—0.01 d. —4/— 


Solution: 
a. V—144 is nota real number. No real number when squared equals —144. 


b. —v 144 
=-1-V144 Br: ve expression 
\ | —v 144, the factor of —1is 
2 outside the radical. 
=-12 


c. V—0.01 is not a real number. No real number when squared equals —0.01. 


er 


Skill Practice Simplify the square roots, if possible. 


8. V—81 9. -V64 10. —V0.25 UW. "7 


2. Definition of an nth Root 


Finding a square root of a number is the reverse process of squaring a number. This concept 
can be extended to finding a third root (called a cube root), a fourth root, and in general an 
nth root. 


inition of an nth Root 
bis an nth root of aif b” =a. 


Example: 2 is a square root of 4 because 2? is 4. 


Example: 2 is a third root of 8 because 2? is 8. 


Example: 2 is a fourth root of 16 because 2* is 16. 


The radical sign Vis used to denote the principal square root of a number. The sym- 
bol VY is used to denote the principal nth root of a number. In the expression Wa, n is 
called the index of the radical, and a is called the radicand. For a square root, the index is 2, 


Answers but it is usually not written (Va is denoted simply as Va). A radical with an index of 3 is 
8. Notarealnumber 9. —8 called a cube root, denoted by Va. 


10. -0.5 11. Not a real number 


Section 6.1 Definition of an nth Root 


Evaluating Wa 


. Ifn> 1 is an even integer and a > 0, then /a is the principal (positive) nth root 
of a. Example: 625 = 5 


. Ifn> 1 is an odd integer, then Wa is the nth root of a. 
Example: V8 = 2, W/—8 = -2 
. Ifn> 1 is an integer, then W/0 = 0. 


For the purpose of simplifying nth roots, it is helpful to know numbers that are perfect 
squares as well as the following common perfect cubes, fourth powers, and fifth powers. 


co iPel P=1 
18 P= iG P=) 
a7 Fy =SSil F Sms 
43 = 64 AP = O56 4° = 1024 
5) = 105 5 = @Qs SP = SIDS 


Identifying the nth Root of a Real Number 
Simplify the expressions, if possible. 

a. V4 b. V64 c. V—32 d. V81 

e. ¥/1,000,000 f. V—100 g. V—16 


Solution: 


a V/4=2 because (2)? = 4 

b. 64 =4 because (4)? = 64 

G.4/-32 = 2 because (—2)° = —32 

d. \/81 =3 because (3)* = 81 

e. */1,000,000 = 10 because (10)° = 1,000,000 

f. /—100 is not a real number. No real number when squared equals —100. 
&- ¥/—16 is not a real number. No real number when raised to the fourth 


power equals —16. 


Skill Practice Simplify if possible. 
12. V16 13. v/1000 14, ¥/-1 15. V/32 


16. ¥/100,000 17. V—36 18. ~/—27 


Examples 4(f) and 4(g) illustrate that an nth root of a negative quantity is not a real number 
if the index is even. This is because no real number raised to an even power is negative. 


3. Roots of Variable Expressions 


Finding an nth root of a variable expression is similar to finding an nth root of a numerical 
expression. For roots with an even index, however, particular care must be taken to obtain 
a nonnegative result. 


Answers 
12. 2 13. 10 
15. 2 16. 10 


17. Not a real number 


14. -1 


18. —3 
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Evaluating Va" 


1. If nis a positive odd integer, then Va" =a. 
2. If nis a positive even integer, then Va" = |al. 


The absolute value bars are necessary for roots with an even index because the varia- 
ble a may represent a positive quantity or a negative quantity. By using absolute value 
bars, Va" = |a| is nonnegative and represents the principal nth root of a". 


| Example5 | Simplifying Expressions of the Form v/a" 


Simplify the expressions. 


aV3r bh VOR VHP a VF Vy" 


Solution: 
a. ny, (-3)* = |-3] =3 Because this is an even-indexed root, absolute value 
bars are necessary to make the answer positive. 
b. V/ (-3P =-3 This is an odd-indexed root, so absolute value bars 
are not necessary. 
c. V(x+ 2)? =|x+2] Because this is an even-indexed root, absolute value 
bars are necessary. The sign of the quantity x + 2 
is unknown; however, |x + 2| > 0 regardless of the 
value of x. 
d. V (a+ by =a+b This is an odd-indexed root, so absolute value bars 
are not necessary. 
4 D2 
avy =Vo) 
= |y"| Because this is an even-indexed root, use absolute 
value bars. 
=y However, because y” is nonnegative, the absolute 


value bars are not necessary. 


Skill Practice Simplify the expressions. 


19. /(-4)° 20. vW/(-4)° 21. V(y+ 9" 22. Ga 23. V8 


If n is an even integer, then Va = |a|; however, if the variable a is assumed to be non- 
negative, then the absolute value bars may be dropped. That is, Ya" = a provided a> 0. 
In many examples and exercises, we will make the assumption that the variables within a 
radical expression are positive real numbers. In such a case, the absolute value bars are not 
needed to evaluate Wa". 

Take a minute to examine the following patterns associated with perfect squares and 
perfect cubes. In general, any expression raised to an even power is a perfect square. An 
expression raised to a power that is a multiple of 3 is a perfect cube. 


Perfect Squares Perfect Cubes 
Gy a x (x!) = x 
(°°)? = xt (x°)° = x 
(x)? = x® (x)? a x? 
Answers Pe : a . 
19. 4 20.-4 21. ly +9] ()y =x ("yy =x 


zee 23. 7 These patterns may be extended to higher powers. 
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Simplifying nth Roots 


Simplify the expressions. Assume that all variables are positive real numbers. 


5 4 8 
a. /y b. V27a ay re ca a 
b> 16 
Solution: 


a. Vy? = Vo? b. 0278 = Gay 
4 


variables are assumed to 


=y = 3q represent positive numbers. 
Therefore, absolute value 
P @ s|(a\> P 81x*y8 A 3xy? 4 bars are not necessary in the 
c. Bb = b d. — 16 == 7 simplified form. 
_a 2 er 


b 


Skill Practice Simplify the expressions. Assume all variables represent positive real 
numbers. 


24, Vie 25. \/64y" 26. fi 


4. Pythagorean Theorem 


Given a right triangle with legs of lengths a and b and hypotenuse of length c, the ai 
Pythagorean theorem can be stated as a* + b? = c’. See Figure 6-1. (leg) 


Applying the Pythagorean Theorem 


c (hypotenuse) 


b 
Use the Pythagorean theorem and the definition of the (leg) 
principal square root to find the length of the unknown Figure 6-1 
me 5 ft 13 ft 
Solution: 
Label the sides of the triangle. z 
C+P= Apply the 
Pythagorean 
20 P= 1137 y 
Se theorem. a=5ft 
25+ b* = 169 Simplify. 
b? = 169 — 25 Isolate b?. ee 
b* = 144 By definition, b must be one of the square roots of 
144. Because b represents the length of a side of a 
b=12 triangle, choose the positive square root of 144. 
The third side is 12 ft long. 
Skill Practice 
28. Use the Pythagorean theorem and the definition 
of the principal square root to find the length of ‘Den Gen Anewers 
the unknown side of the right triangle. 4, 2 25. ay! 26, ~ 
VG 


2a 
9 27. aa 28. 9cm 
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a= 12 c=? 
mi 
| a —— 
Dock b=16mi = 
Figure 6-2 


FOR REVIEW 


Recall that the domain of a func- 
tion is the set of real numbers that 
will produce a real number when 
input into the function. 


Answer 
29. 100 mi 


Applying the Pythagorean Theorem 


Two boats leave a dock at 12:00 noon. One travels due north at 6 mph, and the other 
travels due east at 8 mph (Figure 6-2). How far apart are the two boats after 2 hr? 


Solution: 


The boat traveling north travels a distance of (6 mph)(2 hr) = 12 mi. The boat trave- 
ling east travels a distance of (8 mph)(2 hr) = 16 mi. The course of the boats forms a 
right triangle where the hypotenuse represents the distance between them. 


et+b=c 


(12)° + (16)? = ¢? Apply the Pythagorean theorem. 
1444+ 256=c Simplify. 
400 = c? 
V400 =c By definition, c must be one of the square roots of 
400. Choose the positive square root of 400 to 
20 =c represent the distance between the two boats. 


The boats are 20 mi apart. 


Skill Practice 


29. Two cars leave from the same place at the same time. One travels west at 40 mph, 
and the other travels north at 30 mph. How far apart are they after 2 hr? 


5. Radical Functions 


If n is an integer greater than 1, then a function written in the form f(x) = Wx is called a 
radical function. Note that if m is an even integer, then the function will be a real number 
only if the radicand is nonnegative. Therefore, the domain is restricted to nonnegative real 
numbers, or equivalently, [0, oo). If n is an odd integer, then the domain is all real numbers. 


Example 9 Determining the Domain of Radical Functions 
For each function, write the domain in interval notation. 


a. g(t) =WVt—2 b. h(a) =Va—3 ce. k(x) = V3 — 5x +2 


Solution: 
a gi = Vi=2 The index is even. The radicand must be nonnegative. 
t—2>0 Set the radicand greater than or equal to zero. 
t>2 Solve for t. 


The domain is [2, oo). 


b. h(a) = Wa—3 The index is odd; therefore, the domain is all real 
numbers. 


The domain is (—oo, 0). 


ISTUDY 
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ec kx) = V3-—5x4+2 


The index is even; therefore, the radicand must 
be nonnegative. 


3-5x>0 Set the radicand greater than or equal to zero. 
—5x > -3 Solve for x. 
ot S = Reverse the inequality sign. 
3 
ge 
se 


The domain is (—oo, 3]. 


Skill Practice For each function, write the domain in interval notation. 


30. f(x) = Vx45 31. gf) =Wt—-9 32. h(a) = V1 —2a 


Graphing a Radical Function 
Given f(x) = V3 —x 


a. Write the domain of fin interval notation. 


b. Graph f by making a table of ordered pairs. 


Solution: 
a f(x) = V3-x 
3-x>0 The index is even. The radicand must be greater than or equal 
750.5 to zero. 
xe 3 Reverse the inequality sign. 


The domain is (—oo, 3]. 


b. Create a table of ordered pairs where x values are taken to be less than or equal to 3. 


Ee 5s- V3—3 = vV0=0 st 


Begeeee f(2)= V3-2=Vi=1 3 9/35 
A f-) = V3-Cl) = v4 =2 

2s f(-6) = V3 -(-6) = V9 =3 : - 

ncaa 6-5 4-3-2 -1 1234 


Skill Practice 
33. Given f(x) = Vx +4 


a. Write the domain of fin interval notation. 


b. Graph fby making a table of ordered pairs. 


FOR REVIEW 


Recall that the square root of a neg- 
ative real number is not a real num- 
ber. For example, V—64 is not a 
real number. 

The cube root of a negative 
real number is a real number. For 


example, Vv -64 = -4. 


FOR REVIEW 


When using interval notation, a 
parenthesis, ( or ), indicates that an 
endpoint is not included in the set. A 
square bracket, [ or ], indicates that 
an endpoint is included in the set. 


Answers 

30. [—5, 00) = 31. (—00, 00) 

32. (—co, 4] 

33. a. [—4, co) 

b. 5 
A 
5 
4) fo) =vx44 
3 
a} 
= ot de ot 123 4 5 
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Section 6.1 Activity 


A.1. 


A.2. 


A.4. a. 


A.5. 


A.6. 


a ° FS 


a. bis asquare root of aif b~ =__. 
b. 
c 
d 


3 is a square root of 9 because 3~ = ___ 


. —3 is a square root of 9 because (-3)7¢=__. 
. Parts (b) and (c) illustrate that there are two square roots of a positive real number. One square root is positive 


and the other is negative. The principal square root of a positive real number a is denoted by 
By definition, a principal square root is (choose one: nonnegative/negative). 


. Evaluate V9. 


. bis annth root of aif b"=__.. 

. 4 is a cube root of -64 because (-4)U = ____ 

. 218 a fifth root of 32 because 2~ =__. 

. Given W125. , the index is ____ and the radicand is ___. 
. Evaluate V/125. 


A.3. a. 
. Explain why ¥-—16 is not a real number. 


Explain why V —4 is not a real number. 


. Evaluate V—8 and explain why the answer is a real number. 


The expression V a’ simplifies as |a|. Explain why the absolute value bars are needed. 


. The expression Va =a. Explain why no absolute value bars are needed. 


. The radicand of a root with an (choose one: odd/even) index must be nonnegative. 
. Given fx) = VX, write the domain in interval notation. 

. Given g(x) = Vx —5, write the domain in interval notation. 

. Given hi) = V5 — x, write the domain in interval notation. 


The radicand of a root with an (choose one: odd/even) index can be positive, negative, or zero. 


. Given f@) = Wx , write the domain in interval notation. 
. Given g(x) = Wx —5 , write the domain in interval notation. 
. Given h(x) = ¥/5 — x, write the domain in interval notation. 


ERED Practice Exercises 


Prerequisite Review 


ISTUDY 


For Exercises R.1—R.12, simplify the expression. 
R.1. 10° R.3. (0.4) 


R.4. (0.13)? 


R.10. (¢°)2 R.A. (37)4 


Section 6.1 Definition of an nth Root 


Vocabulary and Key Concepts 


1. a. If b?=a, then______is a square root of 
b. Given a > 0, the symbol Va denotes the positive or _______ square root of a. 
c. bis an nth root of a if = 
d. Given the symbol Wa, the value n is called the _____ and ais called the 
e. The symbol Wa denotes the ____ root of a. 
f. The expression /—4 (is/is not) a real number. The expression —V/4 (is/is not) a real number. 
g. The expression Wa" = |al if n is (even/odd). The expression Wa" = a if n is (even/odd). 
h. Given a right triangle with legs a and b and hypotenuse c, the theorem is stated as 
C+h= 
i. In interval notation, the domain of f(x) = Vx is ______, whereas the domain of g(x) = Wx is , 


. Which of the following values of x are not in the domain of h(x) = Vx+3: x=-5,x=-4,x=-3,x=-—-2, 


x=-l,x=0? 


Concept 1: Definition of a Square Root 


2. Simplify the expression V8. Explain how you can check your answer. 


Sas 


b. 


Cc. 


b. 


Find the square roots of 64. (See Example 1.) 4. a. Find the square roots of 121. 
Find V 64. b. Find Vv 121. 
Explain the difference between c. Explain the difference between 


the answers in part (a) and part (b). the answers in part (a) and part (0). 


a. What is the principal square root of 81? 6. a. What is the principal square root of 100? 


What is the negative square root of 81? b. What is the negative square root of 100? 


7. Using the definition of a square root, explain why V —36 is not a real number. 


For Exercises 8-19, evaluate the roots without using a calculator. Identify those that are not real numbers. 
(See Examples 2-3.) 


8. 25 9. V9 10. —V25 uu. —V49 
12. V—25 2B. V—49 14. 15. “ 
16. V0.64 17. VO8I 18. —V0.0144 19. —V0.16 


Concept 2: Definition of an nth Root 
20. Using the definition of an nth root, explain why V—16 is not a real number. 


For Exercises 21-38, evaluate the roots without using a calculator. Identify those that are not real numbers. 


(See Example 4.) 
21. a. V64 b. W/64 c. -V64 
d. —wW/64 e. V—64 f. w-64 
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22. a. V16 b. V16 ce. —V16 
d. -V/16 e. V—16 f. V-16 
23. W-27 24. f=1205 25. Ff 26. \en 
125 8 
27. 32 28.1 29, i ——— . yo 
3 8. V1 A 30 a 
31. W-1 a3, 7-1 33. +7/1,000,000 34. </10,000 
35. —v/0.008 36. —v/0.0016 37. 0.0625 38. w/0.064 
Concept 3: Roots of Variable Expressions 
For Exercises 39-58, simplify the radical expressions. (See Example 5.) 
39. Va 40. Va? MN. Va a2. Va 
43. Wa® 44, Va’ 45. V(x+ 1) 46. v/v +3) 
3 4 
47. Vey" 48. \/(u+ v3 49. mies y#0 50. ic b#0 
2 2 3 3 6, 6 
51. Ver x40 52. /(-5) 53. /(—-92) 54. ¥/(50) 
55. W(-2)'° 56. V/(-2/ 57. /(-923)’ 58. \/(-417)° 


For Exercises 59-74, simplify the expressions. Assume all variables are positive real numbers. (See Example 6.) 


6 2 
59. vy 60. vx" 61. 4/— 62. 4/—> 
b Zz 
6 
er 64, =| 65. VoxyV2 66. V4a'b*c® 
q 
ke Ax? Je 16 
67, 4j—— 68. 4 69. —1)— 70. — 
16 ys 27 wt 
71. ¥/32y 72. /64x5y3 73. \/64pq'8 74, W16r'2s8 


Concept 4: Pythagorean Theorem 
For Exercises 75-78, find the length of the third side of each triangle by using the Pythagorean theorem. (See Example 7.) 
75. 77. 12 ft 


L 


12cm 15cm 


5 ft 


For Exercises 79-82, use the Pythagorean theorem. 


79. Roberto and Sherona began running from the 
same place at the same time. They ran along two 
different paths that formed right angles with each 
other. Roberto ran 4 mi and stopped, while 
Sherona ran 3 mi and stopped. How far apart were 
they when they stopped? (See Example 8.) 


81. Two mountain bikers take off from the same place 
at the same time. One travels north at 4 mph, and 
the other travels east at 3 mph. How far apart are 
they after 5 hr? 


Concept 5: Radical Functions 


80. 


82. 
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Leine and Laura began hiking from their camp- 
ground. Laura headed south while Leine headed 
east. Laura walked 12 mi and Leine walked 5 mi. 
How far apart were they when they stopped 
walking? 


Professor Ortiz leaves campus on her bike, heading 
west at 12 ft/sec. Professor Wilson leaves campus at 
the same time and walks south at 5 ft/sec. How far 
apart are they after 40 sec? 


For Exercises 83-86, evaluate the function for the given values of x. Then write the domain of the function in interval 


notation. (See Example 9.) 


83. A(x) = Vx—2 84. k(x) = Vx4+1 
a. h(0) a. k(-3) 
b. A(1) b. k(—2) 
ce. h(2) ce. k(-1) 
d. h(3) d. k(0) 
e. h(6) e. k(3) 


85. 


g(x) =Wx—-2 86. fix)=VWx4+1 
a. g(—6) a. f(-9) 

b. g() b. f(-2) 

c. 9(2) c. f(0) 

d. g(3) d. f(7) 


For each function defined in Exercises 87—94, write the domain in interval notation. (See Example 9.) 


87. f(x) = V5 — 2x 88. g(x) = V3 -4x 


91. Max) = vVx-54+3 92. Mx)= Vx+3-1 


For Exercises 95-102, 


a. Write the domain of fin interval notation. 


b. Graph f by making a table of ordered pairs. (See Example 10.) 


95. f= V1I-x 96. f(xy) = V2—-x 

y y 

i" A 
3 5 
4 4 
3 3 
2 2 
1 1 

-8-7-6-5-4-3-2-1 | 1 2 * Sfeb a5 4592-1 ie) 

ey) —2 
—3 —3 
-4 -4 
=5 —5 


89. k(x) = W4x—7 


93 


97 


. FO =VWxt+7-2 


90. RO) =Vx4+1 


94. G(x) =Vx— 1044 


. fa) = Vx +3 98. f(x) = Vxt1 
4 
5 
3 
ph 
-4-3-2-1 123 45 6 
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99. f(y) = Vx +2 100. fx) = Vx-1 101. f@)=Vx-1 102. fa) =Wx+2 
» ¥ y y 
st st 5 st 
7 4 4 4 
6 3 3 3 
5 2 2 2 
4 1 1 1 
3 Xx > Xx 
7 Hea 1234 5 6 7 8 at leriec amen 1 2 3 4. 65. -T76-5-4-3-2-1 | 1 
1 —2 2 —2 
> x -3 —3 3 
“271, 123 45 6 7 8 _4 A _4 
= 9) —5 -5 iS 


Mixed Exercises 


For Exercises 103-106, write the English phrase as an algebraic expression. 


103. The sum of g and the square of p 104. The product of 11 and the cube root of x 
105. The quotient of 6 and the cube root of x 106. The difference of y and the principal square root of x 
107. Ifa square has an area of 64 in.’, then what 108. If a square has an area of 121 m’, then what are the 
are the lengths of the sides? lengths of the sides? 
sa? s=? 
A=64in? | 5=? A=121m’?| s=? 


Technology Connections 


For Exercises 109-116, use a calculator to evaluate the expressions to four decimal places. 


109. V69 110. V5798 11. 2+.V5 112. 3-210 
113, 70/25 114. -3W9 115. Aa ae 116. = vi5 


117. Graph h(x) = Vx — 2. Use the graph to confirm the domain found in Exercise 83. 
118. Graph k(x) = Vx+ 1. Use the graph to confirm the domain found in Exercise 84. 
119. Graph g(x) = Wx — 2. Use the graph to confirm the domain found in Exercise 85. 


120. Graph f(x) = Wx + 1. Use the graph to confirm the domain found in Exercise 86. 
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Rational Exponents Section 6.200 
1. Definition of a” and a”/” 


In this section, the properties for simplifying expressions with integer exponents are _ 1. Definition of a” and a”/” 

expanded to include expressions with rational exponents. We begin by defining expres- 2. Converting Between 

sions of the form a!/”. Rational Exponents and 
Radical Notation 

3. Properties of Rational 
Exponents 

4. Applications Involving 


Rational Exponents 
number, then P 


al=Va 


ESET Evaluating Expressions of the Form a’/” 


Convert the expression to radical form and simplify, if possible. 


a. (-8)'7 b. 81! c. —100!/7 d. (—100)!/2 e. 1671/7 


Solution: 
a. (-8)'7 = W—8 = -2 
by 81 S783 
c. —100'/? = -1 - 1001/7 The exponent applies only to the base of 100. 
=-1V100 
=-10 


d. (—100)!/” is not a real number because ~/—100 is not a real number. 


e. 1617 = ait Write the expression with a positive exponent. 
Recall that b™" = a 
1 
 V16 


1 
4 


Skill Practice Convert the expression to radical form and simplify, if possible. 
1. (-64)' 2. 16'/4 3. -36'/? 4. (—36)'/? 5. 64328 


If a is areal number, then we can define an expression of the form a”/” in such a way that 
the multiplication property of exponents still holds true. For example: 


P cer = ( 16) a (2)° =8 
16° 
(167)'/4 = V163 = 1/4096 = 8 Answers 


1. —4 2. 2 3. -6 


4. Nota real number 5. ; 


[STUDY 
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Definition of a”/” 
Let a be a real number, and let m and n be positive integers such that m and n share 


no common factors and n > 1. If ¥/a is a real number, then 


qin = (aq) = (/a)” and qnln = (Giaee = Wan 


The rational exponent in the expression a”/" is essentially performing two operations. 
The numerator of the exponent raises the base to the mth power. The denominator takes the 


nth root. 


SESE Evaluating Expressions of the Form a”/” 


Convert each expression to radical form and simplify. 


3/2 
a. 87/3 b. 100° o (53) d. 4-3/2 e. (-81)°/4 
25 
Solution: 
a, 87 = (W8 i Take the cube root of 8 and square the result. 
= (2) Simplify. 
=4 
b. 100°’? = (v/100)° Take the square root of 100 and raise the result to 
the fifth power. 
= (10) Simplify. 
= 100,000 
. 1\” L\ Take th f u d cube th 1 
-(—) =(4/— — t. 
75 75 ake the square root o 75 and cube the resu 
] 3 
=e Simplify. 
5 
oe 
~ 125 
3/2 1\~? I . ; : sa 
d. 4 me = pe Write the expression with positive exponents. 
1 
= Take the square root of 4 and cube the result. 
(Vay 
on Simplif 
=3 implify. 
1 


e. (-81)°/ * is not a real number because W—81 is not a real number. 


Section 6.2 Rational Exponents 


Skill Practice Convert each expression to radical form and simplify. 


4/3 
697 78 — 8g (=) 9. 32-5 Oe 


2. Converting Between Rational Exponents 
and Radical Notation 


| _Example3 | Using Radical Notation and Rational Exponents 


Convert each expression to radical notation. Assume all variables represent positive real 
numbers. 


aa bes x” c. 3y!/4 d. 9773/4 
Solution: 

a. a = Va or (Way 

bP SGe) Pay ae 


c. 3y!/4 = 3y/y Note that the coefficient 3 is not raised to the + power. 


A ee ee a Note that the coefficient 9 has an implied 
2/4 4/3 3 
Z exponent of 1, not —. 


Skill Practice Convert each expression to radical notation. Assume all variables 
represent positive real numbers. 


ni. 4/5 12. 2'/4y3/4 13. 10p!/? 14. 1172/3 


Using Radical Notation and Rational Exponents 


Convert each expression to an equivalent expression by using rational exponents. 
Assume that all variables represent positive real numbers. 


a. Vb b. V7a c. 7Va 


Solution: 
a. Vb? = b*/4 b. V7a = (7a)!/ ce. 7Va = Tal? 


Skill Practice Convert to an equivalent expression using rational exponents. Assume 
all variables represent positive real numbers. 


15. Vx 16. /5y 17. 54/y 


Answers 


549 


3. Properties of Rational Exponents 6.27 7,22 x 
The properties and definitions for simplifying expressions with integer exponents also 9. 40. Nota real number 
apply to rational exponents. ib 
uVi 12. W2h_— 13. 10\/p 
14. Wa 15. x°/? 16. (5y)/? 


17. Sy? 


ISTUDY 
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Answers 


18. x°/4 
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| Example | Simplifying Expressions With Rational Exponents 


Use the properties of exponents to simplify the expressions. Assume all variables 
represent positive real numbers. 


6712 e& ) 
2/5, 3/5 
a. b —> c. | — 
yy ge w/4 
Solution: 
a, yy = ye/)+G/5) Multiply like bases by adding exponents. 
= yi Simplify. 
=) 
b 6a7!/ 2 
ae 
= 6a-V/9-G/?) Divide like bases by subtracting exponents. 
1 3 4 
= 6a? Se eee eo eee, 
“ eee (;) 2 
6 ee . 
=> Simplify the negative exponent. 
a 


g/2pl/3\4 — g(0/2)-4401/3)-4 ; 
c. = —_—— Apply the power rule. Multiply exponents. 


yw/4 wo/d-4 
2,4/3 
ST : : 
= Simplify. 
w 


Skill Practice Use the properties of exponents to simplify the expressions. Assume all 
variables represent positive real numbers. 


; Ak gBp'/2 6 
18.217 +x" 19): ae 20 ae 
k G 
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4. Applications Involving Rational Exponents 


Applying Rational Exponents 


Suppose P dollars in principal is invested in an account that earns interest annually. If 
after t years the investment grows to A dollars, then the annual rate of return r on the 


investment is given by 
1/t 
r= (5) -1 
P 


Find the annual rate of return on $5000 which grew to $6894.21 after 6 years. 


Solution: 
1/t 
oe (4) aq 
P 
1/6 
= ea —1 where A = $6894.21, P = $5000, and r= 6 


= 0.055 or 5.5% 


The annual rate of return is 5.5%. 


Skill Practice 


21. The formula for the radius of a sphere is 


3V 1/3 
alas 


where V is the volume. Find the radius of a sphere whose volume is 113.04 in.? 


(Use 3.14 for z.) Answer 
21. 3 in. 
Section 6.2 Activity 


a. Write the expression a'/” in radical notation. 
b. Write 9'” as a radical and simplify. 

c. Write (—125)!/° as a radical and simplify. 

d. Explain why (—16)!”” is undefined. 


A.2. a. Write the expression a””” in radical notation. 
b. Write 1257/? as a radical and simplify. 
c. Write 16°/* as a radical and simplify. 
The properties of integer exponents can be extended to rational exponents, provided the corresponding radicals are real 


numbers. For Exercises A.3—A.9, simplify the expressions. Apply your knowledge of the properties of integer expo- 
nents to similar expressions involving rational exponents. Assume that all variables represent positive real numbers. 


9 6/5 
A3. a 2-2 pb. 2.7 Rane he 

5 ys 
A.5. a. (z3)5 bp. (22/3)° Ia, Oh bp. ni? 
Agia 2 bees AB. a. (ab)? b. (2b! 


-3 * Ae 
aN Nica 
dt He 


ISTUDY 
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TURE Practice Exercises 


Prerequisite Review 
For Exercises R.1—R.10, simplify the expression. 


Riga Regd 


R.5. (n*)~ R.6. (a+) 


R.9. wi. wt R.10. p+ p° 


For Exercises R.11—-R.12, 
a. Identify the index. b. Identify the radicand. c. Simplify. 


R11. W16 R12. W/125 
For Exercises R.13—R.16, simplify the radicals 
R.13. (W/81)° R.14. (4/16) R15. W(4 D> R16. (a+b) 


For the exercises in this set, assume that all variables represent positive real numbers unless otherwise stated. 
Vocabulary and Key Concepts 
1. a. If nis an integer greater than 1, then radical notation for a'/” is 


b. Assume that m and n are positive integers that share no common factors and n > 1. If Wa exists, then in radical notation 
qnln _ 


2. a. The radical notation for x7!/? is 


b. 88s and BNF = 


m/n 


Concept 1: Definition of a'/" and a 


For Exercises 3—6, write the expression in radical form. 


3. a. 491/2 4. a. 121'” 5. a. (-64)' 6. a. (—343)'3 
b, —49!” be <121" b, —64'7 b. —343' 
c. 4971/7 ce. 12171” c. 64°17 c. 34378 


For Exercises 7-18, convert the expressions to radical form and simplify. (See Example 1.) 


7. 144)? 8. 16/4 9. -1441/? 10. —16'/" 
11. (-144)'/? 12. (-16)'4 13. (—64)'7 14, (-32)'/ 


15. 2571/2 16. 277'° 17. —49-!/2 18. —647!/2 


Section 6.2 Rational Exponents 


m/n 


19. Explain how to interpret the expression a””” as a radical. 


20. Explain why (v/8)* is easier to evaluate than 78. 


For Exercises 21-24, simplify the expression, if possible. (See Example 2.) 


21. a. 16°/4 22. a. 81°/4 23. a. 25°/? 
b. —16°/4 b. —81°/4 b. —25°/? 
c. (-16)°/4 c. (-81)°/4 c. (—25)°/? 
d. 16°°/4 d. 8173/4 d. 2573/2 
e. —16°°/4 e. —8173/4 e. —25°3/7 
f. (-16)°/4 f. (-81)3/4 f. (—25)3/? 
For Exercises 25-48, simplify the expression. (See Example 2.) 
25. 6473/2 26. 81-3 27. 2433/5 
—-3/2 
29, —27-4/3 30. —167>/4 31. (=) 
33. (-4)3” 34. (-49)-9/? 35. (-8)'/° 
37, —81/3 38. —9!/2 39, 
3671/2 
1 ] 1\2 1\2 
A 42, —— 43. (=) (=) 
10007!/3 ai 8) +4 


-3/4 -1/2 1/4 1/2 1/2 -1/3 
(GB) 6 ()=C5)” Ea 
16 49 16 49 4 64 


Concept 2: Converting Between Rational Exponents and Radical Notation 


For Exercises 49-56, convert each expression to radical notation. (See Example 3.) 


49, 7? 50. °° 51. 6y°4 


53. xP Py'/ 54, 7 ¢3/5 55. or ?/> 


24. 


28. 


32. 


36. 


40. 


44, 


48. 


52. 


56. 


a, 43/7 
b. -447 
ce. (-4)° 


d. 4-3/7 
e. —4°37 


f. (-4)°? 


15/3 

( 49 \12 
10) 

(-9)!/ 


7 
16"? 


(3) +( 


8bt+/? 


in 


For Exercises 57-64, write each expression by using rational exponents rather than radical notation. (See Example 4.) 


57. Wx 58. Va 59. 10Vb 
61. Vy 62. Vo 63. Vaeb 


60. 


64. 


-2t 


abc 


] -1/2 
i) 
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Concept 3: Properties of Rational Exponents 


For Exercises 65-88, simplify the expressions by using the properties of rational exponents. Write the final answers using 
positive exponents only. (See Example 5.) 


65. x!/4x-5/4 66. 27/32-9/3 67. ae 68. gv 
23 1/4 
P q 
69. (y)!9 7. oy 1. 6 oe 2.4 °ar 
1/3 —1/3 
73. — 74. -— 75. (a'Bal/4)2 76. (2/3x1/2)6 
Tt S 
=2/3 \ 12 -1/4\-4 
71. (SacVg'y 78. (2x7 M3y225/3)3 79. (=) 80. (=a) 
~2,\ 1/3 -1,\ 1/2 
81. (=) 82. (24) 83. (25x°y"25)!/? 84. (8a°b?0?)2/? 
2, -1/3\6/ ..1/2,,-2/3)2 —1/3p1/2)4¢ ,-1/2,3/5)10 xemyem a coy 
85. Oy Pa yz") 86. (a by (ab) Ss. {= 88. . 
z c 


Concept 4: Applications Involving Rational Exponents 


89. If P dollars in principal grows to A dollars after t years with annual interest, then the interest rate r is given 
1/t 
by r= (5) — |. (See Example 6.) 
a. In one account, $10,000 grows to $16,802 after 5 years. Compute the interest rate. Round your answer to a tenth of 
a percent. 


b. In another account, $10,000 grows to $18,000 after 7 years. Compute the interest rate. Round your answer to a tenth 
of a percent. 


c. Which account produced a higher average yearly return? 


90. If the area A of a square is known, then the length of its sides, s, can be computed by the formula s = Al”. 
a. Compute the length of the sides of a square having an area of 100 in.” 


b. Compute the length of the sides of a square having an area of 72 in.” Round your answer to the nearest 
0.1 in. 


13 
91. The radius r of a sphere of volume V is given by r= () . Find the radius of a sphere having a volume of 85 in.* 
1 


Round your answer to the nearest 0.1 in. 


92. Is (a+b)! the same as a'/* + b'/?? If not, give a counterexample. 
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Expanding Your Skills 


For Exercises 93-104, write the expression using rational exponents. Then simplify and convert back to radical 
notation. 


Example: \/,. 10 Rational losis Simplify eh Radical RRS 
exponents notation 
93. v y 94. V w 95. V 2 96. vp 


97. Vx° 98. 7p? 99. W/xy® 100. /mp* 
101. 1 16x*y° 102. V81a'*b” 103. W/8x°y"z 104. /64m’n'p 


For Exercises 105-108, write the expression as a single radical. 


105. VV'x 106. VVx 107. VWw 108. Vw 

For Exercises 109-116, use a calculator to approximate the expressions. Round to four decimal places, if necessary. 
109. 9! 110. 12571 111. 50°! 112. (172)° 

113. V5? 114. V6? 115. V10° 116. V16 


Simplifying Radical Expressions }Section 6.3 


1. Multiplication Property of Radicals Concepts 
You may have already noticed certain properties of radicals involving a product or quotient. 1. Multiplication Property of 
Radicals 


2. Simplifying Radicals by 
Using the Multiplication 


Multiplication Property of Radicals Property of Radicals 

Let a and b represent real numbers such that Wa and Wb are both real. Then 3. Simplifying Radicals by 
p F Using the Order of 
Wab =Va-Wb Operations 


The multiplication property of radicals follows from the property of rational exponents. 


Vab = (ab)'!" = a'l"b'" = Ya Wb 


The multiplication property of radicals indicates that a product within a radicand can be 
written as a product of radicals, provided the roots are real numbers. For example: 


Vid = Vib - V9 


The reverse process is also true. A product of radicals can be written as a single radical 
provided the roots are real numbers and they have the same indices. 


V3-V12 = V36 
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2. Simplifying Radicals by Using the Multiplication 
Property of Radicals 


In algebra, it is customary to simplify radical expressions. 


Simplified Form of a Radical 
Consider any radical expression where the radicand is written as a product of prime 
factors. The expression is in simplified form if all the following conditions are met: 


1. The radicand has no factor raised to a power greater than or equal to the index. 
2. The radicand does not contain a fraction. 
3. There are no radicals in the denominator of a fraction. 


For example, the following radicals are not simplified. 


1. The expression WV fails condition 1. 
2. The expression it fails condition 2. 


3. The expression — fails condition 3. 
V8 


The expressions Vv. x, Vv xt, Vv. x°, and V8 are not simplified because they fail condition 1 
(the exponents are not less than the index). However, each radicand is a perfect square and 
is easily simplified for x > 0. 


However, how is an expression such as V2 simplified? This and many other radical 
expressions are simplified by using the multiplication property of radicals. We demon- 
strate the process in Examples 1-4. 


Using the Multiplication Property to Simplify 
a Radical Expression 


Simplify the expression assuming that x > 0. Vx? 


Solution: 
The expression V x° is equivalent to Vx° - x. 


Veo = V98 «x 
= V8. Vx Apply the multiplication property of radicals. 
Note that x* is a perfect square because x* = (x*)”. 


ae vx Simplify. 


Skill Practice Simplify the expression. Assume a > 0. 


1. Va!! 


Answer 


1. ava 


Section 6.3. Simplifying Radical Expressions 


In Example 1, the expression x’ is not a perfect square. Therefore, to simplify Vx’, it was 
necessary to write the expression as the product of the largest perfect square and a remain- 
ing or “left-over” factor: Vx” = Vx - x. This process also applies to simplifying nth roots, 


as shown in Example 2. 


| Example 2_| Using the Multiplication Property to Simplify 


Radical Expressions 


Simplify each expression. Assume all variables represent positive real numbers. 
a. Vb" b. Vw"? 


Solution: 


The goal is to rewrite each radicand as the product of the greatest perfect square (perfect 
cube, perfect fourth power, and so on) and a leftover factor. 


a. Vb’ = Wb - bP b’ is the greatest perfect fourth power in the 
radicand. 
= Vb. Ve Apply the multiplication property of radicals. 
= bv Simplify. 
b. VW wi? = y/ (w®z’) - (w) wz? is the greatest perfect cube in the radicand. 
= Vw? . Vw Apply the multiplication property of radicals. 
= w/w Simplify. 


Skill Practice Simplify the expressions. Assume all variables represent positive 
real numbers. 


2. V5 


Each expression in Example 2 involves a radicand that is a product of variable factors. 
If a numerical factor is present, sometimes it is necessary to factor the coefficient before 


simplifying the radical. 


Using the Multiplication Property 
to Simplify a Radical 


Simplify the expression. V56 


Solution: 
V56 = V2?-7 Factor the radicand. 2/56 
= V/(2”)-(2-7) 2” is the greatest perfect square in the aa 
radicand. a 
= V2? eV 2e7 Apply the multiplication property of 
pply Pp 
radicals. 


Simplify. 


Skill Practice Simplify. 
4. V24 


557 


it may be easier to 


visualize the greatest perfect 


square factor within the 
cand as follows: 


56 = 9/4e1a) 
=/4./i4 
=2Vi4 


Answers 


2vvv 3. p°q’/p°q 


radi- 


4. 2V6 
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GE the radical can also be 


simplified as: 
6V50 =6vV25-2 
=6V25-V2 
=6-5V2 
= 30V2 
i) |= In Example 5, the 


numerical coefficient within 
the radicand can be written 

8 - 5 because 8 is the greatest 
perfect cube factor of 40: 


V40xX V2’ = 7/8 - 5x7’ 
= (OVA 
= 2xyz?. V/5y°z 


Answers 


5. 15V2 6. arb’ 20°b? 


Using the Multiplication Property to Simplify Radicals 


Simplify. 6V50 
Solution: 
6V50 = 6V5?-2 Factor the radicand. 
=6.V5?. V2 Apply the multiplication property of radicals. 
= 625472 Simplify. 
= 30V2 Simplify. 


Skill Practice Simplify. 
5. 5V18 


| Example5 | Using the Multiplication Property to Simplify Radicals 


Simplify the expression. Assume that x, y, and z represent positive real numbers. 


3 40x3y° z! 
Solution: 
V40x7y°z! 2|40 
2(20 
= F275 yz! Factor the radicand. 2/10 
5 


= V2ix'y'z") - Gy'z) 
= 2aye/5y’z 


Skill Practice Simplify. Assume that a > 0 and b > 0. 
6. V32ab” 


23x7y%2° is the greatest perfect cube. 


Apply the multiplication property of radicals. 


Simplify. 


3. Simplifying Radicals by Using the Order 
of Operations 


Often a radical can be simplified by applying the order of operations. In Example 6, the 
first step will be to simplify the expression within the radicand. 


Using the Order of Operations to Simplify Radicals 


Use the order of operations to simplify the expressions. Assume a > 0. 


7 
a 3 3 
{5 page 
“Ve 81 


[STUDY 


Solution: 
a a’ 
a 


Skill Practice Use the order of operations to simplify the expressions. 


ot 
8. 7) 


Assume v > 0. 


21 

Iv 
7. 4[— 
yp 


Simplifying a Radical Expression 


7V50 
10 


Simplify. 


Solution: 


7V50 _ 7V25-2 


10 


_7-5Vv2 


10 


_1-3V2 


_7v2 


2V 300 


9. 
30 


Skill Practice Simplify. 


Section 6.3. Simplifying Radical Expressions 


The radicand contains a fraction. However, the fraction can 
be reduced to lowest terms. 


Simplify the radical. 


The radical contains a fraction that can be simplified. 


Reduce to lowest terms. 


Simplify. 


25 is the greatest perfect square in the radicand. 


Simplify the radical. 


1v2 


Simplify the fraction to lowest terms. The expression 


Answers 
7.0 8. 2 9. 


cannot 


2V3 


3 
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Avoiding Mistakes 


be simplified further because one 
factor of 2 is in the radicand and the 
SOROS HHHEHSEHSHEEEESHEEEEHEHEHESEEEEEHEEEEEEEEEESEEEEOHEESEOEEETESEHESOHEEEEN SEES other is outside the radical. 
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Section 6.3 Activity 


A.1. a. If Wa and Wb are both real numbers, then Wa -Wb =____. 
b. The multiplication property of radicals can be used in “reverse” to simplify radical expressions. For example, 


V0 4S = VA 5 es, 
c. Simplify V50 by factoring 50 such that one factor is a perfect square.) 
ve = VO Vile 


d. Simplify vx! by factoring x’ as the product of the largest perfect cube and a “leftover” factor.) 
(= ORE = 8 = 


A.2. Simplify /48x°y° by following these steps. 
a. Factor 48 into a product of prime factors. 
b. Write the radical with the radicand factored as a product of prime factors. 
c. Write the radicand as the product of the largest perfect square factor and a “leftover” factor. 


Waa’ = V (C25) -_) 


—_ —<—— 

These factors 

should all be 
perfect squares. 


d. Simplify the radical. 


A.3. Simplify iad by first simplifying the radicand. 
] mG 


A.4. Simplify AS (Hint: Simplify the radical first.) 


BSI ED Practice Exercises 


ISTUDY 


Prerequisite Review 


For Exercises R.1—R.2, find the prime factorization of the given number. 


R.1. 882 R.2. 189 


R.3. Which of the following are perfect squares? 
4, 6, 9, 18, 25, 40, 100, 200, y*, y, yy, yy? 


R.4. Which of the following are perfect cubes? 
il, 4, 8, 16, 27, 30, 4, &, &, OS, @, &, CO, GC” 
R.5. Which of the following are perfect fourth powers? 
1, 4b & 16,25), 40, il, Be, BF 1D, iD a 
R.6. Which of the follow are perfect fifth powers? 
1, XO, 25), 32, NO), DAS, Oe, x2, 389, 3 ak, ae 
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For Exercises R.7—-R.18, simplify the expression if possible. Assume that all variable expressions represent positive 
real numbers. 


R7. 4/4 8. R.9. W125 R.10. V81 


64 
Rl. —V36 2 R.13. —W64 R.14. wW/—64 


R15. Vb" 16. R.17. V9c%d® R.18. V 16m2n° 


For the exercises in this set, assume that all variables represent positive real numbers unless otherwise stated. 


Vocabulary and Key Concepts 


1. a. The multiplication property of radicals indicates that if a and Wb are real numbers, then 


Vab = 
b. Explain why the following radical is not in simplified form. Ve 


c. The radical expression Ve" (is/is not) in simplified form. 
d. The radical expression V/18 simplifies to__V2. 
e. To simplify the radical expression Wt" the radicand is rewritten as W/__- P. 
2. Onacalculator, V2 is given as 1.414213562. Is this decimal number the exact value of V2? 


Concept 2: Simplifying Radicals by Using the Multiplication Property of Radicals 


For Exercises 3-8, fill in the boxes inside the radicals. Then simplify the result. 


3. Vel = VxO-x = VxO ve = 
4. Vy = Vy8-y= Vy. vy=—_ 
5. Vel aVx0 PaWxO Ve = 
6. Vy =Vyt Y= Wy Wy = —__ 
7 Vx aWxO Baa. Ve = 
8. Wy =VyF-y = Wyo: Wy = —_ 


For Exercises 9-32, simplify the radicals. (See Examples 1-5.) 


a 10. \/p® uu. vq" 12, Wr"? 

13. Varo 14, Vod® 15. —WxFy? 16. —W/p™q" 
17. V28 18. V63 19. V20 20. V50 
21. 5VIi8 22. 2V24 23. W54 24. W250 
25. V25ab° 26. V64m>n™® 27. W40x" 28. \/81y" 
29. W/—16x5y* 30. V—192a°bc? 31. V80w*z? 32. V/32p%gr 


562 Chapter 6 Radicals and Complex Numbers 


Concept 3: Simplifying Radicals by Using the Order of Operations 


For Exercises 33-44, simplify the radical expressions. (See Examples 6-7.) 


x ye oe q' 1 
33. 4/~ 34, 4/2 35. 4/7 36. 4/4. 
7 y P q 


50 98 f 3 f_2 
7. 4{— - 4{— 9. 4/— 40. +/—— 
2 a 2 ‘ 24 . 250 
ETA Ae ay RE 
41. ead 42. a 43. ogc 44. v2 
6 9 12 10 
Mixed Exercises 
For Exercises 45-72, simplify the radical expressions. 
45. 80 46. V108 47. -6V75 48. -8V8 
49, /25x'y° 50. 4/125p'q° 51. W27xy%z4 52. V108a°bc? 
5 9 3 
4 Me a 5 qi 64) 
3w Ax? 300y'° 100h° 
57. 2 16a°b 58. 3 —27a" 59, V2Bq4polqZ 60 Fig 1220 65,80 
, aap . 8a P . 
61. V54a°b* 62. V72mn* 63. —SaV 12a°*b*c 64. —Tyv/75xy°2° 
65. V/7xry 66. W10cd" 67. V54a‘b* 68. V48r°s* 
69. ze 70. = 71. = 72. MASE 
3 2 20 12 
For Exercises 73-76, write a mathematical expression for the English phrase and simplify. 
73. The quotient of 1 and the cube root of w® 74, The principal square root of the quotient of h? and 49 


75. The principal square root of the quantity k raised to the 76. The cube root of 2x* 
third power 


For Exercises 77-80, determine the length of the third side of the right triangle. Write the answer as a simplified radical. 
77. 78. 


? 


12 in. 


79. 18m 80. 


ISTUDY 


81. On a baseball diamond, the bases are 90 ft apart. 
Find the exact distance from home plate to second 
base. Then round to the nearest tenth of a foot. 


2nd base 


Home plate 


Expanding Your Skills 


83. Tom has to travel from town A to town C across 
a small mountain range. He can travel one of two 
routes. He can travel on a four-lane highway from 
A to B and then from B B 


to C at an average H 


speed of 55 mph. Or 

he can travel on a two- 

lane road directly from 

town A to town C, but 

his average speed will yy 4; 
be only 35 mph. If 

Tom is in a hurry, 

which route will take 

him to town C faster? 


Addition and Subtraction of Radicals 


1. Addition and Subtraction of Radicals 


Definition of Like Radicals 


Section 6.4 Addition and Subtraction of Radicals 563 


82. Linda is at the beach flying a kite. The kite is 
directly over a sand castle 60 ft away from Linda. 
If 100 ft of kite string is out (ignoring any sag in the 
string), how high is the kite? (Assume that Linda is 
5 ft tall.) See figure. 


84. One side of a rectangular pasture is 80 ft in length. 
The diagonal distance is 110 yd. If fencing costs 
$3.29 per foot, how much will it cost to fence the 
pasture? 


80 ft 


Section 6.4 


1. Addition and Subtraction of 
Radicals 


Two radical terms are called like radicals if they have the same index and same 


radicand. 


Like radicals can be added or subtracted by using the distributive property. 


Same index Distributive 


fren 


ie, 
3Vx+7Vx =(34+7)Vx = 10Vx 


_ 


Same radicand 
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FOR REVIEW 


When adding and subtracting like 
radicals, the distributive property is 
used to factor out the radical. Then 
the coefficients are added or sub- 
tracted as indicated. 


6V11 -2V11 =(6-2)VI1T 


=4V11 
Answers 
4.-3V6 9-2. 2V10 


| Example | Adding and Subtracting Radicals 


Add or subtract as indicated. 


a. 6V11 -2v11 


Solution: 
a. 6V11 —2V11 
=(6-2)V11 
=a Td 


b. V3 + V3 
=1V3+1V3 
=(1+1)V3 
=2V3 


Avoiding Mistakes 


The process of adding /ike radicals with the distributive property is similar to adding /ike terms. The 
end result is that the numerical coefficients are added and the radical factor is unchanged. 


b. V3 + V3 


Apply the distributive property. 
Simplify. 


Note that V3 =1V3. 
Apply the distributive property. 
Simplify. 


V3 + V3 =1V3 +1V3 =2Vv3 


Be careful: V3 + V3 4 V6 
In general: Vx + Vy# Vxt+y 


1. 5V6-8V6 


Skill Practice Add or subtract as indicated. 


2. V10+ V10 


QESEELEM Adding and Subtracting Radicals 


Add or subtract as indicated. 


a. —2Wab + 7Wab — Wab 
Solution: 
a. —2Wab + TWab — Wab 
=(-2+7-1)Wab 


=4Vab 
1 3 
b. a 3y — =x1/3y 
1 3 
= (G-3)v5 
1 6 
= (5-9) vB 
= ——xV/3y 


1 3 
b. rr 3y — BV 3y 


Apply the distributive property. 
Simplify. 


Apply the distributive property. 
Get a common denominator. 


Simplify. 


Section 6.4 Addition and Subtraction of Radicals 


Skill Practice Add or subtract as indicated. 
3. 5Sy/xy — 3W/xy + TAY xy 
4, 2y V2 + syv2 


Example 3 shows that it is often necessary to simplify radicals before adding or 
subtracting. 


QESEELEM Adding and Subtracting Radicals 


Simplify the radicals and add or subtract as indicated. Assume all variables represent 
positive real numbers. 


a. 3V8 + V2 b. 88? — 3yv8 
c. V50x°y — 13yv/2x’y? + xyvV/98y° 


Solution: 
a. 3V8 + V2 The radicands are different. Try simplifying the 
radicals first. 

=3-2V2+V2 Simplify: V8 = V2? =2V2 
=6V2 + V2 
=(6+ 1)Vv2 Apply the distributive property. 
S7v2 Simplify. 

b. 8 ey" = 3yV8 The radicands are different. Simplify the 


radicals first. 
= 8xy Vx — 3xyVx Simplify Vey =xyVx and Vie =xVx. 
= (8 — 3)xyVx Apply the distributive property. 
= 5xyVx Simplify. 


c. V50x7y? — 13yv/ 2x’y? + xyvV/ 98y° Simplify each radical. 
/50xy° = 25 - 2xy? 
= 5Sxy"/2y 
= Sxy’/2y — 13xy*/2y + Txy/2y —13y1/2x7y3 = -13xy?/2y 


xy 98y? = xyv/49 - 2y° 


= Txy*s/2y 
=(5— 13 +7)xy’V/2y Apply the distributive property. 


= —xy/2y 


Skill Practice Simplify the radicals and add or subtract as indicated. Assume all 
variables represent positive real numbers. 


5. V75 +2V3 
6. 4V ab — 6aVb 


7. —3+/ 2y? + 5yv/18y — 2 50y° 


Answers 


7. 2yV/2y 


3. Ixy 4. 7) 
5. 7V3 6. -2avb 


565 
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In some cases, when two radicals are added, the resulting sum is written in factored form. 
This is demonstrated in Example 4. 


Adding Radical Expressions 


Add the radicals. Assume that x > 0. 3V 2x7 + V8 
Solution: 
3V 2x7 + V8 


=3xV2 +2V2 Simplify each radical. Notice that the radicands are the 
same, but the terms are not like terms. The first term has 
a factor of x and the second does not. 


= (3x +2)V2 Apply the distributive property. The expression cannot 
be simplified further because 3x and 2 are not like 
terms. 


Skill Practice Add the radicals. Assume that y > 0. 
8. 4V/45 — 1/5y* 


Answer 
8. (12-y)Vv5 
Section 6.4 Activity 
A.1. Two radical expressions are like radicals if they have the same ______ and same 
A.2. Determine whether the radicals are like radicals. If they are not like radicals, explain why. 
a. V7 and V3 b. ~/xy and \/xy 
c. 4vV/u and 2Vu d. 8V5x and V5x 


A.3. Simplify the expressions. 
a. 4x + 7x — 2x 
b. 4VxX + 7Vx —-2Vx 
ce. 4V2+7V2 -2V2 


d. Discuss the similarity in the process to simplify each expression in parts (a)—(c). 


A.4, Given the expression 16-V3t — 12V3t + V3t, 
a. Identify the coefficients of each term. 
b. Simplify the expression. 
A.5. Simplify the expression by following these steps. 
By V 5x° — 2xyV 20x? + 2x°4/45xy* 
a. Simplify 3yV 5x. 
b. Simplify —2xyV 20x°. 
c. Simplify 2x7\/45xy’. 
d. Write the original expression with the radicals in simplified form. 
e. Simplify the expression. 
A.6. Consider the expression 3V 7x? +5 V7. 
a. Write the expression with the radicals simplified. 
b. Add the radicals using the distributive property. 
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Practice Exercises Section 6.4 


Prerequisite Review 


For Exercises R.1—R.2, determine whether the terms are like terms. 


R.1. a. 3y and zy b. 9a and 9b c. 2x’y and 4x°y d. 10x and 10 


3 2 
R.2. a. —6p and —6 b. ye and 6y* c. —11la*b and 4ab* d. 2.1x and ze 


For Exercises R.3—R.6, combine like terms. 
R.3. 4y — 6y + y R.4. 8p —p+ 1p 


3 1 2 8 
R.5. —c’d+—c'd R.6. =x°y+sx° 
reece Bees eres 
For Exercises R.7—R.10, simplify the expression. Assume that all variables represent positive real numbers. 


Re V27 R.8. V84 
R.9. /250x°y4 R.10. V16a°D* 


For the exercises in this set, assume that all variables represent positive real numbers, unless otherwise stated. 
Vocabulary and Key Concepts 
1. a. Two radical terms are called like radicals if they have the same __________ and the same 
b. The expression V3x + V3x simplifies to 


c. The expression V2 + V3 (can/cannot) be simplified further, whereas the expression V2 - V3 
(can/cannot) be simplified further. 


2. a. The expression Vv 18 simplifies to 
b. The expression V2 + V18 simplifies to 


Concept 1: Addition and Subtraction of Radicals 


For Exercises 3—8, determine if the radical terms are like. 


3. V2 and V2 4. 70x and Wx 
5. V2 and3vV2 6. Wx and Vx 
7, /2and V5 8. 2Wx and xW2 


9. Explain the similarities between the pairs of expressions. 
a 7V5+4V5 and = 7x+4x 
b. -2V6-9V3 and = -2x-9y 


10. Explain the similarities between the pairs of expressions. 
a. -4V3 +5V3 and —42 + 5z 
b. 13V7-18 and = 13a—18 
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For Exercises 11-14, simplify the expressions. 


11. 


13. 
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a. 3x+5x 
b. 3VxX¥+5VX 
a. —8t+t 


hy =r 


12. a. —Ilm+6m 
b. -—llVm+6Vm 
14. a. -—c+7c 


b. -We+7Vc 


For Exercises 15-32, add or subtract the radical expressions, if possible. (See Examples 1-2.) 


15. 


18. 


21. 


24. 


27. 


30. 


33. 


34. 


3V5 +6V5 
6V7 -2V7 +07 
V3 +7V3 -V14 


10V10 —8V10 + V2 
V2t + W2t 


<aVb + sab 


16. 


19. 


22. 


25. 


28. 


31. 


5Va+3Va 17. 3Wtw — 2V tw + Vtw 
6V10 — V10 20. 13V11 - Vil 
2V11 +3V13+5vI11 23. 8Vx +2V/y -6Vx 
Vab + a/b 26. xv/y — yWx 
V5e4+W5e 29. 26 + ie 
0.81xy/y — 0.1 1x+/y 32. 7.5./pq — 6.3\/pq 


Explain the process for adding the two radicals. Then find the sum. 3V2 +750 


Explain the process for subtracting two radicals. Then find the difference. V12x — V75x 


For Exercises 35-64, add or subtract the radical expressions as indicated. (See Examples 3-4.) 


35. 


39. 


43. 


47. 


51. 


55. 


59. 


61. 


63. 


V36+ V81 36. 3V80 —S5V45 37 
4AV7 + V63 —2V28 40. 8V3 —2V27 + V75 41 


V81 —V/24 44, 17/81 — 2W24 45. 
s/s + 3PV 8s 48. 4x4 — Axx 49 
SpV20p* + p’V80 52. 2qV/'48q? - 274" 53 
5xVx +6Vx 56. 9yV2 +4V2 57 
11W54cd3 — 2W/2cd? + dW/16c 60 


Sabv/ 24a S sv 54a@°b? — a2bV/150a 


xW16 — 20/27x +. ~/5403 


- 2V12 + V48 38. 5V32 +2V50 


. 5V18 + V27-4V50 42. 740 - V8 +450 


3V2a—-V8a-V72a 46. V12t-— V27t+5V3t 
» Wx! = xVx 50. 6y/y" - 3y°V/y" 
. Vab - V8ab 54. wV80 —3V125w> 
» V50x2 — 3V8 58. V9.3 — V25x 


. xy 64x°y" a ey? + 54/x8y" 


. mnvVv72n + enV 8nen - 2 V50nFn* 


. 5 — 2y/y + W167 
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Mixed Exercises 


For Exercises 65-72, answer true or false. If an answer is false, explain why or give a counter example. 


65. VxtVJy=Vxty 66. Vx + Vx =2Vx 67. SWx + 2Wx = 1x 
68. 6Vx + 5Vx = 11x 69. Vy + Vy = V2y 70. Ve +d? =c+d 
TL. 2wv5 +4wVv5 =6w V5 72. IxV3 —2V3 = (Ix —2)V3 


For Exercises 73-76, write the English phrase as an algebraic expression. Simplify each expression. 


73. The sum of the principal square root of 48 74. The sum of the cube root of 16 and the cube 
and the principal square root of 12 root of 2 

75. The difference of 5 times the cube root 76. The sum of the cube of y and the principal 
of x° and the square of x fourth root of y'? 


For Exercises 77-80, write an English phrase that translates the mathematical expression. (Answers may vary.) 


77. V18 —5? 78. B-W4 79. Wx+y 80. at + Va 


For Exercises 81-82, find the exact value of the perimeter, and then approximate the value to one decimal place. 


81. 82. V75 ft 
V3 ft 
27 ft 

83. The figure has perimeter 14/2 ft. Find the 84. The figure has perimeter 12/7 cm. Find the value 

value of x. of x. 

V50 ft 112 cm 
x 
x 
Expanding Your Skills 

85. a. An irregularly shaped garden is shown in the figure. All distances are y 


expressed in yards. Find the perimeter. (Hint: Use the Pythagorean 
theorem to find the length of each side.) Write the final answer in radical 
form. 


b. Approximate your answer to two decimal places. 


c. If edging costs $1.49 per foot and sales tax is 6%, find the total cost of 
edging the garden. 
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Section 6.5 | Multiplication of Radicals 
1. Multiplication Property of Radicals 


1. Multiplication Property of In this section, we will learn how to multiply radicals by using the multiplication property 
Radicals of radicals. 
2. Expressions of the Form 
(Vay 
3. Special Case Products The Multiplication Property of Radicals 
4. Multiplying Radicals With Let a and b represent real numbers such that Wa and /b are both real. Then 


Different Indices 


Vab =Va-Wb 


To multiply two radical expressions, we use the multiplication property of radicals along 
with the commutative and associative properties of multiplication. 


| Example1 | Multiplying Radical Expressions 


Multiply each expression and simplify the result. Assume all variables represent positive 


real numbers. 


a. (3V2)(5V6) b. (2x/y)(-7-Vxy) c. (15eV‘ed) (ver) 


Solution: 
a. (3V2)(5V6) 
=(3-5)(V2- V6) 


=15V12 
= 1523 
= 15+ 2/3 
=30V3 


b. (2x+/y)(-7-Vxy) 
= (2x)(-7)(Vy - xy) 


=—-14x 
= —14xyVx 


¢. (15eVed)(2Ved? ) 
= (15¢ 5) ed - Vcd’) 


=5eV dP 
=5cdV 7 


Commutative and associative properties of 
multiplication 


Multiplication property of radicals 


Simplify the radical. 


Commutative and associative properties of 
multiplication 


Multiplication property of radicals 


Simplify the radical. 


Commutative and associative properties of 
multiplication 


Multiplication property of radicals 


Simplify the radical. 
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Skill Practice Multiply the expressions and simplify the results. Assume all variables 
represent positive real numbers. 


1. (4V6) (-2V3) 
2. (3ab Vb) (—2Vab) 
3. (2W4ab) (SW2a°b) 


When multiplying radical expressions with more than one term, we use the distributive 
property. 


| Example2 | Multiplying Radical Expressions 


Multiply. 3V11(2+ v11) 


FOR REVIEW 


Solution: 
a” Compare the multiplication of 
radicals to the multiplication of 
3V112+4+ v11) polynomials. 
=3vV11-2)+3vll-vil Apply the distributive property. et a eee ee 
=6V114+3V11? Multiplication property of radicals = 
er : 3V11(2 + V11) 
= 6V114+3-11 Simplify the radical. =3V11-24+3V11-V11 


= 6V11 433 


Skill Practice Multiply. 
4, 5V5(2V5 — 2) 


| Example3 | Multiplying Radical Expressions 


Multiply. 
a. (V5 +3V2)2V5 -— V2) b. (-10aVb + 7b)\(avb + 2b) 


Solution: 


Se 
a. (V5 +3V2)(2V5 — V2) 
“st 


=2V5? — V10 + 6V10 —3V22 Apply the distributive 
property. 

=2-5+5V10-3-2 Simplify radicals and 
combine like radicals. 

=104+5V10-6 

=44+5V10 Combine like terms. 


b. (-10aWb + 7b)(av/b + 2b) 
ae 


= —10a Vb? — 200abVb + TabVb + 14b? Apply the distributive 
property. 


. . : Answers 
=-10a’*b-1 14b° lif 
0a2b — 13abVb + 14b Simplify and combine i iF 2 =6u6%/a 


like terms. 3. 200\/b2 4. 50-10V5 
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Answers 


5. —54+ V30 
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6. 3x°y + xyvV/y — 2 


7. AVt —t—4Viw + 12Vw — 3w 


8. 14 


9. q 


10. 3z 


Skill Practice Multiply. 
5. (2V3 —3V10)( V3 +2V10) 6. (xv/y + y)(3xv/y — 2y) 


Multiplying Radical Expressions 


Multiply. (2Vx + Vy)(6 — Vx + 8y/y) 


Solution: 


(2Vx + V/y)(6- Vx + 8y/y) 
a ed 


= 12Vx -2V 2 + 16Vxy + 6Vy — Vay +8" Apply the distributive 


property. 
= 12Vx — 2x + 16\/xy + 6v/y — Vxy + 8y Simplify the radicals. 
= 12Vx — 2x + 15/xy + 6v/y + 8y Combine like terms. 


Skill Practice Multiply. 
7. (Vt+3Vw)(4- Vt- Vw) 


2. Expressions of the Form (i/a)" 


The multiplication property of radicals can be used to simplify an expression of the form 
(Va), where a> 0. 


(Va)? = Va-Va=Va =a where a > 0 


This logic can be applied to nth roots. 
+ If Wa is a real number, then (Wa)" =a. 


| Example 5 | Simplifying Radical Expressions 


Simplify the expressions. Assume all variables represent positive real numbers. 


aa/liy b. (Wz) ce. (\/pq)° 


Solution: 
a. (V11)?=11 b. (Wz) =z c. (Wpq) =pq 


Skill Practice Simplify. 
8. (v14)? 9. (/q)’ 10. (¥/3z)° 
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3. Special Case Products 


From Examples 2-4, you may have noticed a similarity between multiplying radical 
expressions and multiplying polynomials. 
Recall that the square of a binomial results in a perfect square trinomial: 


(a+ by =a+2ab+h 
(a—bY =a -—2ab+ bh’ 


The same patterns occur when squaring a radical expression with two terms. 


Squaring a Two-Term Radical Expression 


Square the radical expressions. Assume all variables represent positive real numbers. 


a. (Vd +3) b. Vy — V2 


Solution: 
a. (Vd +3) This expression is in the form (a + b)’, BEL SBi procucr 
where a = Vd andb=3. (Vd + 3)* can also be found 
by using the distributive 
a@ +2ab+b’ Apply the formula property. 
= 2 2 2 2 = 2 2 2. 
(vd) + 2(vVd)(3) + (3) (a+ by =a" +2ab+b WI Eee) 
=d+6Vd+9 Simplify. St 
b. (5x/y — V2) This expression is in the form 
(a — b)’, where a = 51/y and 
bead, 
@ —2ab+b’ Apply the formula 
= (5V/y)? — 265-Vy)(V2) + (V2) (a — b)? = a? — 2ab + b’. 
= 25y — 10V/2y +2 Simplify. 


Skill Practice Square the radical expressions. Assume all variables represent positive 
real numbers. 


11. (Va —5) 12. 4Vx+ V3) 


Recall that the product of two conjugate binomials results in a difference of squares. 
(a+ b)\(a-b)=a -b’ 


The same pattern occurs when multiplying two conjugate radical expressions. 


Multiplying Conjugate Radical Expressions 


Multiply the radical expressions. Assume all variables represent positive real numbers. 


a. (V3 + 2)(V3 — 2) b. (=v - ivi) (Fve+iv") 


Answers 


1. a—10Va + 25 
12. 16x+ 8V3x +3 
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Solution: 
product 
(V3 + 2)(V3 — 2) can also a. (V3 + 2)(V3 — 2) The expression is in the form (a + b)(a — b), where 


be found by using the a= V3 and b=2. 
distributive property. ab 


1 \ 


(V3 + 2)(V3 — 2) = (V3) —(2)° Apply the formula (a + b)(a — b) = a’ — b’. 
See =3-4 Simplify. 
ag 


1 3 1 s] This expression is in the form 
" (Gv 7 3%) (Gv 7 3¥') (a — b)(a + b), where a = 4s and 


b=3vit. 


=(;vs ) - (3 vi) Apply the formula (a + b)(a ~ b) = a —b’. 


=-s——t Simplify. 


Skill Practice Multiply the conjugates. Assume all variables represent positive real 
numbers. 


13. (V5 +3)(V5 — 3) 14. (5va+iv5) (va -=vb) 


4. Multiplying Radicals With Different Indices 


The product of two radicals can be simplified provided the radicals have the same index. 
If the radicals have different indices, then we can use the properties of rational exponents 
to obtain a common index. 


Multiplying Radicals With Different Indices 


Multiply the expressions. Write the answers in radical form. 


a. V5 -W5 b. W7- V2 


Solution: 
a V5 eS. 
= Ses" Rewrite each expression with rational exponents. 
= 51/3) +(1/4) Because the bases are equal, we can add the exponents. 
a ea Write the fractions with a common denominator. 
a5 Simplify the exponent. 


= V5’ Rewrite the expression as a radical. 


Answers 
13. —4 14, Lg 
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b. V7. V2 
apg Rewrite each expression with rational exponents. 
= Write the rational exponents with a common denominator. 
=(7 2)" Apply the power rule of exponents. 
= VP? Rewrite the expression as a single radical. 
= 7/392 Simplify. 


Skill Practice Multiply the expressions. Write the answers in radical form. Assume all 
variables represent positive real numbers. 


15. Vx - Wx 16. Va - Wb 


Answers 


B.Ve 16. VoD" 


Section 6.5 Activity 


A.1. Recall that the multiplication property of radicals indicates that W/a - /b = _____, provided that the two 
radicals represent real numbers. 
A.2. a. Multiply. (5x) - (2x) 
b. Multiply. (Svx)-(Qvx) 
c. Multiply. (5Wx) - (2Wx) 
d. Compare the process to multiply radicals in parts (b) and (c). 


For Exercises A.3—A.6, multiply the expressions. 


A.3. a. sxx? + 8xy + 2y’) b. 5 Vida + 8./xy + 2./y) 
A.4. a. (2x + 3)(5x — 6) b. (2VxX + 3)(5Vx — 6) 
c. 2Vx+ V3)(5Vx- V6) 
A.5. a. (5x — 3)? b. (vx - 3) 
ce. (SVx — V3)? 
A.6. a. (2y —7)(2y +7) biOvg =Nevs +7) 


c. (2Vy - V7)\2Vy¥ + V7) 

A.7. To multiply two radical expressions with different indices, write the radicals with rational exponents. Then write 
the rational exponents with a common denominator. To illustrate this process, simplify W7 - V2 by following 
these steps. 

a. Write V7 using rational exponents. 

b. Write V2 using rational exponents. 

c. Write the expression Ne using rational exponents. 

d. Write the expression from part (c) with a common denominator in the exponents. 
e. Convert the expression from part (d) as a product of radicals. 


f. Multiply the radicals. Leave the radicand in factored form. 


ISTUDY 


576 Chapter 6 Radicals and Complex Numbers 


TUR Practice Exercises 


Prerequisite Review 
For Exercises R.1—R.10, simplify the expression. 


R.1. (5x’)(—8xy) R.2. (—6Pw)(—37) 


R.3. — al 15a’ + 25ab — 10b7) R.4. zin(4m? — 8mn + 24n?) 


R.5. (3c + 4)(c? — 2c +5) R.6. (5d — 1)(2d? + 3d + 7) 
a, Oa = Sip R.8. (3m + 9n)y* 


1 1 3 3 
R.9. (sm + 4n) (sm - an) R.10. (5s - ») (5* + ») 


For Exercises R.11—R.12, add or subtract as indicated. 


Rll. —2yV28 + 4//63y" R.12. 4V/8x? — xV50x 


For the exercises in this set, assume that all variables represent positive real numbers, unless otherwise stated. 


Vocabulary and Key Concepts 
1. a. If Wa and Wb are real numbers, then Wa - Wb = 
b. Ifx>0, then Vx - Vx = 
c. If Wa is a real number, then (W/a)" = 
d. Two binomials (x + V2) and (x — V2) are called _____ of each other, and their product is (x)? — (W2)’. 
e. Ifm>0andn>0, then (Vm + Vn)(Vm — Vn) = 


2. Which is the correct simplification of (Wc + 4)?? 
c+16 or c+8Vc+16 


Concept 1: Multiplication Property of Radicals 


For Exercises 3-8, fill in the blanks and simplify the expressions. Assume that the variables represent positive real numbers. 


3. a. x-x b. Vx. Vx¥=VxoO=_ 
4, ayy b. Vy Wy aVy5=__ 
5B ate b. Wt-VP = VO =___ 

6. a. mm? b. Vin? - Vm = VO = 

7. a. (5x)(10x) b. V5x-V10x = VO =___ 
8. a. (6y)(3y) b. Voy: /3y = VU= 
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For Exercises 9-44, multiply the radical expressions. (See Examples 1-4.) 


9. V7-V3 10. V6-V2 11. V2-V10 
12, 4 A. 13. V16 - 764 14. V5x3- V10x" 
15. (4/4)(2V5) 16. (2V5)(3.V7) 17. (8aVb)(-3 Vab) 
18. (pW a )(Wpq) 19. V30- VI2 20. V20- V54 
21. Vox - VI2x 22. (W3ab?)(V21a’b) 23. V5a°b? - V20a°b? 
24. Wien? - W48m'n? 25. (41/3xy*)(-21/6x7)) 26. (2V3x)(4W27x5) 
27. (W4a7b)\\W/2ab*)(W54a"b) 28. (W/9xy)/Oxy)(W/ 8x79") 29. V3(4V3 -6) 
30. 3V5(2V5 +4) 31. V2(V6 - V3) 32. V5(V3 + V7) 
33. VV + 7) 34, Vvv8 —3r/y) 35. (V3 +2V10)(4V3 — V10) 
36. (8V7 — V5)(V7 +3V5) 37. (Vx +4)(Vx — 9) 38. (Vw — 2)(Vw - 9) 
39. (x/y + 2)(\/y — 3) 40. (44+V/p)(54+~/p) 41. (Va-3Vb)\9Va — Vb) 


42. 1vm+4Vny(Vm + Vn) 43. (\/p +2V/q\(8+ 3p - Va) 44, (SVs — Vt)(Vs +5 + 6V*1) 


Concept 2: Expressions of the Form (W/a)" 


For Exercises 45-52, simplify the expressions. Assume all variables represent positive real numbers. (See Example 5.) 


45. (V15) 46. (V58) 47. (4/3y) 48. (4/19yz)* 
49, (W6)° 50. (24) 51. V709 - V709 52. V401 - V401 


Concept 3: Special Case Products 


53. a. Write the formula for the product of two 54. a. Write the formula for squaring a binomial. 
conjugates. (x + y)\(x—-y) = (x+y)?= 
b. Multiply. (x + 5)(x — 5) b. Multiply. (x + 5)? 


For Exercises 55-66, multiply the radical expressions. (See Examples 6-7.) 


55. (V13 +4) 56. (6- V1ly 57. (/p— VTP 
58. (/q + V2)" 59. (V2a -3VbyY 60. (V3w +4Vz) 
61. (V3 +.x)(V3 - x) 62. (y+ V6\(y — V6) 63. (V6 + V2)(V6 - V2) 


64. (VI5 + V5)\(V15 — V5) 65. (vx+svy)(ZvVx-svv) 66. (Fvs+ivi)(Fvs—zv") 
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For Exercises 67-68, multiply the expressions. 


67. a. (V3 + Vx)(V3 — Vx) 68. a. (V5 + Vy\(V5 - Vy) 
b. (V3 + Vx\(V3 + Vx) b. (V5 + Vy(Vv5 + Vy) 
ce. (V3 — Vx)(V3 — Vx) Cc. (V5 — Vy)(V5 — Vy) 


Mixed Exercises 
For Exercises 69-76, identify each statement as true or false. If an answer is false, explain why. 


69. V3-V2=Vv6 70. V5-W2= V10 1. (x—- V5P=x-5 
V5Xx 

72. 3(2V5x) =6V5x 73. 5(3V4x) = 15V20x 74, - =Vx 

75. BV = vi 76. (Vt-1)(Vvt+ 1) =t-1 


For Exercises 77-84, perform the indicated operations. 


77. (-V6x) 78. (-V8a) 79. (3x41) 80. (V/x=1) 
81. (Vx+3 —4) 82. (Vx+1 +43) 83. (V2r—3 +5) 84. (V3w —2 -4) 


For Exercises 85-88, find the exact area. 


85. 86. 87. 


40 ft 6¥2m 


V12 in. 


a | 


10V12 m 


3V2 ft 


Concept 4: Multiplying Radicals With Different Indices 
For Exercises 89-100, multiply or divide the radicals with different indices. Write the answers in radical form and 
simplify. (See Example 8.) 


89. Vx. Wx 90. Wy: Vy 91. W2z-W2z 92. W5w- V5w 
3 5 
93. vp: vp 4. Va Va g5, Vie 96, YY 
Vu Vv 

97. Vx. Wy 98. Va-Wb 99. V8- V3 100. Vil - V2 


Expanding Your Skills 
For Exercises 101—106, multiply. 
101. \/2xy - W5xy 102. V6ab - W7ab 103. V4m’n - V6mn 


104. </5xy° - ¥/10xy 105. WatWb\WVa—-WVab+Vb?) 106. Wa-Wb)V a? + Vab + Vb") 
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Division of Radicals and Rationalization Section 6.6 
1. Simplified Form of a Radical 


Recall that for a radical expression to be in simplified form the following three conditions 1. Simplified Form ofa 
must be met. Radical 
2. Division Property of 
Radicals 


=o Be 5 3. Rationalizing the 
Simplified Form of a Radical aoe te Ane Term 


Consider any radical expression in which the radicand is written as a product of 4. Rationalizing the 
prime factors. The expression is in simplified form if all the following conditions Denominator—Two Terms 


are met: 


1. The radicand has no factor raised to a power greater than or equal to the index. 
2. The radicand does not contain a fraction. 
3. No radicals are in the denominator of a fraction. 


In the previous sections, we have concentrated on the first condition in the simplifica- 
tion process. Next, we will demonstrate how to satisfy the second and third conditions 
involving radicals and fractions. 


2. Division Property of Radicals 


The multiplication property of radicals makes it possible to write a product within a radi- 
cal to be separated as a product of radicals. We now state a similar property for radicals 
involving quotients. 


Division Property of Radicals 
Let a and b represent real numbers such that Ya and W/b are both real. Then, 


Aa 
wE=Y4 p20 
Via 


The division property of radicals indicates that a quotient within a radicand can be written 
as a quotient of radicals provided the roots are real numbers. For example: 


J25 _ V25 

36 =—-V36 
The reverse process is also true. A quotient of radicals can be written as a single radical 
provided that the roots are real numbers and that they have the same index. 


V125 _ 4/125 
Same index = 4¢/— 
V8 8 


In Examples | and 2, we will apply the division property of radicals to simplify radical 
expressions. 
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Answers 
x? 
1= 
~ 
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| Example1 | Using the Division Property to Simplify Radicals 


Use the division property of radicals to simplify the expressions. Assume the variables 
represent positive real numbers. 


a° 3 81y° 
a. 4/— b. 4/—— 
\ bt \ x 


Solution: 
6 
a. zi The radicand contains an irreducible fraction. 
Va Scie’ : : 
_ Va Apply the division property to rewrite as a quotient 
Vb of radicals. 
a 
= BP Simplify the radicals. 
3 8 ly ‘ E é : : 
b. 5 The radicand contains an irreducible fraction. 
x 
_ vy8ly Apply the division property to rewrite as a quotient 
3 of radicals. 
= (ox Factor the radicand in the numerator to simplify the 
3 radical. 


3 yi 3y" Simplify the radicals in the numerator and the 
= denominator. The expression is simplified because it 
now satisfies all conditions. 


Skill Practice Simplify the expressions. 
4 "i 
1 4/— 2. J 
y 64 


| Example2 | Using the Division Property to Simplify a Radical 


Use the division property of radicals to simplify the expressions. Assume the variables 
represent positive real numbers. 


vey! 


ip 
Solution: 
V8p' : ec ai : : 
WS There is a radical in the denominator of the fraction. 
P 
4 8p! Apply the division property to write the quotient under a 
Vp single radical. 
= V/8p" Simplify the fraction. 
=pv8 Simplify the radical. 
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3. Rationalizing the Denominator—One Term 


The third condition restricts radicals from the denominator of an expression. The process to 
remove a radical from the denominator is called rationalizing the denominator. In many 
cases, rationalizing the denominator creates an expression that is computationally simpler. 
For example, 


6 _ 72 8 
Pe and tae 2-vV6 


We will demonstrate the process to rationalize the denominator as two separate cases: 


e Rationalizing the denominator (one term) 
e Rationalizing the denominator (two terms involving square roots) 


To begin the first case, recall that the nth root of a perfect nth power simplifies completely. 


Ve =x x>0 


3/03 


vy=x 
4 
Vat =x x>0 
5 

~P=x 


Therefore, to rationalize a radical expression, use the multiplication property of radicals to 
create an nth root of an nth power. 


| Example 3 | Rationalizing Radical Expressions 


Fill in the missing radicand to rationalize the radical expressions. Assume all variables 
represent positive real numbers. 


a. Va: V? = Va =a b. Vy -W=VWy =y 
c. W223 -W? = W234 = 2z 
Solution: 


a Va-V2=Va What multiplied by Va will equal Va? 
Va = 


What multiplied by \/y will equal Wy ? 


ce. 23 -W7 = V24¢4 =22 What multiplied by W2z° will equal ¥/24z4? 
V22 Vz = W223 =2z 


Skill Practice Fill in the missing radicand to rationalize the radical expression. 


4,.V7-V? 5. Ve .W7 6. V5x-W/? 


To rationalize the denominator of an expression with a single radical term in the denomi- 
nator, we have the following strategy. Multiply the numerator and denominator by an 
appropriate expression to create an nth root of an nth power in the denominator. 


Answers 


4.7 


5. Pe 


6. 52x 
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Rationalizing the Denominator—One Term 


) 
Simplify the expression. = a#0 
Va 
Solution: 


To remove the radical from the denominator, a cube root of a perfect cube is 
needed in the denominator. Multiply numerator and denominator by Va 


because Wa - Va = Va =a. 


Se ae 
5sVa 
=e Multiply the radicals. 


Simplify. 


Skill Practice Simplify the expression. Assume y > 0. 


ae 


Vy 


of 2 
Note that for a #0, the expression Va = 1. In Example 4, multiplying the expression 


a 
=z by this ratio does not change its value. 
Va 


| Example5 | Rationalizing the Denominator—One Term 
5 


Simplify the expression. {/ = 


Solution: 


= The radical contains an irreducible fraction. 


Apply the division property of radicals. 


- Simplify the radical in the numerator. 


yy : 7 Rationalize the denominator. 
v7 , Note: V7-V7=VP=7 


_ vyTy Avoiding Mistakes 


4/72 
7 A factor within a radicand cannot be simplified 
PPOeTTT ETT Cree Te eee. i i i A | 
_ yVTy simplify aa factor outside the radicand. For example, 
7 ‘ —— cannot be simplified. 
Answer 7 
aye 
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Skill Practice Simplify the expression. 


Rationalizing the Denominator—One Term 


15 
W255 


Simplify the expression. 


Solution: 
is; 
W255 
i W5e2 Because 25 = 57, one additional factor of 5 is needed to 
= eee See form a perfect cube. Two additional factors of s are needed 
S's V5s to make a perfect cube. Multiply numerator and denominator 
= 15V5s* by W5s°. 
5 53 r 
3/2 
= is. Simplify the perfect cube. 
Ss 


| TIP: ue expression 
15W5s2 
5s 
and the factor of 5 may be 
reduced because both are 
outside the radical. 


15V5s? 15 W582 


Reduce to lowest terms. 


, the factor of 15 


Skill Practice Simplify the expression. 


18 5s i iS 
9. 3V5s2 
3/y_2 = 
vV3y ore 
4. Rationalizing the Denominator—Two Terms 
Example 7 demonstrates how to rationalize a two-term denominator involving square roots. 
First recall from the multiplication of polynomials that the product of two conjugates 
results in a difference of squares. 
(a+b\a-by=a-b? 
If either a or b has a square root factor, the expression will simplify without a radical. That 
is, the expression is rationalized. For example: 
(2+ V6)(2 — V6) = (2)? - (v6)" 
=4-6 
= —2 
Answers 
9 2v8 og fy 


3 Sy 


[STUDY 
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Avoiding Mistakes 


When constructing the conjugate of 


an expression, change only the sign. - 


between the terms (not the sign of 
the leading term). 


FOR REVIEW 


Recall that the product of conjugates 
results in a difference of squares. 


(a—blat+b)=a-b° 


Answers 
10. 6-2V5 


“4 yt+4vy - 32 
‘ 64-y 


Solution: 
a 
2+ V6 
_ (-2) ; (2- V6 ) Multiply the numerator and denominator by 
~ (2+ V6) (2- V6) the conjugate of the denominator. 
A 
eeeccccceeescoes conjugates 
_ 722 - V6) In the denominator, apply the formula 
~ 2" =(Vv6? (a+ b\a—b) =a - BP. 
7 SENS . ve) Simplify. 
_ -2(2- v6) 
2 
_ 22 - V6) 
2 
=2- v6 
Skill Practice Simplify by rationalizing the denominator. 
10)" 
3+ 


Example 7 Rationalizing the Denominator—Two Terms 
n=? 
2+ V6 


Simplify the expression by rationalizing the denominator. 


Rationalizing the Denominator—Two Terms 


Rationalize the denominator. 4+ Vx 
Vx-7 
Solution: 
(Gans Vx) « Vx +7) Multiply numerator and 
(V¥x-7) (Vx +7) denominator by the 
conjugate of the 
denominator. 
_— AVX) + AMD + VOW) + (V7) Apply the distributive 
(Vx)? 7 (7 property. 
= A4vx +284 x+7Vx Multiply the radicals. 
x — 49 
_x+11vx +28 simplify, 
x — 49 


Skill Practice Rationalize the denominator. 


11. vy —4 
8- vy 
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Rationalizing the Denominator—Two Terms 


eae 3V2+2V5 

Rationalize the denominator. a a 
V2 -4V5 
Solution: 
3V2+2V5) (V2 +4V5) Multiply numerator and denominator 
(V2 —4V5) (V2 +4V55) by the conjugate of the denominator. 
= (3V2) - (V2) + BV2)(4V5) + (2V5)(V2) + (2V5)(4V5) Apply the 
(2) -(4 Wi 2 distributive 
property. 
= ee a Ua Multiply the radicals. 
2-80 
_ 46+ 14V 10 ae _ 46+ 14V10 
—  =78 78 
} — 
= sys Factor and simplify. 
7 
39 
_ _23+7Vv10 
39 
Skill Practice Rationalize the denominator. 
yp, 5¥2-2Vv5 
‘ V2 = 4/5, Answer 
12. -V10 
Section 6.6 Activity 
A.1. The division property of radicals indicates that 5 =______, provided that the radicals represent real numbers 
and that b # 0. 


For Exercises A.2—A.3, apply the division property of radicals and simplify the expression. Assume that all variables 
represent positive real numbers. 


V50x3 
V 2x 


A.3. (Hint: Write the quotient as a single radical and simplify the fraction.) 


A.4. The expression G is not simplified because there is a radical in the denominator. 
af 


a. Multiply the expression by a convenient ratio of 1 so that the product in the denominator is a perfect fourth power. 
on Vv 
ee Ie 
b. Simplify the expression. 


ISTUDY 
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: 14, ener ; ee: : 
A.5. The expression Ae simplified because there is a radical in the denominator. 


V49y 
a. Factor the denominator as a product of prime factors. 


b. Multiply the expression by a convenient ratio of 1 so that the product in the denominator is a perfect square. 
EON ima 
Wy VO yy 


c. Simplify the expression. 


In Exercises A.6—A.7, we investigate how to rationalize the denominator when the denominator has two terms with one 
or more square roots. 


A.6. Recall that the product of conjugates results in a difference of squares. 

a. Multiply. (7x — 2)(7x + 2) 

b. Multiply. (W7x — 2)(/W7x + 2) 

c. Multiply. (W7 - 2)(V7 +2) 

d. After multiplying the expressions in parts (b) and (c), do radicals still appear in the expressions? 

12 
V7 -2 
expression by a convenient ratio of 1. Fill in the blank so that in the resulting product, the radical in the 
denominator would be eliminated. 
| 


(qe) ( 
f. Simplify the expression 


e. Now consider the expression . To eliminate the radical in the denominator, we want to multiply the 


by using the result from part (e). Be sure to write the final answer in lowest terms. 


12 
V7 -2 
vti-5 
Vit+4 


A.7. Consider an expression with two terms in the denominator where one or more terms is a square root, such as 


a. To simplify the expression, we want to remove the radical(s) from the (choose one: numerator/ 
denominator). 
b. Multiply numerator and denominator of the expression by the __________ of the denominator. 
Vt—5 


c. Simplify. ea 


T-Yeui(elaMoR-Me Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.4, simplify the expression. Assume that all variables represent positive real numbers. 
RAL. We R.2. 5% R3. Vaeb! R4. V/p°¢° 


For Exercises R.5—R.8, multiply. Assume that all variable expressions represent positive real numbers. 


R.5. (/p — 4)(./p + 4) R.6. (Vw + 5)(VWw — 5) 


R.7. (10 + V7)(V10 — V7) RS, (/1l =V5)(/ 1 + V5) 
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For the exercises in this set, assume that all variables represent positive real numbers unless otherwise stated. 


Vocabulary and Key Concepts 


1. a. In the simplified form of a radical expression, no _____ may appear in the denominator 
of a fraction. 


is 


. The division property of radicals indicates that if Wa and Wb are real numbers, then 5 =— provided 
that b 40. 


c. The simplified form of the expression 4} = is 
V x 


Q 


. The expression “4 (is/is not) in simplified form, whereas <2 (is/is not) in simplified form. 


NE 


. The process of removing a radical from the denominator of a fraction is called ________ the 
denominator. 


N 


ao 


: : . . 3 : : 
. To rationalize the denominator for the expression We = , multiply numerator and denominator by the 
conjugate of the x —2 


Concept 2: Division Property of Radicals 


For Exercises 3-14, simplify using the division property of radicals. Assume all variables represent positive real numbers. 
(See Examples 1-2.) 


49x4 100p? 8a" 4w3 
3. 4/—— 4, : 5. 4/— 6. 4/—— 
y qd x 25y 


ee i ee 9, ¥72ab° 10, ¥ 6 
a yo Vv 8ab V24x 
VV 3y2" 


Us 
1S) 
N 
a 


V3b3 /128wz8 


11. ———— ; 2 
W48b! /2w2 vw! Oy" 


Concept 3: Rationalizing the Denominator—One Term 


The radical expressions in Exercises 15—22 have radicals in the denominator. Fill in the missing radicands to rationalize the 
denominators. (See Example 3.) 


15 xx Vv? 16 22 Vv? 17 ene 18 PNG 
Ve VE WP Ve Ve Vv? he ve i WP 
id ee 8 99, 20.. 10 ve 4, 1 __1 Ne gy de Vn 
© ¥3z 0 V3z V2? “Viw Viw VM “Wea Wea V2 ' Yor vor v7 


1 il 1 1 
23. — 24, —— 25. — 26. _ 
VJ VI x i: 
6 9 a b 
27, — 28. — 29. — 30. — 
V/2y V31 2 3 
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6 2 
31. — 32. —= 33. 
V8 V48 
—6 —2 
35. —— 36. — 37. 
39. 40. 2 41. 
Ww z 
43. ; 2 5 44, I: 5 45. 
4x y 
47, — 4s, —! 49 
vv vis 
Concept 4: Rationalizing the Denominator—Two Terms 
51. What is the conjugate of V2 — V6? 52. 


53. What is the conjugate of Vx + 23? 54. 


For Exercises 55—74, rationalize the denominator. (See Examples 7-9.) 


55. ———— 


59. ——— 


63. 


67. 3vx- Vy 


71. 


Mixed Exercises 


56. 


60. 


64. 


68. 


72. 


6 

avi on 
V8 

Viel 7 
y-2 

Wadi 65 

2Vat+wvb 69 

Vbh=Va : 

5V2aV75 3 

Sa 2 ays : 


= Bc 
v2 v7 
7 1 
= 38. — 
Va 7 
4 16 42 4 81 
3 "V8 
ae 46. —— 
7V 24 3V50 
2 6 
— 50. —— 
V8x° 27 
What is the conjugate of V11 + V5? 


What is the conjugate of 17 — \/y? 


8 213 
Ses BR 
V6 -2 V5 -3 
= 62, —° 
Vp t+va Va- vb 
vw+2 66 10- vi 
9- Vw " Vt-6 
3vi0 no, V7 
2+ V10 3477 
v5+4 7a, 32 
ta45 ” 4/2 = 5 


For Exercises 75-78, write the English phrase as an algebraic expression. Then simplify the expression. 


75. 16 divided by the cube root of 4 


76. 21 divided by the principal fourth root of 27 


77. 4 divided by the difference of x and the principal square root of 2 
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78. 8 divided by the sum of y and the principal square root of 3 


79. The time 7(x) (in seconds) for a pendulum to make one complete swing back 


and forth is approximated by 
x 
T(x) = 224 /-— 
sas os 


where x is the length of the pendulum in feet. 


Determine the exact time required for one swing for a pendulum that is | ft long. 
Then approximate the time to the nearest hundredth of a second. 


Jonnie Miles/Photodisc/Getty 
Images 


80. An object is dropped off a building x meters tall. The time T(x) (in seconds) 
required for the object to hit the ground is given by 


Ta) =e 


Find the exact time required for the object to hit the ground if it is dropped off Three First National Plaza in Chicago, 
a height of 230 m. Then round the time to the nearest hundredth of a second. 


For Exercises 81-84, rationalize the denominator. 


1 1 1 4 
81. a. —= 82. a. — 83. a 84. a. —— 
v2 Vx V5a V2x 
—s om — i 
V2 Ve Vi+a 1= Vx 
Expanding Your Skills 
For Exercises 85-90, simplify each term of the expression. Then add or subtract as indicated. 
vo, 1 1 3 3 
85. ——+—= 86. —=+ v7 87. V15 -—4/=4+4/= 
2 V6 v7 5 \3 
a ome eee 89, 25 += 90. +954 
2 6 Va 


For Exercises 91-98, rationalize the numerator by multiplying both numerator and denominator by the conjugate 
of the numerator. 


91. V3 +6 92. V7-2 93. Va- vb 94. vp t+vVa 
2 5 Vat vb Vp -vVa 
95 V54+3h—-V5 96 V7 +2h—-V7 97 V44+5h —2 98 V9+4h -3 


h h h h 


590 Chapter 6 Radicals and Complex Numbers 


Problem Recognition Exercises 


Operations on Radicals 


As you work through the following exercises, you will perform a variety of operations on radicals. For each exercise, if you 
are unsure what to do, try thinking of an analogy of the same operation on polynomials. For example, for each row of the 
table, compare the exercise on the left to the exercise on the right. Assume that all variables represent positive real numbers. 


(4x)(5x) Product of monomials (4Vx)(5Vx) 
= (4-5) - x) = (4-5)(Vx - Vx) 
= 20x = 20V2 
= 20x 
(2a —5)(2a+ 5) Product of conjugates OV a— QV a +5) 
= (2a) — (5) = (2Va)’ — (5) 
= 4a —- 25 
(2 —3x)’ Square of a binomial (2-3vx)y 
= (2)? — 2(2)(3x) + (3x) = (2)° — 2(2)(3 Vx) + 3Vx)" 
=4—-12x4 9x =4-12Vx +9Vx2 
=4-12Vx + 9x 
(4c + 2)(3c +5) Product of polynomials (4Vc +2)3Vc +5) 
Para SM , ae” ie 
= (4c + 2)(3c +5) =(4Vc +2)3Vc +5) 
ka 4 
= (4c)(3c) + (4c)(5) + (2)(3c) + (2)(5) = (4Vc)(3Vc) + (4Vc)(5) + (23 Vc) + (2)(5) 
= 12c? + 20c + 6c +10 =12V2 +20Ve + 6Vc +10 
= 12c? + 26c + 10 = 12c + 26Vc +10 


For Exercises 1—30, simplify each expression. Assume that all variable expressions represent positive real numbers. 


Ivan v 24 2. a. V54 3. a. V/200y° 4, a. V32z" 
b. 724 b. 754 b. */200y* b. 3225 

5. a. V80 6. a. V48 7. as ary 8. a. Val°b? 
b. 80 b. V/48 b. vey b. Wap? 
c. W/80 c. W48 ce. Vey c. Walp? 

9. a. 325° 10. a. V96v'w” ll. a. V54 V5 12. a. V10 + V10 
b. V325°1 b. V96v'w™ b. V5- V5 b. V10- V10 
ce. 132s°1° c. V96v Ww” 

13. a. 2V6-5V6 14. a. 377 -10V7 15. a. V8 + V2 16. a V12+ V3 
b. 2V6-5V6 bees 7 10V7 b. V8- V2 b. V12- V3 

17. a. 5V18 —4V8 18. a. V50 -— V72 19. a. 4W/24 + 6W3 20. a. 20/54 —5W/2 


b. 5V18 -4V8 b. V50- V72 b. 4/24 - 63 b. 2W/54 - 5x/2 
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21. a. (V3)(V6) b. V3+ V6 c. 
V14 

22. a. ae b. (V2)(V14) c. 

23. a. BVz)? b. 34+ Vz)’ c. 

24. a. (4-— Vx)? b. (4- Vx (44+ Vx) c. 
12 ip 

25. a. War b. Oy (eg 

15 15 

26. a. b. — c 
B= 4/y V3y 

97... a V5 414 B/S =2) b CV54DV5—4) c. 

28. a. (4V3 —5)(V3 +4) b. 4V3(V3 +4) c. 

29. a. V16a! b. V16a! 


= 


30. a.27y° 


27y° 


Solving Radical Equations 


1. Solutions to Radical Equations 


An equation with one or more radicals containing a variable is called a radical equation. 
For example, Wx =5 is a radical equation. Recall that (Way" =a, provided Wa is a real 
number. The basis of solving a radical equation is to eliminate the radical by raising both 
sides of the equation to a power equal to the index of the radical. 

To solve the equation Wx = 5, cube both sides of the equation. 


Wx =5 
(Way = 6) 
x= 125 


By raising each side of a radical equation to a power equal to the index of the radical, a new 
equation is produced. Note, however, that some of (or all) the solutions to the new equa- 
tion may not be solutions to the original radical equation. For this reason, it is necessary to 
check all potential solutions in the original equation. For example, consider the equation 
Vx =—7. This equation has no solution because by definition, the principal square root 
of x must be a nonnegative number. However, if we square both sides of the equation, it 
appears as though a solution exists. 


(vx) = (-7/ 


x= 49 The value 49 does not check in the original equation Vx = —7. 
Therefore, 49 is an extraneous solution. 


v6 
V3 
V2+V14 


(3+ Vz)3 -— Vz) 
(4Vx) 


12 
V2+x 


15 


3y 
2V5(V5 — 2) 


(4V3 —5)- (v3 +4) 


1. Solutions to Radical 
Equations 

2. Solving Radical Equations 
Involving One Radical 

3. Solving Radical Equations 
Involving More than One 
Radical 

4. Applications of Radical 
Equations and Functions 


ISTUDY 
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Answer 
1. {25} 
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2. Solving Radical Equations Involving 
One Radical 


ESEELEI Solving an Equation Containing One Radical 


Solve the equation. Vp+5=9 


Solution: 
Vp+5=9 
Vp =4 Isolate the radical. 
(4/py = 4? Because the index is 2, square both sides. 
p= 16 
Check: p = 16 Check p = 16 as a potential solution. 
Vp+5=9 
V16+5=29 
44+529v True, 16 is a solution to the original equation. 


The solution set is {16}. 


Skill Practice Solve. 
1. Vx-3=2 


| Example 2 _| Solving an Equation Containing One Radical 


Solve the equation. Ww-1-2=2 
Solution: 
Vw-1-2=2 
Vw—-1=4 Isolate the radical. 
(Yw—1 va (4) Because the index is 3, cube both sides. 
w-1=64 Simplify. 
w = 65 
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Check: w = 65 
W65—-1-2=2 Check w = 65 as a potential solution. 
V64-222 
4-2=22V True, 65 is a solution to the original equation. 


The solution set is {65}. 


Skill Practice Solve. 


2. Wt+24+5=3 


SELL Solving an Equation Containing One Radical 


Solve the equation.  7=(x+3)'/44+9 


Solution: 
7 = (x+3)'449 
T= Wx4+34+9 Note that (x + 3)!/4 = Wx +3. 


_4 : 
—2 = vVx+3 Isolate the radical. STL SEater isolating the 
(-2)* = (V7x+3)* Because the index is 4, raise both sides to the radical in Example 3, the 
fourth power equation shows a fourth 
16 = x+3 ; root equated to a negative 
number: 
Ka 15 Solve for x. 
-2=Vx+3 
Check: x = 13 By definition, a principal 
T=VWxt+349 fourth root of any 
; real number must be 
qt W/(13) +349 nonnegative. Therefore, 
there can be no real 
2 ATE 
7T=V16+9 solution to this equation. 
7 +2 +9 (false) 13 is not a solution to the original equation. 


The equation 7 = Vx + 3 + 9 has no solution. 


The solution set is the empty set, { }. 


Skill Practice Solve. 
3.3=6+(@-1)! 


else ©Solving an Equation Containing One Radical 
Solve the equation. yt+2V/4y—-3 =3 


FOR REVIEW 


Solution: Recall that the square of a binomial 
42 ine = 3 is a perfect square trinomial. 
: di (a—bY =a —2ab+b? 
2V4y-3 =3-y Isolate the radical term. 3 -yy = GB = 2)(y) + 0)? 
, . ; =9-6y+y 
(2./4y -3) = G-y) Because the index is 2, square both sides. 
4(4y — 3) =9-6y+y’ Note that (2./4y — 3)? = 27(4/4y — 3)’ Riewere 


and (3 — y)’=(3 — y)\(3-—y)=9-6y + y’. 2. {-10} 
3. { } (The value 82 does not check.) 
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l6y-12=9-6y+y 


0=y'—22y+21 


V= = 2)0=1) 


y-21=0 
y=21 


or yr 
or 

Check: y = 21 
yt+2V4y-3 = 
2142421 -3 2 
21+2v8i = 
214-18 


39 


3 
3 
3 
3 
3 False 


ly 


Ils 


1=0 
yal 


The equation is quadratic. Set one 
side equal to zero. Write the other 
side in descending order. 


Factor. 

Set each factor equal to zero. 

Solve. 

Check: y = 1 

y+2/4y—-3 =3 

142/470) -3 =3 
1+2V1 33 

14+2=3 
$237 


The solution set is {1}. (The value 21 does not check.) 


Skill Practice Solve. 
4. 2Vm+3—-—m=3 


3. Solving Radical Equations Involving 
More than One Radical 


| Example5 | Solving an Equation With Two Radicals 


Solve the equation. 


Solution: 
W2x—-4 = W1— 8x 
(W2x — 4) = (WI — 8x)? 


2x-4=1-8x 
10x-4=1 
10x =5 
1 
x= 
2 
Check: x = 5 


W2x—-4 = W1— 8x 


1 
3 
J'-8(5) 
St=42i71=4 
W-32W-3V (True) 


? 


=A 


Answer 


The solution set is 5}: 
4. {-3, 1} 


W2x—4 =W1 — 8x 


Because the index is 3, cube both sides. 
Simplify. 


Solve the resulting equation. 


Solve for x. 


Therefore, 5 is a solution to the original 
equation. 
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Skill Practice Solve. 
5. y/2y-1=VW10y+3 


eae =Solving an Equation With Two Radicals 
Solve the equation. V3m+1—-Vm+4=1 


Solution: 
V3m+1—-Vm+4=1 


V3m+1 = /m+4+4+1 Isolate one of the radicals. 
(V3m+ 1) =(Vm+4 41) Square both sides. 


3m+1l=m+44+2vVm4+44+1 


Note: (/m+4 +41) 
= (Vm +4) +2()Vm+4+() 
=m+4+2Vm+4+41 


3m+1=m+54+2Vm+4 Combine like terms. divided Te equation by 2 
= : : because all coefficients were 
2m-4=2Vm+4 Isolate the radical again. divisible by 2. Thiemaes the 
m-2=Vm+4 Divide both sides by 2. coefficients smaller before 
; . we square both sides of the 
(m— 2) =(Vm+4y Square both sides again. Eictignececonannes 
m—4m+4=m+4 The resulting equation is 
quadratic. 
m —5m=0 Set one side equal to zero. 
m(m —5) = 0 Factor. 
m=0 or m=5 
Check: m=0 Check: m=5 
V3(0)+1-/0)+4=1 V36)+1—-/(6)+4 =1 
Vfi=- V4 21 V16- V9 =1 
1-2-1 (False) 4-321V 


The solution set is {5}. (The value 0 does not check.) 


Skill Practice Solve. 
6 V3c+1—Vc-1=2 


Answers 


5. {-3} 6. {1,5} 


[STUDY 
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ells wAe Solving an Equation With Two Radicals 
Solve the equation. V5x4+4=1+4+ V5x-3 


Solution: 
V5x4+4=14+V5x-3 One radical is already isolated. 
(V5x +4) = (1+ V5x-3) Square both sides. 


5x+4=14+2V5x-34+5x-3 Note: (1+ V5x—3) = 
(1)* + 201) V5x — 3 + (V5x— 3)’ 


5x+4=2V5x-34+5x-2 Combine like terms. 
4=2V5x-3-2 Subtract 5x from both sides. 
6=2V5x-3 Isolate the radical. 
= V5x-3 Divide both sides by 2. 
(3)? = (VW5x- 3)" Square both sides again. 
9=5x-3 The resulting equation is linear. 
12 = 5x Solve for x. 
i — Check: x = @ 
5 
5( )+ 4214 5(= (=) 
V16=1+ V9 


42143 VTrue 


The solution set is i= \ 


Skill Practice Solve. 
7. V4x-3=2-vV4x4+1 


4. Applications of Radical Equations and Functions 
Applying a Radical Equation in Geometry 


For a pyramid with a square base, the length of a side of the base b is given by 


where V is the volume and h is the 


height. 

The Pyramid of the Pharaoh Khufu 
b (known as the Great Pyramid) at Giza 
Figure 6-3 has a square base (Figure 6-3). If the dis- 


tance around the bottom of the pyramid 
is 921.6 mand the height is 146.6 m, what 
Answer is the volume of the pyramid? 


~ {a} 
“l4 Waj/Shutterstock 


ISTUDY 
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Solution: 
p= | 
h 
3V\" 
b= ( *) Because the index is 2, square both sides. 
b= a Simplify. 
h 
2 3V : ; 
beh= a KH Multiply both sides by h. 

bh =3V 
2 

Cas = el Divide both sides by 3. 
3 3 
2 

oh ay 
3 

. : a 921.6 

The length of a side b (in meters) is given by a 230.4 m. 
2 
eae =V Substitute b = 230.4 and h = 146.6. 


2,594,046 = V 
The volume of the Great Pyramid at Giza is approximately 2,594,046 m?. 


Skill Practice 


8. The length of the legs, s, of an isosceles right triangle is s = V2A, where A is the 
area. If the legs of the triangle are 9 in., find the area. 


Applying a Radical Function 


On a certain surface, the speed s(x) (in miles per hour) of a car before the brakes were 
applied can be approximated from the length of its skid marks x (in feet) by 


s(x)=3.8Vx x20 See Figure 6-4. 


Speed of Car Based on Length of 
Skid Marks 


5(X) 
sot 


Speed (mph) 
— 
S 


| | | | | | | Lis 
% 50 100 150 200 250 300 350 400 


Length of Skid Marks (ft) 
Figure 6-4 


a. Find the speed of a car before the brakes were applied if its skid marks are 
361 ft long. 


b. How long would you expect the skid marks to be if the car had been traveling Answer 
the speed limit of 50 mph? (Round to the nearest foot.) 8. 40.5 in? 
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Solution: 
a s(x) = 3.8Vx 
5(361) = 3.8V361 Substitute x = 361. 
= 3.8(19) 
= 72.2 


If the skid marks are 361 ft, the car was traveling approximately 72.2 mph before 
the brakes were applied. 


b. s(x) = 3.8Vx 


50 =3.8Vx Substitute s(x) = 50 and solve for x. 
50 ; 
38 = Vx Isolate the radical. 
30)? _ 
3.8 
x = 173 


If the car had been going the speed limit (50 mph), then the length of the skid marks 
would have been approximately 173 ft. 


Skill Practice When an object is dropped from a height of 64 ft, the time f(x) (in seconds) 
it takes to reach a height x (in feet) is given by 


t(x) = av 64 -—x 
Answers 9. Find the time to reach a height of 28 ft from the ground. 


10. What is the height after 1 sec? 


9. 3 sec 10. 48 ft 


Section 6.7 Activity 


A.1. Consider the equations x — 5 = 4 and 3x = 6. 
a. To isolate the variable, we perform the inverse operation to the operation acting on x. For example, to solve 
x —5 = 4, we would add 5 to both sides of the equation. How would you solve 3x = 6? 
b. By analogy, how would you solve the equation Wx =4? 


A.2. Consider the equation Vx = —5. 
a. By inspection, the solution set is _____ because no real number x has a negative square root. 
b. However, if you were to square both sides of the equation “x = —5, the resulting equation would be 
Does x = 25 check in the original equation “x = —5? 
c. Part (b) illustrates that if we square both sides of an equation, we must check the potential solution(s). 


Likewise, if we raise both sides of an equation to an (choose one: even/odd) power, we must check the 
potential solutions. 


A.3. a. Consider the equation 2x — 3 = 5. What is the first step to solve the equation? What is the second step to 
solve the equation? 
b. Consider the equation 2\/x — 3 = 5. What is the first step to solve the equation? What is the second step to 
solve the equation? 
. Solve the equation. 2x —3 =5 
d. Solve the equation. 2V3x+1—-—3=5 


ie) 
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e. Solve the equation. 2V/3x + 1 —3 =5 
f. Solve the equation. 2x + 1)!/4-3=5 
g. For which equations from parts (c)—(f) was it necessary to check the potential solution? Why? 


A.4. a. Square the binomial. (5 — x)? 
b. Solve the equation. Wea 3 =5 Si 


A.5. The equation V5x — 3 = Vx + | contains two square roots, and each square root is isolated on one side of the 
equation. Solve the equation and check the potential solution. 


A.6. The equation Vx + 2 + V2x +5 = 1 contains two square roots, but because the equation has a third term, it is 
not possible to isolate both square roots simultaneously. This significantly complicates the process to solve the 
equation. Let’s walk through the process using the following steps. 


a. First, we want to isolate one of the radicals. Write the equation with Vx + 2 isolated on the left side of the equation. 
b. Square both sides of the equation and write the new equation. 


c. The right side of the equation still has a radical. Isolate the term —2V 2x + 5 on the right side of the equation 
and write the new equation. 


d. To make the equation a bit simpler, multiply both sides by —1 and write the new equation. 


e. The term on the right side of the equation is 2\/2x + 5. If we divided by 2 on both sides to isolate the radical, 
we would create fractional coefficients on the left. Instead, square both sides of the equation as is and write 
the new equation. 


f. The new equation is quadratic. Solve this equation, but do not write the final solution set yet. 


g. The solutions to the equation in part (f) are the potential solutions to the original equation Vx+2 + V2x+5=1. 
Check the solutions from part (f) in the original equation and write the final solution set. 


Practice Exercises | Section 6.7 


Prerequisite Review 


For Exercises R.1—R.6, square the expression as indicated. Assume all variable expressions represent positive real numbers. 
R.1. (¢+ 8)? R.2. (y— 10) R.3. (3+ 1)? 
RA. (V9 -—w)? R.5. (Vm — 7) R.6. (3 + Vx)? 


For Exercises R.7—R.12, solve the equation. 


R.7. 3y —3 = 12 R.8. 4w + 1 = 33 R.9. x — 4x-21=0 


R.10. x° + 13x + 30=0 R.11. 10x? —7 = 33x R.12. 6x° -4=5x 


Vocabulary and Key Concepts 


1. a. The equation Vx+5 + 7= 11 is an example of a _______ equation. 
b. The first step to solve the equation Vx + 5 + 7 = 11 is to _______the radical by subtracting ______ from both 


sides of the equation. 


c. When solving a radical equation, some potential solutions may not check in the original equation. These are called 
solutions. 


2. a. To solve the equation Ww — 1 =5, raise both sides of the equation to the _____ power. 


b. To solve the equation Wm —3 = 2, raise both sides of the equation to the _______ power. 
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Concept 2: Solving Radical Equations Involving One Radical 


For Exercises 3—10, match the equation with the best first step used to solve the equation. 


3. Vxt1=5 4. 2vxt+1=5 a. Raise both sides to the fourth power. 
1/4 b. Divide both sides by 2. 
5. xt1=5 6 &+ I) =5 c. Subtract 2 from both sides. 
f. eag = as S See =s d. Square both sides. 
e. Subtract | from both sides. 
vxt+1 — f. Multiply both sides by 2. 
ms a, 2 NM: Ae a= g. Cube both sides. 
h. Add 2 to both sides. 
For Exercises 11-30, solve the equations. (See Examples 1-3.) 
11. Vx =10 12. Vy =7 13. Vx+4=6 14. Vx+2=8 
15. /5y+1=4 16. V9z-5-2=9 17. 6=V2z-3-3 18. 4=V84+3a-1 
19. ¥x245=x41 20. Vy’-8=y-2 21. Wx—2-1=2 22. W2x—5-1=1 
23. (15-—w)'7+7=2 24. (k +18) 45=3 25. 3+ Vx—16=0 26. 12+ V2x+1=0 
27. 2V6a+7-2a=0 28. 2V3-—-w-—w=0 29. (2x —5)'/4=-1 30. (x + 16)'4 = -4 


For Exercises 31-34, assume all variables represent positive real numbers. 


31. Solve forV: r=" “ 32. Solve for V: 
V 1 
33. Solve forh?: r=aVrt+ih? 34. Solve for d: 


For Exercises 35-40, square the expression as indicated. 


35. (a+5) 36. (b+ 7) 
38. (2+ Vb) 39. (Vr—3 +5) 

For Exercises 41-46, solve the radical equations, if possible. (See Example 4.) 
4. Ve +2a+1=at5 42. VP —5b-8 =b+7 
44, 4p? -2p+1=2p-3 45. 4,/p—2-2=-p 


Concept 3: Solving Radical Equations Involving More than One Radical 


For Exercises 47—70, solve the radical equations, if possible. (See Examples 5-7.) 


47, Wh+4=V2h—-5 48. W3b+6=V7b—6 
50. Vk—-8 —V4k+1=0 51. V5a—9 = V5a -3 
53. V2h+5—-V2h=1 54. V3k—5 - V3k =-1 
56. (y—16)!2-yl2=4 57. 6=Vr43—x 


59. V3i—-7 =2- V3tt1 60. /p—6=V/p+2-4 


r= 


hi 


s=13Vd 


37. 


40. 


43. 


46. 


49. 


52. 


55. 


58. 


61 


(VW5a—3/ 
G=—7 74/7 


V25w* —-2w-3 =5w-4 
x-3Vx-5=5 


W5at+3 —-Wa—13=0 
V8+b=24+ Vb 
(t—9)'/? — 717 =3 
2=vVy+5-y 


»- Vzt14+v2z4+3=1 
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62. /2y+6=V7-2y+1 63. Vom+7 — V3m+3 =1 64. V5wt1- V3w=1 
65. 24+2V2r+3+2V3r—5 =0 66. 64+3V3xt+14+3Vx—1=0 67. 3/y-3 = V4y+3 
68. V5x—8 =2Vx—1 69. /pt+7=V2p+1 70. Vt=Vt—12+2 


Concept 4: Applications of Radical Equations and Functions 
71. If an object is dropped from an initial height A, its velocity at impact with the ground is given by 


v=v2gh 


where g is the acceleration due to gravity and h is the initial height. (See Example 8.) 


a. Find the initial height (in feet) of an object if its velocity at impact is 44 ft/sec. (Assume that the acceleration due to 
gravity is g = 32 ft/sec.) 
b. Find the initial height (in meters) of an object if its velocity at impact is 26 m/sec. (Assume that the acceleration 


due to gravity is g = 9.8 m/sec”.) Round to the nearest tenth of a meter. 


72. The time T (in seconds) required for a pendulum to make one complete swing back and forth is approximated by 


r= amt 
& 


where g is the acceleration due to gravity and L is the length of the pendulum (in feet). 


a. Find the length of a pendulum that requires 1.36 sec to make one complete swing back and forth. (Assume that the 
acceleration due to gravity is g = 32 ft/sec”.) Round to the nearest tenth of a foot. 


b. Find the time required for a pendulum to complete one swing back and forth if the length of the pendulum is 4 ft. 


Assume that the acceleration due to gravity is g = 32 ft/sec”.) Round to the nearest tenth of a second. 
g yis g 


73. The airline cost for x thousand passengers to travel round trip from New York to Atlanta is given by 
C(x) = V0.3x4+ 1 


where C(x) is measured in millions of dollars and x > 0. (See Example 9.) 
a. Find the airline’s cost for 10,000 passengers (x = 10) to travel from New York to Atlanta. 


b. If the airline charges $320 per passenger, find the profit made by the airline for flying 10,000 passengers from 
New York to Atlanta. 


c. Approximate the number of passengers who traveled from New York to Atlanta if the total cost for the airline was 


$4 million. 


74. The time ¢(d) in seconds it takes an object to drop d meters is given by 


=" 


a. Approximate the height of the JP Morgan Chase Tower in Houston if it takes an 
object 7.89 sec to drop from the top. Round to the nearest meter. 


b. Approximate the height of the Willis Tower in Chicago if it takes an object 9.51 sec 
to drop from the top. Round to the nearest meter. 


David Forman/Image Source/ 
Getty Images 
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Technology Connections 


75. Graph Y, and Y, on a viewing window defined by 76. Graph Y, and Y, on a viewing window defined by 
-10<x<40and-5<y< 10. -10<x<20and-5<y<10. 
Y, = V2x and Y,=8 Y, = V4x and Y,=6 
Use an Intersect feature to approximate the x-coordinate Use an Intersect feature to approximate the x-coordinate 
of the point of intersection of the two graphs. How of the point of intersection of the two graphs. How 
does the point of intersection relate to the solution to does the point of intersection relate to the solution to 
the equation V2x = 8? the equation V4x = 6? 


Expanding Your Skills 
77. The number of hours needed to cook a turkey that weighs x pounds can be approximated by 
(x) = 0.90W° 
where ¢(x) is the time in hours and x is the weight of the turkey in pounds. 


a. Find the weight of a turkey that cooked for 4 hr. Round to the nearest pound. 
b. Find 1(18) and interpret the result. Round to the nearest tenth of an hour. 


For Exercises 78-81, use the Pythagorean theorem to find a, b, or c. 


78. Find b when a=2 andc=y. 79. Find b whena=handc=S. 


80. Find a when b=x andc=8. 81. Find a when b= 14 andc=k. 


-T-Yea Cole: Ms Complex Numbers 


Concepts 1. Definition of i 

1. Definition of i We have already learned that there are no real-valued square roots of a negative number. 

2. Powers of f For example, /—9 is not a real number because no real number when squared equals —9. 

3. Definition of a Complex However, the square roots of a negative number are defined over another set of numbers 
Number called the imaginary numbers. The foundation of the set of imaginary numbers is the 

4. Addition, Subtraction, definition of the imaginary number i. 


and Multiplication of 
Complex Numbers 

5. Division and Simplification 
of Complex Numbers 


Definition of the Imaginary Number i 


i= V-1 


Note: From the definition of i, it follows that P=-l. 


Using the imaginary number i, we can define the square root of any negative real 
number. 


Definition of  —b forb>0 


Let b be a positive real number. Then V—b =iVb. 
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| Example | Simplifying Expressions in Terms of i 


Simplify the expressions in terms of i. 


a. V—64 b. V—50 c. —V—-4 d. V—29 


Solution: 
a. V—64 = iv 64 
= 8 
b. V—50 = ivV50 


= 5iV2 Avoiding Mistakes 


@ aad S44 4 In an expression such as iV 29, 


the /is often written in front of 


=-1-iVv4 the square root. The expression 
==]; V 29/ is also correct, but may 
. be misinterpreted as V 29/ 
=o sseeceutecerisapansapessiesnnenes (with / incorrectly placed under 
aq Ajooe =F /a0 the radical). 


Skill Practice Simplify the expressions in terms of i. 


1. V-81 2. V—20 3. —V—36 


4. =F 


If a and b represent real numbers such that a and Wb are both real, then 


ViMe We wi gi24 426 
b Wb 
The conditions that Ya and /b must both be real numbers prevent us from applying the 
multiplication and division properties of radicals for square roots with a negative radicand. 
Therefore, to multiply or divide radicals with a negative radicand, first write the radical in 
terms of the imaginary number i. This is demonstrated in Example 2. 


| Example2 | Simplifying a Product or Quotient in Terms of i 


Simplify the expressions. 


v—100 
as b. V—-25-V-9 Cc. V-5- V5 


Answers 


1. 9 


2. 21iV5 


3. -6/ 
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4. iV7 
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Answers 


5. 2 


6. —28 
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7. 


—2 


Solution: 
V—100 
V-25 
_ 10i 
Si 


a. 


Simplify each radical in terms of i before dividing. 


=5i-3i Simplify each radical in terms of i first before multiplying. 
= 157 Multiply. 

= 15(-1) Recall that i? = -1. 

Simplify. 


Skill Practice Simplify the expressions. 
= 6. V=16-V=49—s, 


5. 


Avoiding Mistakes 


2. Powers of i 
From the definition of i= V—1, it follows that 


i= 


?P=-1 

P=-i because ? = 7 -i=(-l)i=—-i 
Pei because # = 7-7? =(-1)(-D=1 
P=i because ? = i*-i=(1)i=i 
f&=-1 because i® = i*- i? = (1)(-1) =-1 
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This pattern of values i, —1, —i, 1, i, -1, —i, 1, . . . continues for all subsequent powers 
of i. Table 6-1 lists several powers of i. 


Table 6-1 Powers of i 


To simplify higher powers of i, we can decompose the expression into multiples of 


i* (4 = 1) and write the remaining factors as i, i”, or 7°. 


GEZEELEW) Simplifying Powers of i 


Simplify the powers of i. 
a. i’ b. i’ rome al d. i” 
Solution: 
a. i)? = (i'”) - (i) Write the exponent as a multiple of 4 and a remainder. 
= (iO 
= (1)3(i) Recall that i* = 1. 
=i Simplify. 
b. i = (i) - (?) Write the exponent as a multiple of 4 and a remainder. 
=: @ 
= (1)*-(-1) f#=land?=-1 
=-l Simplify. 
ce. 27 = i). ) Write the exponent as a multiple of 4 and a remainder. 
= ()() 
= (1)°°(—i) f=1andi?=-i 
=-l Simplify. 


d. pp = (a 
=(1)? it=1 
=1 Simplify. 


Skill Practice Simplify the powers of i. 
8. i* A a 11 


3. Definition of a Complex Number 


We have already learned the definitions of the integers, rational numbers, irrational numbers, 


and real numbers. In this section, we define the complex numbers. 
Answers 


8. 9. -1 
10.-i 11.1 
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From the definition of a complex number, it follows that all real numbers are complex 
numbers and all imaginary numbers are complex numbers. Figure 6-5 illustrates the rela- 
tionship among the sets of numbers we have learned so far. 


Complex Numbers 
we 


Numbers Real Numbers 


Integers 
5 bop eh ll 


Natural 
Numbers 
TeDe3 Seree 


Figure 6-5 


Identifying the Real and Imaginary Parts 
of a Complex Number 


Identify the real and imaginary parts of the complex numbers. 


a. —84+ 2i b. : 


= ce. —1.75i 
2 
Solution: 
a. —8 4+ 2i —8 is the real part, and 2 is the imaginary part. 
b 39 ny Rewrite 3 in the form a + bi. 3 is the real part, and 0 is the 
“2. 9 imaginary part. 
ce. -1.75i 


=0+-1.75i Rewrite —1.75i in the form a + bi. 0 is the real part, and 
—1.75 is the imaginary part. 


Skill Practice Identify the real and imaginary parts of the complex numbers. 


12. 22-147 13. —50 14, 15i 
TIP: imple 4(b) illustrates that a real Example 4(c) illustrates that an 
number is also a complex number. imaginary number is also a 
RZ 3 complex number. 
Oi , ; 
A 2) —1.75i = 0 + -1.75/ 


4. Addition, Subtraction, and Multiplication 
of Complex Numbers 


Section 6.8 Complex Numbers 


The operations of addition, subtraction, and multiplication of real numbers also apply to 
imaginary numbers. To add or subtract complex numbers, combine the real parts and com- 
bine the imaginary parts. The commutative, associative, and distributive properties that 


apply to real numbers also apply to complex numbers. 


| Example 5 | Adding and Subtracting Complex Numbers 


Add or subtract as indicated. Write the answers in the form a + bi. 
1 3 1 1 
d-5i by ; _(1,3;)_ (44; 
a. (1-5) 4+(-347) b ( z+] (5 =i) 
ce V-8 + V-18 


Solution: 


real parts 


es 
a. (1 — 51) + (-3 + 7) = (1+ —-3) + (-5 + 7)i Add the real parts. 


—— Add the imaginary parts. 
imaginary parts 
=-24+2i Simplify. 
sa Sh Mal ok es NS bn Apply the 
' ( 4 +3!) (5 ia!) ~~475'~ 21 10° distributive 
property. 
= ee! " 3 > 1 \. Add real parts. 
~“\i4g 2 5 10 : Add imaginary 
parts. 
7 (-7-3) + (ota) Get common 
4 4 10 10 denominators. 
= + ai Simplify. 


ce. V-8 + V=18 = 2ivV2 + 3iV2 Simplify each radical in terms of i. 
= 5iV2 Combine like radicals. 


Skill Practice Perform the indicated operations. 
1 1 3 2 


15. (5-3) +(E+3) 16. (-6+11)-—(-9-12) 17. V=45 = =a 


p33 


Answers 

12. real: 22; imaginary: —14 
13. real: —50; imaginary: 0 
14. real: 0; imaginary: 15 

18. — +] 16. 3+ 23) 


17. iV5 
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Answers 
18. —10 — 24/ 
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19. 2.89 + 07 


Multiplying Complex Numbers 


Multiply the complex numbers. Write the answers in the form a + Di. 


a. (10 — 51)(2 + 31) b. (1.2 + 0.52)(1.2 — 0.51) 


Solution: 


a. (10 — 51)(2 + 31) 


Who 
= (10)(2) + (10)(34) + (—S)(2) + (-SDGBD Apply the distributive 
property. 
= 20 + 30i - 10i- 157° 
= 20 + 20: — (15)(-1) Recall ? = -1. 
= 20+ 20i4+ 15 
= 35 + 20i Write in the form a + bi. 


b. (1.2 + 0.5)(1.2 — 0.5i) 


The expressions (1.2 + 0.52) and (1.2 — 0.57) are complex conjugates. The product 
is a difference of squares. 


(a+b\a—b)=a-b’ Apply the formula, where a = 1.2 
and b= 0.5i. 
(1.2 + 0.51)(1.2 — 0.51) = (1.2)? — (0.5i)” 

= 1.44-0.257 
= 1.44 -0.25(-1) Recall 7? = —1. 
= 1.44+0.25 
= 1.69+ 07 

Skill Practice Multiply. 

18. (4 — 61)(2 — 31) 19. (1.5 + 0.8/)(1.5 — 0.87) 


5. Division and Simplification of Complex Numbers 


The product of a complex number and its complex conjugate is a real number. For example: 


(5 + 31)(5 — 31) = 25-977 


= 25—9(-1) 
=25+4+9 
= 34 


To divide by a complex number, multiply the numerator and denominator by the complex 
conjugate of the denominator. This produces a real number in the denominator so that the 
resulting expression can be written in the form a + bi. 
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Dividing by a Complex Number 


Divide the complex numbers and write the answer in the form a + Di. 


4-3i 
5 +2i 
Solution: 
4-31 Multiply the numerator and denominator by the complex 


542i J conjugate of the denominator: 
3) et Oe) CSO es) 


6427) 6=—2) Gr = ar 
_ 20 - 8i- 151+ 67 Simplify numerator and 
25 — 47 denominator. 
20 — 231+ 6(-1 : 
=a 1) asked for the answer in the 
_ 20— 231-6 form a + bi. However, if 
~ 9544 the second term is negative, 
we often leave an answer in 
14 — 23% : : terms of subtraction: 
= Simplify. : 
29 iepiity 4 — 43]. This is the same as 


+ CB. 


Write in the form a + bi. 


Skill Practice Divide the complex numbers. Write the answer in the form a + bi. 


2+i 
3221 


20. 


Simplifying a Complex Number 


Simplify the complex number. ci eon 
Solution: 
64+vV-18 6+iv18 : eres : an alternative 
9 = —?7. Write the radical in terms of i. approach in Example 8, 
6+ 3iV2 the expression 6 +ivi8 
mm Simplify V18 = 3 V2. 9 
9 can be written in the form 
i a+ bi and then simplified. 
= 3 +iv2) Factor the numerator. is 
9 6+iv18 6 3V2. 
——e Aes ao 
3 oer 
— 2+iv2 or a + v2; Write in the form a + bi. 
3 3 3 
Skill Practice Simplify the complex number. Answers 
4 7, 
1. 8- v—24 a 20. B +33! 
21. 4-iv6 re = v6, 


3 3 3 
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Section 6.8 Activity 


A.1. By definition, V—-1 =_____ and? =__ 
A.2. a. By definition, if b is a positive real number, then V—b = ___.. 
b. Simplify. v-13 c. Simplify. Vee 
i Gintiy © Oe Sina | Seas, 


V25 - 


A.3. Recall that the product property of radicals, Wa - Wb = Wab, is true provided that the individual square 
roots Wa and Wb are real numbers. 
a. Therefore, what is the first step to simplify the expression V—4 - V—25? 


b. Simplify the expression V—4 - V—25. 


A.4. Recall that the quotient property of radicals, ue =4) : , is true provided that the individual square roots Wa 
and W/b are real numbers. Vb 
a. Therefore, what is the first step to simplify the expression =D) 


vV—50 


b. Simplify the expression 


A.5. To simplify higher powers of i, we can use the fact that i? = —1. Decompose the higher power of i as a product 
of i” and another power. 


2 7 | 
pee) — 
A.6. From Exercise A.5, we see that i* = 1. Use the fact that 7 = —1 and i* = 1 to decompose higher powers of i. 
7 | 
ba ee 
Ce) ee (el 
de = 
A.7. Simplify the powers of i. 


ante b. i” Cbs d. i?’ 


A.8. Write the number in the form a + bi and identify the real and imaginary parts. 
a. 3-7i b. 4+ V—-12 ® 9 d. —i 


For Exercises A.9—A.14, simplify the expressions. 


KO G4 4230. bee aaa | MAO. a CG =60G 42) be on 22) 
AAL. a. 9—1009+410x) b. O— 109 + 108) A.12. a. (5 + 4x) b. (5 +43)” 
5 5 
Ne eee 
Seay ae Dai 
A.14. 6+ V=28 Vv -28 


4 
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Practice Exercises Section 6.8 


Prerequisite Review 


For Exercises R.1—R.10, perform the indicated operations. 
R.1. (3y + 4) + (—Sy — 6) R.2. (—7t + 8) + Or - 11) 
R.3. (—4x + 9) — (Sx — 8) R.4. (10n + 4) — (—5n - 3) 
R.5. (2n — 7)(5n + 8) R.6. (32+ 1)(z- 8) 
R.7. (Jd —5)(7d + 5) R.8. (11k +4) 1k - 4) 
R.9. (10b — 3) R.10. (9x + 4)” 

For Exercises R.11—R.14, simplify the expression. 

R11. V90 R.12. 


Ris R14. 


v3 


For Exercises R.15—R.16, write the expression as a sum of two terms. 


Rais, 10+5x R.16. ee 


15 


Vocabulary and Key Concepts 


1. a. A square root of a negative number is not a real number, but rather is an ____ number. 
b. i=__,and?= 
c. For a positive number b, the value V—b = 
d. A complex number is a number in the form _________, where a and D are real numbers and i = 


e. Given a complex number a + bi, the value a is called the _____ part, and _________ is called the 
imaginary part. 


f. The complex conjugate of a — bi is 


2. a. Answer true or false. All real numbers are complex numbers. 


b. Answer true or false. All imaginary numbers are complex numbers. 


Concept 1: Definition of j 
3. Simplify the expressions V—1 and —V1. 4. Simplify 7’. 


For Exercises 5—30, simplify the expressions. (See Examples 1-2.) 


5. V—49 6. V—121 7. —V49 
ZS 
25 


8. —Vi2I en ees 10. 
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ll. V—-144 12. V-81 13. V-3 14. V/-17 
15. —V—20 16. —V—75 17. (2V—25)(3V—4) 18. (—4./—9)(-3 V—1) 
19. 7V-63 —4V-28 20. 7V—3 —4V—27 21. V-7-V-7 22. V-11-V-11 
23. V—-9 - V—16 24. V—25 - V—36 95, 4/=15 «4/6 26. V—12 - V—50 
V—50 fT V—90 V—125 
a7: 28. 29. 30. 
V25 v9 =10 —45 


Concept 2: Powers of j 
For Exercises 31-42, simplify the powers of i. (See Example 3.) 


31. i’ 32. © 33. i®* 34, i? 
35. i! 36. i> 37. i 38. 7° 
39, i 40. {1° 41. 7° 42, i 


Concept 3: Definition of a Complex Number 


43. What is the complex conjugate of a complex number a + bi? 


44. True or false? 


a. Every real number is a complex number. b. Every complex number is a real number. 


For Exercises 45-52, identify the real and imaginary parts of the complex number. (See Example 4.) 


45. -5 + 12i 46. 22 - 16i 47. —6i 48. 10i 

3 11 
49. 50. -1 51. = +i 52. ——- =i 
B35 0 are 2 4 


Concept 4: Addition, Subtraction, and Multiplication of Complex Numbers 


For Exercises 53-76, perform the indicated operations. Write the answer in the form a + bi. (See Examples 5-6.) 


; ; ‘ : 1 2. tb. Ds 
53. (2-1 +(5+7i) 54. (5 -—2i)+ (+4) 55. (5+5%) - (=-2i) 
11 7. 2. Be 
56. (35-2) -(4+%) 57, 98 - V=8 58, 75 + V=12 
59. (24+ 31) -(1 — 41) + (-2 + 3’) 60. (2+ 51) —(7 — 21) + (-3 + 47) 
61. (871)(3i) 62. (2i)(4i) 63. 6i(1 — 3i) 64. —i(3 + 4i) 


65. (2 — 10i)(3 + 2i) 66. (4+ 7i)(2 — 3i) 67. (—5 + 21)(5 + 2i) 68. (4- 11)(4+4+ 11) 
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69. (4+ 5i) 70. (3 — 2i) 71. (2+)3-2)44+3) 72. 3-)3+d)4-i) 
73. (-4 - 6i) 74. (-3 -— 5i)’ 75. (-5 - <i) (-5 + <i) 76. (-3 + zi) (-5 - zi) 


Concept 5: Division and Simplification of Complex Numbers 


For Exercises 77-90, divide the complex numbers. Write the answer in the form a + bi. (See Example 7.) 


2 —2 -i 3-3 
77. 78. 79. ; = 
1+ 3i 341 4-3i am 1-i 
5 +2i 7+3i 347i —24+ 91 
1. 2. R 4. 
: a= 2i : 4-2i oe —2-4i $ -1-4i 
85. 133 86. 1Si 87. 2+ 3i (Hint: Consider multiplying numerator 
=I 1 —2-i 6i and denominator by i or by —i. This will 
make the denominator a real number.) 
33, +=! eS 99, —2=! 
2i i -i 


For Exercises 91-98, simplify the complex numbers. Write the answer in the form a + Di. (See Example 8.) 


1 esd a Rad ee TY ee ad 
8 4 6 10 
95. Soak fy pcm ea >< == 97. ree pyr Eu ash Y =o 


Expanding Your Skills 


For Exercises 99-102, determine if the complex number is a solution to the equation. 


99. xe -—4x4+5=0; 241 100. x°-6x+25=0; 3-4i 


101. 0° +12=0; -2iV3 102. °+18=0; 3iv2 
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Chapter6 Summary 
| Section6.1 | Definition of an nth Root 


Key Concepts 


bis an nth root of aif b" =a. 


The expression Va represents the principal square root 
of a. 
The expression Wa represents the principal nth root of a. 


Va" = |a| if nis even. 
Va" = aif nis odd. 


Wa is not a real number if a < 0 and n is even. 


fx) = Vx defines a radical function. 


The Pythagorean Theorem 


at+h=c 


Examples 
Example 1 


2 is a square root of 4. 
—2 is a square root of 4. 


—3 is acube root of —27. 


Example 2 


V36=6 W-64=-4 


Example 3 
W(x + 3) = [x43] 


Example 4 
w/—16 is not a real number. 


Vera =x43 


Example 5 
For g(x) = Vx the domain is [0, oo). 
For h(x) = Vx the domain is (—o9, 0). 


Example 6 
13 
x 
12 
x? +12? = 13° 
x +144 = 169 
x? = 25 
x= V25 
x=5 
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Summary 


| Section6.2 _ Rational Exponents 


Key Concepts 


Let a be a real number and n be an integer such that n> 1. 
If Wa exists, then 


All properties of integer exponents hold for rational 
exponents, provided the roots are real-valued. 


Examples 
Example 1 


11 = V1 = 11 


Example 2 


ge =( 727) =a ss 


Example 3 
13 /4 1/3+1/4 4/12+3/12 _ 7/12 
ee id 7 i ia 
443 
b; == = 443-13 = 434 =4 
. 413 ~ — = 
1 
—1/2\6 -1/2)(6 3 
c. (y7t2)6 = yO = y3 = 


=y 7 


| Section6.3 | Simplifying Radical Expressions 


Key Concepts 


Let a and b represent real numbers such that Wa and Wb are 
both real. Then, 


Wab=Wa-/b Multiplication property 


A radical expression whose radicand is written as a 
product of prime factors is in simplified form if all the fol- 
lowing conditions are met: 

1. The radicand has no factor raised to a power greater 
than or equal to the index. 

2. The radicand does not contain a fraction. 

3. No radicals are in the denominator of a fraction. 


Examples 
Example 1 
V12 = V4-3 
= /4.V3 
= 2V3 


Example 2 
= Dxy/2x’y 
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Section 6.4 Addition and Subtraction of Radicals 


Key Concepts Examples 
Like radicals have radical factors with the same index and Example 1 
the same radicand. DelT = Seal BHT 
Use the distributive property to add and subtract like =(2-5+1)xv7 
radicals. =—-2xV7 
Example 2 
xV16x — 3W° 
= 2xWx — 3xVx 
= (2 —3)xVx 
= -xVx 


| Section6.5 Multiplication of Radicals 


Key Concepts Examples 

The Multiplication Property of Radicals Example 1 

If Wa and Wb are real numbers, then 3V2(V2 +5V7 — V6) 
Va-Wb=Wab =3V4 + 15V14 -3V12 


=3-24+15V14 -3-2V3 
=64+ 15V14 -6V3 


To multiply or divide radicals with different indices, Example 2 
‘eal : f 
convert to rational exponents and use the properties o ip: Sp 
exponents. ae 
=p ":p 


— p5/10 , 4/10 
=p "Pp 
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Section 6.6 


Key Concepts 
The Division Property of Radicals 
If Wa and Wb are real numbers, then 


fa _Wa b#0 
b Wb 


The process of removing a radical from the denominator of 
an expression is called rationalizing the denominator. 


e Rationalizing a denominator with one term 


e Rationalizing a denominator with two terms involving 
square roots 


Summary 


Division of Radicals and Rationalization 


Examples 
Example 1 
Simplify. 


4x? 


wrx 
y’ 


Example 2 


Rationalize the denominator. 


ae 


Example 3 


Rationalize the denominator. 


V2 = 30x 
Vx — V2 


_ (V2 -3vx) (vx+ V2) 


(Vx-V2) (vx+ v2) 


_V2-Vx4+vV2-V2—-3Vx-Vx—-3Vx- v2 


(va? (vay 


_ V2x+2—-—3x-3V2x 
x-2 


_ ~3x-2V2x +2 
x-2 
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| Section6.7 | Solving Radical Equations 


[STUDY 


Key Concepts Examples 
Steps to Solve a Radical Equation Example 2 
1. Isolate the radical. If an equation has more than one Solve. 
radical, choose one of the radicals to isolate. Vbu5 -Vba3=2 
2. Raise each side of the equation to a power equal to the 
index of the radical. Vb-S5=Vb+34+2 
3. Solve the resulting equation. If the equation still has a (Vvb—5)? at ( Vb+3 + a) 


radical, repeat steps 1 and 2. 


4. Check the potential solutions in the original equation. 


Example 1 
Solve. 
V2x4+54+7= 12 
V2x+5 =5 
(W2x +5) = (5) 
2x+5 = 125 
2x = 120 
x = 60 
Check: 


*/2(60) +5 +7= 12 
W125 +7= 12 
54+7=12 (true) 


The solution set is {60}. 


b-5=b+34+4Vb4+344 
b-5=b+74+4Vb43 


~12=4Vb+3 

—3 = Vb+3 

(-3)’ = (Wb +3)? 
9=b4+3 
6=b 

Check: 
6-5-V64+3=2 
vI- v9 =2 
1-3-2 (false) 


No solution, { } 


Summary 


Complex Numbers 


Key Concepts 
i=vV-l1 and ?P=-1 
For a real number b > 0, V—b =iVb 


A complex number is in the form a + bi, where a and b 
are real numbers. The value a is called the real part, and b is 
called the imaginary part. 


To add or subtract complex numbers, combine the real 
parts and combine the imaginary parts. 


Multiply complex numbers by using the distributive 
property. 


Divide complex numbers by multiplying the numera- 
tor and denominator by the complex conjugate of the 
denominator. 


Examples 

Example 1 

Nr =) 
= (21)(31) 
= 67° 
=-6 


Example 2 

3 -5)-2+i0)+(G6- 2) 
=3-5i-2-i+3-2i 
=4-8i 


Example 3 

(1 + 6i)(2 + 4i) 
=2+4 44+ 121+ 247 
=2+ 161+ 24(-1) 
= —22 + 16i 


Example 4 


Sai 

_ 3 @+5i) 
(2=51) (450 
_ 6+ 15i 
4— 257° 

_ 6+ 15i 

~~ A 25 


_ 6+ 15% 
a.) 
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Chapter6 Review Exercises 


For the exercises in this set, assume that all variables 


represent positive real numbers unless otherwise stated. 


Section 6.1 


1. True or false? 


a. The principal nth root of an even-indexed root is 
always positive 


b. The principal nth root of an odd-indexed root is 
always positive. 


2. Explain why /(—3)* 4 3. 


3. For a> 0 and b> 0, are the following 
statements true or false? 


a Va+hP=at+b 


b. V(atby =a+b 


For Exercises 4—6, simplify the radicals. 


4, 4/22 5. 625 6. (6 


7. Evaluate the function values for f(x) = Vx — 1. 
a. f(10) b. fC) c. f(8) 
d. Write the domain of fin interval notation. 
8. Evaluate the function values for g(f) = V5 +t. 
a. g(—5) b. g(-4) c. (4) 
d. Write the domain of g in interval notation 


9. Write the English expression as an algebraic 
expression: Four more than the quotient of the 
cube root of 2x and the principal fourth root of 2x. 


For Exercises 10-11, simplify the expression. Assume that 
x and y represent any real number. 


10. a Ve b. Vx 
ec Vx! d. V(ix+ 1) 


11. a. . V27y° 


b 
d 


12. Use the Pythagorean theorem to find the length 
of the third side of the triangle. 


Section 6.2 


13. Are the properties of exponents the same for 
rational exponents and integer exponents? Give 
an example. (Answers may vary.) 


14. In the expression x”/” what does n represent? 


15. Explain the process of eliminating a negative 
exponent from an algebraic expression. 


For Exercises 16-21, simplify the expressions. Write the 


answers with positive exponents only. 


16. (—125)! 17. 167! 
18. (4) -G)- 19. (bY. pi/3) 2 


x M4y 1373/4 -12 a2p-4¢1 1/3 
20. PD ae ed 21. ( “) 


For Exercises 22-23, rewrite the expressions by using 
rational exponents. 


22.5 23. 1/29? 


For Exercises 24—26, use a calculator to approximate 
the expressions to four decimal places. 


24, 10/3 25. 17.82/3 26. 71474 


Section 6.3 


27. List the criteria for a radical expression to be 
simplified. 


For Exercises 28-31, simplify the radicals. 


28. 108 29. Wxyz" 


4 
30. -21/250a°5™ 31.) - 
a 


32. Write an English phrase that describes the 
following mathematical expressions: (Answers 


may vary.) 
a. Z b. (x+ 1? 
x 


33. An engineering firm made a mistake when 
building a +-mi bridge in the Florida Keys. The 
bridge was made without adequate expansion 
joints to prevent buckling during the heat of 
summer. During mid-June, the bridge expanded 
1.5 ft, causing a vertical bulge in the middle. 
Calculate the height of the bulge h in feet. (Note: 
1 mi = 5280 ft.) Round to the nearest foot. 


has 
; mile 


= 
h 


Section 6.4 


34. Complete the following statement: Radicals may be 
added or subtracted if . . . 


For Exercises 35—38, determine whether the radicals 
may be combined, and explain your answer. 


35. W2x —2V2x 36. 2+ Vx 

37. \/3xy + 20/3xy 38. —4V32 +7V50 
For Exercises 39-42, add or subtract as indicated. 

39. 4V7 —-2V7+3V7 

40. 2V/64 + 354 — 16 

41. V50+7V2- V8 

42. xW 16x" — 4V 20 + 527547 


For Exercises 43-44, answer true or false. If an answer is 
false, explain why. Assume all variables represent positive 
real numbers. 


43. 543Vx =8Vx 
44. Vy + Vy = V2y 
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Section 6.5 


For Exercises 45-56, multiply the radicals and simplify 
the answer. 


45. V3-V12 46. V4.V8 
47. -2V3(V7—3V11) 48. -3V5(2V3 - V5) 
49, (2Vx — 3) (2Vx +3) 50. (Vy + 4)(Vy -4) 


51. (Ty — V3x)? 52. (2V3w +5)? 


53. (-Vz— V6) (2Vz+7V6) 


54. (3Va— V5)(Va+2V5) 
55. Wu- Vw 56. V2-Vw> 


Section 6.6 
For Exercises 57-60, simplify the radicals. 


5 14,76 

57. [> Ca ee 
EX z 

zy V324w? és ait 
Aye 192° 


For Exercises 61-68, rationalize the denominator. 


7 15 
61. 4/— 62. 4/— 
2y 3w 


Go 64, —2 
9p? W2x 
= -~6 
65. ——-__— 66. 
V15+V10 V7+ V5 
t-3 w—-7 
(i a — 
Vt- V3 Vw- V7 


69. Write the mathematical expression as an English 
phrase. (Answers may vary.) 


v2 


x 


Section 6.7 
Solve the radical equations in Exercises 70-77, if possible. 


70. ./2y =7 71. Va—6-5=0 
72. V2w-3+5=2 
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73. Wp+12-wW5p—-16=0 
74, Jt+ Vt—-5=5 
75. V8&x+t1l=-vx- 13 


76. V2m’+4—-—/9m =0 
T7. Vxt2=1-V2x4+5 


78. A tower is supported by stabilizing wires. Find 
the exact length of each wire, and then round 
to the nearest tenth of a meter. 


12m 


79. The velocity, v(d), of an ocean wave depends on the 
water depth d as the wave approaches land. 


v(d) = V 32d 
where v(d) is in feet per second and d is in feet. 


a. Find v(20) and interpret its value. Round to 
one decimal place. 


b. Find the depth of the water at a point where a 
wave is traveling at 16 ft/sec. 


Section 6.8 


80. Define a complex number. 
81. Define an imaginary number. 


82. Describe the first step in the process to simplify 
the expression. 
3 
4+ 6i 


For Exercises 83-86, rewrite the expressions in terms of i. 


83. V=16 84. —V—5 
85. Va75- V3 = 
V6 


For Exercises 87-90, simplify the powers of i. 
87. i* 88. i'”! 


90 j1000 4 j1002 


For Exercises 91-94, perform the indicated operations. 
Write the final answer in the form a + bi. 


91. (-3+ i) - (2-4) 92. (1 + 61)(3 — i) 


93. (4 — 31)(4 + 31) 94. (5-1) 


For Exercises 95-96, write the expressions in the form 
a + bi, and determine the real and imaginary parts. 


17 -4i 96. —16-8i 


95. 
-4 8 


For Exercises 97-100, divide and simplify. Write the final 
answer in the form a + bi. 


97. =e 98. ae 
342i 2-i 
543i 4i 

99. 100. 

—2i 4-i 


For Exercises 101—102, simplify the expression. 


101. So 102. S2Vert aa 
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Chapter6 Test 


Study Skills Exercise 


Give yourself enough uninterrupted time to complete the test review provided by your instructor and to complete the 
Chapter Test. Do this in a “test setting” if possible. Simulate the same environment by using only the resources allowed 


on the test and the time allotted for the test. After completing your practice test, check your answers. For each problem you 
answered incorrectly, go to the Review Exercises and do all of the problems that are similar. If you still have questions 
after completing the Review Exercises, seek help from one of your resources. 


1. a. What is the principal square root of 36? 


b. What is the negative square root of 36? 


2. Which of the following are real numbers? 


a. —V100 b. V—100 
c. —v1000 d. v/—1000 
3. Simplify. 


a. Vy b. Vy* 


For Exercises 4-11, simplify the radicals. Assume that all 
variables represent positive numbers. 


4, W81 5. 3 
6. W32 7 Va'b 
32w® 
8. / 18xey'z4 
XV Z Ay 
| x° uW 2V72 
 V 1253 "8 


12. a. Evaluate the function values f(—8), f(—6), 
(4), and f(—2) for f(x) = V—-2x - 4. 


b. Write the domain of fin interval notation. 


V/5. 


13. Use a calculator to evaluate =e to 


four decimal places. 


For Exercises 14-15, simplify the expressions. Assume that 
all variables represent positive numbers. 


4. 6\ 1/2 
14, -27°9 15. 87. (2) 
z 


For Exercises 16-17, use rational exponents to multiply or 
divide. Write the final answer in radical form. 


3 
16. V7-/y . 


18. Add or subtract as indicated. 
3V5 +475 —2V20 


For Exercises 19-20, multiply the radicals. 
19. 3Vx(v2 - V5) 


20. (2V5 —3Vx)(4V5 + Vx) 


For Exercises 21—22, rationalize the denominator. 
Assume x > 0. 


21, = a, Vxt2 
Wx 3- vx 


23. Rewrite the expressions in terms of i. 


a. V8 b. 2V—16 é ZN = 
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For Exercises 24—30, perform the indicated operations and 32. A patio 20 ft wide has a slanted roof, as shown 
simplify completely. Write the final answer in the form in the figure. Find the length of the roof if 
a+ bi. there is an 8-in. overhang. Round the answer to 
24, (3 - 5i)— (2+ 61) 25. (4+ (8 +2i) eer 
26. V-16- V-49 27. (4-7i) 
28. (2 — 101)(2 + 101) ie 
3-4i 
S 
61 x 
30. 
3=3i 
31. If the volume V of a sphere is known, the radius of —— 
the sphere can be computed by 20 ft 
(V=4 av For Exercises 33-35, solve the radical equation. 
4n 
33. W2x+5=-3 
Find r(10) to two decimal places. Interpret the 
meaning in the context of the problem. 34, 4/5x48 =V5x—141 


35. Vt+7—-—V2t-3=2 
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Mathematics in Art 
A golden rectangle is a rectangle in which the ratio of its length L to its width Wis equal 
to the ratio of the sum of its length and width to its length. 

L_L+w 

wei 


The values of L and W that meet this condition are said to be in the golden ratio. 
The golden ratio has been studied by artists and art historians for generations 
because the golden ratio represents an aesthetically pleasing ratio between the 
length and width of a figure. For example, the face of the Parthenon built in 
ancient Greece has the dimensions of a golden rectangle. 

We can show that the length of a golden rectangle is approximately 1.62 times 
the width. Substituting 1 for the width, we have the proportion c= att 
Then, clearing fractions and writing the quadratic equation in standard form gives 
L? —L —1=0. The expression on the left is not factorable, but fortunately in this 
chapter, we will learn two techniques to solve a quadratic equation when factoring 

1475 


fails. The positive solution for L in this equation is the golden ratio, ar ~ 1.62. Purestock/SuperStock 
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[STUDY 


1. Solving Quadratic 
Equations by Using the 
Square Root Property 

2. Solving Quadratic 
Equations by Completing 


[STUDY 
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the Square 


3. Literal Equations 


FOR REVIEW 


The square root property states that 
if x° =k, then x = + Vk. To under- 
stand why, recall that Ve = |x|. 


Thus, 


Square Root Property and Completing 
the Square 


1. Solving Quadratic Equations by Using 
the Square Root Property 


We have already learned how to solve a quadratic equation by factoring and applying the 
zero product rule. For example: 


x =81 
x —81=0 Set one side equal to zero. 
(x — 9)\(x+9) =0 Factor. 
x-9=0 or x+9=0 Set each factor equal to zero. 
x=9 or x=-9 


The solution set is {9, —9}. 

It is important to note that the zero product rule can only be used if the equation is 
factorable. In this section, we will learn a method to solve quadratic equations containing 
expressions that are both factorable and nonfactorable. 

Consider a quadratic equation of the form x” = k. The solutions are all numbers (real 
or imaginary) that when squared equal k, so for any nonzero constant k, there will be two 
solutions, Vk or — Vk. For example: 


x = 25 The solutions are 5 and —5. 
x? = -25 The solutions are 5i and —Si. 


This principle is stated formally as the square root property. 


he Square Root Property 
For any real number k, ifx? =k, then x = Vk orx=—Vk. 


Note: The solution may also be written as +Vk, read “plus or minus the square 
root of k.” 


| Example1 | Solving a Quadratic Equation by Using the Square 


Root Property 
Use the square root property to solve the equation. 4p? =9 
Solution: 
4p* =9 
Ss Isolate p* by dividing both sides by 4. 
9 
pat 4 Apply the square root property. 
3 ere : 
p= +7 Simplify the radical. 


: . {3 3 
The solut t eae 
e solution se is {5 =} 


[STUDY 


Skill Practice Solve using the square root property. 
1. 25a’ = 16 
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For a quadratic equation, ax* + bx + c = 0, if b =0, then the equation is easily solved by 


using the square root property. This is demonstrated in 


ESETEM) Solving a Quadratic Equation by Using 


the Square Root Property 


Example 2. 


Avoiding Mistakes 


the + symbol when solving the 
equation x? = k: 


Use the square root property to solve the equation. 3x°+75=0 
Solution: 
3x° +75 =0 Rewrite the equation to fit the form x” = k. 
3x° = —75 
x = —25 The equation is now in the form x? =k. 
x=+V-25 Apply the square root property. 
ee Oe ee ooo A common mistake is to forget 
=+5i 
Check: x = 5i Check: x = —Si 
3x°+75=0 3x° +75 =0 


3(5i)? + 75 20 
3(257) +75 =0 
3(-25) +75 =0 

~75+75=0V 


The solution set is {+57}. 


Skill Practice Solve using the square root property. 
2. 8x°+72=0 


ESTEEM) Solving a Quadratic Equation by Using 


the Square Root Property 


Use the square root property to solve the equation. 


Solution: 
(w+3) = 20 The equation is in the form x? = k, where 
x=(w +3). 
w+3=+VvV20 Apply the square root property. 
w+3=+4v4-5 Simplify the radical. 
wt3=+2V5 
w= -34+2V5 Solve for w. 


The solution set is {-3 +2V5}. 


Skill Practice Solve using the square root property. 
3. (t-— 5) =18 


3(-Si + 75 20 

3(257) + 75 =0 

3(-25) +75 =0 
~75+75=0V 


(w + 3)° = 20 


x=+tVk 


TIP: ie 
—3+2V5 represents two 


solutions: 


-34+2V/5 and-3-2V5 


Answers 
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2. Solving Quadratic Equations by Completing 
the Square 


In Example 3 we used the square root property to solve an equation where the square of a 
binomial was equal to a constant. 


(w+3)?= 20 
os 
Square of a 

Ringel Constant 


The square of a binomial is the factored form of a perfect square trinomial. For 


example: 
Perfect Square Trinomial Factored Form 
x + 10x +25 > (x+5) 
r-6t+9 > (t— 3) 
p’— 14p + 49 > (p—7) 


For a perfect square trinomial with a leading coefficient of 1, the constant term is the square 
of one-half the linear term coefficient. For example: 


x + 10x+25 
| 
[C0]? 
In general, an expression of the form x” + bx + nis a perfect square trinomial if n = (4b). 
The process to create a perfect square trinomial is called completing the square. 


Completing the Square 


Determine the value of n that makes the polynomial a perfect square trinomial. 
Then factor the expression as the square of a binomial. 


a xt l2x+n b. x? — 26x +n 
c+ 1ixtn d. earth 
Solution: 


The expressions are in the form x” + bx + n. The value of n equals the square of one-half 
the linear term coefficient (4b)’. 


a. x + 12x+n 
x + 12x + 36 n= [4(12)]? = (6)? = 36 
(x + 6) Factored form 
b. °° — 26x+n 
x — 26x + 169 n= [4(—26)|* = (-13)? = 169 
(x — 13) Factored form 
c+ lixtn 
e+ Lett n= Ab]? = (4) = 


11\? 
x+ ce Factored form 
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d. x? -=x+n 
4 4 
er n= [K-9)? = (4)? =4 
2 2 
(: - 2) Factored form 


Skill Practice Determine the value of n that makes the polynomial a perfect square 
trinomial. Then factor. 


4,3? +20x+n 5. y —loy+n 


6. a —15at+n 7. we Ltn 


The process of completing the square can be used to write a quadratic equation 
ax’ + bx +c =0 (a 0) in the form (x — h)? = k. Then the square root property can be used 
to solve the equation. The following steps outline the procedure. 


Solving a Quadratic Equation ax” + bx + c = 0 by Completing the 
Square and Applying the Square Root Property 

Step 1 Divide both sides by a to make the leading coefficient 1. 

Step 2 Isolate the variable terms on one side of the equation. 


Step 3 Complete the square. 


e Add the square of one-half the linear term coefficient to both 
sides, (4b). 

¢ Factor the resulting perfect square trinomial. 

Apply the square root property and solve for x. 


Solving a Quadratic Equation by Completing the 
Square and Applying the Square Root Property 
Solve by completing the square and applying the square root property. 
x -6x+13=0 


Solution: 


f= 612 =6 Step 1: Since the leading coefficient a 
is equal to 1, we do not have 
to divide by a. We can proceed 


to step 2. 
bes 13 Step 2: Isolate the variable terms on 
one side. 
Answers 
2 _ Step 3: To complete the square, add 
ee ee ° [+(-6)| Pe 9 to ati sides of ao ey 
2 = 5. n= 64; (y— 8) 
the equation. 6 na 22. (0 - sy 
(x-3)2 = -4 Factor the perfect square trinomial. : : 


49 ( zy 
lon=— = 
n 36° w+ 
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FOR REVIEW x-3=4vV-4 Step 4: Apply the square root property. 


Recall that a solution to an equation x-3 = £2 Simplify the radical. 
can be checked by substitution. Also x=3+4+2i Solve for x. 
recall that ? = —1. 
x —6x+13=0 The solutions are imaginary numbers and can be written as 3 + 27 and 3 — 2i. 
(3 +21? — 6(3 + 21) +130 . ; ; 
04 1214.42 —18— 12141320 The solution set is {3 + 2i}. 


9+ 12i-4-18- 121+ 1340 
0=0V Skill Practice Solve by completing the square and applying the square root 


es property. 


8 2 —42+26=0 


Solving a Quadratic Equation by Completing the 
Square and Applying the Square Root Property 


Solve by completing the square and applying the square root property. 


2m* + 10m = 3 
Solution: 
2m + 10m = 3 The variable terms are already isolated on 
one side of the equation. 
2 
=e + — = Divide by the leading coefficient, 2. 
3 
2 
5m = = 
m +m ) 
2 2). 3 1(5)]2 _ (5)2 — 25 i 
amt = 5 + Add [4(5)]? = (3)* = 3 to both sides. 


Factor the left side and write the terms on 
the right with a common denominator. 


al alB 


nn GOS 
3 3 
+ 0 + 
NIM wln 
S"_—>nWH"_ik 
N nN 
ll ll 
| BID 
+ 


5 31 
BB otions to m+ a + ry Apply the square root property. 
Example 6 can also be 
eae a ieee m 31 Subtract 3 from both sides and simplify the 
_54V3 2 2 radical. 
2 _f 5, Vv3i a 
The solution set is 7 ae . The solutions are irrational numbers. 
Skill Practice Solve by completing the square and applying the square 
root property. 
9. 4x° + 12x=5 
Answers 
8. {2+iV22} 


9, {34 V4l 
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Solving a Quadratic Equation by Completing the 
Square and Applying the Square Root Property 


Solve by completing the square and applying the square root property. 
2x(2x — 10) = —30 + 6x 
Solution: 


2x(2x — 10) = —30 + 6x 
4x° — 20x = —30 + 6x 
4x° — 26x + 30 =0 


Clear parentheses. 


Write the equation in the form 
ax’ + bx+c=0. 


Ay _ 26x , 30_ 0 Step 1: Divide both sides by the 
4 4 4A leading coefficient, 4. 
, 13 15 
~—~y+4+—=—=0 
x 5) X + 5) 
B15 Step 2: Isolate the variable terms on 
> Ss one side. 
ro 13, 169. 1, ie Step 3: Add [4(-4]? = (-2)? = 12 


ae 2 Lara to both sides. 


(: _ al _ _120 , 169 Factor the perfect square 


4 16 16 trinomial. Rewrite the 
13\?__ 49 right-hand side with a 
ao to 16 common denominator. 
x= i3 ae 49 Step 4: Apply the square root 
+ 16 property. 
ere Simplify the radical. 
Sr” * 3 aualeeiesaaay sic tieeg neieseudtiecutia Deseeconpeesieeuae 
ea ees 
Pa “4° 4 ~=«4 
13.7 
x=—+- 
44 
oe 137 6 3 
C= SS 
4 4 4 2 


The solution set is {5 =}. The solutions are rational numbers. 
Skill Practice Solve by completing the square and applying the square root 
property. 

10. 2yy-1)=3-y 


OE in general, if the 


solutions to a quadratic 
equation are rational numbers, 
the equation can be solved by 
factoring and using the zero 
product rule. Consider the 
equation from Example 7. 


2x(2x — 10) = —30 + 6x 

4x? — 20x = —30 + 6x 
4x* — 26x + 30=0 
2(2x? — 13x + 15) = 0 
2(x — 5)(2x — 3) = 0 


eS OF 6S 


N|@ 


Avoiding Mistakes 


When the solutions are rational, 
combine the /ike terms. That is, 
do not leave the solution with 
the + sign. 


Answer 


3 
w. {3,4} 
2 
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3. Literal Equations 


Solving a Literal Equation 


Ignoring air resistance, the distance d (in meters) that an object falls in ¢ sec is given by 
the equation 


d=497 where t > 0 


a. Solve the equation for f. Do not rationalize the denominator. 


b. Using the equation from part (a), determine the amount of time required for an 
object to fall 500 m. Round to the nearest second. 


Solution: 
a d=49P 
de =f Isolate the quadratic term. The equation is in the form 
4.9 Pak 
d 
t=+ 19 Apply the square root property. 
_ fd Because f represents time, t > 0. We reject the 
~ Va9 negative solution. 
ite a 
4.9 
= = Substitute d = 500. 
tx 10.1 


The object will require approximately 10.1 sec to fall 500 m. 


Skill Practice 


Answers 11. Given x = 2yz’, solve for z where z > 0. Do not rationalize the denominator. 
11, z7= {ly 


12. Use the equation from the previous exercise to find z when x = 54 and y =3. 
12. z=3 


Section 7.11 Activity 


ISTUDY 


A.1. a. Consider the equation x? = 49. One method to solve this equation algebraically is to set one side equal to zero, 
factor the other side, and then apply the zero product rule. Solve the equation using this process. 


b. Now consider a similar equation x* = 16. By inspection, the solutions to this equation are the real numbers 
that when squared equal 16. Write the solution set. 


c. Now consider the equation x* = —25. There is no real number x such that the square of x is negative. 
However, if we solve the equation over the set of complex numbers, the solutions are V—25 and —V—25 
or equivalently, 51 and —5i. To show this, fill in the blanks. 

CG). == ee andi 9) = 


d. We can now generalize the results from parts (a)-(c) as the square root property. That is, for a real number k, 
the solutions to the equation x” = k are and 
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For Exercises A.2—A.3, solve the equations. 


A.2. 
A.3. 
A.4. 


A.5. 


A.6. 


Practice Exercises 


Py b. (x +3)? = 64 c. 4(x + 3)? = 64 
fe = 00 b. (x—4)* = 20 c. (x — 4)? + 26 = 20 


Consider the trinomial x? + 10x +[2]. Suppose we want to fill in the blank so that the expression is a perfect 
square trinomial. Thus, 


x +10x+2)= +a). 


The right side expands to x* + 2ax + a”, which means that the middle term 10x on the left must equal the middle 
term 2ax on the right. 
aa MN=@t+ay 
=x +2ax +a’ 
a. If 10x = 2ax, what is the value of a? 
b. What is the value of a”? 


c. Fill in the blank to form a perfect square trinomial and then factor the result. 


x +10x+T]=(«+[)” 


d. Given the expression x* + bx + n, what is the value of n that would make the expression a perfect square 
trinomial? 


Determine the value of n that would make the expression a perfect square trinomial. Then factor the result. 
a. y + 18y+n b. 2 -11lt+n ee 4ex4n 


Consider the quadratic equation 2x” + 8x + 20 = 0. The left side is not factorable using the techniques we have 
learned thus far. Therefore, we cannot apply the zero product property. Instead, we will solve the equation by 
completing the square and applying the square root property. 
a. Divide both sides by the leading coefficient, 2, and write the resulting equation. 
b. Using the equation from part (a), isolate the terms containing x on the left side of the equation. 
Write the new equation. 
c. Write the left side of the equation as a perfect square trinomial by adding an appropriate constant. 
To balance the equation, be sure to add the same constant to the right side. 
d. Write the left side in factored form and simplify on the right. 
e. Solve the equation by using the square root property. 


Prerequisite Review 


For Exercises R.1—R.4, solve the equation. 


Ii, Ae 3 = I17/ R.2. —6t+ 4 = 64 


1 W7 
Rape 
Palecom 5 


R.5. Identify the square roots of 121. R.6. Identify the square roots of 64. 
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For Exercises R.7—R.10, simplify the radical. 


R.7. 


R.9. 


V72 R.8. Vv 500 


[37 10 
pe R.10. 
64 : 49 


For Exercises R.11—-R.14, square the binomial. 


R.11. 
R.13. 


(y-7y" ELON. 
(3w + 4) . (Qn — Sr 


For Exercises R.15—R.18, factor completely. 


R.15. 
R.17. 


p’+22p+ 121 . w2— 26w + 169 
64x? — 144x +81 . 42 4 40x + 100 


Vocabulary and Key Concepts 


1. a 


b. 


The zero product rule states that if ab = 0, then a = or b= 


To apply the zero product rule, one side of the equation must be equal to ______ and the other side must be 
written in factored form. 


c. The square root property states that for any real number k, if x” =k, then x = 
orx= 

d. To apply the square root property to the equation ? + 2 = 11, first subtract__________ from both sides. The 
solution set is 

e. The process to create a perfect square trinomial is called ______ the square. 

f. Fill in the blank to complete the square for the trinomial x* + 20x + 

g. To use completing the square to solve the equation 4x° + 3x + 5 = 0, the first step is to divide by _______so that 
the coefficient of the x* term is 

h. Given the trinomial y* + 8y + 16, the coefficient of the linear term is 


Concept 1: Solving Quadratic Equations by Using the Square Root Property 


For Exercises 2—21, solve the equations by using the square root property. Write imaginary solutions in the form a + bi. 
(See Examples 1-3.) 


2. x= 100 3. y~=4 4. 7 =5 5. P-7=0 


6. 4° =81 7. 36u* = 121 8. 3° +33=0 9. —2m* =50 


10. (p 


—5/=9 11. (¢+3)=4 12. (3x-2)?-5=0 13. y+3)Y-7=0 
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14. (n- 4) =-8 15. (t+5)?=-18 16. 6p?’ -3=2 17. 15=4+3w 
18 (x-2) +Z=0 19 (m+) 42-0 20. -+4=13 21. -y-2=14 
nae) a a ~ = 


22. Given the equation x* = k, match the following statements. 


a. If k> 0, then i. there will be one real solution. 
b. If k <0, then ii. there will be two real solutions. 
c. Ifk=0, then iii. there will be two imaginary solutions. 


23. State two methods that can be used to solve the equation x* — 36 = 0. Then solve the equation by using 
both methods. 


24. Explain the difference between solving the equations: x = V16 and x* = 16. 


For Exercises 25—26, solve the equations. 


25. a. Vx=4 26. a. V/y =9 
b. °° =4 b. y =9 


Concept 2: Solving Quadratic Equations by Completing the Square 


For Exercises 27—38, find the value of 1 so that the expression is a perfect square trinomial. Then factor the trinomial. 
(See Example 4.) 


27. xP —6x+n 28. 0° + 24x +n 29. P+8r+n 30. v- 18v+n 
31. eC -—ct+n 32. x°+9x4+n 33. y+5yt+n 34. a’ —TJatn 
35. b+ b+n 36. ne Em +n 37. pSptn 38. We dwtn 


39. Summarize the steps used in solving a quadratic equation of the form ax* + bx + c = 0 by completing the square and 
applying the square root property. 


40. What types of quadratic equations can be solved by completing the square and applying the square root 
property? 


For Exercises 41-60, solve the quadratic equation by completing the square and applying the square root property. Write 
imaginary solutions in the form a + bi. (See Examples 5-7.) 


41. P+8r+15=0 42. m’>+6m+8=0 43. x°+6x=—16 44, °—4x=-15 


45. p’+4p+6=0 46. ¢ +2q+2=0 47, -3y-10=-y’ 48. —24=-2y*+2y 
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. 2a°+4a4+5=0 50. 3a°+6a—7=0 
25p — 10p = 2 54. 9n?-6n=1 
nin —4)=7 58. m(m+ 10)=2 


Concept 3: Literal Equations 


51. 9x° — 36x + 40=0 52. 9y°- 12y+5=0 


55. (2wW+5)(w— 1) =2 56. (3p —5)(p+1)=-3 


59, 2x(x +6) = 14 60. 3x(x — 2) =24 


61. The distance d (in feet) that an object falls in f sec is given by the equation d= 167, where t> 0. 


a. Solve the equation for f. (See Example 8.) 


b. Using the equation from part (a), determine the amount of time required for an object to fall 1024 ft. 


62. The volume V (in cubic inches) of a can that is 4 in. tall is given by the equation V = 4zr°’, where r is the radius 


of the can, measured in inches. 


a. Solve the equation for r. Do not rationalize the denominator. 


b. Using the equation from part (a), determine the radius of a can with a volume of 12.56 in.* Use 3.14 for z. 


For Exercises 63-68, solve for the indicated variable. 


63. 


65. 


67. 


A=ar forr (r>0) 


a+h+ce=d fora (a>0) 


Vaqarh forr (r>0) 


. Acorner shelf is to be made from a triangular 


piece of plywood, as shown in the diagram. 

Find the distance x that the shelf will extend 
along the walls. Assume that the walls are at right 
angles. Round the answer to a tenth of a foot. 


64. 


66. 


68. 


70. 


2. 


E=mc force (c>0) 


a+bh=c forb (b>0) 
1, 
Vad fors (s>0) 


The volume V(x) (in cubic inches) of a box with a square 
bottom and a height of 4 in. is given by V(x) = 4x’, 
where x is the length (in inches) of the sides of the 
bottom of the box. 


a. If the volume of the box is 289 in.*, find the 
dimensions of the box. 


b. Are there two possible answers to part (a)? Why 
or why not? 
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71. A square has an area of 50 in.” What are the lengths of the sides? (Round to one decimal place.) 


72. The amount of money A in an account with an interest rate r compounded annually is given by 


73. 


74. 


A=P( +n) 


where P is the initial principal and ¢ is the number of years the money is invested. 
a. If a $10,000 investment grows to $11,664 after 2 years, find the interest rate. 
b. If a $6000 investment grows to $7392.60 after 2 years, find the interest rate. 


c. Jamal wants to invest $5000. He wants the money to grow to at least $6500 in 2 years to cover the cost of his son’s 
first year at college. What interest rate does Jamal need for his investment to grow to $6500 in 2 years? Round to 
the nearest hundredth of a percent. 


A textbook company has discovered that the profit for selling its books is given by P(x) 
50 
= 2 45 
P(x) = = +5x a 


where x is the number of textbooks produced (in thousands) and P(x) is the 
corresponding profit (in thousands of dollars). 


Profit P(x) 
($1000) 
R 


a. Approximate the number of books required to make a profit of $20,000. 15 
[Hint: Let P(x) = 20. Then complete the square to solve for x.] Round to 
one decimal place. 


>X 
5 10 15 20 25 30 35 40 45 


Number of Textbooks 
(thousands) 


b. Why are there two answers to part (a)? 


If we ignore air resistance, the distance d(f) (in feet) that an object travels in free fall can be approximated by d(t) = 16/, 
where f is the time in seconds after the object was dropped. 


a. If the CN Tower in Toronto is 1815 ft high, how long will it take an object to fall from the top of the building? 
Round to one decimal place. 


b. If the Renaissance Tower in Dallas is 886 ft high, how long will it take an object to fall from the top of the build- 
ing? Round to one decimal place. 


nf Fe Li 


Songquan Deng/Shutterstock fl 1photo/Shutterstock 
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ESR E ED Quadratic Formula 


Concepts 1. Derivation of the Quadratic Formula 
1. Derivation of the Quadratic If we solve a quadratic equation in standard form ax* + bx + c=0, a> 0, by completing 
Formula the square and using the square root property, the result is a formula that gives the solutions 
2. Solving Quadratic for x in terms of a, b, and c. 
Equations by Using the 
Quadratic Formula ax’ + bx +c =0(a#0) Begin with a quadratic equation 
3. Using the Quadratic in standard form. 
Formula in Applications 2 
4. Discriminant aes Ex +£= a Divide by the leading coefficient. 
a a a a 
5. Mixed Review: Methods to 
Solve a Quadratic Equation an ere ee 
a 
2 b G ee 
xX + xX = -— Isolate the terms containing x. 
a a 
b 1 b\ 1 oy. ¢ Add the square of 4 the linear 
+ ax+ : a : = a . 
2 2a a term coefficient to both sides of 
the equation. 
ee. i Factor the left side as a perfect 
2a 4a a square. 
b\?_ b’—4ac Combine fractions on the right 
x+— => ——_— : : 
2, 4d side by getting a common 
denominator. 
2 — 
Xx+ ae + ye Apply the square root property. 
2a 4a’ 
2 — 
x+ 2 ee Simplify the denominator. 
2a 2a 
V 2 — 
x= ae + ee Subtract 2 from both sides. 
2a 2a 2a 
_ —b+ Vb’ -4ac 


Combine fractions. 
2a 


The solutions to the equation ax’ + bx +c =0 in terms of the coefficients a, b, and c are 
given by the quadratic formula. 


The Quadratic Formula 


When BE plying the For a quadratic equation of the form ax? + bx + c = 0 (a 0) the solutions are 
quadratic formula, note that pom aS 
a, b, and c are constants. x= bt Vi = 4a 
The variable is x. 2a 


The quadratic formula gives us another technique to solve a quadratic equation. This 
method will work regardless of whether the equation is factorable or not factorable. 


Section 7.2 Quadratic Formula 


2. Solving Quadratic Equations by Using 
the Quadratic Formula 


ESSE Solving a Quadratic Equation by Using 


the Quadratic Formula 


Solve the quadratic equation by using the quadratic formula. 2x* — 3x=5 


Solution: 
2x* — 3x =5 
2x* —3x-5=0 Write the equation in the form 
ax’ + bx+c=0. 
a=2, b=-3, c=—5 Identify a, b, and c. 
E jesesaes ~ siuct adage iG ieeaeeaneaTaeteassacnenseeeaseeapensetesuneseussseaeacocegls 
x= ee Apply the quadratic formula. 
a 
22 ay (—3)° — 4(2)(—5) Substitute a = 2, b = —3, 
2(2) andc=-—5. 
34 V9+40 eT 
——— Simplify. 
ot VA9 
4 
gue! A 8 
oe 4 4 2 
# 3-7-4 
x= —=-1 


The solution set is {3 1 \ Both solutions check in the original equation. 


Skill Practice Solve the equation by using the quadratic formula. 
1. 6x° —5x=4 


ESEELEM Solving a Quadratic Equation by Using 


the Quadratic Formula 


Solve the quadratic equation by using the quadratic formula. —x(x - 6) = 11 


Solution: 
—x(x — 6) = 11 


-+6x-11=0 Write the equation in the form 


ax’ +bx+c=0. 


—1(—x" + 6x — 11) = -1(0) If the leading coefficient of the quadratic 
polynomial is negative, we suggest multiplying 
both sides of the equation by —1. Although this 
is not mandatory, it is generally easier to 
simplify the quadratic formula when the value 


of a is positive. 


er -6x+11=0 


639 


Avoiding Mistakes 


'-- « The term —6 represents the 


opposite of b. 


+ Remember to write the entire 
numerator over 2a. 


Answer 
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a=1,b=-6,andc=11 Identify a, b, and c. 
— V 2 — 
x= see Eee Apply the quadratic formula. 


2a 


Avoiding Mistakes SAAR AAAI RR OREO ADLER ee aE eaennes smbbikanaas 
_ —(-6) + V¥(-6)* — 4011) 


When identifying a, b, and c, Substitute a = 1, b= —6, andc= 11. 


use the coefficients only, not the 2(1) 

variable. For example, the value 

of b is —6, not —6x. _64V = — 44 Giraptitiy 
_6+VvV-8 

fay ; - 2 

Avoiding Mistakes §$(|eeeeeeeooeeeeeeee : 

Always simplify the radical _ 64 V2 wos. ys : 

completely before trying to reduce a 9 Simplify the radical. 

the fraction to lowest terms. 
= 2G iV) Factor the numerator. 
= 2G-£iv2) Simplify the fraction to lowest terms. 


x=34+iv2 The solutions are 
=3+iV2 =. imaginary numbers. 
x=3-iVv2 


The solution set is {3 +iV2}. 


Skill Practice Solve the equation by using the quadratic formula. 
2. —y(y+ 4) = 12 


3. Using the Quadratic Formula in Applications 


| _Example3 | Using the Quadratic Formula in an Application 


A delivery truck travels south from Hartselle, Alabama, to Birmingham, Alabama, 
along Interstate 65. The truck then heads east to Atlanta, Georgia, along Interstate 20. 
The distance from Birmingham to Atlanta is 8 mi less than twice the distance from 
Hartselle to Birmingham. If the straight-line distance from Hartselle to Atlanta is 165 mi, 
find the distance from Hartselle to Birmingham and from Birmingham to Atlanta. 
(Round the answers to the nearest mile.) 


Hartselle Solution: 
165 mi The motorist travels due south and then due east. Therefore, the three cities form the 
Xx vertices of a right triangle (Figure 7-1). 
Ly Let x represent the distance between Hartselle and Birmingham. 
eee x8 arog Then 2x — 8 represents the distance between Birmingham and Atlanta. 
Figure 7-1 Use the Pythagorean theorem to establish a relationship among the three sides of the 
triangle. 
Answer 


2. {-2 +2iV2} 


(x) + (2x — 8)* = (165)* 
x + 4x° — 32x + 64 = 27,225 
5x? — 32x — 27,161 = 0 


a=5 b=-32 c= —27,161 


Pie IE 4/ (32) = 46)(—27,161) 
~ 2(5) 


_ 32 + 1024 + 543,220 
7 10 


ew 32+ V544,244 


a 1 
_ 324 544,244 —. 0 
~ 10 Be reer 
x= Soe = —70.57 


We reject the negative solution because distance cannot be negative. Rounding to the 


Write the equation in the form 


ax’ +bx+c=0. 
Identify a, b, and c. 


Apply the quadratic formula. 


Simplify. 


= 76.97 


nearest whole unit, we have x = 77. Therefore, 2x — 8 = 2(77) — 8 = 146. 


The distance between Hartselle and Birmingham is 77 mi, and the distance between 


Birmingham and Atlanta is 146 mi. 


Skill Practice 


3. Steve and Tammy leave a campground, hiking on two different trails. Steve heads 
south and Tammy heads east. By lunchtime they are 9 mi apart. Steve walked 3 mi 
more than twice as many miles as Tammy. Find the distance each person hiked. 


(Round to the nearest tenth of a mile.) 


Analyzing a Quadratic Function 


A model rocket is launched straight upward from the side of a 144-ft cliff (Figure 7-2). 


The initial velocity is 112 ft/sec. The height of the rocket A(t) is given by 
h() = —16? + 112t+ 144 


where /(t) is measured in feet and ¢ is the time in seconds after launch. Find the 
time(s) at which the rocket is 208 ft above the ground. 


Solution: 
h(t) = —16P + 1121+ 144 
208 = -16r + 1121+ 144 
16° — 112r+ 64 =0 


Lor? 112 | 64 _ 0 
16 16 16 16 


Substitute 208 for h(1). 


Write the equation in the form 
at + bt+c=0. 


Divide by 16. This makes the 
coefficients smaller, and it is 
less cumbersome to solve. 


The equation is not factorable. 
Apply the quadratic formula. 


Section 7.2} Quadratic Formula 641 


h(t) 


Figure 7-2 


Answer 


3. Tammy hiked 2.8 mi, and Steve hiked 
8.6 mi. 
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Answer 
4. 2+ V10 = 5.16 sec 


pa Dt VET = 4M 


2(1) 


Leta=1,b=-—-7, and c=4. 


pe A eG 


2 
T+ V33 —— 
2, 
ee ee 


— — x 0.63 
2) 


The rocket will reach a height of 208 ft after approximately 0.63 sec (on the way up) 
and after 6.37 sec (on the way down). 


Skill Practice 


4. A rocket is launched from the top of a 96-ft building with an initial velocity of 64 ft/sec. 
The height A(t) of the rocket is given by h(t) =—16P + 64t + 96. Find the time it 
takes for the rocket to hit the ground. [Hint: h(t) = 0 when the object hits the ground. | 


4. Discriminant 


The radicand within the quadratic formula is the expression b* — 4ac. This is called the 
discriminant. The discriminant can be used to determine the number of solutions to a 
quadratic equation as well as whether the solutions are rational, irrational, or imaginary 
numbers. 


Using the Discriminant to Determine the Number and Type 
of Solutions to a Quadratic Equation 


Consider the equation ax” + bx + c = 0, where a, b, and c are rational numbers and 
a#0. The expression b? — 4ac is called the discriminant. Furthermore, 


° Ifb?—4ac > 0, then there will be two real solutions. 


a. If b* — 4ac is a perfect square, the solutions will be rational numbers. 
b. If b? — 4ac is not a perfect square, the solutions will be irrational numbers. 


¢ Ifb’— 4ac <0, then there will be two imaginary solutions. 
¢ If b* — 4ac =0, then there will be one rational solution. 


EEE Using the Discriminant 


Use the discriminant to determine the type and number of solutions for each equation. 


a. 2x° —5x+9=0 b. 3x°=-x4+2 
c. —2x(2x —- 3)=-1 d. 3.6x* =—-1.2x-0.1 
Solution: 


For each equation, first write the equation in standard form ax? + bx + c = 0. Then 
determine the discriminant. 


Solution Type and 
Equation Discriminant Number 
a. 2x7 -5x+9=0 b? — 4ac Because —47 < 0, 
= (—5)° — 4(2)(9) there will be two 
— 25-72 imaginary solutions. 


= -47 
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b. 3x? =-x+2 
3x7 +x-2=0 b* — 4ac 25 > Oand 25 isa 
= (1) — 4()(-2) perfect square. There 
= 1 —(-24) will be two rational 
— 95 solutions. 
c« —2x(2x—-3)=-1 
—4° + 6x =—-1 
—4x° + 6x+1=0 b? — 4ac 52 > 0, but 52 is nota 
= (6)? — 4(-4)(1) perfect square. There 
= 36 — (—16) will be two irrational 
— 52 solutions. 
d. 3.6x* = —1.2x —0.1 
3.6x" + 1.2x+0.1=0 b’ — 4ac Because the 
= (1.2)? — 4(3.6)(0.1) discriminant equals 0, 
= 144—1.44 there will be only one 


0 rational solution. 


Skill Practice Use the discriminant to determine the type and number of solutions for 
the equation. 


5. 3y +y+3=0 6. 4° = 6t-2 
2 = ae 

7. 30t+1)=9 8. = -=x+==0 
(t+ 1) 73 Fu 


With the discriminant we can determine the number of real-valued solutions to the equation 
ax’ + bx +c =0, and thus the number of x-intercepts to the graph of f(x) = ax* + bx +c. 
The following illustrations show the graphical interpretation of the three cases of the 
discriminant. 


f@=x-4x4+3 
Use x° — 4x + 3 = 0 to find the value of the 


discriminant. 


b’ — 4ac = (-4)° — 4(1)(3) 
=4 


Since the discriminant is positive, there are two real 
2 solutions to the quadratic equation. Therefore, there are 
two x-intercepts to the corresponding quadratic function, 


Aloe (1, 0) and (3, 0). 
f@=axr—-xt1 
nN Use x° — x + 1 = 0 to find the value of the discriminant. 
: b’ — 4ac = (-1)? — 4() (1) 


=-3 


Since the discriminant is negative, there are no real solutions to 


>X 

ia ac or ee eee the quadratic equation. Therefore, there are no x-intercepts Answers 
-2 to the corresponding quadratic function. By So tae maginaly Solon: 
3 6. 4; two rational solutions 
—4 7. 117; two irrational solutions 


-5 8. 0; one rational solution 
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x-intercept is a point (a, 0) 
where the graph of a 
function intersects the 
x-axis. A y-intercept is a 
point (0, b) where the graph 
intersects the y-axis. 


Answers 
9. Discriminant: 17; there are two 
x-intercepts. 
54+ V7 
ae 


(S39) 


10. x-intercepts: ( 


y-intercept: (0, 2) 


f= -—2x4+1 


Use x* — 2x + 1 = 0 to find the value of the 
discriminant. 
b’ — 4ac = (-2)° — 4(1)() 
= 0 


Since the discriminant is zero, there is one real solution to 
the quadratic equation. Therefore, there is one x-intercept 
to the corresponding quadratic function, (1, 0). 


5 


Example 6 Finding x- and y-Intercepts of a Quadratic Function 
Given f(x) = vr -— 3x41 
a. Find the discriminant and use it to determine if there are any x-intercepts. 


b. Find the x-intercept(s), if they exist. 
c. Find the y-intercept. 


Solution: 
a. a=1,b=-3,andc=1. 
The discriminant is b* — 4ac = (—3)* — 4(1)(1) 
=9-4 
=5 
Since 5 > 0, there are two x-intercepts. 


b. The x-intercepts are given by the real solutions to the equation f(x) = 0. In this 
case, we have 


f@)=2 -3x+1=0 


x -3x+1=0 The equation is in the form ax* + bx +c =0. 


Pend Ge) 22 (3 — 4))) 


Apply the quadratic formula. 


2(1) 
x= 3+ V5 ~ 2.6 
2 
_34Vv5 
2 
422 0a 
2 
The solutions are : +S and : — Therefore, the x-intercepts are 
3+ V5_ 0) and 3- V5) 0). st 
2 2 
c. To find the y-intercept, evaluate f(0). ee 
£0) = 0) - 30) +1=1 = 
; -5-4 -3-2-L 45 
The y-intercept is located at (0, 1). Fo, (3435 9) 
The parabola is shown in the graph with the aur as eae 
x- and y-intercepts labeled. 


Skill Practice Given f(x) = x’ + 5x +2, 


9. Find the discriminant and use it to determine if there are any x-intercepts. 
10. Find the x- and y-intercepts. 


ISTUDY 


Section 7.2 Quadratic Formula 


Finding x- and y-Intercepts of a Quadratic Function 
Given f(x) =x +x+2 


a. Find the discriminant and use it to determine if there are any x-intercepts. 
b. Find the x-intercept(s), if they exist. 
c. Find the y-intercept. 


Solution: 
a. a=1,b=1,andc=2. 
The discriminant is b’ — 4ac = (1)? — 4(1)(2) 
=1-8 
=—-7 
Since —7 < 0, there are no x-intercepts. 
b. There are no x-intercepts. 
ce. f(0) = (0)? + (0) +2 
=2 


-5-4-3-2-1 [123 4 5 

The y-intercept is located at (0, 2). fsrtxt2 | 
eo 3} 

ah 


The parabola is shown. Note: The graph does not 
intersect the x-axis. 


Skill Practice Given f(x) = 2x” — 3x +5, 


11. Find the discriminant and use it to determine if there are any x-intercepts. 
12. Find the y-intercept. 


5. Mixed Review: Methods to Solve 
a Quadratic Equation 


Three methods have been presented to solve quadratic equations. 


11. Discriminant: —31; there are no 
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FOR REVIEW 


Recall that a second-degree polyno- 
mial equation such as 2x7 — 3x + 1=0 
is quadratic. A first-degree equation 
such as 2x — | = 0 is linear. 


Answers 


0. [9 


14. (2+iV3} 


Before solving a quadratic equation, take a minute to analyze it first. Each problem 
must be evaluated individually before choosing the most efficient method to find its 
solutions. 


Solving a Quadratic Equation by Using 
Any Method 


Solve the equation by using any method. = (x +3)? +.x° -— 9x =8 


Solution: 
(x+3V +x -9x =8 
x +6x+94+2°-9x-8 =0 Clear parentheses and write the 


equation in the form 
ax’ +bx+c=0. 


2x°-3x+1=0 This equation is factorable. 
(2x —1)(x-1)=0 Factor. 
2x—-1=0 or x-1=0 Apply the zero product rule. 
x=4+ or x=1 Solve for x. 


The solution set is {4, 1}. 


This equation could have been solved by using any of the three methods, but factoring 
was the most efficient method. 


Skill Practice Solve using any method. 
13. 24r-1) +P =5 


Solving a Quadratic Equation by Using 
Any Method 


Solve the equation by using any method. ¢+5=—-2x 


Solution: 
vr +2x+5=0 The equation does not factor. 
+ 2x = —-5 Because a = | and b is even, 
we can easily complete the square. 
e+2xt1=-541 Add [4(2)|* = 1? = | to both sides. 
(x+ 1)? = -4 
xt1l=+vV7-4 Apply the square root property. 
x=-1+2i Solve for x. 


The solution set is {-—1 + 27}. 


This equation could also have been solved by using the quadratic formula. 


Skill Practice Solve using any method. 
14. °° —4x=-7 


[STUDY 


Solving a Quadratic Equation by Using 


Any Method 


Solve the equation by using any method. 


Solution: 


3x° - 6x +4 =0 


a=3,b=-6,andc=4 


ge TOs (—6)* — 4(3)(4) 
2(3) 


The solution set is { I Bas “3; \. 


Skill Practice Solve using any method. 


a a 
15. =x” -=x+==0 
ae ida) 


1 1 
— -— —=0 
iil st t 


Section 7.2 Quadratic Formula 


1 
3 


Clear fractions. 


The equation is in the form 
ax’ + bx+c=0. 
The left-hand side does not factor. 


Apply the quadratic formula. 


Simplify. 


Simplify the radical. 


Factor and simplify. 


Write in the form a + bi. 


Simplify. 


Answer 


1s { 4 vb 
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GESEEZEI Solving a Quadratic Equation by Using 


Any Method 
Solve the equation by using any method. 9p* -11=0 


Solution: 
9p? - 11 =0 Because b = 0, use the square root property. 
9p* = 11 Isolate the variable term. 
— S The equation is in the form x = k. 
11 
p=t m Apply the square root property. 


Simplify the radical. 


Skill Practice Solve using any method. 
16. 4y’ -13=0 


Answer 


ws {28} 


Section 7.2 Activity 


A.1. Given a quadratic equation ax” + bx + c = 0 (a £ 0), the solutions are given by the quadratic formula: 


SS 


For Exercises A.2—A.4, an equation is given in the form ax* + bx + c = 0. 
a. Identify the values of a, b, and c. 
b. Solve the equation by using the quadratic formula. 


A.2. 2x? - 12x+ 16=0 A.3. x — 4x+5=0 A.4, -x° - 6x -9 =0 


A.5. Based on the results from Exercises A.2—A.4, the solutions to a quadratic equation ax? + bx + c = 0 may either 
be real numbers or imaginary numbers. One way to determine the type of solution is to analyze the radicand 
from the quadratic formula: 


_ -b+ Vb’ — 4ac 
7 2a ; 


a. If the radicand is negative, what type of solution does the equation have? (real or imaginary) 


x 


b. If the radicand is nonnegative, what type of solution does the equation have? (real or imaginary) 


c. If the radicand is zero, how many solutions will the equation have? Otherwise, if the radicand is nonzero, how 
many solutions will there be? 


d. The radicand, b* — 4ac, is given a special name called the ________. It helps us determine the number and 
types of solutions to a quadratic equation. 


ISTUDY 
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For Exercises A.6—A.8, refer to the equations from Exercises A.2—A.4. 
a. Find the discriminant. 
b. Based on the discriminant, determine the number and types of solutions to the equation. 
c. Do your results from part (b) agree with the solutions you found in Exercises A.2—-A.4? 


A.6. 2x* — 12x+ 16=0 A.7. x° — 4x+5=0 A.8. —x? — 6x -9 =0 


A.9. Consider the graph of the quadratic function defined by f(x) = 2x” — 12x + 16 and the 
related quadratic equation 2x* — 12x + 16 = 0 from Exercises A.2 and A.6. 


a. How are the solutions to the equation related to the graph? 


b. What does the discriminant to the equation tell you about the number of x-intercepts 
of the graph? 


A.10. a. Based on the value of the discriminant from Exercise A.7, how many x-intercepts 
would the graph of g(x) = x” — 4x + 5 have? 
b. Based on the value of the discriminant from Exercise A.8, how many x-intercepts would the graph of 
ho = —x* — 6x — 9 have? 
c. Based on the results of parts (a) and (b), match g(x) = x” — 4x +5 and h(x) = —x’ — 6x — 9 with their 
respective graphs. 


x 


> 
rN ll te OE 


=2 


Practice Exercises | Section 7.2 


Prerequisite Review 


For Exercises R.1—R.6, simplify the expression. 
R11. V24 R.2. V128 
12- V48 


Ise WILDS 
5) 4 


R.5. V(—8)? — 4) R.6. V(—10)? — 4(4)(—3) 


R.3. R.4 
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For Exercises R.7—R.10, solve the equation by first clearing fractions or decimals. 


1 a) _ Il 2 z 


Loy S88 = Sea RS. 2-Sy=14+5) 


(ee 15 3 
R.9. 0.07x — 0.38 = 0.09x + 0.8 R.10. 2.8w — 7.2 = 1.8w + 3.6 
For Exercises R.11-R.12, solve the equation by applying the square root property. 


R.UL. (x +7) =44 R.12. (y— 6)? =50 


Vocabulary and Key Concepts 


1. a. For the equation ax’ + bx +c=0(a#0), the ______— formula gives the solutions as 
x= 
b. To apply the quadratic formula, a quadratic equation must be written in the form ______ where a £0. 
c. To apply the quadratic formula to solve the equation 8x* — 42x — 27 = 0, the value of ais_________, the value 
of bis. and the value of c is 
d. To apply the quadratic formula to solve the equation 3x* — 7x — 4 =0, the value of —bis_________and the 


value of the radicand is 


. The radicand within the quadratic formula is ____________ and is called the 


as © 


. If the discriminant is negative, then the solutions to a quadratic equation will be (real/imaginary) numbers. 


. If the discriminant is positive, then the solutions to a quadratic equation will be (real/imaginary) numbers. 


ie) 


Q 


. Given a quadratic function f(x) = ax* + bx + c = 0, the function will have no x-intercepts if the discriminant 
is (less than, greater than, equal to) zero. 


Concept 2: Solving Quadratic Equations by Using the Quadratic Formula 


For Exercises 3-8, determine whether the equation is linear, quadratic, or neither. 


3. 5x°-3x=8+4+%x 4, —4x4+5=2x° +7 
5. 242 ag 6. x+5Vx+4=0 
x xX 3 
7. x—5) +2 = 3x(x — 4) — 22° 8. 5x(x+ 3) —9 = 42° — 3(x4 1) 


For Exercises 9-34, solve the equation by using the quadratic formula. Write imaginary solutions in the form a + bi. 
(See Examples 1-2.) 


9. °° 4+11x-12=0 10. 5x°- 14x-3=0 11. 9y’-2y+5=0 


12. 22 +3r-7=0 13. 12p?- 4p +5=0 14, —5r?+4n-—6=0 


15. 


18. 


21. 


24. 


27. 


30. 


33. 


—2 = —27-35 16. 12x? -5x=2 
+4=6k 19, 25x°-20x+4=0 
w(w — 6) = —-14 22. m(m+ 6) =-11 
3y(y + 1) — Ty(y + 2) =6 25. —4a?-2a+3=0 
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17. y+3y=8 
20. 9y =-12y-4 
23. (x+2)(x-3)=1 


26. —2m? —5m+3=0 


Vg. 7 3.4 ius 3 

ay pee 18 = = pe = 29. —’ +h+—=0 

2 +3773 3 Pt eee 

(Hint: Clear fractions first.) 

a + iy +1=0 31. 0.01x° + 0.06x + 0.08 = 0 32. 0.5y’ —0.7y +0.2 =0 
(Hint: Clear decimals first.) 

0.3 +0.7t- 0.5 =0 34. 0.01x° + 0.04x — 0.07 = 0 


For Exercises 35-38, factor the expression. Then use the zero product rule and the quadratic formula to solve the equation. 
There should be three solutions to each equation. Write imaginary solutions in the form a + bi. 


35. 


37. 


Concept 3: Using the Quadratic Formula in Applications 


39. 


41. 


43. 


x -27 
x -—27=0 


a. Factor. 


b. Solve. 


3x9 — 6x? + 6x 
3x° — 6x7 + 6x =0 


a. Factor. 


b. Solve. 


The volume of a cube is 27 ft®. Find the lengths of 
the sides. 


The hypotenuse of a right triangle measures 4 in. 
One leg of the triangle is 2 in. longer than the other 
leg. Find the lengths of the legs of the triangle. 
Round to one decimal place. (See Example 3.) 


The hypotenuse of a right triangle is 10.2 m long. 
One leg is 2.1 m shorter than the other leg. Find the 
lengths of the legs. Round to one decimal place. 


36. 


38. 


40. 


42. 


44. 


64x7 + 1 
64° +1=0 


a. Factor. 


b. Solve. 


5x7 + 5x7 + 10x 
5x°+5x°+ 10x =0 


a. Factor. 


b. Solve. 


The volume of a rectangular box is 
64 ft*. If the width is 3 times 
longer than the height, and 

the length is 9 times longer 

than the height, find the 
dimensions of the box. 


The length of one leg of a right triangle is 1 cm 
more than twice the length of the other leg. The 
hypotenuse measures 6 cm. Find the lengths of 
the legs. Round to one decimal place. 


The hypotenuse of a right triangle is 17 ft long. One 
leg is 3.4 ft longer than the other leg. Find the 
lengths of the legs. 
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45. The fatality rate (in fatalities per 100 million 46. The braking distance (in feet) of a car going v mph 
vehicle miles driven) can be approximated for is given by 
drivers x years old according to the function 2 
F(x) = 0.0036x? — 0.35x + 9.2. (Source: U.S. d(v) = on +Vv v>0 


Department of Transportation) 
a. Find the speed for a braking distance of 150 ft. 


a. Approximate the fatality rate for drivers : 
PP y Round to the nearest mile per hour. 


16 years old. 
b. Find the speed for a braking distance of 100 ft. 


b. Approximate the fatality rate for drivers : 
PP y Round to the nearest mile per hour. 


40 years old. 


c. Approximate the fatality rate for drivers 
80 years old. 


d. For what age(s) is the fatality rate 
approximately 2.5? 


47. Mitch throws a baseball straight up in the air from a 48. An astronaut on the moon throws a rock into the air 
cliff that is 48 ft high. The initial velocity is 48 ft/sec. from the deck of a spacecraft that is 8 m high. The 
The height (in feet) of the object after ¢ sec is given initial velocity of the rock is 2.4 m/sec. The height 
by h(t) = —16¢ + 487 + 48. Find the time at which (in meters) of the rock after ¢ sec is given by 
the height of the object is 64 ft. (See Example 4.) h(t) = —0.8 + 2.4t + 8. Find the time at which the 


height of the rock is 6 m. 


Concept 4: Discriminant 

For Exercises 49-56, 
a. Write the equation in the form ax’ + bx +c =0,a> 0. 
b. Find the value of the discriminant. 


c. Use the discriminant to determine the number and type of the solutions. Choose from imaginary, rational, and 
irrational. (See Example 5.) 


49, °+2x=-1 50. 12y-9=4y" 51. 19m*=8m 
52. 2n—5n’?=0 53. 5p’-21=0 54, 3 =7 
55. 4n(n — 2) — Sn(n—- 1) =4 56. (2x+ I -3)=-9 


For Exercises 57-62, determine the discriminant. Then use the discriminant to determine the number of x-intercepts for the 
function. 


57. f(xy) =x? —6x+5 58. 9(x)=—-x —4x-3 59. h(x) = 40° + 12x+9 


60. k(x) = 25x° — 10x + 1 61. p(x) = 2x? + 3x+6 62. m(x) = 3x° + 4x +7 


For Exercises 63-68, find the x- and y-intercepts of the quadratic function. (See Examples 6-7.) 


63. f) =x -—5x+3 64. g(x) =2x° + 7x +2 65. g(x) =—P +x-1 


66. f(x) =2x +x4+5 67. p(x) =2x° +5x—-2 68. h(x) = 3x7 + 2x -2 
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Concept 5: Mixed Review: Methods to Solve a Quadratic Equation 


For Exercises 69-86, solve the quadratic equation by using any method. Write imaginary solutions in the form a + bi. 
(See Examples 8-11.) 


69. a’ +2a+10=0 70. 427 +7z=0 
71. (x— 2)? + 2x — 13x = 10 72. (x — 3)? +3x* —5x=12 
73. 4y’ — 20y+43=0 74, +18 =4k 
1 2 
75. (x+5) +4=0 76. (2y+3y =9 
77. 2y(y — 3) =-1 78. w(w—5)=4 
79. (2t+ 5\(t— 1) =(t— 3)(t + 8) 80. (b- 1)(b+ 4) = (3b +. 2)(b + 1) 
81. ari gtt ga 82. ae att G=0 
83. 327?- 20z-3=0 84. 8k? — 14k+3=0 
85. 4p?-21=0 86. 5h? — 120=0 


Sometimes students shy away from completing the square and using the square root property to solve a quadratic equation. 
However, sometimes this process leads to a simple solution. For Exercises 87-88, solve the equations two ways. 


a. Solve the equation by completing the square and applying the square root property. 
b. Solve the equation by applying the quadratic formula. 


c. Which technique was easier for you? 


87. x + 6x =5 88. x° — 10x =—27 


Technology Connections 


89. Graph Y, =x° — 27. Compare the x-intercepts with 90. Graph Y, = 64x° + 1. Compare the x-intercepts with 
the solutions to the equation x* — 27 = 0 found in the solutions to the equation 64x° + 1 = 0 found in 
Exercise 35. Exercise 36. 

91. Graph Y, = 3x° — 6x + 6x. Compare the 92. Graph Y, = 5x° + 5x + 10x. Compare the 
x-intercepts with the solutions to the equation x-intercepts with the solutions to the equation 


3x7 — 6x" + 6x = 0 found in Exercise 37. 52° + 5x? + 10x = 0 found in Exercise 38. 
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Section 7.3 Equations in Quadratic Form 
1. Solving Equations by Using Substitution 


1. Solving Equations by Using We have learned to solve a variety of different types of equations, including linear, radical, 
Substitution rational, and polynomial equations. Sometimes, however, it is necessary to use a quadratic 
2. Solving Equations equation as a tool to solve other types of equations. 
Reducible to a Quadratic In Example 1, we will solve the equation (2x? — 5)? — 16(2x? — 5) + 39 =0. Notice 


that the terms in the equation are written in descending order by degree. Furthermore, the 
first two terms have the same base, 2x” — 5, and the exponent on the first term is exactly 
double the exponent on the second term. The third term is a constant. An equation in this 
pattern is called quadratic in form. 


exponent is double _ third term is constant 


| | 


(2x7 — 5)? — 16(2x7 — 5)'4+39=0. 


To solve this equation we will use substitution as demonstrated in Example 1. 


| Example1 | Solving an Equation in Quadratic Form 


Solve the equation. (2x? — 5)? — 16(2x7 — 5) +39 =0 


Solution: 
(2x? — 5)? — 16(2x7 — 5) +39 =0 Once the substitution is made, 
the equation becomes quadratic 
Substitute u = (2x? — 5). in the variable u. 
we— lou +39=0 The equation is in the form 
aw + bu+c=0. 
(u— 13)(u—3)=0 Factor. 
Avoiding Mistakes u=13 or u=3 Apply the zero product rule. 
When using substitution, it is | \ 
critical to reverse substitute to Reverse substitute. 
solve the equation intermsof = 2x7 -5 = 13 or 2x7 -5 =3 Reverse substitute. 
the original variable. 
2x* = 18 or 2x7 = 8 
r=9 or r=A4 Write the equations in the form 
=k. 
x=+V9 or x=tvV4 Apply the square root property. 
=4+3 or = +2 
The solution set is {3, —3, 2, —2}. All solutions check in the original 
equation. 


Skill Practice Solve the equation. 
1. BP — 10)? +53f — 10)- 14=0 


Answer 
1. {1, -1, 2, -2} 
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For an equation written in descending order, notice that u was set equal to the variable 
factor on the middle term. This is generally the case. 


| Example2 | Solving an Equation in Quadratic Form 


Solve the equation. = p*/* — 2p'4 =8 
Solution: 
p3— 23 =8 
p? — 2p'8 -8 =0 Set the equation equal to zero. 
(p'PY — 2(p)! - 8 =0 Make the substitution u = p!/°. 


Substitute u = p!?. 


Then the equation is in the form 


uw — 2u — 8=0 au’ + bu+c=0. 
(u—4)(u+2)=0 Factor. 
u=4 or u=—2 Apply the zero product rule. 


| Reverse substitute. | 
peda or pe=-2 


y/p =4 or </p = -2 The equations are radical 
equations. 
W/pyr=(4) or /p)>=(-2) Cube both sides. 
p=64 or p=-8 
The solution set is {64, —8}. All solutions check in the 


original equation. 


Skill Practice Solve the equation. 
2. ye -y= 12 


| Example3 | Solving an Equation in Quadratic Form 


Solve the equation. x— Vx-—12=0 


Solution: 


The equation can be solved by first isolating the radical and then squaring both sides 
(this is saved for Exercise 25). However, this equation is also quadratic in form. By writ- 
ing Vx as x'/?, we see that the exponent on the first term is exactly double the exponent 
on the middle term. 


xt —x!/?-12=0 


(x!/?)? — (x!/?)! — 12 =0 Let u=x!/, 
w—u—-—12=0 
(u—4)u+3)=0 Factor. 
u=4 or u=-3 Solve for u. 
x2=4 or xl? =-3 Reverse substitute. 


Answer 
2. (64, -27} 
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Avoiding Mistakes 


Recall that when each side of 

an equation is raised to an even 
power, we must check the potential 
solutions. 


FOR REVIEW 


If a quadratic equation cannot be 
solved by factoring and applying 
the zero product rule, then 


e apply the square root property 
(sometimes complete the square 
first), or 

¢ apply the quadratic formula. 


Answers 
3. {4} (The value 1 does not check.) 


a {24 aa} 


Vx =4 or ViH3 Solve each equation for x. Recall that the 


ere rere “........... principal square root of a number cannot be 


x= 16 negative. 


The solution set is {16}. The value 16 checks in the original equation. 


Skill Practice Solve the equation. 
3. z—-Vz-2=0 


2. Solving Equations Reducible to a Quadratic 


Some equations are reducible to a quadratic equation. In Example 4, we solve a polynomial 
equation by factoring. The resulting factors are quadratic. 


Solving a Polynomial Equation 


Solve the equation. 4x4 +7x°-2=0 


Solution: 

4x4 + 7x? -2=0 This is a polynomial equation. 

(4x7 — 1)Q? + 2) =0 Factor. 

4x°-1=0 or 7° +2=0 Set each factor equal to zero. Notice 
1 that the two equations are quadratic. 
= . or x =-2 Each can be solved by the square 
root property. 
x=t . or x=tV-2 Apply the square root property. 
x= +5 or x=+iV2 Simplify the radicals. 


The solution set is e > iv2, -iv3}, 


Skill Practice Solve the equation. 
4, 9x4 + 35x7-4=0 


| Example 5 | Solving a Rational Equation 


Solve the equation. 20 =! 
y+2 y-l 
Solution: 
| a I This is a rational equation. The LCD is (y + 2)(y— 1). 
y+2 y-1. Also note that the restrictions on y are y # -2 andy # 1. 
3y 2 Multiply both sides 
—~ -—_ }- 2)y-1)=1- 2)(y -1 
fe =a) = hes by the LCD. 


ea (4+2)9-D-F24-0+ DE =1-0+20-0 
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3y(y — 1) —-204+2)=(9 420-1) Clear fractions. 
3y’ — 3y-2y-4=y’-y+2y-2 Apply the distributive property. 
3y —5y-—4=y'+y-2 The equation is quadratic. 
2y* -6y-2=0 Write the equation in descending order. 
ay by 20 Each coefficient in the equation is 
F 2 3° 3 divisible by 2. Therefore, if we divide 
be 1=0 both sides by 2, the coefficients in the 
yay equation are smaller. This will make it 
easier to apply the quadratic formula. 
y= —(-3) tv (3) = 4M) v(-3)" = 4D Apply the quadratic formula. 
(1) 
_SEVO +A 
2 


34+V13 
i. 

_34Vv13 

~~ 2 _3-Vv13 
=o 

34+ V13 AyE\ 


The soluti ti ; 
e solution se is { 5) 1 


Skill Practice Solve the equation. 


—_—— == = Answer 


21-1 +4 [-s23v5) 
5. aaa ad 


Section 7.3 Activity 


A.1. Consider the equation (2x — 1)? — 13(2x— 1) + 36=0. 
a. Notice that the factor (2x — 1) appears in the first two terms. In the first term, 2x — 1 is raised to the second 
power, and in the middle term, 2x — | is raised to the first power. In such a case, the equation is said to be 
in form. 


b. By making an appropriate substitution, this equation can be expressed as a quadratic equation in a new variable. 
Rewrite the equation by making the substitution u = 2x — 1. 


ie) 


. Find the values of u that are solutions to the equation from part (b). 


d. From part (c) you found that u = 4 and u = 9. In each equation, reverse the substitution. That is, replace u with 
2x — | and then solve each equation for x. Write the solution set to the original equation. 


For Exercises A.2—A.5, determine an appropriate substitution to make the given equation quadratic in the variable u. 


Equation in Quadratic Form Substitution New Equation 
A.2. Oe — 3) — 9G? - 3) -52 =0 ig oS 
A3. 3x°7—x'3-4=0 ei — 
A.4, x* — 29x" + 100 = 0 et — ——— 


3\c 3 
A.5. (2+2) - (2+5)-12=0 ett. — 
x x 


ISTUDY 
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For Exercises A.6—A.9, solve the equation. 


A.6. G2 — 3)? — 902 - 3) -52 =0 NGL, 32h oF sd =e 


2 
A.8. x*—29x2 + 100 =0 AS. (2+2) - (245) -12=0 
oo Ae 


MSTA Practice Exercises 


Prerequisite Review 
For Exercises R.1—R.4, write the expression in radical form. Assume that all variables represent positive real numbers. 


Ri. x” R.2. y' 


R.3. 2 R.4, p°/4 


For Exercises R.5—R.16, solve the equation. 
R.5. uw —7u—18=0 6. uw + 14u+ 40 =0 
R.7. 6u° + 2u=6 8. 2x° = 8x +44 
R.9. 3x° — 7 = 20 4x? +1=65 
R11. w°+5=0 p+7=0 
y= 2 


5 4. 6 
“t+3 t4+2 £245t+6 


Vocabulary and Key Concepts 


1. a. An equation that can be written in the form au* + bu + c =0, where u represents an algebraic expression, 
is said to be in ___ form. 


b. To use the method of substitution to solve the equation (3x — 1)? + 2(3x-— 1) - 8 =0, letu= 


c. To use the method of substitution to solve the equation p*/? — 2p'/7 — 15=0,letu=____ 


Concept 1: Solving Equations by Using Substitution 


For Exercises 2-7, identify a substitution u = 
equation in terms of u. 


that would make the equation quadratic in the variable u. Then write the 


1, Of= 3 =8Of= = W =O 3. Bm+4) —46m+4)-5=0 4, (x? -3)?-407-3)+3=0 


— 5 iF 1 3 10 
5. (y°+1)?-7(°+1)+10=0 6. 2(—) -5{(—)-3=0 7. =+—-8=0 
x x xr x 


8. a. Solve the quadratic equation by factoring. 


b. Solve the equation by using substitution. 


9. a. Solve the quadratic equation by factoring. 


b. Solve the equation by using substitution. 


10. a. Solve the quadratic equation by factoring. 


b. Solve the equation by using substitution. 
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uw’ —2u—24=0 

(x -—5)P?- 2x-5)-24=0 
u’+10u+24=0 

(y? + 5y)? + 10(y* + 5y) + 24=0 
uw —2u—35=0 

(w* — 6w) — 2(w” — 6w) — 35 =0 


For Exercises 1 1—24, solve the equation by using substitution. (See Examples 1-3.) 


M1. (62 — 2x)? +202 -2x) =3 12. 


13. (y’ — 4y)? — G* — 4y) = 20 14, 


15. nm’? -—m'-6=0 16. 

17. 2°74 7'°+3=0 18. 

19. y+6y/y =16 20. 

21. 2x+3Vx-2=0 22. 
2. 

23. 16(**°) +8(**2)+1=0 24. 


25. 


Q? +x) — 80° +x) =-12 
(w* — 2w) — 11(w’” — 2w) = —24 
2n?? + Tn! — 15 =0 


pe +p'P-2=0 


p—8/p=-15 
3t+5Vt—-2=0 

x+3\ (4) 
9 —6 1=0 
( 2 ) a 
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In Example 3, we solved the equation x — Vx — 12 = 0 by using substitution. Now solve this equation by first isolat- 


ing the radical and then squaring both sides. Don’t forget to check the potential solutions in the original equation. Do 


you obtain the same solution as in Example 3? 
Concept 2: Solving Equations Reducible to a Quadratic 
For Exercises 26-36, solve the equations. (See Examples 4-5.) 


26. f+P-12=0 27. w'+4w’ —45=0 


12 
29, y*(4y? + 17) = 15 30. -1=—= 
y (4y ) 10 5y 
32. x5 x _x419 33. 3x _ 2 =| 
x 2 4x x+1 x-3 
x 1 z 2 
35. = 36. = 
2x-1 x-2 3z+2 zt+l 
Mixed Exercises 
For Exercises 37-60, solve the equations. 
37. x'-16=0 38. ff -—625=0 


28. x°(9x° +7) =2 
a int 
xX xv 
ne a 
t-3 ¢t+4 
39. (4xn4+5) +3(4x4+5)+2=0 
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43. 


46. 


49. 


52. 


55. 


58. 
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2(5x + 3) — (5x + 3) —28 =0 41. 4m‘ —9n? +2=0 42. x'-7x°+12=0 
x©-974+8=0 44. x°— 26° -27=0 45. Vx°+20 =3Vx 
Vx +60 =4Vx 47, V4t+1=t+1 48. Vt+10=1+4 

= 2 = 2 
2(4*) - (5 *) -3=0 50. (2) -3(*4*) - 10-0 51. 2/3 4x13 =20 

3 3 5 5 
x2/5 — 3x1/5 = 2 53. m++2m’?-8=0 54. 2c? +c? -1=0 
a+l6a—a’—-16=0 56. b'+9b-b?-9=0 57. °+5x—4x° —-20=0 
(Hint: Factor by grouping first.) 

2 \ 2 5 \ 5 

34 8y—3y?-24=0 59. ( ) 3( ) 12=0 60. ( ) -6( )-16=0 
amy y x-3 = x-3 = x+1 x+1 


Technology Connections 
61. a. 
b. 


62. 


63. 


64. 


Solve the equation x* + 4x° + 4=0. 


How many solutions are real and how many solutions are imaginary? 


c. How many x-intercepts do you anticipate for the function defined by y = x* + 4x° + 4? 


. Graph Y, = x* + 4x* + 4 on a standard viewing window. 


. Solve the equation x* — 2x* + 1 =0. 


. How many solutions are real and how many solutions are imaginary? 


c. How many x-intercepts do you anticipate for the function defined by y = x* — 2x7 + 1? 


. Graph Y, = x* — 2x* + 1 on a standard viewing window. 


. Solve the equation x* — x* — 6x° = 0. 


. How many solutions are real and how many solutions are imaginary? 


c. How many x-intercepts do you anticipate for the function defined by y = x* — x° — 6x”? 


. Graph Y, = x* — x° — 6x’ ona standard viewing window. 


. Solve the equation x* — 10x° + 9 =0. 


. How many solutions are real and how many solutions are imaginary? 


c. How many x-intercepts do you anticipate for the function defined by y = x* — 10x* +. 9? 


. Graph Y, = x* — 10x? + 9 ona standard viewing window. 
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Problem Recognition Exercises 


ISTUDY 


Quadratic and Quadratic Type Equations 
For Exercises 1—4, solve each equation by 

a. Completing the square and applying the square root property. 

b. Using the quadratic formula. 


1. x7 +10x+3=0 2. v-16v+5=0 3. 3P +t+4=0 4, 4y’+3y+5=0 


In Exercises 5—24, we have presented all types of equations that you have learned up to this point. For each equation, 


a. First determine the type of equation that is presented. Choose from: linear equation, quadratic equation, quadratic in 
form, rational equation, or radical equation. 


b. Solve the equation by using a suitable method. 


5. P+5t-14=0 6. a’ —9a+20=0 7. a’ -10a+9=0 

8. x1-3x°-4=0 9. x-3x'?-4=0 10. ° —9x-2=0 
11. 8b(b + 1) + 2(3b — 4) = 4b(2b + 3) 12. 6x(x + 1) — 3(x + 4) = 3x(2x + 5) 
13. 5a(a+ 6) = 10(3a— 1) 14. 4x(x + 3) = 6(2x — 4) 5 ee 

° ° Ss aaa 
a a a ae 17, 4 2eo1=0 18. @oiea eo 

vt+4 47v4+12 vt+3 

19. 2u(u— 3) =4(2 —u) 20. 3yy + 2) = 9 + 1) 21. V2b+3=b 
22. V5t+6=t 23. x7? 4-951? = 15 = 24. y+ 5y'344=0 


Graphs of Quadratic Functions Section 7.4 
A quadratic function is defined as a function of the form f(x) = ax? + bx +c (a #0). The 


graph of a quadratic function is a parabola. In this section, we will learn how to graph 
parabolas. 1. Quadratic Functions of the 
ee 
A parabola opens upward if a>0 (Figure 7-3) and opens downward if a <0 Form f X) gles k 
(Figure 7-4). If a parabola opens upward, the vertex is the lowest point on the graph. Ifa 2. Quadratic PUREens of the 
parabola opens downward, the vertex is the highest point on the graph. The axis of Form f Xx) = (x i h) 
symmetry is the vertical line that passes through the vertex. 3. Quadratic Functions of the 
Form f (x) = ax? 
4. Quadratic Functions of the 
Form f(x) = a(x — h)? +k 
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Answer 
1.k=-8 
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a>0 28 

Be ¥ 
i 3 d 

A 

HO iol t 
re 8 axe I 
i'6 6 ' 
aes 3 1 
ss A(x) =x + 4x -5 : I gxy)=—x? + 2x41 
1 


-10-8 -6 


Figure 7-3 Figure 7-4 


1. Quadratic Functions of the Form f(x) = x? +k 


One technique for graphing a function is to plot a sufficient number of points on the graph 
until the general shape and defining characteristics can be determined. Then sketch a curve 
through the points. 


| Example1 | Graphing Quadratic Functions 


of the Form f(x) = x? + k 


Graph the functions f, g, and / on the same coordinate system. 


fM=P  gQx)=Xr4+1 AW =xr-2 


Solution: 


Several function values for f, g, and h are shown in Table 7-1 for selected values of x. 
The corresponding graphs are pictured in Figure 7-5. 


Table 7-1 gx=r?t1 
» \ fe =? 
-3 9 10 7 
—2 4 5 2) 
-1 il 2 —l 3 
246 8 10 
0 0 1 —2 
1 lt » -1 
2 4 5 2 
3 9 Figure 7-5 


Skill Practice Refer to the graph of f(x) = x” + k to determine the value of k. 
1. 
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Notice that the graphs of g(x) = x + Land h(x) = x° — 2 take on the same shape as f(x) = x. 
However, the y values of g are | greater than the y values of f: Hence, the graph of 
g(x) =x° + Lis the same as the graph of f(x) =x shifted up 1 unit. Likewise the y values of 
hare 2 less than those of f. The graph of h(x) = x* — 2 is the same as the graph of f(x) =? 
shifted down 2 units. 

A function of the type f(x) =.x° + k represents a vertical shift of the graph of f(x) =x’. 
The functions in Example 1 illustrate the following properties of quadratic functions of the 
form f(x) =2x° +k. 


Graphs of f(x) =x? + k 


A function of the type f(x) = x’ + k represents a vertical shift of the graph of f(x) = x°. 


« Ifk> 0, then the graph of f(x) =x° + kis the same as the graph of f(x) = x’ shifted 
up k units. 


e Ifk <0, then the graph of f(x) = x* + kis the same as the graph of f(x) = x shifted 
down |k| units. 


Graphing Quadratic Functions 
of the Form f(x) = x? + k 


Sketch the functions defined by 


a. m(x)=x°-4 b. naar+t 4 


TIP: 


Or more accuracy 


Solution: a Or th de es 1! Cama a 10 in the graph, plot one or 
a. m(x) = —-4 . two points near the vertex 
x" and use the symmetry of 
m(x) =x? + (-4) ] the curve to find additional 
ints on the graph. 
Because k = —4 (negative), the graph is obtained Figure 7-6 poe owes ee 
by shifting the graph of f(x) =x? down |—4| units 
(Figure 7-6). a 
7 7 
b. nx) =x + 6 
2 5 


q aie . : n(x) =x? + i 
Because k = 5 (positive), the graph is obtained : 


by shifting the graph of f(x) = 2° up 3 units 
(Figure 7-7). 1 Answer 
-§ 4-3 2-1 12345 2. » Sar 43 
ta h fx) = x? 
a} 10 
8 
Figure 7-7 
h)ex—5 
Skill Practice -10-8 -6 4 4 46810 


2. Graph the functions f, g, and h on the same coordinate system. 
f@=xr g(x) =27 +3 h(x) =x —5 
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Answer 
3.h=4 
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2. Quadratic Functions of the Form f(x) = (x — h)? 


The graph of f(x) =2° + k represents a vertical shift (up or down) of the graph of f(x) = 2°. 
Example 3 shows that functions of the form f (x) = (x — h)’ represent a horizontal shift (left 
or right) of the graph of f(x) =x’. 


ESTEEM «Graphing Quadratic Functions of the Form 


f(x) = (x — h)? 
Graph the functions f| g, and / on the same coordinate system. 


fM=K gM =O4+1" AQ) =(e- 2)” 


Solution: 


Several function values for f, g, and h are shown in Table 7-2 for selected values of x. 
The corresponding graphs are pictured in Figure 7-8. 


Table 7-2 


g(x) = (e+ 1)? 
y | feer 
4 | / AQ) =@-2" 


x 
2 4 6 8 10 


3. 


Example 3 illustrates the following properties of quadratic functions of the form 


SO) = — hy. 
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From Example 3 we have 
h@®=(«-2% and = g(@x)=(«+1) 
g(x) =[x-(-l? 


y= x° shifted 2 units y= 2° shifted |-1| unit 
to the right to the left 
eae ~=Graphing Functions of the Form 
f(x) = (x — h)? 
Sketch the functions p and q. 
a. p(x) = (x— 7)” b. g(x) = (x + 1.6) 


Solution: 


F (x) _ 3 
a. p(x) =(x—-7) “A on a 7) 


Because h = 7 > 0, shift the graph 
of f(x) = x° to the right 7 units (Figure 7-9). 


oS 
2 4 6 8 10 


b. g(x) = (+ 1.6)? en an 
gx) = [x (-1.6)P 


Because h = —1.6 < 0, shift the graph 
of f(x) = x° to the left 1.6 units (Figure 7-10). 


gts) = («+ 16? 


Answer 
4. g(x) = (x +3)? 


Figure 7-10 


=(x-6) 


Skill Practice 


4. Graph the functions f, g, and / on the same coordinate system. 


fa =x ie oe 
g(x) = («+ 3) 
h(x) = (x — 6)? 
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Answer 
5. g(x) = 3x7 


>Xx 
—10-8 -6 —4 -2 2 4 6 8 10 


3. Quadratic Functions of the Form f(x) = ax? 


Examples 5 and 6 investigate functions of the form f(x) = ax’ (a#0). 


| Example5 | Graphing Functions of the Form 


f(x) = ax? 
Graph the functions f, g, and / on the same coordinate system. 
f(x) = e g(x) = ax h(x) = x 


Solution: 


Several function values for f, g, and 4 are shown in Table 7-3 for selected values of x. 
The corresponding graphs are pictured in Figure 7-11. 


Table 7-3 g(x) = 2x2 
x [f= [ee =2° [ne = $2 | 
y aS 
a | F h(x) = 3x 
-3 9 18 3 
—2 4 8 2) 6 
4 
-1 1 2 4 
0 0 0 0 -10-8-6-4 3 | 2 4 6 8 10 a 
1 1 p) 4 4 
~6 
2 4 8 2 os 
3 9 18 3 = 
Figure 7-11 


Skill Practice 


5. Graph the functions f, g, and / on the same coordinate system. 


{oer 
g(x) = 3x7 
h(x) = x 


In Example 5, the function values defined by g(x) = 2x’ are twice those of f(x) =x. The 
graph of g(x) = 2x7 is the same as the graph of f(x) = 2° stretched vertically by a factor of 
2 (the graph appears narrower than f(x) = x”). 

In Example 5, the function values defined by h(x) = 4x° are one-half those of f(x) = 2°. 
The graph of h(x) = 4x° is the same as the graph of f(x) = x° shrunk vertically by a factor 
of + (the graph appears wider than f(x) = x’). 


Graphing Functions of the Form 


f(x) = ax 


Graph the functions f, g, and / on the same coordinate system. 


fO=-P gx) =-3 hw) = ie 
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Solution: 


Several function values for f, g, and / are shown in Table 7-4 for selected values of x. 
The corresponding graphs are pictured in Figure 7-12. 


Table 7-4 x 
2 
x | f=? [ee =-3e [ne = , 
—3 -9 —27 -3 
=5 =A a) ae 
= =| =3 20 
0 0 0 0 
1 = = a 
= =i =e 
2 as 12 3 g(x) = 3x7 Sx) = ay 
3} -9 —27 —3 


Figure 7-12 


Skill Practice 


6. Graph the functions f, g, and h on the same coordinate system. 


fo)=—8 gay=—2e y= be 


Example 6 illustrates that if the coefficient of the squared term is negative, the parabola 
opens downward. The graph of g(x) = —3x° is the same as the graph of f(x) = —x* with a 
vertical stretch by a factor of |—3|. The graph of h(x) = —4x° is the same as the graph of 
f(x) = —x with a vertical shrink by a factor of |—4]. 


1. If a> 0, the parabola opens upward. Furthermore, 
¢ If0<a< 1, then the graph of f(x) = ax’ is the same as the graph of f(x) = x” 
with a vertical shrink by a factor of a. 
¢ Ifa> 1, then the graph of f(x) = ax’ is the same as the graph of f(x) = x° with 
a vertical stretch by a factor of a. 
2. If a <0, the parabola opens downward. Furthermore, 
¢ If0<|a| <1, then the graph of f(x) = ax’ is the same as the graph of f(x) = —x* 


with a vertical shrink by a factor of |a]. 
BD 


° If |a|> 1, then the graph of f(x) = ax’ is the same as the graph of f(x) = —x 
with a vertical stretch by a factor of |a|. 


Answer 


4. Quadratic Functions of the Form e 


f(x) = a(x — h)? +k 


We can summarize our findings from Examples 1-6 by graphing functions of the form 
fo=ax—hyr+k (a#0). 
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The graph of f(x) = x” has its vertex at the origin (0, 0). The graph of f(x) = a(x — hy’ +k 
is the same as the graph of f(x) = x* shifted to the right or left h units and shifted up or down 
k units. Therefore, the vertex is shifted from (0, 0) to (h, k). The axis of symmetry is the 
vertical line through the vertex. Therefore, the axis of symmetry must be the line x = h. 
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Graphs of f(x) = a(x — h)? +k 
1. The vertex is (A, k). 
The axis of symmetry is the line x = h. 


If a> 0, the parabola opens upward, and k is the minimum value of the 
function. 


If a <0, the parabola opens downward, and k is the maximum value of the 
function. 
fe) 
A 
fi Maximum 
Maximum 
Minimum a>0 point (h, k) We x value 
value Minimum 
(h, k) point 


>X 


> XxX 


tad 
|| ====/-= 


& 


EEE Graphing a Function of the Form f(x) = a(x — h)? +k 


Given the function defined by f@) =2(- 3 +4 


TIP: | en a. Identify the vertex. 

- We can find additiona : 

points to the right or left of the be Skeiy _ penchion: 

vertex and use the symmetry c. Identify the axis of symmetry. 

of the parabola to refine the d. Identify the maximum or minimum value of the function. 

SS USGL: e. Use the graph to determine the domain and range of fin interval notation. 
ali esa 
————| a. The function is in the form f(x) = a(x — hy +k, where a =2,h =3, andk=4. 

2 Therefore, the vertex is (3, 4). 


2 
ry 


b. The graph of fis the same as the graph of f(x) =.x° shifted to the right 3 units, 
shifted up 4 units, and stretched vertically by a factor of 2 (Figure 7-13). 
c. The axis of symmetry is the line x = 3. rn 


A 
d. Because a > 0, the function opens ° 
upward. Therefore, the minimum 12} oot “f fa) = 2G — 3) + 4 
function value is 4. Notice that the ‘ 1 
os minimum value is the minimum y value 6 
es cnttearar | eee ae on the graph. ; t 3.4) 
es e. The domain is all real numbers: (—oo, oo). QupDecga a 
The vertex is the lowest point on the —2f—"4 
Answers parabola, and its y-coordinate is 4. aaa 
7. i Vener (1 = Therefore, the range is [4, 00). Figure 7-13 
ro 
3 Skill Practice 
‘ 7. Given the function defined by g(x) = 3(x + 1)’ — 3 
2 a. Identify the vertex. 
-10-8-6-4-4 J 246 8 10" b. Sketch the graph. 
4 c. Identify the axis of symmetry. 
a d. Identify the maximum or minimum value of the function. 
i e. Determine the domain and range in interval notation. 


c. Axis of symmetry: x = —1 
d. Minimum value: —3 
e. Domain: (—oo, oo); range: [—3, co) 
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Graphing a Function of the Form 


f(x) = a(x — h)? +k 
Given the function defined by g(x) = —(x+ 2) - : 


a. Identify the vertex. 

b. Sketch the function. 

c. Identify the axis of symmetry. 

d. Identify the maximum or minimum value of the function. 

e. Use the graph to determine the domain and range of f in interval notation. 


Solution: (-2, -1) 


-10-8 —6 —4 


a. g(x) = (x4 2)7- ; 


x 
2 4 6 8 10 


80) = (+2) f 
=-1[x-(-2P + (-2) 


The function is in the form g(x) = a(x — h)* +k, where a = —1,h = —2, and k = —7. 
4 


Therefore, the vertex is (—2, —{). Figure 7-14 


b. The graph of g is the same as the graph of f(x) = x° shifted to the left 2 units, shifted 
down { units, and opening downward (Figure 7-14). 

c. The axis of symmetry is the line x = —2. 

d. The parabola opens downward, so the maximum function value is —4. 

e. The domain is all real numbers: (—0o, ©0). 


Answers 


8. a. Vertex: (4, 2) 
b. y 
A 


The vertex is the highest point on the parabola, and its y-coordinate is —}. Therefore, 
the range is (—oo, —4]. 


Skill Practice 
8. Given the function defined by h(x) = So yy tL) 


Identify the vertex. 
. Sketch the graph. 
Identify the axis of symmetry. 


. Identify the maximum or minimum value of the function. . 
c. Axis of symmetry: x = 4 


d. Maximum value: 2 
e. Domain: (—oo, co); range: (—0o, 2] 


Section 7.4 Activity 


A.1. Graph the functions defined by f(x) = x, g@) = +1, and ha =x -2 by completing the table of points. Graph 
the functions on the same coordinate system for comparison. 


gp aes 


Determine the domain and range in interval notation. 


_ = [fee [eeartt [a@ar-2_ , 

: AG 

1 5 

2 4 

a3 

3 roy) 

=il i 
= -5-4-3-2-1 | 123 4 5 

2 

= a 
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A.2. a. Based on the result of Exercise A.1, for k > 0, describe the graph of y = x7 +k. 
b. Based on the result of Exercise A.1, for k > 0, describe the graph of y = x? — k. 


A.3. Graph the functions defined by fa) = x”, ga) = (x + 1)’, and AG) = (x — 2)” by completing the table of points. 
Graph the functions on the same coordinate system for comparison. 


> 


0 8 
iN a 
1 6 
) 5 
4 
3 3 
2 
= jl Fj 
-2 ss Nr es ae ee sia 
23 - 


A.4, a. Based on the result of Exercise A.3, for h > 0, describe the graph of y = (x + A)’. 
b. Based on the result of Exercise A.3, for h > 0, describe the graph of y = (x — h)’. 


A.5. Graph the functions defined by fa) = 2°, g@) = 2x", hax) = 4.x", and k(x) = —x* by completing the table of points. 
Graph the functions on the same coordinate system for comparison. 


A.6. a. Based on the result of Exercise A.5, for a > 1, describe the graph of y = ax’. 


b. Based on the result of Exercise A.5, for 0 < a < 1, describe the graph of y = ax’. 


c. Based on the result of Exercise A.5, for a < 0, describe the graph of y = ax’. 


A.7. Exercises A.1—A.6 illustrate transformations of graphs. These include shifting a graph right, left, upward, or 
downward; stretching or shrinking a graph vertically; and reflecting a graph over the x-axis. Given y = a(x — h)? + k, 
match the statement on the left with the conclusion on the right. 

a. The value of a —___ i. shrinks or stretches the graph of y = x° vertically and/or reflects the graph 
over the x-axis. 


b. The value of h_—__ ii. shifts the graph vertically. 
c. The value of k —___ ili. shifts the graph horizontally. 


A.8. a. Use transformations to graph f(x) = —(x + 2)? + 4. 5 
b. Identify the vertex of the parabola. : 

c. Identify the axis of symmetry. 2 

1 


d. Identify the maximum or minimum value of f- x 
St Ibe ey a Sy 


e. Use the graph to determine the domain and range of f. e 
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Practice Exercises | Section 7.4 


Prerequisite Review 
For Exercises R.1-R.4, 
. Write the domain in interval notation. 
. Write the range in interval notation. 
. Identify the x-intercepts if any exist. 
. Identify the y-intercpet. 


RL. » 


Vocabulary and Key Concepts 
1. a. The graph of a quadratic function, f(x) = ax? + bx +c, isa 


b. The parabola defined by f(x) = ax? + bx + c (a #0) will open upward if a__________ 0 and wiill open 
downward ifa_______0. 


c. If a parabola opens upward, the vertex is the (highest/lowest) point on the graph. If a parabola opens downward, the 
vertex is the (highest/lowest) point on the graph. 


2. a. Given f(x) = a(x — h)? + k (a # 0), the vertex of the parabola is given by the ordered pair_________. If the 
parabola opens _______, the value of k is the minimum value of the function. If the parabola opens 
, the value of k is the maximum value of the function. 


b. Given f(x) = a(x — h)’ + k (a #0), the axis of symmetry of the parabola is the vertical line that passes through 
the___———. An equation of the axis of symmetry is 


For Exercises 3-4, determine if the parabola opens upward or downward. 
3. f@) =—-2x° +4 4. gn =x -9 

For Exercises 5—6, determine if the vertex of the parabola is a maximum point or a minimum point. 
5. f@) =-2r +4 6 gxa=xr-9 

For Exercises 7-8, identify the vertex of the parabola and the axis of symmetry. 


7. hax) =(x+3P +1 8. k(x) =(x- 4) -2 
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Concept 1: Quadratic Functions of the Form f(x) = x? + k 
9. Describe how the value of k affects the graph of a function defined by f(x) = x° + k. 


For Exercises 10-17, graph the functions. (See Examples 1-2.) 


10. gx=x 


+1 


-5 -4-3-2-1 1 


14. Tix) = 


>X 
2345 


3 
+3 


-5 -4-3-2-1 1 


5 


>x 
234 5 


11. f@=xr4+2 


15. S(x) = +3 


y 


x 
12345 


>x 
12345 


x 


x 


12. px= vr -3 13. qax)= r-A4 
y y 
A A 
5 5 
4 4 
3 3 
2 2 
| 1 
* = 
S-432-1 [12345 S5-4-3-2-1 [12345 
2 >) 
3) 3 
4 4 
5 —5 
2) 1 
16. M(x) =x —— 17. nx) =x -= 
4 3 
y y 
4 ih 
5 5 
4 4 
3 3 
2 2 
1 1 
~$-4-3-2-1 | 12 3 4 5 5-4-3-2-1 | 1234 5 
2 2 
3 3 
4 4 
5 = 


Concept 2: Quadratic Functions of the Form f(x) = (x — h)? 


18. Describe how the value of h affects the graph of a function defined by f(x) = (x — hh)’. 


For Exercises 19-26, graph the functions. (See Examples 3-4.) 


19. rx) =(x4+ 1? 


y 


20. A(x) = (x +2) 


y 
a 


7 7 
6 6 
5 5 
4 4 
3 3 
2 2 
1 1 
$4-3-3-1 | 12 3 4 5 ~6-5-4-3-2-1 | 1 2 3 4 
=) 2 
3 3 
3\? 3\7 
23. A(x) = (« + =) 24. r(x) = (++ =) 
4 2 
y BY 
A A 
7 7 
6 6 
5 5 
4 4 
3 3 
2 2 
1 1 
>X > 
5-4-3-2-1 [1234 3 ~6-5-4-3-2-1 | 12 3 4 
2 2 
4 


21. k(x) =(x-3/ 


y 
A 


25. Wx) =(x— 1.25" 


FNwWwRU DA 


> 
1234 °5 


22. L(x) =(«— 4)" 


y 


FNwWwE WADA 
> 


> 
12345 67 8 


26. Vix) = (x - 2.5) 


y 


FNwWEUADA 
> 


x 


— 
12345 


Ba 


x 


Concept 3: Quadratic Functions of the Form f(x) = ax? 
27. Describe how the value of a affects the graph of a functi 
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on defined by f(x) = ax’, where a # 0. 
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28. How do you determine whether the graph of a function defined by h(x) = ax* + bx + c (a #0) opens upward or 


downward? 
For Exercises 29-36, graph the functions. (See Examples 5-6.) 
29. f(x) =4x 30. 9(x) = 3x 


cil 


31. h(x) = 32. f= ae 


> 
1 23 4 3 


8 5 5 5 
7 4 4 4 
6 3 3 3 
5 2 2 2 
4 1 1 1 
$ 5432-1 [12345 5432-1 [12345 -5 -4-3-2-1 
2 1 = -1 
1 ~2 a) 2 
3432-1 [12345 3 = S 
1 —4 —4 —4 
-2 5 5 = 
2 2 2 1 4 
33. c(x) = —-x 34. g(x) = —4x 35. v(x) = —-=x 36. f(y = —4* 
»y y y 
A A » 
5 2 5 3 
4 1 4 2 
3 >X 3. 1 
-5-4-3-2-1 | 1234 5 
2 -1 2 
1 9 La -$-4-3-2-1 | 
54-32-17 [12345 = 4-3-1 [13345 Ea 
1 4 : 1 3 
~2 -5 ~2 -4 
3 —6 3 —5 
-4 = -4 -6 
5 a 5 —7 
Concept 4: Quadratic Functions of the Form f(x) = a(x — h)? +k 


For Exercises 37-44, match the function with its graph. 
37. f= a 38. g(x) =(x4+ 39° 


41. (x) =2x°4+2 


42. m(x)=x -4 


a. 


-5-4 -3\2-1 
1 


3 


43, p(x) =(x+1)?-3 


9, k(x) =(x- 3) 40. h(x) = ~ 


44, n(x) =-(x- 


y 


Cc. 


> 
12345 


27 +3 


st 
4 
3 
2 
1 
x 
tee ery 123 45 
2 
-3 
4 
=5 
g. 4 h. ( 
5 5 
4 4 
3 3 
2 2 
1 
> xX > 
Oey 123 45 =o 4-3-2 1 123 4 5 
2 ~2 
3 3 
4: —4 
—5 


x 


x 


x 
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For Exercises 45-64, graph the parabola and the axis of symmetry. Label the coordinates of the vertex, and write the equation 
of the axis of symmetry. Use the graph to write the domain and range in interval notation. (See Examples 7-8.) 


45. f(x) =(x— 3) +2 


y 
A 


46. f(x) =(x—-2)°+3 


>< 


8 8 5 
7 7 4 
6 6 3 
5 5 2 
4 4 I 
: $4 32500 .|1 045°" 
2 2 <1 
! 1 =) 
>Xx > Xx 3 
33-1 [12345 67 3-2-1, [1234567 
ey) 2 —5 
49, f(xy) =-(x- 4)" -2 50. f() =—-(x- 2)’ -4 51. f() =-(x +3)" +3 
y y y 
A A A 
2 2 5 
1 1 4 
>x xX 3 
aA [1234567 8 33-1 | 123.4567 : 
2. 2 1 
3: —3 > 
-7:6 5-4-3201 | 12 3 
“4 4 <1 
5 -5 2 
26 6 3 
7 7 4 
-8 8 5 


53. f(xy)=(x4+ 141 


FeNwWRU DA 


ad 


$4452, 


7) 
3 


> 
123 45 


57. f(x) =—4x +3 


EN wEYUD 


54. 


58. 


f@=@—-4"-4 


mS 


4 
3 
2: 
1 
2 
2-1 D, 2.03. A SG PB. 
+2 
3 
4 
—5 
6 
= 2 
fx) =4x +3 
. 
A 
9 
8 
7 
6 
5 
4 
3 
2 
1 
7 
Be ot eh rer 123 45 


47. f(y =(x+1)-3 


y 
A 


55. f(x) =3(x— 1)? 


>< 


Fw REUDIA 


59. f(x) =2(x+ 3-1 


y 


Sey wW RUDY 
> 


ps AB A | a 


x uD, 
3 


48. f(x) =(x +39 -1 


y 
A 


FERN wWRUD 


-7 -6-5 —4.-3 —2 -1 1 


52. f() =—-(« +2)? +2 


< 


eNwW RU 


>) 
1234 


-4 
5 


56. f(x) =—3(x — 1)? 


123 4 5 6 
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61. f= —i(0- 1?+2 62. f(x) == 1° +2 63. fla) = Fr - 2 + 1 64. f(x) =-3(r- 2+ 1 
6 9 5 5 
5 8 4 4 
4 7 3 3 
3 6 2 2 
2 5 1 1 
| 4 >X x 
7 3 i see Se a ee i -4-3-2-1 | 12.3.4 5 6 
4-3-2-1 [12345 6 
-1 2 gE - 
=) 1 a 3 
ie 432-1.,12345 6 ee aul 
4 = 


65. Compare the graphs of the following equations to the graph of y = x’. 


66. Compare the graphs of the following equations to the graph of y = x’. 


a y=x43 
b. y=(x+ 3) 
c. y= 3x 

a. y=(x— 2) 
bs yee 

ce. y=x*-2 


For Exercises 67-78, write the coordinates of the vertex and determine if the vertex is a maximum point or a minimum point. 
Then write the maximum or minimum value. 


67. f(x) =4(«- 6) -—9 


70. 


73. 


76. 


79. 


80. 


81. 


82. 


oe 3x ~ 5 +10 
~ 62421 
n(x) = —6x° + 7 


B(x) = 5(x — 3) — 5 


68. 2x) =3(x-— 4) -7 69. p(x) = —=( — 2)? +5 
1 2 2 2 
71. k(x) = zt 8) 72. m(x) = rea + 11) 
2,1 23 
74, g(x) =—4x? + A 75. A(x) =2x- 7-5 
77. F(x) =7x 78. G(x) =-7x 


True or false: The function defined by g(x) = —5x* has a maximum value but no minimum value. 


True or false: The function defined by f(x) = 2(x -— 5) has a maximum value but no minimum value. 


True or false: If the vertex (—2, 8) represents a minimum point, then the minimum value is —2. 


True or false: If the vertex (—2, 8) represents a maximum point, then the maximum value is 8. 
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Expanding Your Skills 


83. A suspension bridge is 120 ft long. Its supporting cable hangs in a shape A(x) 
that resembles a parabola. The function defined by H(x) = a(x — 60)" + 30 
(where 0 < x < 120) approximates the height H(.) (in feet) of the supporting 120 ft———> 
cable a distance of x ft from the end of the bridge (see figure). 
a. What is the location of the vertex of the parabolic cable? 0 
x 
b. What is the minimum height of the cable? 0 


c. How high are the towers at either end of the supporting cable? 


84. A 50-m bridge over a crevasse is supported by a parabolic arch. fo) 
The function defined by f(x) = —0.16(x — 25)” + 100 
(where 0 < x < 50) approximates the height f(x) (in meters) of the < 50m > 


supporting arch x meters from the end of the bridge (see figure). = = 


a. What is the location of the vertex of the arch? 


b. What is the maximum height of the arch (relative to the 
origin)? 


85. The staging platform for a fireworks display is 6 ft above ground, and the mortars leave the platform at 96 ft/sec. 
The height of the mortars A(t) (in feet) can be modeled by h(t) = —16(t — 3)* + 150, where ¢ is the time in seconds 
after launch. 


a. If the fuses are set for 3 sec after launch, at what height will the fireworks explode? 


b. Will the fireworks explode at their maximum height? Explain. 


Section 7.5_ Vertex of a Parabola: Applications and Modeling 
1. Writing a Quadratic Function in the Form 


1. Writing a Quadratic f(x) = a(x — hy? +k 
Function in the Form 
f(x) = a(x —h)? +k 

2. Vertex Formula 

3. Determining the Vertex and 
Intercepts of a Quadratic 
Function 

4. Applications and Modeling 
of Quadratic Functions 


The graph of a quadratic function is a parabola, and if the function is written in the form 
f(x) =a(x—h) +k (a# 0), then the vertex is (h, k). A quadratic function can be written 
in the form f(x) = a(x — h)? + k (a € 0) by completing the square. The process is similar to 
the steps to solve a quadratic equation by completing the square. However, in this context 
working with a function, we will perform all algebraic manipulations on the right side of 
the equation. 


[STUDY 
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| Example | Writing a Quadratic Function in the Form 


f(x) = a(x —h)? +k (a #0) 
Given f(x) =x° + 8x + 13 
a. Write the function in the form f(x) = a(x — h)* + k. 
b. Identify the vertex, axis of symmetry, and minimum function value. 
Solution: 


a. f(x) = x + 8x4 13 Rather than dividing by the leading 
coefficient on both sides, we will 
factor out the leading coefficient 

= 1(x? + 8x) + 13 from the variable terms on the 
right-hand side. 


1a? +8x  )+ 13 Next, complete the square on the 
: expression within the parentheses: 
[4(8)]? = 16. Avoiding Mistakes 


Sane neeatarries ctauucense edie senketetemeaasiceteaauierebeediioed Do not factor out the leading 
2 . 
1(Qx° + 8x + 16 — 16) + 13 Rather than add 16 to both sides of Gochicicutirotnincicens ant tern 


the function, we add and subtract 
16 within the parentheses on the 
right-hand side. This has the effect 
of adding 0 to the right-hand side. 


= 100° + 8x+ 16)— 16413 Use the associative property of addition 
to regroup terms and isolate the 
perfect square trinomial within 
the parentheses. 
=(x+4)-3 Factor and simplify. _, 
A 
fo) = (+47 - 3 
b. f(x) = (x + 4) -3 


The vertex is (—4, —3). 


x 
2 4 6 8 10 


The axis of symmetry is x = —4. 


Because a > 0, the parabola opens upward. x=—4 ie 


-10 


The minimum value is —3 (Figure 7-15). 
Figure 7-15 
Skill Practice 
1. Given: f(x) =x? + 8x-1 
a. Write the function in the form f(x) = a(x — hy +k. 
b. Identify the vertex, axis of symmetry, and minimum value of the function. 


Answers 
1. a. f(x) = (x + 4-17 
b. Vertex: (—4, —17); axis of 
symmetry: x = —4; minimum 
value: —17 
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| Example2 | Analyzing a Quadratic Function 


Given f(x) = —2x* + 12x — 16 


a. Write the function in the form f(x) = a(x — h)’ +k. 


b. Find the vertex, axis of symmetry, and maximum function value. 
c. Find the x- and y-intercepts. 
d. Sketch the graph of the function. 


Solution: 


a. f(x) = —2x7 + 12x - 16 To find the vertex, write the 
function in the form 
f@®) =ax—h) +k. 


= -2(x°-6x )-16 If the leading coefficient is 
not 1, factor the coefficient 
from the variable terms. 


= -2(x°-6x+9-9)-16 Add and subtract the quantity 
[4(—6)|? = 9 within the 
parentheses. 

= —2(x° — 6x + 9) + (—2)(—9) — 16 To remove the term —9 from 
the parentheses, we must first 
apply the distributive property. 


When —9 is removed from 
the parentheses, it carries with 


it a factor of —2. 
= —2(x-3)°+ 18-16 Factor and simplify. 
= —2(x—3)° +2 
b. f(x) =-2@—-3)° +2 


The vertex is (3, 2). The axis of symmetry is x = 3. Because a < 0, the parabola 
opens downward and the maximum value is 2. 


c. The y-intercept is given by f(0) = —2(0)” + 12(0) — 16 = -16. 
Example 2(c), we The y-intercept is (0, —16). 
could have used the form of 
the equation found in part (a) To find the x-intercept(s), find the real solutions to the equation f(x) = 0. 


to find the intercepts. , 
FQ) = -2x° + 12x - 16 


0=-2x2+12x-16 Substitute f(x) =0. 


0 = —2(x" — 6x + 8) Factor. -4-3-2-1, 

0 = —2(x — 4)(x — 2) fo) =-22+ 12x-16 | 
x=4 or x=2 -8 
~10 
The x-intercepts are (4, 0) and (2, 0). ; 
(0, -16) 4 


d. Using the information from parts (a)—(c), sketch 
the graph (Figure 7-16). Figure 7-16 
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Skill Practice 
2. Given g(x) = —x° + 6x — 5 
a. Write the function in the form g(x) = a(x — h)’ +k. 
b. Identify the vertex, axis of symmetry, and maximum value of the function. 
c. Determine the x- and y-intercepts. 
d. Graph the function. 


2. Vertex Formula 


Completing the square and writing a quadratic function in the form f(x) = a(x — hy’ +k 
(a # 0) is one method to find the vertex of a parabola. Another method is to use 
the vertex formula. The vertex formula can be derived by completing the square on 
fC) = ax’ + bx+c(a¢0). 


f(x) = ax’ + bx +c (a #0) 


b : 
=a (° +-—x ) +c Factor a from the variable terms. 
a 


pyle eb ‘= Add and subtract [4(b/a)|? = 
a b*/(4a’) within the parentheses. 


». db BP bp Apply the distributive property 
e+ a a Pe + (a) Ae +e and remove the term —b*/(4a’) 


from the parentheses. 


2 2 
=alx+ a ea +c Factor the trinomial and simplify. 
2a 4a 
b \? b* Apply the commutative property 
=alx+——] +c-— wi 
da of addition to reverse the last 
two terms. 
2 2 
=alx+ b de 4ac = ay Obtain a common denominator. 
2a 4a Aa 
- eae * , aco 
2a 4a 
( b )f 4ac — b? 
=al\x—(—- + 
2a 4a Answers 


2. a. g(x) =—-(x — 3)? +4 
. Vertex: (3, 4); axis of symmetry: 


fmM=ax - hr + k X = 3; maximum value: 4 
. X-intercepts: (5, 0) and (1, 0); 


a 


is} 


The function is in the form f(x) = a(x — h)? + k, where y-intercept: (0, —5) 
d. ) 
—b 4ac — b* 
2a o 4a 
_ _ 22 
Therefore, the vertex is (3 see. 
2a 4a 
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4ac — b? 
4a 
determine the x-coordinate of the vertex first and then find y by evaluating the function at 

x = —b/(2a). 


Although the y-coordinate of the vertex is given by , it is usually easier to 
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The Vertex Formula 
For f(x) = ax’ + bx +c (a #0), the vertex is given by 


Sb 4ec— be a 
De Ala 


3. Determining the Vertex and Intercepts 
of a Quadratic Function 


| Example3 | Determining the Vertex and Intercepts 


of a Quadratic Function 
Given: h(x) =x? — 2x +5 
a. Use the vertex formula to find the vertex. 
b. Find the x- and y-intercepts. 


c. Sketch the function. 


Solution: 
a. A(x) =2x* — 2x +5 
a=1 b=-2 c=) Identify a, b, and c. 


The x-coordinate of the vertex is = = en = 1. 
2a 2(1) 


The y-coordinate of the vertex is h(1) = (1)? — 2(1) +5 =4. 
The vertex is (1, 4). 


b. The y-intercept is given by h(0) = (0) — 2(0) +5 =5. 


The y-intercept is (0, 5). 
To find the x-intercept(s), find the real solutions to the equation h(x) = 0. 
h(x) = x° —2x+5 


0 =x -2x+5 This quadratic equation is not factorable. Apply the 
quadratic formula: a= 1,b=—2,c=5 


ve DODt V(-2)’ - 405) 


2(1) 
_ 24V4-20 
2(1) 

_ 2+v—16 

7 2 
FOR REVIEW 

2+4i 
Given a quadratic equation a ~~. 
ax’ + bx +c = 0, the quadratic for- 
mula gives the solutions for x. = 142i 
—b+ Vb — 4ac . . 
E> oR The solutions to the equation /(x) = 0 are not real numbers. Therefore, there are 


——SEEouoEEEEEE no x-intercepts. 


7/(0, 5) 


J h(x) =x — 2x +5 
<—(1, 4) 


Because a > 0, 
the parabola 
opens up. 


> 
123 45 


Figure 7-17 


Skill Practice 


3. Given: f(x) =x? + 4x +6 


a. Use the vertex formula to find the vertex of the parabola. 
b. Determine the x- and y-intercepts. 


c. Sketch the graph. 
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he location of the vertex and 
the direction that the parabola opens 
can be used to determine whether the 
function has any x-intercepts. 

Given h(x) = x? — 2x + 5, the vertex 

(1, 4) is above the x-axis. Furthermore, 
because a> 0, the parabola opens 
upward. Therefore, it is not possible for 
the graph to cross the x-axis (Figure 7-17). 


4. Applications and Modeling 


of Quadratic Functions 


Applying a Quadratic Function 


The crew from Extravaganza Entertainment launches 
fireworks at an angle of 60° from the horizontal. The 
height of one particular type of display can be approxi- 


mated by 


h(t) = -16f + 128-V3t 


where /(f) is measured in feet and f is measured in 


seconds. 


a. How long will it take the fireworks to reach 
their maximum height? Round to the nearest 


second. 


b. Find the maximum height. Round to the 


nearest foot. 


Solution: 
A(t) = -16¢° 


a=-16 


+ 128V3t 


b=128V3 c=0 


The x-coordinate of the vertex is 


—b _ -128V3__ -128V3 | 


Lena Kofoed 


This parabola opens downward; 
therefore, the maximum height of 


the fireworks will occur at the 
vertex of the parabola. 


Identify a, b, and c, and apply the 
vertex formula. 


6.9 


2a -2(-16) 


—32 


Answers 
3. a. Vertex: (—2, 2) 
b. x-intercepts: none; 
y-intercept: (0, 6) 
CG. 


fw= + 4n +6 
(-2, 2) 
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(0, 6) 


> 
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Answers 
4. a. 1.5 sec 
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b. 324 ft 


The y-coordinate of the vertex is approximately 

h(6.9) = —16(6.9)* + 128-V3(6.9) = 768 
The vertex is (6.9, 768). 
a. The fireworks will reach their maximum height in 6.9 sec. 


b. The maximum height is 768 ft. 


Skill Practice 


4. An object is launched into the air with an initial velocity of 48 ft/sec from the top of 
a building 288 ft high. The height (4) of the object after ¢ seconds is given by 


h(t) = —16P° + 48 + 288 


a. Find the time it takes for the object to reach its maximum height. 
b. Find the maximum height. 


In Example 5 we will learn how to write a quadratic model of a parabola given three points 
by using a system of equations and the standard form of a parabola: y = ax’ + bx +c. 


This process involves substituting the x- and y-coordinates of the three given points 
into the quadratic model. Then we solve the resulting system of three equations. 


| Example | Writing a Quadratic Model 


Write an equation of a parabola that passes through the points (1, —1), (—1, —5), 
and (2, 4). 


Solution: 

Substitute (1, —1) into the equation 

y=axr'+bxt+c > (-l)=a(l)’’ +d) +e 
-l=a+b+c 
a+b+c=-—l 


Substitute (—1, —5) into the equation 

y=ar+bxt+c > (-5)=a(-1" +b(-D +e 
-5=a-bt+c 
a-—b+c=-5 


Substitute (2, 4) into the equation 


y=ax+bxt+c > (4)=a(2)’ + b2) +c 
4=4a+2b+c 
4a+2b+c=4 
Solve the system: A| a+ b+c=-l 
B)| a- b+c=-5 
C]} 4a+2b+c= 4 
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Notice that the c variables all have a coefficient of 1. Therefore, we choose to eliminate 
the c variable. 


[A] a+b+c¢=-1 ————_» a+b+c=-l 


[B] a—b+c =—5 —_____» -a+b-—c 
Multiply by -1.. — 


ll 
BIN 


2b = 
b= 2 [DI 
B| a- b+c=—5 —— + a- b+c=-5 
C| 4a+2b+c= © eeaeat eal —4a-2b-—c=-4 
icc ee) ee | 


Substitute b with 2 in equation |E|: —3a — 3(2) = —9 


—3a-6=-9 
—3a = -3 
a=1 
Substitute a and b in equation tosolveforc: (1)+(2)+c=-l 
3+c=-1 
c=-4 
Substitute a = 1, b = 2, and c = —4 in the standard form of the parabola for the final 


answer. 


y=ax'+bx+e 
y = (Lx? + (2)x + (-4) ——> y= + 2x-4 


A graph of y =x? + 2x — 4 is shown in Figure 7-18. Notice that the graph of the function 
passes through the points (1, —1), (—1, —5), and (2, 4). 


Figure 7-18 
Skill Practice 
5. Write an equation of the parabola that passes through the points (1, 1), (—2, 1), Answer 
and (3, —9). 5. a=-1,b=-1,c=3; 
y= — x43 


Section 7.5 Activity 


A.1. Given a quadratic function defined by f(x) = ax? + bx + c, state two methods to find the vertex of the parabola. 


A.2. Given f(x) = ax’ + bx + c, explain how to use the vertex formula. 


A.3. Consider the function defined by f(x) = 2x* — 4x — 6. One method to graph the function is to first write the 
function in vertex form f(x) = a(x — h)* + k. Follow these steps. 
a. Factor out the leading coefficient from the variable terms. 


F(x) = 2( 6 

b. What value would be added to the expression x” — 2x to complete the square? 

c. Complete the square within the parentheses. However, rather than adding the constant from part (b) to both sides 
of the equation, add and subtract this value within the parentheses. This has the effect of adding 0 to the expression 
within the parentheses, which does not change the value of the expression. 

d. Next, remove the term —1 from inside the parentheses to combine it with the constant outside the parentheses. How- 
ever, to remove —1 from inside the parentheses, first apply the distributive property. When —1 is removed from the 
parentheses, it carries with it a factor of 2. 


ISTUDY 
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e. Rewrite the function with the expression in parentheses factored. i 
f. The function should now be written in vertex form. Identify the vertex. “a5 Ee - A — 
g. Does the graph of the function open upward or downward? e 
h. Identify the minimum or maximum value of the function. 3 


i. Identify the axis of symmetry. 
j. Find the x- and y-intercepts. -6 
k. Graph the function. 


A.4. Refer to f(x) = 2x — 4x — 6 from Exercise A.3. Use the vertex formula to 
find the vertex. Then compare the result to Exercise A.3(f). 


A.5. Consider the function defined by f(x) = —x? — 6x — 10. ‘ 
a. Use the vertex formula to find the vertex of the parabola. 5 
b. Does the graph of the function open upward or downward? 10-6647) |e ae 
c. Identify the minimum or maximum value of the function. a 
d. Identify the axis of symmetry. >) 
e. Find the x- and y-intercepts. =10 
f. Graph the function. V iN 


A.6. A rocket is fired upward from ground level with an initial 
velocity of 490 m/sec. The height of the rocket is given by 
hw) = —4.9f + 490t, where h(f) is measured in meters and t is 


At) Height of Rocket versus Time 
E000 hit) = —4.97 + 490t 


= 12,000 

the time in seconds after launch. g 10,000 
a. Function / is a quadratic function. Find the vertex. = 8,000 
b. Interpret the meaning of the vertex in the context of this i) ee 
problem. = 2.000 


Time (seconds) 


MTA Practice Exercises 


Prerequisite Review 
For Exercises R.1—R.2, simplify the expression. 


—(—6) = (7) 
ee 2(4) eae) 


For Exercises R.3-R.4, find the x- and y-intercepts. 
R.3. fo = —4x - 8 R44. f@ = x ap 3} 
For Exercises R.5—R.10, solve the equation. 
R.5. x — 4x - 32 =0 R.6. x + 15x+56=0 
R.7. x -4=0 R.8. x — 49 =0 
R.9. x? + 24x+ 144=0 R.10. x? — 16x + 64=0 


For Exercises R.11—R.12, find the value of 1 so that the expression is a perfect square trinomial. Then factor the trinomial. 


R11. x — 14x47 R.12. x° + 20x+n 
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Vocabulary and Key Concepts 


1. a. Given f(x) = ax* + bx +c (a $0), the vertex formula gives the x-coordinate of the vertex as 
The y-coordinate can be found by evaluating the function at x = 


. Answer true or false. A parabola may have no x-intercepts. 


. Answer true or false. A parabola may have one x-intercept. 


ao 0 


. Answer true or false. A parabola may have two x-intercepts. 
e. Answer true or false. A parabola may have three x-intercepts. 

2. Consider the quadratic function defined by f(x) = x° — 6x + 10. 
a. Identify the values of a and b that would be used to apply the vertex formula. 
b. Determine the x-coordinate of the vertex. 


c. Write the vertex as an ordered pair. 


Concept 1: Writing a Quadratic Function in the Form f(x) = a(x — h)? +k 


For Exercises 3-14, write the function in the form f(x) = a(x — h)? + k by completing the square. Then identify the vertex. 
(See Examples 1-2.) 


3. g(x) =x? —8x+5 4, h(x) =22 +4x+5 5. n(x) = 2x + 12x+ 13 

6. f(x) =4x° + 16x + 19 7. p(x) =—3x° + 6x —5 8. g(x) = —2x° + 12x-11 

9. k(x) =x + 7x- 10 10. m(x) =x -—x-8 11. F(x) =5x° + 10x +1 
12. Gx) = 40° + 4x-7 13. P(x) =-2x? +x 14. O(x) = —3x7 + 12x 


Concept 2: Vertex Formula 


For Exercises 15-26, find the vertex by using the vertex formula. (See Example 3.) 


15. O() =x? —4x+7 16. T(x) =x°-8x+17 17. r(x) =-3x° — 6x-—5 
18. s(x) =—2x* — 12x — 19 19. N(x) =x + 8x41 20. M(x) =x? + 6x —5 
21. m(x) = xe +x +) 22. n(x) = x +2x4+3 23. k(x) =—x° +2x4+2 
24. h(x) = 2° + 4x - 3 25. A(x) = ie +x 26. B(x) = ie — 2x 


For Exercises 27-30, find the vertex two ways: 
a. by completing the square and writing in the form f(x) = a(x — h)* + k, and 


b. by using the vertex formula. 


27. p(x) =x? + 8x41 28. F(x) =x? +4x-2 29. f(x) =2x° + 4x +6 30. g(x) = 3x? + 12x +9 


Concept 3: Determining the Vertex and Intercepts of a Quadratic Function 
For Exercises 31-38 


a. Find the vertex. 
b. Find the y-intercept. 
c. Find the x-intercept(s), if they exist. 


d. Use this information to graph the function. (See Examples 2-3.) 
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31. f@ =x +2x-3 


5 
4 
3 
2 
1 

S433 [123 4 ae 
2 
3 
-4 
= 

35. f(xy)=—-0° + 3x-—= 
5 
4 
3 
2 
1 

$-4-3-2-1 [123 4 5 
2 
3 
-4 
5 

Concept 4: 


32. f@=x2+ 


4x +3 


5 
4 
3 
2 
1 
S4 3-3-1 [123 45 - 
2 
“3 
4 
= 
3 9 
36. f(x) =—x —ix- 
2: 16 
‘ 
A 
5 
3 
2 
12345 


33. f(x) =2x2-2x+4 


ail 


rN WwW EMD AN ow 


37. f(x)=—x —2x+3 


il 


Nw hwN 


> 
12345 


Applications and Modeling of Quadratic Functions 


39. A set of fireworks mortar shells is launched from the staging platform at 100 ft/sec from an initial height of 8 ft 
above the ground. The height of the fireworks, h(t), can be modeled by 


x 
123 45 


x 


34, f(x) = 2x2 — 12x + 19 


> 
123453567 


-3 -2-1 
-3 


-6 


38. f(x) =—x — 4x 


> 
123 45 


h(t) = —16f + 100r + 8, where f is the time in seconds after launch. (See Example 4.) 


a. What is the maximum height that the shells can reach before exploding? 


b. For how many seconds after launch would the fuses need to be set so that the mortar shells would in fact 
explode at the maximum height? 


40. 


where x is the horizontal position of the ball measured in feet 


from the origin. 


a. 
the 


nearest foot. 


of a foot. 


41. 


yx) = —0.01 1x + 0.577x +5 


Gas mileage depends in part on the speed of the car. 


The gas mileage of a subcompact car is given by 
m(x) = —0.04x* + 3.6x — 49, where 20 < x < 70 
represents the speed in miles per hour and m(x) is 


given in miles per gallon. 


a. At what speed will the car get the maximum gas 
mileage? 


b. What is the maximum gas mileage? 


For what value of x will the ball reach its highest point? Round to 


. What is the maximum height of the ball? Round to the nearest tenth 


A baseball player throws a ball, and the height of the ball (in feet) can be approximated by 


42. Gas mileage depends in part on the speed of the car. 
The gas mileage of a luxury car is given by 
L(x) = —0.015x? + 1.44x — 21, where 25 <x <70 
represents the speed in miles per hour and L(x) is given 


in miles per gallon. 


a. 
mileage? 


nearest whole unit. 


At what speed will the car get the maximum gas 


. What is the maximum gas mileage? Round to the 


x 


x 
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43. The Clostridium tetani bacterium is cultured to 44. The bacterium Pseudomonas aeruginosa is cultured 


produce tetanus toxin used in an inactive form for the 
tetanus vaccine. The amount of toxin produced per 
batch increases with time and then becomes unstable. 
The amount of toxin b(f) (in grams) as a function of 
time f (in hours) can be approximated by: 


1 1 
b(t) = era Fas 


a. How many hours will it take to produce the 
maximum yield? 


with an initial population of 10* active organisms. The 
population of active bacteria increases up to a point, 
and then due to a limited food supply and an increase 
of waste products, the population of living organisms 
decreases. Over the first 48 hr, the population P(t) can 
be approximated by: 


P(t) = -1718.75f + 82,500t + 10,000 
where 0 <t< 48 


a. Find the time required for the population to reach its 


b. What is the maximum yield? maximum value. 


b. What is the maximum population? 


For Exercises 45-50, use the standard form of a parabola given by y = ax* + bx + c to write an equation of a parabola that 
passes through the given points. (See Example 5.) 


45. (0, 4), (1, 0) and (—1, —10) 46. (0, 3), (3, 0), (-1, 8) 47. (2, 1), (—2, 5), and (1, —4) 


48. (1, 2), (-1, —6), and (2, —3) 49. (2, —4), (1, 1), and (-1, -7) 50. (1,4), (-1, 6), and (2, 18) 


Technology Connections 


For Exercises 51-56, graph the functions in Exercises 31-36 on a graphing calculator. Use the Max or Min feature to 
approximate the vertex. 


51. Y,=x°+2x-—3 (Exercise 31) 52. Y,=x°+4x+3 (Exercise 32) 


53. Y,=2x°-2x+4 (Exercise 33) 54. Y,=2x°-12x+19 (Exercise 34) 


(Exercise 36) 


55. Y,=—-x + 3x -" (Exercise 35) 56. Y,=-x- oy -_— 


Expanding Your Skills 


57. A farmer wants to fence a rectangular corral adjacent to the side of a barn; 
however, she has only 200 ft of fencing and wants to enclose the largest 
possible area. See the figure. 


a. If x represents the length of the corral and y represents the width, explain 
why the dimensions of the corral are subject to the constraint 2x + y = 200. 


b. The area of the corral is given by A = xy. Use the constraint equation 
from part (a) to express A as a function of x, where 0 < x < 100. 


c. Use the function from part (b) to find the dimensions of the corral that will yield the maximum area. 
[Hint: Find the vertex of the function from part (b).] 


58. A veterinarian wants to construct two equal-sized pens of maximum area out of 
240 ft of fencing. See the figure. 


a. If x represents the length of each pen and y represents the width of each 
pen, explain why the dimensions of the pens are subject to the constraint 
3x + 4y = 240. 

b. The area of each individual pen is given by A = xy. Use the constraint 
equation from part (a) to express A as a function of x, where 0 < x < 80. 


c. Use the function from part (b) to find the dimensions of an individual pen 
that will yield the maximum area. [Hint: Find the vertex of the function from 
part (b).] 
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Section 7.6_ Polynomial and Rational Inequalities 
1. Solving Quadratic and Polynomial Inequalities 


1. Solving Quadratic and 
Polynomial Inequalities 
2. Solving Rational Inequalities 
3. Inequalities with “Special 
Case” Solution Sets 


Answers 

1. {x|x<-—4orx>1}; 
(—o0, —4) U (1, 00) 

2. {x|-4<x <1}; (-4, 1) 


In this section, we will expand our study of solving inequalities. 
Quadratic inequalities are inequalities that can be written in one of the following 
forms: 


ax +bx+c>0 ax’ +bx+c<0 
ax’ +bx+c>0 ax’ +bx+c<0 where a¥#0 


Recall that the graph of a quadratic function defined by f(x) = ax’ + bx +c is a parabola 
that opens upward or downward. 


¢ The inequality ax* + bx + c > 0 is asking “For what values of x is the function positive 
(above the x-axis)?” 


¢ The inequality ax* + bx + c <0 is asking “For what values of x is the function negative 
(below the x-axis)?” 


The graph of a quadratic function can be used to answer these questions. 


| Example1 | Using a Graph to Solve a Quadratic Inequality 


Use the graph of f(x) = x? — 6x +5 in Figure 7-19 to solve the inequalities. 
a. x —6x+5<0 b. °° -—6x+5>0 


Solution: 


y 
t fo) =x? - 6x +5 


From Figure 7-19, we see that the graph 
of f(x) =x — 6x +5 is a parabola 
opening upward. The function factors as 
f(x) = — I(x — 5). The x-intercepts 
are (1, 0) and (5, 0), and the y-intercept 
is (0, 5). x2-6x+5<0 


a. The solution to x? — 6x+5 <0 is the 
set of real numbers, x, for which 
f(x) < 0. Graphically, this is the set of 
all x values corresponding to the points 
where the parabola is below the x-axis (shown in red). 


-—6x+5>0 


5) ‘ 
Figure 7-19 


x —-6x+5<0 for {x| 1 <x <5} or in interval notation, (1, 5) 


b. The solution to x* — 6x +5>0 is the set of real numbers, x, for which f(x) > 0. 
This is the set of x values where the parabola is above the x-axis (shown in blue). 


x -—6x+5>0 for {x|x<lorx>5} or (oo, 1)U(5, 0) 


Skill Practice Refer to the graph of f(x) =2x° + 3x -—4 y 

to solve the inequalities. 2 
1. x +3x-4>0 fe 
2, x +3x-4<0 $432) 

f@a= oe 
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Ne inequalities in Example 1 are strict inequalities. Therefore, x =1andx=5 
(where f(x) = 0) are not included in the solution set. However, the corresponding 
inequalities using the symbols < and > do include the values where f(x) = 0. 


The solution to x? - 6x + 5 <Ois {x|1<x <5} or equivalently, [1, 5]. 
The solution to x*- 6x +5>Ois {x|x<1 or x>5} or (—co, 1] U[5, oo). 


Notice that x= 1 and x=5 are the boundaries of the solution set to the inequalities in 
Example 1. These values are the solutions to the related equation x* — 6x + 5 = 0. 


Definition of Boundary Points 


The boundary points of an inequality consist of the real solutions to the related 
equation and the points where the inequality is undefined. 


Recall that testing points on intervals bounded by these points is the basis of the test point 
method to solve inequalities. 


Solving Inequalities by Using the Test Point Method 
Find the boundary points of the inequality. 


i) = Recall that we also 
used the test point method 
Plot the boundary points on the number line. This divides the number line to solve absolute value 


into intervals. inequalities. 
Select a test point from each interval and substitute it into the original 
inequality. 
e If atest point makes the original inequality true, then that interval is part 
of the solution set. 
Test the boundary points in the original inequality. 


e If the original inequality is strict (< or >), do not include the boundary 
points in the solution set. 


e If the original inequality is defined using < or >, then include the 
boundary points that are defined within the inequality. 


Note: Any boundary point that makes an expression within the inequality undefined 
must always be excluded from the solution set. 


ESEEM) Solving a Quadratic Inequality by Using 


the Test Point Method 


Solve the inequality by using the test point method. 2x? + 5x < 12 


Solution: 
2x? + 5x < 12 Step 1: Find the boundary points. Because 
polynomials are defined for all values 
of x, the only boundary points are the 
real solutions to the related equation. 
2x° + 5x = 12 Solve the related equation. 


2x°+5x-12=0 
(2x — 3)x+4) =0 


x== x= —4 The boundary points are 3 and —4. 
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I | 1 Step 2: Plot the boundary points. 


- Step 3: Select a test point from 


I 
—6 j = a. ee each interval. 


Test x = —5 Test x =0 Test x =2 
2x? + 5x < 12 2x7 + 5x < 12 2x7 + 5x < 12 
2(-5)? + 5(-5) < 12 2(0" + 5(0) < 12 2(2)? + 5(2) < 12 
50-25 < 12 0+0<12 $4 10< 13 
25 <12 False 0<12 True 18 <12 False 
False True False Step 4: Test the boundary points. 


The strict inequality 
excludes values of x for 
which 2x? + 5x = 12. 
Therefore, the boundary 
points are not included 
in the solution set. 


-6-5 -4-3 -2-1 0 1,42 3 4 5 6 


tole 


The solution set is {x | —4 <x < 3} or equivalently in interval notation (—4, 3). 


Skill Practice Solve the inequality. 
3.x +x>6 


Solving a Polynomial Inequality by Using 
the Test Point Method 


Solve the inequality by using the test point method. x(x+4)7(x- 4) >0 


Solution: 
x(x + 4)°(x — 4) > 0 
x(x + 4)°(x - 4) =0 Step 1: Find the boundary points. 
x=0 x=-—4 x=4 


Step 2: Plot the boundary points. 


Step 3: Select a test point from 
each interval. 


Test x =—5: —5(-5 +.4)(-5-4)>0 45>0 True 
Test x =—-1: -1(-1+4)%(-1-4) 20 45>0 Tre 
Testx=1:  1(14+4)(1-4) 50 -~15>0 False 
Test x= 5:  5(5+.4)%5-4)>0 405>0 True 


Answer 
3. (—0o0, —3) U (2, co) 
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eae — Step 4: The inequality symbol, 
>, includes equality. 

S653 453 <2=1 0 1 23 4 5 6 Therefore, include the 
boundary points in the 
solution set. 


The solution set is {x | x <0 and x > 4}, or equivalently in interval notation, (—co, 0] U [4, oo). 


Skill Practice Solve the inequality. 
4, (t-—5)(t+2)>0 


i) |=» In Example 3, one side of the inequality is factored, and the other side is zero. 
For inequalities written in this form, we can use a sign chart to determine the sign of 
each factor. Then the sign of the product (bottom row) is easily determined. 


Sign of x = = ae 4p 

Sign of (x+ 4)? + + +P + 

Sign of (x — 4) = = = a 

Sign of x(x + 4)*(x — 4) ck a - 4b 
-4 (0) 4 


The solution to the inequality x(x + 4)?(x — 4) > 0 includes the intervals for which the 
product is positive (Shown in blue). 


The solution is (—co, 0] U [4, co). 


Solving a Polynomial Inequality by Using 
the Test Point Method 


Solve the inequality by using the test point method. xr+x-4>0 


Solution: 


r+x-4>0 Step 1: Find the boundary points in the related 
2 Aes equation. Since this equation is not 
oS ee factorable, use the quadratic formula to 
—b+ Vb? — 4ac find the solutions. 
— 2a 
ve DM VOY = 4AMC4) 
2(1) 
foe 
~—% 
x= a vIT 2.56 and x= eee VN 9456 


Answer 
4. (—co, 0] U [5, co) 
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I I ma Step 2 
tt at tt ee Step 3 
-6 -5 -4 -3/-2 -1 0 1)\2 3 4 5 6 
-1- 17 -1+yI7 
2 2 
Test x = —3 Test x =0 
r+x-4>0 xr+x-4>0 
(-3)° + (-3)-4 30 (0 +0) - 430 
2>0 True -4 > 0 False 
True False True Step 4: 
-6-5 -4 -3/-2-1 0 1\2 3 4 5 6 
-1-,i7 -1+ 17 
2 2 
The solution set is {3 |x< ere or x> oiist 
; -l1-vI17 -1l4+vI17 
notation: | —o, 5 U 5 5 00 |}. 


Skill Practice Solve the inequality. 
5. x —3x-1<0 


2. Solving Rational Inequalities 


Plot the boundary points. 


Select a test point from 
each interval. 


Test x =2 
xr+x-4>0 
(2° +(2)-430 
2>0 True 


Test the boundary points. 
Both boundary points 
make the inequality true. 
Therefore, both bound- 
ary points are included 
in the solution set. 


\ or equivalently in interval 


The test point method can be used to solve rational inequalities. A rational inequality is an 
inequality in which one or more terms is a rational expression. The solution set to a rational 
inequality must exclude all values of the variable that make the inequality undefined. That 
is, exclude all values that make the denominator equal to zero for any rational expression 


in the inequality. 


ESEELEM Solving a Rational Inequality by Using 


Find the boundary points. Note 
that the inequality is undefined 


for x = 1, so x= 1 is a boundary 


the Test Point Method 
Solve the inequality. oe >0 
Solution: 
3 aH Step 1: 
x-1 
3 
=0 
x-1 
(4): (45) =@-1)-0 
xt 
3=0 
Answer 
g: i= VB 3+ “) 
: 2° 2 The only boundary point is x = 1. 


point. To find any other boundary 
points, solve the related equation. 


Clear fractions. 


There is no solution to the 
related equation. 
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I I 
t—+—+—_+—_+ + t—+—+—_+> Step 2: Plot boundary points. 
-5 -4-3-2-1 012 3 4 5 
Testx =0 Test x =2 Step 3: Select test points. 
> >0 > >0 
2 > 0 False : >0O True 
False True Step 4: The boundary point x = | 


cannot be included in the 
solution set because it is 

undefined in the original 
inequality. 


The solution set is {x |x > 1} or equivalently in interval notation, (1, 00). 


Skill Practice Solve the inequality. 


—5 
6. —— <0 
y+2 


i |= Using a sign chart we see that the quotient of the factors 3 and (x — 1) is positive on 
the interval (1, co). 


f . ; 3 ; 
Therefore, the solution to the inequality 7 > 0 is (1, co). 


x- 


Sign of 3 ar | 
Sign of (x—1) 2 


Sign of aes = ar 


x-1 


> 
1 
(undefined) 


3 
1 


x- 


‘ fa) = >0 


The solution to the inequality ra > 0 can be confirmed from the graph of the related 
x= 
3 


rational function, f(x) = i 
x- 


(see Figure 7-20). 


FN wR 


| 5s 
Seca: 
-l 


e The graph is above the x-axis where f(x) = aan > 0 for x > 1(shaded red). H x>1 
x— f 

e Also note that x = 1 cannot be included in the solution set because | is not in the 

domain of f. _sN.! 

Figure 7-20 
Seatac, Solving a Rational Inequality by Using 
the Test Point Method 
: : . : xX+2 
Solve the inequality by using the test point method. yu4 <3 
an Answer 


6. (—2, 0) 
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Solution: 
x+2 Step 1: Find the boundary points. Note that the 
<3 : wae : 
x-4 inequality is undefined for x = 4. 
Therefore, x = 4 is automatically a boundary 
X+2 _ 3 point. To find any other boundary points, 
x-4 solve the related equation. 
x+2 : 

x= ( ) =(x-4@B Clear fractions. 

( ) od (x — 4)(3) ear fractions 
x+2 = 3(x-4) Solve for x. 
x+2=3x-12 

—2x =-14 
x= 7 


The solution to the related equation is x = 7, and the inequality is undefined for x = 4. 
Therefore, the boundary points are x = 4 and x =7. 


I Il I Step 2: Plot boundary points. 
t—+—}—_}—_+—_ ++ t— = Step 3: Select test points. 
—-3-2-1 0123 45 67 8 
Test x = 0 Test x =5 Test x =8 
x+2 x+2 x+2 
3 3 <3 
x—4 x-4 x-47 
U2 24 S42 23 et 24 
0-4 5-4 8-4 
a < 3 True cee 3 False a < 3 
2 1 4 
5? 
—~<3 T 
_ rue 
Testx =4 Testx =7 Step 4: Test the boundary points. 
xX+2 <3 x+2 <3 The boundary point x = 4 
x-47 x-47 cannot be included in the 
solution set, because it is 
4+2 < 3 742 <3 undefined in the inequality. 
4 ea The boundary point x = 7 
62? 9? makes the original 
0 <3 Undefined 3 <3 True inequality true and 


must be included in the 
solution set. 
—-3-2-1 04123 4 5 67 8 


The solution is {x |x <4 orx > 7}, or equivalently in interval notation, (—co, 4) U [7, 00). 


Skill Practice Solve the inequality. 


Answer 


n (44 
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3. Inequalities with “Special Case” Solution Sets 


The solution to an inequality is often one or more intervals on the real number line. Some- 
times, however, the solution to an inequality may be a single point on the number line, the 
empty set, or the set of all real numbers. 


Example 7 Solving Inequalities 


Solve the inequalities. 
ax +6x+9>0 
c. x + 6x+9<0 


b. x° +6x+9>0 
d. x +6x+9<0 


Solution: 
a. x +6x+9>0 Notice that x° + 6x + 9 is a perfect square trinomial. 
(x+3)P>0 Factor x7 + 6x +9 =(x+ 3)’. 


The quantity (x + 3)? is a perfect square and is greater than or equal to zero for all 
real numbers x. The solution set is all real numbers, (—oo, oo). 


True 
True | True 


-5-4-3-2-1 0123 4 5 
b. 0° +6x+9>0 


(x+3)?>0 This is the same inequality as in part (a) with the exception 
that the inequality is strict. The solution set does not include 
the point where x” + 6x + 9 = 0. Therefore, the boundary 


point x = —3 is not included in the solution set. 


ue 


xX) =x + 6x + 9, 
or equivalently 
f(x) = (x + 3), is equal to 
zero at x = —3 and positive 
(above the x-axis) for all 
other values of x in its 
domain. 


False 
True | True 


-5-4-3-2-1 0 1 2 3 4 5 


The solution set is {x | x # —3} or equivalently (—oo, —3) U (—3, 00). 
c. x? +6x+9<0 
(x+ 3) <0 
A perfect square cannot be less than zero. However, (x + 3)” is equal to zero at 
x = —3. Therefore, the solution set is {—3}. 
False False 
+—}—_}—#—_}—_+—_+—_+_+—_ ++ 
6-3 3 2—1 0 1 23 4 


True 


> 


d. x + 6x+9<0 
(x +3)’ <0 


A perfect square cannot be negative; therefore, there are no real numbers x such 
that (x + 3)? < 0. There is no solution, { }. 


Skill Practice Solve the inequalities. Answers 


8. 0° —4x+4>0 9, x —4x4+4>0 
10. x —4x+4<0 1. x -—444+4<0 


8. All real numbers; (—oo, oo) 
9. (—o0, 2) U (2, 00) 

10. {2} 

11. { } 
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Section 7.6 Activity 


A.1. a. Consider the expression x” — 2x — 3. For different values of x, the expression may be zero, positive, or negative. 
To show this, evaluate the expression for x = —1, x = 4, andx=1. 
b. Consider the function defined by f(x) = x° — 2x — 3. For different values of x in the domain, the function may 
be zero, positive, or negative. To show this, find f(—1), f(4), and f(1). 


c. The graph of f(x) = x* — 2x — 3 is shown. For what value(s) of x is the function equal 
to zero? (These are the values of x that are solutions to x* — 2x — 3 = 0). 


d. Refer to the graph of f(x) = x* — 2x — 3. For what values of x is the function 
negative (below the x-axis)? These are the values of x that are solutions to the 
inequality x* — 2x — 3 < 0. (Hint: There are infinitely many values of x that make 
the function negative. Express your answer in interval notation.) 


e. For what values of x is the function positive (above the x-axis)? These are the 
values of x that are solutions to the inequality x” — 2x — 3 > 0. (Hint: The function 
is positive over two intervals of x. Write the answer as the union of two intervals.) 


A.2. We will now walk through an algebraic approach to solve the quadratic inequality x7 — 2x — 3 > 0. 
a. First solve the related equation x* — 2x — 3 = 0. 
b. Plot the solutions to the equation x” — 2x — 3 = 0 on the number line to divide the number line into intervals. 


< > 


c. Test an arbitrary point from each interval on the number line to determine if it makes the inequality 
x° — 2x — 3 > 0 true or false. Which intervals make the inequality true? 


d. Test the boundary points in the inequality x° — 2x — 3 > 0. In this case, the inequality is strict. 
Therefore, the boundary points (values for which x* — 2x — 3 equals zero) should be (choose one: 
included/excluded) from the solution set. 


e. Write the solution set in interval notation. 
f. Based on the outcomes of the test points in part (c), write the solution set to the inequality x° — 2x — 3 < 0. 


g. Compare the algebraic process to solve the inequality x — 2x — 3 > 0 with the graphical approach taken in 
Exercise A.1. 


A.3. Solve the rational inequality ins > 0 algebraically by following these steps. As you work through the process, 
ia 


you can check your answers by referring to the graph of f(x) = 


=, x-2° k 

a. First solve the related equation ~ 5S ), ; 
a 

3 

b. Identify value(s) of x for which x—3 is undefined. Can this value be a a 


x-2 


i) 

1 

L} 

| 

1 

es | et 
solution to the original inequality? ! ee 
3 —4-3 -2 at 1 H 6 

c. Plot the solutions to the equation — a= 0 on the number line along with = ! 

Xie 1 
5 Melee : 3 

any values of x for which the expression is undefined. These are the boundary 4 
points that divide the number line into intervals. -5 


< > 


d. Test an arbitrary point from each interval on the number line to determine if it makes the 
pe 
= 


inequality 3 > 0 true or false. Which interval(s) make the inequality true? 


20? 


e. The expression = 3 equals zero for x = 3. Therefore, is 3 a solution to the inequality uae 


= p= 
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x-3 


f. Write the solution set to the inequality an > 0 in interval notation. 
= 
g. How would the solution set change for the inequality = ; >0? 
—_ 
h. Write the solution set to the inequality iS <0. 
a 


A.4. Consider the expression x* — 6x + 9. 
a. Write the expression in factored form. 


b. Write the inequality x — 6x + 9 < 0 with the left side in factored form. Is it possible for a perfect square to be 
negative? 


c. Write the solution set to the inequality x7 — 6x + 9 < 0 and explain your answer. 


d. How does the solution set to the inequality x° — 6x + 9 < 0 differ from the result of part (c)? 


e. Write the solution set to x7 — 6x +9 > 0. 
f. Write the solution set to x* — 6x +9> 0. 


Practice Exercises | Section 7.6 


Prerequisite Review 


For Exercises R.1—R.8, solve the equation. 
R.1. 0° +9x+ 14=0 2. y’—19y+ 18=0 
R.3. 4° +4¢+1=0 A. 9p — 30p + 25 =0 


R.5. 2x(x - 6) =x-6 6. 3x(x+ 3) =2x+6 


4y 
or 8. >=—— = 
2x —5 3y + 14 


R.9. 2°? —3t+4=0 10. 3w?-w+5=0 


Vocabulary and Key Concepts 
1. An inequality of the form ax? + bx +c > 0 (a #0) is an example of a____ inequality. 


2. The boundary points of an inequality consist of the real _______ to the related equation and the points where the 
inequality is 


3. In solving an inequality by using the method, a point is selected from each interval formed 
by the boundary points and substituted into the original inequality. 


4. Ifa test point makes the original inequality (true/false) then that interval is part of the solution set. 
5. The inequality ts > 0 is an example of a __________ inequality. 
x 


6. The solution set to a rational inequality must exclude all values that make the _________ equal to zero for any 
rational expression in the original inequality. 


7. The solution set to the inequality (x + 3)? < —4 is ________, whereas the solution set to the inequality 
(x +3)? > —4 is 


8. The solution set to the inequality (x + 3)” > 0 (includes/excludes) —3, whereas the solution set to the inequality 
(x + 3)° < 0 (includes/excludes) —3. 
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Concept 1: Solving Quadratic and Polynomial Inequalities 


For Exercises 9—12, estimate from the graph the intervals for which the inequality is true. (See Example 1.) 


9, 10. 
45. 
b. p(x) <0 a. g(x) >0 b. g(x) <0 
d. p(x) >0 c. g(x) <0 d. g(x) >0 
11. 12. 


b. f(x) <0 b. h(x) <0 


c. fx) <0 d. f(x) >0 d. h(x) >0 


For Exercises 13-18, solve the equation and related inequalities. (See Examples 2-4.) 


13. a. 344-—xn(2x4+ 1 =0 14. a. 5(y+ 6)(3 — Sy) =0 
b. 3(4-—x)(2x+ 1) <0 b. 507 + 6) — Sy) <0 
c. 3(4—x)(2x+ 1)>0 c. 5(y + 6)(3 — Sy) > 0 

15. a. x°+7x=30 16. a. g@ —4q=5 
b. x°+ 7x < 30 b. ¢@ —4q <5 
c. °+ 7x > 30 ce. g —4q>5 

17. a. 2p(p-—2)=p+3 18. a. 3w(w+ 4) =10-w 
b. 2p(p - 2) <p+3 b. 3w(w + 4) < 10 -—w 
c. 2p(p-2)>p+3 ce. 3wWw+4)> 10—w 


For Exercises 19-38, solve the polynomial inequality. Write the answer in interval notation. (See Examples 2-4.) 


19. (t—7)(t—1) <0 20. (p —4)\(p—2) >0 21. -6(4 + 2x)(5 — x) >0 
22. -8(2r+5)(6-1) <0 23. m(m + 1)°(m +5) <0 24. w°(3—w)(w+2)>0 


25. a’ —12a<—32 26. w* + 20w > -64 27. 5x°-2x-1>0 


28. 3x°+2x-4<0 


31. b°-121<0 


34, 2et+3)-—t< 12 


37. w+w>4wt4 
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29. x°+3x<6 


32. c° —25 <0 


35. P —x? < 12x 


38. 2p? — 5p < 3p 


Concept 2: Solving Rational Inequalities 


For Exercises 39-42, solve the equation and related inequalities. (See Examples 5-6.) 


39. a. 0) =5 
5 


40. 


ore 


=4 41. a. —3 
z-6 

4 b z+2. 3 
z-6 

<4 e Stee 
atl z-6 


30. x —8 <3x 


33. 3p(p —2) -3 >2p 


36. 0° + 36> 4x7 + 9x 


42. a. 


For Exercises 43-54, solve the rational inequality. Write the answer in interval notation. (See Examples 5-6.) 


43; 7 
o— 

47. <-l 
2x — 

51 leo 
XxX 


aed. 


52. 


b+4 

<0 45. ——>0 
~ b-4 
x+1 

>1 49, >4 
x—-5 

2 

53. +2)" 0 

x 


Concept 3: Inequalities with “Special Case” Solution Sets 


For Exercises 55—70, solve the inequalities. (See Example 7.) 


55. x°+10x+25>0 
59, x4 4+3x° <0 
63. x°+3x+5<0 


67. x°+22x+121>0 


Mixed Exercises 


56. 


60. 


64. 


68. 


xr +6x+9<0 
xi +21 <0 
2x7 +3x+3>0 


y’ —24y + 144>0 


57, xP +2x+1<0 
61. x°+ 12x + 36<0 
65. 5x +x<1 


69. 4° — 12r< -9 


46. —— <0 


50. 


54. ———. 


58. x°+8x+16>0 
62. x° + 12x + 36>0 
66. —3x°-x>6 


70. Sy? — 30y < —25 


For Exercises 71-94, identify the inequality as one of the following types: linear, quadratic, rational, or polynomial 
(degree > 2). Then solve the inequality and write the answer in interval notation. 


71. 2y?-8<24 


74. (3—7x)?<-1 


Bre 2 
x+1 


77. 


80. 2y?— 12y’?+ 18y <0 


72. 8p?—18>0 3 

75. 4x -—2)<6x-3 76. 

7s; oes 79 
x+3 

81. 2p°> 4p? 82. 


Greys 
~1(3 —y)>442y 


~ 4° — 40x? + 100x > 0 


w<5w 
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83. —3(x + 4)(x—5)>0 84. 5x(x —2)(x -6)2>0 85. 2-2<0 

86. y°-3>0 87. 2 +5x-2>0 88. 2+71+3<0 

90; 2 59 90, 2 20 91. 2>1-3 
a—-5 t-2 

92, —Sp+8<p 93. 4242>-x 94. 5x—-4>22 


Expanding Your Skills 


95. A fireworks display is planned for the 4th of July. The fire department wants to make sure that all fireworks explode 
at least 120 ft above the ground. The staging platform is 8 ft high, and all the mortar shells will be launched at 108 ft/sec. 
The height of the mortars /(f) (in feet), can be modeled by 


h(t) =—-16f + 108r+8 where ¢ is the time in seconds after launch. 


For what interval of time should the fuses be set? Round to the nearest tenth of a second. 


Problem Recognition Exercises 


Recognizing Equations and Inequalities 

At this point, you have learned how to solve a variety of equations and inequalities. Being able to distinguish the type of 
problem being posed is the first step in successfully solving it. 

For Exercises 1—20, 


a. Identify the problem type. Choose from 


e linear equation e radical equation ¢ polynomial inequality 

e quadratic equation e equation quadratic in form e rational inequality 

e rational equation e polynomial equation e absolute value inequality 
e absolute value equation e linear inequality e compound inequality 


b. Solve the equation or inequality. Write the solution to each inequality in interval notation if possible. 


iG —4) = 4) — 12 =0 2. 3+ |4t-1| <6 3. 2yW(y-4) <5 +y 
4. W1Ix—3+4=6 5. -5=-|w-4| i a 
x-2 x+2 
7. m+5m—4m—20>0 8. —x-—4>-—-5 and 2x -—3 < 23 9. 5-2[3 -(w-4)]< 3x4 14 
MeO) = |e +3 uu. SS! 12. 9<|x+4| 
= 

13. Vi+8-6=t 14. (4x - 3 =-10 15. -4—x>2o0r8<2x 

il 2S 10 
1G. 026-2 =— += Wee ly < —25 18. <0 
6 a ae x< Pad 


19. x-13Vx + 36=0 20. x4 — 13x° + 36=0 
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Chapter 7 Summary 
Square Root Property and Completing 


the Square 
Key Concepts Examples 
The square root property states that Example 1 
If «=k then x=+Vk (x — 5)? = -13 
x-5=4V-13 (square root property) 
x=S+iv13 
The solution set is {5 +iV13}. 

Follow these steps to solve a quadratic equation in the Example 2 

form ax? + bx + c=0 (a #0) by completing the square and 38 1916 = 0 


applying the square root property: 


1. Divide both sides by a to make the leading coefficient 1. SS SS 

2. Isolate the variable terms on one side of the equation. 

3. Complete the square: Add the square of one-half the x —6x—-8=0 
linear term coefficient to both sides of the equation. 


Then factor the resulting perfect square trinomial. v—6x=8 
4. Apply the square root property and solve for x. x —6x+9=849 Note: [4(—6)]? =9 
(x-3) =17 
x-3=4+V17 
x=3+4V17 


The solution set is {3 + V17}. 
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| Section 7.2 _ Quadratic Formula 


Key Concepts Example 
The solutions to a quadratic equation Example 1 
2 = ; : 
ax’ + bx +c =0 (a #0) are given by the quadratic a eee er 
formula 


a=3 b=-2 c=4 


_ -b+ Vb? = 4ac 


' 2a et VP -ADH 
2(3) 
The discriminant of a quadratic equation ax* + bx + c =0 coe Veoas 
is b* — 4ac. If a, b, and c are rational numbers, then 6 
1. If b? — 4ac > 0, then there will be two real solutions. = 2iv—-4 The discriminant is —44. Therefore, 
Moreover, 6 there will be two imaginary 
2 ; i ‘ solutions. 
a. If b 4ac is a perfect square, the solutions will be 2 +2iV1T 
rational numbers. = — 
b. If b’ — 4ac is not a perfect square, the solutions will 
be irrational numbers. 1 L+iVIT 
2. If b’ — 4ac < 0, then there will be two imaginary — Al+ivil) 
solutions. 6 
3. If b* — 4ac = 0, then there will be one rational solution. 
_l+ivil 
Three methods to solve a quadratic equation are 3 
1. Factoring and applying the zero product rule. = 1 x vu, 
2. Completing the square and applying the square root 37 3 
property. ere 
3. Using the quadratic formula. The solution set is 13 + fa i i" 
| Section 7.3 | Equations in Quadratic Form 
Key Concepts Example 
Substitution can be used to solve equations that are in Example 1 
quadratic form. pe Maio payee? 
w—u-12=0 
(u—4)(u+3) =0 
u=4 or u=-—3 
x = 4 or x3 = ~3 
x= 64 or x=-27 Cube both sides. 


The solution set is {64, —27}. 
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Key Concepts 


A quadratic function of the form f(x) = x* + k shifts the graph 
of f(x) =x up k units if k > 0 and down |k| units if k < 0. 


A quadratic function of the form f(x) = (x — h)’ shifts 
the graph of f(x) = x* to the right / units if h > 0 and to the 
left |A| units if h <0. 


The graph of a quadratic function of the form f(x) = ax? 
is a parabola that opens upward when a > 0 and opens down- 
ward when a < 0. If |a| > 1, the graph of f(x) =x’ is stretched 
vertically by a factor of |a]. If 0 < |a| < 1, the graph of f(x) = 
x° is shrunk vertically by a factor of |a|. 


A quadratic function of the form f(x) = a(x—h)? +k 
has vertex (h, k). If a> 0, the vertex represents the minimum 
point. If a < 0, the vertex represents the maximum point. 


Examples 
Example 1 


y 
» 


Summary 


Sx) =x4+3 


Example 2 


Example 3 


Example 4 


minimum 
point (—2,3) 


Se Nw 


fo) = a+ 2 +3 


bo Sal | 


~2 
3 


> 
1234 5 
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eA =Vertex of a Parabola: Applications 


and Modeling 
Key Concepts 


Completing the square is a technique used to write a 
quadratic function f(x) = ax? + bx +c (a #0) in the form 
f(x) = a(x —h)? +k for the purpose of identifying the 
vertex (h, k). 


The vertex formula finds the vertex of a quadratic function 
f(x) = ax’ + bx +c (a#0). 


The vertex is 


Gra") GZ) 


Examples 
Example 1 


f(x) = 3x? + 6x+11 
= 3(x° + 2x y+ 11 
=30°+2x+1-1)+11 
= 30° +2x4+1)-3411 
= 3(x+1)?4+8 
= 3[x-(-D/P +8 


The vertex is (—1, 8). Because a=3> 0, the parabola 
opens upward and the vertex (—1, 8) is a minimum point. 


Example 2 
f(x) = 3x? + 6x4 11 
a=3 b=6 c=l11 


pee 
=H) 


f(-1) =3(-1)7? + 6(-1) + 11 =8 
The vertex is (—1, 8). 


Summary 


| Section 7.6 | Polynomial and Rational Inequalities 


Key Concepts 
The Test Point Method to Solve Polynomial and 


Rational Inequalities 


1. Find the boundary points of the inequality. (Boundary 
points are the real solutions to the related equation and 
points where the inequality is undefined.) 

2. Plot the boundary points on the number line. This 
divides the number line into intervals. 

3. Select a test point from each interval and substitute it 
into the original inequality. 

e Ifa test point makes the original inequality true, 
then that interval is part of the solution set. 

4. Test the boundary points in the original inequality. 

e If the original inequality is strict (< or >), do not 
include the boundary points in the solution set. 

e If the original inequality is defined using < or >, 
then include the boundary points that are defined 
within the inequality. 


Note: Any boundary point that makes an expression within 
the inequality undefined must always be excluded from the 
solution set. 


Example 1 

4x? —7x-2<0 

(4x + 1)x -— 2) =0 
4x+1=0 x-2=0 


Related equation 


The boundaries are -| and 2. 


Il 


IntervalI: Test x=-—1: 4(—1)?-—7(-1)-2 < 0 False 


Interval II: Test x =0: 4(0)? — 7(0) —2 < Q True 


Interval III: Test x= 3: 4(3)?—7(3)-2<0 False 


The strict inequality excludes the boundary points as 
solutions. 


False True False The solution is I 2 
ON ee ras 


al 
4 


Examples 
Example 2 
28 F eae ; 
2x3 * The inequality is undefined 
” for x = 3. Find other possible 
boundary points by solving 
the related equation. 
= a= 4 Related equation 
28 
28 = 3): — = (2x— 3)-4 
(2x-3)- <5 = Qr-3) 
28 = 8x — 12 
40 = 8x 
x= 


The boundaries are x = 5 and x=5. 


Il 


3 5 
2 
IntervalI: Test x= 1: ee 4 True 
. >= 2(1)-3— 
Interval II: Test x = 2: 28 <4 = False 
. s 2(2) -3— 
Interval III: Test x = 6: 2824 Thue 
: ; a=3 


The boundary point x = 3 is not included because 


5 8 3 is undefined there. The boundary x = 5 does 
x — 
check in the original inequality. 


3 > 
2 


The solution is (—oo, 3) U [5, 00). 
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Section 7.1 


For Exercises 1-8, solve the equations by using the square 
root property. 


i; 7° =5 2. 2y°=-8 

3..@ =81 4, 3b°=—-19 

5. (x- 2) =72 6. (2x —5)?=-9 

7. Gy-—17 =3 8. 3(m— 4) = 15 

9. The length of each side of an 
equilateral triangle is 10 in. Find 10 in. 10 in. 
the exact height of the triangle. 
Then round to the nearest tenth of 5 


‘ < 10in. > 
an inch. 


10. Use the square root property to find the length of the 
sides of a square whose area is 81 in’. 


11. Use the square root property to find the exact length 
of the sides of a square whose area is 150 in’. Then 
round to the nearest tenth of an inch. 


For Exercises 12—15, find the value of 1 so that the expres- 
sion is a perfect square trinomial. Then factor the trinomial. 


12. x°+16x+n 13. x°-9x4+n 


14. y+syen 15. e-ietn 


For Exercises 16-21, solve the equation by completing the 
square and applying the square root property. 


16. w°+4w+13=0 17. 4y’- 8y—20=0 


18. 2x°=12x+6 19. —P + 8t-25=0 


20. 3x°+2x=1 21. b+ tb=2 


22. Solve forr. V=arh (r>0) 


23. Solve fors. A=6s" (s>0) 


Chapter 7 Review Exercises 


Section 7.2 


24. Describe the type and number of solutions to a quad- 
ratic equation whose discriminant is less than zero. 


For Exercises 25—30, determine the type (rational, irrational, 
or imaginary) and number of solutions for the equations by 
using the discriminant. 


25. x°-5x=-6 26. 2y? =—3y 


27, 2+23=17z 28. @t+at1=0 


29. 10b+ 1 =—25b° 30. 3x°+ 15=0 


For Exercises 31-38, solve the equations by using the quad- 
ratic formula. 


31. y —4y+1=0 32. m’-5m+25=0 


33. 6a(a-—1)=10+a 34. 3x(x-3)=x-8 
35. b? -~-==b 36. k° + 0.4k = 0.05 


37, —32+4x-x=0 38. 8y—y’=10 
For Exercises 39-42, solve using any method. 


39. 3x°-4x=6 40. ~-2= 


41. y’+14y=-46 42. (a+ 1 =11 

43. The landing distance that a certain plane will travel ona 
runway is determined by the initial landing speed at the 
instant the plane touches down. The function D relates 
landing distance in feet to initial landing speed s: 


D(s) =" — 3s + 22 for s > 50 


where s is in feet per second. 
a. Find the landing distance for a plane traveling 
150 ft/sec at touchdown. 


b. If the landing speed is too fast, the pilot may run 
out of runway. If the speed is too slow, the plane 
may stall. Find the maximum initial landing 
speed of a plane for a runway that is 1000 ft long. 
Round to one decimal place. 


Review Exercises 707 


44. The recent population of Kenya (in thousands) can 50. 2m*—m? -3=0 
be approximated by P(t) = 4.627 + 564.61 + 13,128 
where f is the number of years since 1974. 51. P°4+7-6=0 


a. If this trend continues, predict the number 


2/5_ 21/5 _ 
of people in Kenya for the year 2025. aed 5 


b. In what year after 1974 will the population of 53. 2 + eae =1 
Kenya reach 50 million? (Hint: 50 million equals el 2 
50,000 thousand.) 1 7 
54. ——~ -——_ =2 
45. A custom-built kitchen island is in the shape of a ae HS 


rectangle. The length is 1 ft more than twice the 
width. If the area is 22.32 ft?, determine the 
dimensions of the island. Round the length and 
width to the nearest tenth of a foot. 


55. (x° +5)? + 200° +5)-8=0 
56. (x — 3) -5Q@?-3)+4=0 


Section 7.4 


For Exercises 57-64, graph the function and write the domain 
and range in interval notation. 


57. g(x) =x" —5 58. fy =x +3 
»: y 
A A 
3 9 
2 8 
1 7 
>X 6 
Monkey Business Images/Shutterstock eee treet ar | eee 5 
2 4 
46. Lincoln, Nebraska, Kansas City, Missouri, and e| ; 
Omaha, Nebraska, form the vertices of a right 5 1 
triangle. The distance between Lincoln and Kansas & $4321 [12345 =* 
City is 10 mi more than 3 times the distance between 7 7 
Lincoln and Omaha. If the distance from Omaha and 
deen as ‘ 59. h(x) =(x —5)? 60. k(x) = (x + 39 
Kansas City is 167 mi, find the distance between 
Lincoln and Omaha. Round to the nearest mile. 7 y 
at a 
7 6 
Omaha 6 5 
5 4 
4 3 
: 3 2 
Lincoln 2 1 
} = -7 -6 -5-4 -3 -2 -1 1 2 3° 
2-3 [2345 678° * 
2 3 
61. m(x) = —2x° 62. n(x) = —4x° 
Kansas City ; 
; k 
3 4 
. 2 3 
Section 7.3 1 2 
>X 1 
. . —-5-4 -3 -2 -1 12 3 4 5 
For Exercises 47—56, solve the equations. e “at |b es >x 
47. x-4Vx-21=0 3 2 
ind 3 
=5 4 
48. n—6Vn+8=0 oe - 
—7 -6 


49, y'— 1ly°+18=0 
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63. pa) =-2x-5Y—-5 = AW Q(x) = A(x +3)? +3 


» y 
A A 
1 5 
>X 4 
2-1 12345 67 8 
1 3 
2. 2 
3) 1 
4: > xX 
-7 -6 -5 -4-3 -2-1 I-23 
= 1 
-6 2 
-7 3 
-8 4 
9 —5 


For Exercises 65—66, write the coordinates of the vertex 
of the parabola and determine if the vertex is a maximum 
point or a minimum point. Then write the maximum or the 
minimum value. 


65. (x)= AG —4yr+4 2 


66. s(x) = 20 == : 


For Exercises 67-68, write the equation of the axis of 
symmetry of the parabola. 


Section 7.5 


For Exercises 69—72, write the function in the form 
f(x) = a(x — hy + k by completing the square. Then 
write the coordinates of the vertex. 


69. 2(x) =x —6x +7 

70. b(x) =x -— 4x -—44 

71. p(x) =—5x* — 10x — 13 
72. q(x) = —3x* — 24x — 54 


For Exercises 73-76, find the coordinates of the vertex of 
each parabola by using the vertex formula. 


73. f(x) =—-2x +4x—-17 


74, g(x) =—4x — 8x43 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


m(x) = 3x? — 3x+ 11 


n(x) = 3x7 + 2x —7 


. . 3 
For the quadratic equation y = a — 3x, 
a. Write the coordinates y 
of the vertex. 5 
4 
b. Find the x- and 3 
y-intercepts. i 
> xX 


c. Use this information 
to sketch a graph of a 
the parabola. 


For the quadratic equation y = —(x + 2)* + 4, 


y 


a. Write the coordinates st 
of the vertex. 4 

3 

b. Find the x- and 2 
1 


y-intercepts. 


-5-4 -3-2-1 12345 
c. Use this information E 
to sketch a graph of 3 
the parabola. ae 


The height A(f) (in feet) of a projectile fired verti- 
cally into the air from the ground is given by the 
equation h(t) = —16f° + 961, where f represents the 
number of seconds after launch. 


a. How long will it take the projectile to reach its 
maximum height? 


b. What is the maximum height? 
The weekly profit, P(x) (in dollars), for a catering 


service is given by P(x) = —0.053x* + 15.9x + 7.5. 
In this context, x is the number of meals prepared. 


a. Find the number of meals that should be prepared 
to obtain the maximum profit. 


b. What is the maximum profit? 
Write an equation of a parabola that passes 


through the points (—3, —4), (—2, —5), and (1, 4). 


Write an equation of a parabola that passes 
through the points (4, 18), (—2, 12), and (—1, 8). 


Section 7.6 


83. Solve the equation and inequalities. How do your 
answers to parts (a), (b), and (c) relate to the graph 
of g(x) =x - 4? 


a. x —-4=0 
b. P-4<0 t 
c x -4>0 


-10-8 -6-4 = 


s undefined? 
x-2 


84. a. For what values of x is 


b. Solve the equation. ae =0 
x- 


2 
‘ : 4x 

c. Solve the inequality. 5 20 
x- 
‘ : 4x 

d. Solve the inequality. 5 <0 
x- 


Test 709 


For Exercises 85—96, solve the inequalities. Write the answers 
in interval notation. 


85. w’—4w- 12 <0 86. P+ 6r+9>0 
87. a <6 88. th 
x+2 p-1i 


89. 3y(y — 5)(y +2) >0 


90. —3c(c + 2)(2c — 5) < 0 


91. -x -—4x<1 92. y+4y>5 
g3, Wt1,, 94, 24 <2 
w-3 at+3 
95. f+ 10t+25<0 96. —x°-—4x <4 


Chapter 7 Test 


For Exercises 1—3, solve the equation by using the square root 
property. 


1. («+3)? =25 2. (p= 2 = 12 


3. (m+ 1yP=-1 


4. Find the value of 7 so that the expression is a perfect 
square trinomial. Then factor the trinomial 
ad +1ld+n. 


For Exercises 5—6, solve the equation by completing the square 
and applying the square root property. 


5. 2x° + 12x-36=0 6. 2x°=3x-7 


For Exercises 7-8, 


a. Write the equation in standard form 
ax’ + bx +c=0. 


b. Identify a, b, and c. 
c. Find the discriminant. 


d. Determine the number and type (rational, 
irrational, or imaginary) of solutions. 


7. 2 -3x=-12 8 y(y-2)=-1 


For Exercises 9-10, solve the equation by using the quadratic 
formula. 


9. 3x° -—4x4+1=0 
10. x(x + 6)=-l11l-x 


11. The base of a triangle is 3 ft less than twice the 
height. The area of the triangle is 14 ft’. Find the 
base and the height. Round the answers to the 
nearest tenth of a foot. 


12. A circular garden has an area of approximately 


450 ft”. Find the radius. Round the answer to the 
nearest tenth of a foot. 


For Exercises 13-21, solve the equation. 


13. x- Vx-6=0 14, y?3 4 2y!/3=8 


15. (y — 8) — 133y —8)+30=0 


[STUDY 


710 


16. 


18. 


20. 


22. 


For Exercises 23-25, graph the function. Use the graph to 28. 


Chapter 7 Quadratic Equations and Functions 


p* — 15p? = —54 
2x? — 9x = 5 
(x+7) =—24 


Find the vertex of y = x” 


17. 3-2-1. 
2 yi 


27. 


19. x°-8x+1=0 


21. x(x — 12) =-13 


— 6x — 8 two ways, 


a. By completing the square. 


b. By using the vertex formula. 


write the domain and range in interval notation. 
23. h(x) =x —4 
24, f(x) =-(x-4)° 
1 2 
25. g(xy= a& +2)°-—3 


26. 


30. 
=< 
5-4 -3-2-1 12345 
-2 
C 31. 
—4 
-5 
i 
r\ 
2 
1 
ot. 4 
2-1] 12.3.4.5.6. 7.8 
=) 
= 
-4 
5 
~6 
9 
-8 
32. 
y 
A 
5 
4 
3 
2 
> Xx 
5-4 -3-2-1 i a3 4 5 
2 33. 
3 
—4 


A child launches a toy 
rocket from the ground. 
The height of the rocket 
can be determined by its 
horizontal distance from 
the launch pad x by 


A(x) = _ +x 


h(x) 


h(x) ft 
» 


4 29. 


where x and A(x) are in feet. How many feet from the 
launch pad will the rocket hit the ground? 


The recent population of India (in millions) can be 
approximated by P(t) = 0.1357 + 12.61 + 600, where 
t= 0 corresponds to the year 1974. 


a. Use the function to estimate the number of people 
in India in the year 2014. 


b. Approximate the year in which the population 
of India reached 1 billion (1000 million). 
(Round to the nearest year.) 


Explain the relationship between the graphs of y = x* 
and y =x" — 2. 


Explain the relationship between the graphs of y = x* 
and y = (x +3)’. 


Explain the relationship between the graphs of 
y =4x and y = —4x’. 
Given the function defined by 
fe) = — 47 +2 
a. Identify the vertex of the parabola. 


b. Does this parabola open upward or downward? 


c. Does the vertex represent the maximum or 
minimum point of the function? 


d. What is the maximum or minimum value of the 
function f? 


e. Write an equation for the axis of symmetry. 


For the function defined by g(x) = 2x* — 20x + 51, 
find the vertex by using two methods. 


a. Complete the square to write g(x) in the form 
g(x) = a(x — h)’ + k. Identify the vertex. 


b. Use the vertex formula to find the vertex. 


Given f(x) =x? + 4x — 12 


a. Write the equation for the function in the form 
f(x) =a(x—hyY +k. 


b. Determine the vertex. 
c. Find the x- and y-intercepts. 
d. Determine the maximum or minimum value. 


e. Write an equation for the axis of symmetry. 


34. A farmer has 400 ft of fencing with which to enclose a 


rectangular field. The field is situated such that one of 
its sides is adjacent to a river and requires no fencing. 
The area of the field (in square feet) can be modeled by 


@ 
A(x) = 5 + 200x 


wherexisthelensh Se 
of the side parallelto == 
the river (measured 

in feet). 


| x | 


a. Determine the value of x that maximizes the area 
of the field. 


b. Determine the maximum area that can be 
enclosed. 


Test 


For Exercises 35-40, solve the inequalities. 


a7 <0 36. 50—2a>0 


35. 


x-— 


38, 32 


37. y+3y’-—4y-12<0 
aa ait: | wt+3 


39. 5x7 -2x+2<0 


40. P+ 22t+121<0 
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Mathematics and Population Growth 
Over short periods of time, human population growth is proportional Projected Population by Year 


to the number of humans in the population at a given time. That is, the 350 el a a 
more people in a population, the faster the population will grow. For U(t) = 324 (1.0073) 
example, a country with 10 million people will typically have a greater 

yearly increase in population than a country with only 1 million people. M(t) = 128(1.0127)' 
However, other variables such as food supply, mortality rates, birth 


control, and immigration also affect population growth. J(t) = 126(0.998)' 


Population (millions) 
NO 
S 
3 
I 


50 | 
The graph shows the projected population growth for the United 0 | | | | J 
States, Mexico, and Japan based on growth rates of 0.73%, 1.27%, 0 5 10 15 20 25 
and —0.2%, respectively. Since Japan has a negative growth rate, Year (t = 0 represents 2016) 


its population is decreasing. 

The functions U, M, and J that describe the population values versus time are called exponential functions. 
Exponential functions are characterized by having a constant base and variable exponent. In this chapter, we study 
exponential functions and their inverses, logarithmic functions. These functions have far-reaching applications, 
including the study of population growth, the growth of investments, and radioactive decay. 
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Yea (ol Me-m em Algebra of Functions and Composition 
1. Algebra of Functions 


1. Algebra of Functions 
2. Composition of Functions 
3. Operations on Functions 


Addition, subtraction, multiplication, and division can be used to create a new function 
from two or more functions. The domain of the new function will be the intersection of the 
domains of the original functions. 


Sum, Difference, Product, and Quotient of Functions 
Given two functions f and g, the functions f+ g, f— g, f- g, and i are defined as 


F+ gx) =f) + 8) 
F— 8)() =f) — g@) 
(F- 8)() =f) - 8) 


(4) (x) = ce provided g(x) #0 


For example, suppose f(x) = |x| and g(x) = 3. Taking 
the sum of the functions produces a new function 
denoted by f+ g. In this case, (f+ g)(x) = |x| +3. 
Graphically, the y values of the function f+ g are 
given by the sum of the corresponding y values of 8@) =3 

f and g. This is depicted in Figure 8-1. The func- bee 
tion f+ g appears in red. In particular, notice that ar eee 
(f+ g)(2) =f(2) + 9(2)=2+3=5. nen 


(f+ Q@=bl+3 


f@ =lal 


Figure 8-1 


Adding, Subtracting, Multiplying 
and Dividing Functions 


Given: g(x) = 4x h(x) = x° — 3x k(x) =x-2 


a. Find (g + h)(x). b. Find (A — g)(x). 
c. Find (g - k)(x). d. Find (Fw. 
Solution: 


a. (g + h)(a) = gx) + h@) 
= (4x) + (x° — 3x) 
=4x4+x°—3x 
=H=xr+x Simplify. 
b. (h— g)(x) = h(x) - gQ@) 
= (x? — 3x) — (4x) 
=x? — 3x-4x 


=x -7x Simplify. 
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c. (g - Ky(x) = g(x) - ky) 


= (4x)(x — 2) 
= 4x" — 8x Simplify. 
boy 0) 
' (J ~ h(x) 
aS. From the denominator we have x” — 3x # 0 or, 
x — 3x equivalently, x(x — 3) # 0. Hence, x #3 and x #0. 


Skill Practice Given f(x) =x — 1, g(x) = 5x2 + x, and A(x) =X, find 


1. (f+ g)Q) 2. (g — f(x) 3. (g- WY) 4. (L)co 


2. Composition of Functions 


Composition of Functions 
The composition of f and g, denoted fo g, is defined by the rule 


(fe g)(x) =f(g@)) provided that g(x) is in the domain of f 


Note: fe g is read as “fof g” or “fcompose g.” 


For example, given f(x) = 2x — 3 and g(x) = x + 5, we have 


(fe g(x) = f(g(x)) 


= f(x +5) Substitute g(x) = x + 5 into the function f- 
=2(x+5)-3 

=2x+ 10-3 

=2x+7 


In this composition, the function g is the innermost operation and acts on x first. Then the 
output value of function g becomes the domain element of the function f, as shown in the 
figure. 


| Example2 | Composing Functions 


Given: f(x) =x — 5, g(x) = x°, and n(x) = Vx + 2, find 


a. (f> 8)(a) Answers 
b. (ge f)@) 4. 5x24 2x —1 2. 5x2 41 
3. Sx4 4x? 4. fet 36 


c. (ne f)(x) Z 
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i) |~> Examples 2(a) and 
2(b) illustrate that the order 
in which two functions are 
composed may result in 
different functions. That is, 
fe g does not necessarily 
equal g cf. 


FOR REVIEW 


Recall that to square a binomial 
(a — b)* we have: 
(a— by =a —2ab +b’. 
Thus, 
(x - 5) 
=x — 2(x)(5) + 5 
=x — 10x +25 


Answers 


5. 2x? + 12x + 18 
7. Vx+2 


6. 2x7 +3 


Solution: 
a. (f° g)(x) = f(g(x)) 
=f(x) Evaluate the function f at x°. 
= (x*) —5 Replace x with x’ in function f. 
=x —5 


b. (g P@ = sS@)) 


= g(x — 5) Evaluate the function g at (x — 5). 
=(«-5) Replace x with (x — 5) in function g. 
=x? —10x+25 Simplify. 


c. (no f)(x) =n(f)) 


= n(x —5) Evaluate the function n at x — 5. 
= V(x-5)+2 Replace x with the quantity (x — 5) in function n. 
=Vvr-3 


Skill Practice Given f(x) = 2x’, g(x) =x + 3, and h(x) = Vx — 1, find 
5. (fe g)(x) 6. (g of)(x) 7. (he g)(x) 


3. Operations on Functions 


| Example 3 | Combining Functions 


Given the functions defined by f(x) = x — 7 and h(x) = 2x°, find the function values, if 
possible. 
h 
b. (4) (7) 
f 
Solution: 


a. (f-h)(3) =f(3) - hG) 
= (3 —7)-2(3) 
= (—4) - 2(27) 
=-216 
h nT) 2079 
b. [—)(7) == = SS 
(4): ) fQ) T=7 


The value x = 7 will make the denominator equal to 0. Therefore, (*) (7) is 
undefined. f. 


a. (f- h)(3) ce. (he f)(2) 


(f- h)(3) is a product (not a composition). 


c. (he f)(2) = h(f(2)) 
= h(-5) 
= 2(-5)° 
= 2(-125) 
= —250 


Evaluate f(2) first. f(2) = 2 —-7=—5 


Substitute the result into function h. 


[STUDY 


Skill Practice Given h(x) =x + 4 and k(x) = x* — 3, find 


» (en 


8. (h- k)(—2) 


Finding Function Values From a Graph 


For the functions f and g pictured, find the function values if possible. 


a. g(2) 


b. (f- g)(-3) 


oo 
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10. (ke h)(1) 


(26 
« (4) 


d. (fe g)(4) 
Solution: 


a. g(2)=-1 


b. (f= g)(-3) =f(-3) — g(-3) 
=-2-(3) 


g g(5) 

.(2)(5)=2 > 

: (Ho FS) 
= 7 (undefined) 


& 


The function f is undefined at 5 because the denominator is zero. 


d. (fe g)(4) =f(s(4)) 
=f(0) 


=1 


11. 9(3) 
12. (f+ g)(-4) 


13. (2) (2) 


14. (g ° f)(—2) 


Skill Practice Find the values from the graph. 


y = g(x) (the red graph) when x = 2. 


x=0. 


The value g(2) represents the y value of 


Because the point (2, —1) lies on the graph, 
g(2)=-1. 
Evaluate the difference of f(—3) and g(-—3). 


Estimate function values from the graph. 


Evaluate the quotient of g(5) and f(5). 


From the red graph, find the value of (4) 
first. We see that g(4) = 0. 


From the blue graph, find the value of fat 


Answers 


8. 2 
11. 2 


9. undefined 


12. 0 


13. 4 
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14. 
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Section 8.1 Activity 


A.1. 


A.2. 


A4. 


A.5. 


A.6. 


A.7. 


Consider the graphs of f and g given in the figure. 

a. Find f(0). 

b. Find g(0). 

c. Find f(0) + g(0). 

d. Now suppose that a new function, f+ g, is defined as the 


sum of functions f and g for all real numbers for which 
fand g are defined. That is, (f+ g)(x) = f(x) + g(x). 


Find (f+ g)(1). 


e. Find (f+ g)(—2). y= gx) 
Given two functions fand g, write the definitions A.3. Use the functions defined by f(x) = x — x — 12 
and g(x) =x-4. 


of the functions f— g, f- g, and a tisha ae ; 
5 t eA 
a. (f— g)(x) = —___ a. Explain the process to find f(x — 4) 


be) — arr b. Find f(x — 4). 


c. (L)e = c. Find g(x? — x — 12). 


a. The composition of functions fand g is denoted by fe g and is defined by (fe g)(x) = 
The composition of functions g and fis denoted by g ° fand is defined by (g°f)(x) = 


b. Refer to the functions defined in Exercise A.3: f(x) = x° — x — 12 and g(x) = x —4. Find (fe g)(x). 
c. Find (ge f)(x). 


Given h(x) = 3x — 4 and k(x) = 5 u 5° fill in the blanks to find the function value. 
a. (he k)(4) = h[K())] = h() = 
b. (ke h)(0) = k[A()] = KC) = ——__ 

1 


Given h(x) = 3x — 4 and k(x) = 
explain why. 


5 find the function values if possible. If a function value does not exist, 
ee 


a. (he k)(6) b. (he k)(5) 

c. (ke hj) d. (ke h)(3) 

Refer to the graphs in Exercise A.1. 

a. Find (f- g)(-1). b. Find (g — f)(—3). 


c. Find i co. 


Qa 


. Explain why (4) is undefined. 


e. Find (fe g)(—1). f. Find (g °f)(—2). 


T-Yeifelame-mee Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.8, perform the indicated operations. 


Ril Gr —S£Gexe— 3) RO, GrtGe= Nt =I BD) 
Ra Grea = ha =3745) IRA Giese 7) (a = ae = Ip 


ISTUDY 
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1 4x-12 
R.5. ao R.6. 
x-3 x-1 & 


#-25 x 45x 


R.7. : 
5-x x 


R.8. 


For Exercises R.9-R.16, write the domain in interval notation. 
R.9. f(x) =3x4+2 R.10. 


Ril. A@)= os 
3-x 
x +9 


R.15. p(x) = V4 — 2x R.16. g(x) = V8 —-x 


R.12. 


R.13. m(x) = R.14. 


For Exercises R.17-R.20, given f(x) = —3x — 4 and g(x) = —x’ + 4x + 6, evaluate the functions. 
R17. f(-—4) R.18. f(6) R.19.  g(—2) 


Vocabulary and Key Concepts 


1. a. Given the functions f and g, the function (f+ g)(x) = + 
: : ; f _ f@) : 
b. Given the functions f and g, the function { = )(x) = Tl provided ____ #0. 
& 


c. The composition of functions fand g is defined by the rule (fe g)(x) = 


Concept 1: Algebra of Functions 
2. Given f(x) = x? and g(x) = 2x — 3, find 


a. f(—2) b. g(—2) c. (f+ g)(—2) 
For Exercises 3—14, refer to the functions defined below. 
f@m=x+4 e(x) = 2x? + 4x h(x) =x +1 ee 
x 


Find the indicated functions. (See Example 1.) 


3. (f+ sya) 4. (f— gy(x) 5. (g f(a) 
6. (f+ h(x) 7. (f- h(x) 8. (h- k(x) 
9. (gfx) 10. (f- HQ) i. (Ze 


12. (E)o 13. (LE) 14. (Lf) 


Concept 2: Composition of Functions 
For Exercises 15-22, find the indicated functions. Use f, g, h, and k as defined in Exercises 3-14. (See Example 2.) 


15. (fe g)(x) 16. (fe ky) 17. (gf) 


18. (ke f)(x) 19. (ko h)(x) 20. (he k(x) 


21. (ke g)(x) 22. (ge k)(x) 
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23. Based on your answers to Exercises 15 and 17, is it true in general that (f° g)(x) = (ge f)(x)? 
24. Based on your answers to Exercises 16 and 18, is it true in general that (f° k)(x) = (ke f)(x)? 


For Exercises 25-28, find (fe g)(x) and (g ° f)(x). 
25. f(x) =x — 3x +1, g(x) = 5x 26. f(x) = 3x7 + 8, g(x) =2x-4 


28. f= = g(x) = |x +2| 29. For h(x) = 5x —4, 


27. fix) =| gaa 1 


30. For k(x) = —2? +1, 


find (he h)(x). find (k © k)(x). 
Concept 3: Operations on Functions 
For Exercises 31-46, refer to the functions defined below. 
Wie gO=aeG waeeiera se —s 
Find each function value if possible. (See Example 3.) 
31. (m-r)(0) 32. (n- p)(O) 33. (m+ r)(—4) 34. (n— m)(4) 


35. (ren)(3) 


39. (me p)(2) 


43. (me p)(—2) 


36. (ner)(5) 


40. (rem)(2) 


44. (rem)(—2) 


37. (pem)(—1) 


41. (r+p)(-3) 


45 


(2 


38. (meon)(5) 


42. (n+ p)(—2) 


46. (=)e) 


For Exercises 47-64, approximate each function value from the graph, if possible. (See Example 4.) 


47. f(-A4) 48. fC) 49. 9(-2) 
50. (3) Sl. (f+ 8)(2) 52. (g — f\(3) 
53. (f- g)(-1) 54. (g¢- f)\(—4) 55. (£) (0) paae’ 
56. (£)-a 57. (£) (0) 58. (£) (—2) 
8 g ti 
59. (g°f\(-1) 60. (fe g)(0) 61. (f° g)(—4) 
62. (ge f)(—4) 63. (g° g)(2) 64. (fe f\(—2) 
For Exercises 65-80, approximate each function value from the graph, if possible. (See Example 4.) 
65. a(—3) 66. a(1) 67. b(-1) 
68. b(3) 69. (a—b)(-1) 70. (a+ b)(0) 
71. (b- aj) 72. (a: b)(2) 73. (be a0) 
74. (ae b)(—2) 75. (ae b)(-4) 76. (be a)(—3) 
b a 
Tike (2) 78. (S)a) 79. (ae a)(—2) 


80. (b° b)(1) 


81. 


82. 


83. 


84. 


85. 


86. 
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The cost in dollars of producing x toy cars is C(x) = 2.2x + 1. The revenue for selling x toy cars is R(x) = 5.98x. 
To calculate profit, subtract the cost from the revenue. 


a. Write and simplify a function P that represents profit in terms of x. 

b. Find the profit of producing 50 toy cars. 

The cost in dollars of producing x lawn chairs is C(x) = 2.5x + 10.1. The revenue for selling x lawn chairs is 
R(x) = 6.99x. To calculate profit, subtract the cost from the revenue. 

a. Write and simplify a function P that represents profit in terms of x. 


b. Find the profit in producing 100 lawn chairs. 
Difference Between Child Support Due and 


The functions defined by D(A) = 0.9251 + 26.958 and st Child Support Paid, United States 
R(t) = 0.725t + 20.558 approximate the amount of child support 


35 D(t) = 0.925t + 26.958 
(in billions of dollars) that was due D(f) and the amount of child 30 ieee eee ae 
support actually received R(A) in the United States for a selected number 25 aa ee, 
R(t) = 0.725t + 20.558 


of years. The value ¢ = 0 represents the first year of the study. | 


Amount ($ billions) 
2 
S 


15: = 
a. Find the function defined by F(t) = D(t) — R(t). What does = 
é ; 5 
F(t) represent in the context of this problem? 0 | | | | | 
0 2 4 6 8 10 
b. Find F(4). What does this function value represent in the Year 


context of this problem? Source: U.S. Bureau of the Census 


The rural and urban populations in the South (in the 


United States) between the years 1900 and 1970 can be Farahani Unban Populations salen atts 


United States, 1900-1970 


modeled by the following: 45,000 — 
‘ 40,000 |— i : 
r(t) = —3.497t + 266.2t + 20,220 g z ite f= r(t) = —3.407 72 “ 266.2t + 20,220 
u(t) = 0.0566r? + 0.9521? + 177.8 + 4593 3 3 25,000 
2, 2 20,00 
The variable ft represents the number of years since ae arta [- 


u(t) = 0.05661? + 0.95277 + 177.81 + 4593 


1900, and 0 < t < 70. The variable r(t) represents the 500 i i 
rural population in thousands, and u(f) represents the %—740. 2030. 40.50 60-70" 
urban population in thousands. Year (¢ = 0 corresponds to 1900) 


Source: Historical Abstract of the United States 


a. Find the function defined by 7(t) = r(4) + u(d). 
What does 7(t) represent in the context of this problem? 


b. Use the function T to approximate the total population in the South for the year 1940. 


Joe rides a bicycle and his wheels revolve at 80 revolutions per minute (rpm). Therefore, the total number of 
revolutions, r, is given by r(f) = 80f, where f is the time in minutes. For each revolution of the wheels of the bike, 
he travels approximately 7 ft. Therefore, the total distance he travels D(r) (in feet) depends on the total number of 
revolutions, r, according to the function D(r) = 7r. 


a. Find (D e r)(#) and interpret its meaning in the context of this problem. 


b. Find Joe’s total distance in feet after 10 min. 


The area of a square is given by the function a(x) = x*, where x is the length of the sides of the square. If carpeting 
costs $9.95 per square yard, then the cost C(a) (in dollars) to carpet a square room is given by C(a) = 9.95a, where a 
is the area of the room in square yards. 


a. Find (C e a)(x) and interpret its meaning in the context of this problem. 


b. Find the cost to carpet a square room if its floor dimensions are 15 yd by 15 yd. 
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Section 8.2 


Concepts 


1. Introduction to Inverse 
Functions 

2. Definition of a One-to-One 
Function 

3. Definition of the Inverse of 
a Function 

4. Finding an Equation of the 
Inverse of a Function 


Avoiding Mistakes 


f-' denotes the inverse of a 
function. The —1 does not 
represent an exponent. 


Inverse Functions 


1. Introduction to Inverse Functions 


A function is a set of ordered pairs (x, y) such that for every element x in the domain, there 
corresponds exactly one element y in the range. For example, the function f relates the 
weight of a package of deli meat x to its cost y. 


f= {C, 4), (2.5, 10), (4, 16)} 


That is, 1 lb of meat sells for $4, 2.5 Ib sells for $10, and 4 lb sells for $16. Now 
suppose we create a new function in which the values of x and y are interchanged. 
The new function, called the inverse of f, denoted f a relates the price of meat x to its 
weight y. : 


COSHH COTS ETHOS ETHOS ESTEE S SESE E STOTT ESSE STOO E ETFO STEED 


f'={@, 1), (10, 2.5), (16, 4)} 


Notice that interchanging the x and y values has the following outcome. The domain of fis 
the same as the range of f~', and the range of f is the domain of f~'. 


2. Definition of a One-to-One Function 


A necessary condition for a function f to have an inverse function is that no two ordered 
pairs in f have different x-coordinates and the same y-coordinate. A function that satisfies 
this condition is called a one-to-one function. The function relating the weight of a 
package of meat to its price is a one-to-one function. However, consider the function g 
defined by 


Not a one-to-one 


g={(L hae ery function because two 
pee | different x values map 
ere —| to the same y value. 


a 


This function is not one-to-one because the range element 4 has two different x-coordinates, 
1 and —2. Interchanging the x and y values produces a relation that violates the definition 
of a function. 


{(4, b, (3, 2), (4, —2)} This relation is not a 
UES function because for 
different y oO x = 4, there are two 


— different y values. 


We have already learned that the vertical line test can be used to visually determine if 
a graph represents a function. Similarly, we use a horizontal line test to determine whether 
a function is one-to-one. 
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Jsing the Horizontal Line Test FOR REVIEW 


Consider a function defined by a set of points (x, y) in a rectangular coordinate Recall that the vertical line test is 
system. Then y is a one-to-one function of x if no horizontal line intersects the graph used to determine if y is a function 


: 5 of x. If a vertical line crosses a 
in more than one point. ‘ : 
graph in more than one point, the 


graph does not define y as a func- 


tion of x. 
To understand the horizontal line test, consider the functions f and g. eS 
f={C, 4), (2.5, 10), (4, 16)} g={(, 4), (, 3), (-2,4)} 
y y 
A A 
16 ——Oe— einige Sy : 
14 e+e ; 
12 Peconbasnad 3 }-— +e 
10} Danni 
8 ovsecbeneeeh i dovsesed 
Fe a §4-3-2-1.|12345 ” 
ind @ cee kite pay ses a cele Oe A, fe ee 
2 eee) 
SS ee ee lene ee! =} 
-5 -4 -3-2-1 123 4 5 
i ie ee ae) ee! leita 4. 

4 —5 

This function is one-to-one. This function is not one-to-one. 

No horizontal line intersects more A horizontal line intersects more 

than once. than once. 


| Example1 | Identifying a One-to-One Function 


For each function, determine if the function is one-to-one. 


a. y b. , 
> xX 
Solution: 
a. Function is not one-to-one. b. Function is one-to-one. 
A horizontal line intersects No horizontal line intersects 
in more than one point. more than once. 


y 
A 
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Skill Practice For each function determine if the function is one-to-one. 


1. 2. 


aed 


3. Definition of the Inverse of a Function 


All one-to-one functions have an inverse function. 


Because the values of x and y are interchanged between a function f and its inverse f~', we 
have the following important relationship (Figure 8-2). 


Domain of f Range of f 


Range of f ~! Domain of f ~! 


Figure 8-2 


From Figure 8-2, we see that the operations performed by f are reversed by f~'. This 
observation leads to the following important property. 


Answers 
1. Not one-to-one 
2. One-to-one 


ISTUDY 
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| Example 2 _| Composing a Function With Its Inverse 


Show that the functions are inverses. 


x-4 
5 


f(x) =Sx+4 ga) = 


Solution: 


To show that the functions f and g are inverses, confirm that (fe g)(x) = x and 


(go f)(x) =x. FOR REVIEW 


Recall the composition of functions 


(Fe g(x) = f(g@)) (g f(x) = gf) 
r (fe g(x) =f(g@)) 
= (: 5 ) = g(5x +4) means that function f is applied to 
the result of function g. That is, x is 
(5x +4) -4 input into function g. Then the 
= ——=- = result, g(x), is input into function f. 


Similarly, 
(ge f)(x) = g(f@) 


means that function g is applied to 
the result of function f. 
EEE 


Skill Practice Show that the functions are inverses. 
x+2 
3 


3. f(x) = 3x -2 and g(x) = 


4. Finding an Equation of the Inverse of a Function 


For a one-to-one function defined by y = f(x), the inverse is a function y=f~'(x) that 
performs the inverse operations in the reverse order. For example, the function defined 
by f(x) =2x-+ 1 multiplies x by 2 and then adds 1. Therefore, the inverse function must 
subtract | from x and divide by 2. We have 


piey=2 5+ 


The expression f~'(x) is read as “f inverse of x.” 


To facilitate the process of finding an equation of the inverse of a one-to-one function, we 
offer the following steps. 


ing an Equation of an Inverse of a Function 


For a one-to-one function defined by y=/(%), the equation of the inverse can be 
found as follows: 


Step 1 Replace f(x) with y. 


Step 2 Interchange x and y. 
Step 3 Solve for y. 
Step 4 Replace y with f-!(x). 


Answer 
3. (fo g)(x) = f(g(x)) 
_3(X+2)_5_ 
3( 3 aa 
(g ° f(x) = g(f(x)) 
_ 3x-24+2_ 


3 x 


726 Chapter 8 Exponential and Logarithmic Functions and Applications 


| Example 3 | Finding an Equation of the Inverse of a Function 


Find the inverse. fw) =2x4+1 


— - Solution: 
Avoiding Mistakes 


aE eee Foremost, we know the graph of fis a nonvertical line. Therefore, f(x) = 2x + 1 
It is important to check that a ‘ : : ‘ 
Bee defines a one-to-one function. To find the inverse we have 
function is one-to-one before 


finding the inverse function. y =2x4+1 Step 1: Replace f(x) with y. 
x =2y+1 Step 2: Interchange x and y. 
x—1 =2y Step 3: Solve for y. Subtract 1 from both sides. 
ss 5 _— Divide both sides by 2. 
fla) = - d Step 4: Replace y with f~'(x). 


Skill Practice Find the inverse. 
4. f(x) =4x +6 


In Example 3, we can verify that f(x) =2x +1 and f7'(x) = A3t are inverses by using 


function composition. 


(feof) =f(f-'Q)) = 2(**} +l=x JV and 


Qrt1=1 _ 5 


5 v 


Gf f=f"G@)= 


The key step in determining the equation of the inverse of a function is to interchange 
x and y. By so doing, a point (a, b) on f corresponds to a point (b, a) on f~'. For this reason, 
the graphs of fand f~' are symmetric with respect to the line y = x (Figure 8-3). Notice that 
the point (—3, —5) of the function f corresponds to the point (—5, —3) of f~'. Likewise, 
Figure 8-3 (1, 3) of fcorresponds to (3, 1) of f7!. 


Finding an Equation of the Inverse of a Function 


Find the inverse of the one-to-one function. g(x) = wW5x —-4 
Solution: 
y= V75x—4 Step 1: Replace g(x) with y. 
x= W5y—-4 Step 2: Interchange x and y. 


x+4=W5y Step 3: Solve for y. Add 4 to both sides. 
(x +4) = W/5y)? To eliminate the cube root, cube both sides. 
(x+ 4)? = 5y Simplify the right side. 
3 
fae = Divide both sides with 5. 
Answer 3 
4. ft a2 6 2'@= ee Step 4: Replace y with g7'(x). 
4 


Skill Practice Find the inverse. 


5. h(x) = V2x—1 


The graphs of g and g™' from Example 4 are shown in Figure 8-4. Once again we see that 


Section 8.2 


the graphs of a function and its inverse are symmetric with respect to the line y = x. 


For a function that is not one-to-one, sometimes we can restrict its domain to create a 


new function that is one-to-one. This is demonstrated in Example 5. 


| Example5 | Finding the Equation of an Inverse of a Function 


With a Restricted Domain 


Given the function defined by m(x) = x? + 4 for x > 0, find an equation defining m7'. 


Solution: 


We know that y= x° +4 is a parabola with vertex at (0, 4) (Figure 8-5). The graph 
represents a function that is not one-to-one. However, with the restriction on the domain 
x > 0, the graph of m(x) = x° + 4, x > 0, consists of only the “right” branch of the parab- 


ola (Figure 8-6). This is a one-to-one function. 


i y=r44 


ror) 10 
8 outa 
6 i 


Figure 8-5 


To find the inverse, we have 
y=x+4 x20 
= y +4 y>0 


x-4=y y20 


Vx-4=y y>0 
m (x) = Vx —4 


Step 1: 
Step 2: 


Step 3: 


Step 4: 


Figure 8-7 shows the graphs of m and m™'. 


Skill Practice Find the inverse. 


6. g(x) =x -2 x>0 


} mx) = 4+4:x>0 
10} : 
8 4 
6 

4 

2 4 


> 
—10-8 —6 —4 —2 2 4 6 8 10 


x 


Figure 8-6 


Replace m(x) with y. 


Interchange x and y. Notice that the 
restriction x > 0 becomes y > 0. 


Solve for y. Subtract 4 from both sides. 


Apply the square root property. Notice 
that we obtain the positive square root 


of x — 4 because of the restriction y > 0. 


Replace y with m~'(x). Notice that the 
domain of m7 has the same values 
as the range of m. 
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+4) 
5 


ee 


Figure 8-4 


yy mx =x +4:x>0 


1% 
10 peayax 
¢ 
if 8 i of 
6 yt 
¢ 
4 ft m (x) = \x—4 
Dong : 
¢ 
+ > XxX 
-10-8 6-4-2377 2 4 6 8& 10 
anak H 4t2 cer 
ford 
¢ 
eee: 
png t oa) 
Se ~10 
Figure 8-7 
Answers 
+1 
5. m= 


6. g(x) = Vx +2 
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Section 8.2 Activity 


A.1. Ifa function defined by y = f(x) has the property that no two elements in the domain of f correspond to the same 
element in the range of f, then fis said to be 


A.2. To determine whether a function is one-to-one, use the _______ line test. 

For Exercises A.3—-A.4, determine whether the function is one-to-one. If the function is not one-to-one, explain why. 
A.3. {(2, -4), (-3, 1), (0, -2), (—4, 3)} 
A.4. {(4, 1), (5, -3), (-1, -3), (-2, 5)} 

For Exercises A.5—A.6, consider the given function. 


a. Write each ordered pair with the x- and y-coordinates interchanged. 


b. Is the new relation a function? If not, explain why. 
A.5. {(2, —4), (—3, 1), (0, -2), (—4, 3)} (Refer to Exercise A.3.) 
A.6. {(4, 1), (5, —3), (-1, -3), (—2, 5)} (Refer to Exercise A.4.) 


A.7. Given f(x) = 254, 


a. Describe the graph of the function. 


b. Is the function one-to-one? Does the function have an inverse function? 


A.8. Find the inverse of f(x) = a 5 a by following these steps. 


a. Replace f(x) with y. 
b. Interchange x and y in the equation. This is the key step to finding the inverse. 
c. Solve for y in the new equation. 
d. Replace y with f~'(x). 
e. To check your answer to part (d), find (f of ')(x) and Ca of (x). 
A.9. a. Refer to Exercise A.8. Graph f(x) =~ 5 4 and f-'(x) = 2x + 4 along with the ; 
5 
line y = x on the same coordinate system. 4 
3 
a 
b. Describe the symmetry between a function and its inverse. 1 
Se elven med 
= 
-3 
-4 
25 
A.10. a. Graph f(x) = x° + 2 for x > 0 (right branch of the y ; 
parabola only). 7 A 
6 
b. Is the function graphed in part (a) one-to- 5 : 
one? 4 4 
3 3 
c. Find the inverse of f- 2 a 
1 1 
=I : 
d. Graph i on the same coordinate system as the P= cele © ee a === === SSS 
graph in part (a). Also graph the line y = x. Are pS a ol 
: ae i-2 : oo 
the graphs of the function and its inverse a oe 


symmetric with respect to y = x? 
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Practice Exercises Section 8.2 


Prerequisite Review 


For Exercises R.1—R.2, use the vertical line test to determine if the graph defines y as a function of x. 


R.1. » R.2. 


For Exercises R.3-R.6, solve for x. 
ish VS ora 
R5. y=Vx—1 
R.7. Given f(x) = 2x + 4, find the function values. 
a. f(1) b. f(—2) c. f(t) 
R.8. Given g(x) = v/x +5, find the function values. 
a. 9(3) b. g(-6) c. g(a) d. g(x —5) 
For Exercises R.9-R.10, refer to the functions defined by f(x) = 4x — 3 and g(x) =x° +5. 
R.9. Find (fe g)(x). R.10. Find (ge f)(x). 


Vocabulary and Key Concepts 
1. a. Given the function f = {(1, 2), (2, 3), 3, 4)}, write the set of ordered pairs representing f od 


b. A necessary condition for a function f to be a - - function is that no two ordered pairs 
in f have different x-coordinates and the same -coordinate. 


c. The function f = {(1, 5), (—2, 3), (—4, 2), (2, 5)} (is/is not) a one-to-one function. 


d. A function defined by y = f(x) (is/is not) a one-to-one function if no horizontal line intersects the graph of 
fin more than one point. 


e. The graph of a function and its inverse are symmetric with respect to the line 


2. a. Let fbe a one-to-one function and let g be the inverse of f. Then (fe g)(x) = ____and (ge f)(x) = 
b. The notation _________ is often used to represent the inverse of a function f and not the reciprocal of f. 


c. If (a, b) is a point on the graph of a one-to-one function f, then the corresponding ordered pair ________ is a 
point on the graph of f7'. 


Concept 1: Introduction to Inverse Functions 


For Exercises 3—6, write the inverse function for each function. 


3. s= {(3, 3); (8, 1), (=3, 9), (0, 2)} 4. f= {(—6, 2), (-9, 0), (=2, —1), (3, 4)} 


5. r= {(a, 3), (b, 6), (c, 9)} 6. s= {(-l, x), (-2, y), (-3, 2} 
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Concept 2: Definition of a One-to-One Function 


7. The table relates a state x to the number of represent- 8. The table relates a city x to its average January 
atives in the House of Representatives y for a recent temperature y. Does this relation define a one- 
year. Does this relation define a one-to-one function? to-one function? If so, write a function defining 
If so, write a function defining the inverse as a set of the inverse as a set of ordered pairs. 


ordered pairs. 


Gainesville, Florida 13.6 
Keene, New Hampshire —6.0 
SSE 7 Wooster, Ohio —4.0 
eelionis 22 Rock Springs, Wyoming —6.0 
digus ee Lafayette, Louisiana 10.9 
Louisiana 7 
Pennsylvania 19 


For Exercises 9-14, determine if the function is one-to-one by using the horizontal line test. (See Example 1.) 


9. y 10. y 11. y 
A A A 

12. y 13. y 14. y 
A A A 


Concept 3: Definition of the Inverse of a Function 
For Exercises 15-20, verify that fand g are inverse functions by showing that 
a. (fe glx) =x b. (ge f)(X) = x (See Example 2.) 
x+2 


15. f(x) =6x+ land g(x) = a 16. f(x) =5x—2and gx) =~ 


3 3 
17. f(x)= - and g(x) = 8x7 18. f(x)= “ and g(x) = 27x7 
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19. f(x) =x + 1,x>0, and g(x) = Vx—1,x>1 20. fix) =x —3,x>0, and g(x) = Vx+3,x>-3 


Concept 4: Finding an Equation of the Inverse of a Function 


21. 


22. 


23. 


24. 


25. 


26. 


If function f adds 4 to x, then f~!________ 4 from x. Function fis defined by f(x) = x + 4, and 

fi @O=__ 

If function g subtracts 10 from x, then g~'________ 10 to x. Function g is defined by g(x) = x — 10, and 
s'@= 

If function h multiplies x by 5, then 7! ___—_—- x by 5. Function h is defined by h(x) = 5x, and 
k'Gy= ; 

If function k multiplies x by 7 then k~' multiplies x by ______. Function k is defined by ka) = z* and 
k'@= 

Suppose that function f multiplies x by 9 and subtracts 2 from the result. 


a. Write an equation for f. 


b. Write an equation for f~'. 


Suppose that function g cubes x and adds | to the result. 
a. Write an equation for g. 


b. Write an equation for g™'. 


For Exercises 27-42, write an equation of the inverse for each one-to-one function as defined. (See Examples 3-5.) 


27. 


31. 


35. 


39. 


43. 


44, 


A(x) =x+4 28. k(x) =x-3 29. m(x) = > —2 30. n(x) =4x +2 

p(x) = —x+ 10 32. g(x) =—x— 5 33. n@) = ag : 34. p(x) = 2S : 

h(x) = at 36. fx) = ot g 37. fx)=41 38. o(x)= Vx +2 

g(x) = W2x—1 40. f(x) =x -4 41. g(x)=xr4+9 x20 42. mx)=x-1 x20 
The function defined by f(x) = 0.3048x converts a length of x feet into f(x) meters. 


a. Find the equivalent length in meters for a 4-ft board and a 50-ft wire. 

b. Find an equation defining y = f~!(x). 

c. Use the inverse function from part (b) to find the equivalent length in feet for a 1500-m race in track and field. 
Round to the nearest tenth of a foot. 

The function defined by s(x) = 1.47x converts a speed of x mph to s(x) ft/sec. 

a. Find the equivalent speed in feet per second for a car traveling 60 mph. 

b. Find an equation defining y = s~'(x). 


c. Use the inverse function from part (b) to find the equivalent speed in miles per hour for a train traveling 132 ft/sec. 
Round to the nearest tenth. 


732 


Chapter 8 Exponential and Logarithmic Functions and Applications 


For Exercises 45—51, answer true or false. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


The function defined by y = 2 has an inverse function defined by x = 2. 

The domain of any one-to-one function is the same as the domain of its inverse. 
All linear functions with a nonzero slope have an inverse function. 

The function defined by g(x) = |x| is one-to-one. 

The function defined by k(x) = x° is one-to-one. 

The function defined by h(x) = |x| for x > 0 is one-to-one. 

The function defined by L(x) = x° for x > 0 is one-to-one. 


Explain how the domain and range of a one-to-one function and its inverse are related. 


If (0, b) is the y-intercept of a one-to-one function, what is the x-intercept of its inverse? 
If (a, 0) is the x-intercept of a one-to-one function, what is the y-intercept of its inverse? 


a. Find the domain and range of the function defined by f(x) = Vx —- 1. 
b. Find the domain and range of the function defined by f~'(x) =2x° + 1,x>0. 


a. Find the domain and range of the function defined by g(x) =x° — 4, x <0. 
b. Find the domain and range of the function defined by g7'(x) = —Vx+ 4. 


For Exercises 57-60, the graph of y = f(x) is given. 


a. State the domain of f- b. State the range of f. 


c. State the domain of f7'. d. State the range of f~’. 


e. Graph the function defined by y =f~'(x). The line y = x is provided for your reference. 
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Technology Connections 


For Exercises 61-64, use a graphing calculator to graph each function on the standard viewing window. Use the graph of the 
function to determine if the function is one-to-one on the interval —10 < x < 10. If the function is one-to-one, find its inverse 
and graph both functions on the standard viewing window. 


61. fx) =Vx4+5 62. k(x) =x -4 
63. 9(x) =0.5x° —2 64. mx) = 3x-4 
Expanding Your Skills 
For Exercises 65—74, write an equation of the inverse of the one-to-one function. 
65. g(x) = Vxt+4 66. v(x) = Vx+ 16 67. 2x) =—-Vx+4 68. u(x) =—-Vx+ 16 
—1 3-x 2 4 
69. f(x) =~ 70. =-—* 71. (x) =—— 72. =—_ 
aes ere need ee 
73. nxy=xr+9 x<0 74, g(xy)=x-1 x<0 


Exponential Functions Section 8.3 
1. Definition of an Exponential Function 


We have already learned to recognize several categories of functions, including constant, 1. Definition of an 
linear, rational, and quadratic functions. In this section and the next, we will define two Exponential Function 
new types of functions called exponential and logarithmic functions. 2. Approximating Exponential 
To introduce the concept of an exponential function, consider the following salary Expressions With a 
plans for a new job. Plan A pays $1 million for a month’s work. Plan B starts with 2¢ on Calculator 
the first day, and every day thereafter the salary is doubled. 3. Graphs of Exponential 
At first glance, the million-dollar plan appears to be more favorable. Look, however, Functions 
at Table 8-1, which shows the daily payments for 30 days under plan B. 4. Applications of Exponential 
Functions 
Table 8-1 
a a2 | u | $2048] 21 | — $20,971.52 
a 4¢ $40.96 22; $41,943.04 
3) 8¢ $81.92 23} $83,886.08 
4 16¢ $163.84 24 $167,772.16 
5 32¢ $327.68 2S) $335,544.32 
6 64¢ $655.36 26 $671,088.64 
i $1.28 $1310.72 2) $1,342,177.28 
8 $2.56 $2621.44 28 $2,684,354.56 
g) $5.12 $5242.88 29 $5,368,709.12 
10 $10.24 $10,485.76 30 $10,737,418.24 
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Notice that the salary on the 30th day for plan B is over $10 million. Taking the sum 
of the payments, we see the total salary for the 30-day period is $21,474,836.46. 

The daily salary for plan B can be represented by the function y = 2‘, where x is the 
number of days on the job and y is the salary (in cents) for that day. An interesting feature 
of this function is that for every positive |-unit change in x, the y value doubles. The 
function y = 2* is called an exponential function. 


Definition of an Exponential Function 


Let b be any real number such that b> 0 and b#1. Then for any real number x, 
a function of the form f(x) = b* is called an exponential function. 


An exponential function is recognized as a function with a constant base and expo- 
nent, x. Notice that the base of an exponential function must be a positive real number not 
equal to I. 


2. Approximating Exponential Expressions 
With a Calculator 


Up to this point, we have evaluated exponential expressions with integer exponents 
and rational exponents, for example, 4° = 64 and 4! = V4 = 2. However, how do 
we evaluate an exponential expression with an irrational exponent such as 4”? In such 
a case, the exponent is a nonterminating and nonrepeating decimal. The value of 47 
can be thought of as the limiting value of a sequence of approximations using rational 
exponents: 

43.14 ~ 77.7084726 

43.141 ~ 77.81627412 


43-1415 ~~ 77.87023095 


4° = 77.88023365 


An exponential expression can be evaluated at all rational numbers and at all irrational 
numbers. Therefore, the domain of an exponential function is all real numbers. 


| Example | Approximating Exponential Expressions 


With a Calculator 


Approximate the expressions. Round the answers to four decimal places. 


a. 8¥3 b. 5-¥7 c. V10%2 


[STUDY 
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Solution: 
at(3) 
On a calculator, use the a | yt | or x | key to approxi-  gespegy yr FR RAP AAEZE 
i 1 1 1 .PG131242 
mate an expression with an irrational exponent. CEELSTIAT ERT ee 
seceueeesteseeneeesteseeecee es OPISOILZ, 


a. 83 ~ 36.6604 ~— db. 5-7 # 0.0013 
c. V1I0Y? x 5.0946 


Skill Practice Approximate the value of the expressions. Round the answers to four 
decimal places. 


1. 97 115° 3, V¥7¥%3 


3. Graphs of Exponential Functions 


The functions defined by f(x) = 2*, g(x) = (4)*, A(x) = 3*, and k(x) = 5* are all examples 
of exponential functions. Example 2 illustrates the two general shapes of exponential 
functions. 


| Example 2 _| Graphing Exponential Functions 


Graph the functions fand g. 
a. f(x) = 2" b. g(x) = (4)* 


Solution: 


Table 8-2 shows several function values for f(x) and g(x) for both positive and negative 
values of x. The graphs are shown in Figure 8-8. 


Table 8-2 gi) =(5)" ? 
= : _ (i aieeceeain 
= 1 — 
=) 4 4 
= : —— fesse . 
2 5743-221 | 1 34 475 
0 1 1 “al 
1 D} 4 Figure 8-8 
y) 4 4 
3 8 z 
4 16 i 


Skill Practice Graph the functions f and g on the same grid. 


4. f(y =3* 5. g(x) = (3) 


FOR REVIEW 


Note the difference between the 
polynomial function y = x and 
the exponential function y = 2". The 
polynomial function has a variable 
base and constant exponent. The ex- 
ponential function has a constant 
base and variable exponent. 


Answers 
4. 995.0416 2. 426.4028 
3. 5.3936 
4-5. y 
A 
5 
e@=(3)) 


fx) = 3" 


=. =4 =3-=2 =I 12345 
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The graphs in Figure 8-8 illustrate several important features of exponential functions. 


These properties indicate that the graph of an exponential function is an increasing 
function if the base is greater than 1. Furthermore, the base affects the rate of increase. 
Consider the graphs of f(x) = 2*, h(x) = 3“, and k(x) = 5* (Figure 8-9). For every positive 
1-unit change in x, f(x) =2* increases by 2 times, h(x) = 3" increases by 3 times, and 
k(x) = 5* increases by 5 times (Table 8-3). 


Table 8-3 
= | fear | moa | as 
3 | 4 & 1s 
2/4 5 & 
| 3 i : 
0 1 1 1 
1 2 3 3S) 
2 4 9 DS) 
3 8 Di, 12S) 


Figure 8-9 


ISTUDY 
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The graph of an exponential function is a decreasing function if the base is 
between 0 and 1. Consider the graphs of g(x) = (4)", m(x) = (4)", and n(x) = 4)" (Table 8-4 
and Figure 8-10). 


Table 8-4 

= 8 27 125 

—? 4 9 Ds 

=i a 3 5 
0 1 i 1 
1 5 5 5 
2 z 3 35 
E 5 m1 2s Figure 8-10 


4. Applications of Exponential Functions 


Exponential growth and decay can be found in a variety of real-world phenomena; for 
example, 


e Short-term population growth can often be modeled by an exponential function. 
e The growth of an investment under compound interest increases exponentially. 
e The mass of a radioactive substance decreases exponentially with time. 


e The temperature of a cup of coffee decreases exponentially as it approaches room 
temperature. 


A substance that undergoes radioactive decay is said to 
be radioactive. The half-life of a radioactive substance is 
the amount of time it takes for one-half of the original 
amount of the substance to change into something else. 
That is, after each half-life the amount of the original 
substance decreases by one-half. 

In 1898, Marie Curie discovered the highly 
radioactive element radium. She shared the 1903 Nobel 
Prize in Physics for her research on radioactivity and was 
awarded the 1911 Nobel Prize in Chemistry for her 
discovery of radium and polonium. Radium-226 (an Marie ahd Pierre Curie 
isotope of radium) has a half-life of 1620 years and Everett Historical/Shutterstock 
decays into radon-222 (a radioactive gas). 


| _Example3 | Applying an Exponential Decay Function 


Ina sample originally composed of | g of radium-226, the amount of radium-226 present 
after t years is given by 


A(t) = (4)1/160 
where A(?) is the amount of radium in grams and f is the time in years. 
a. How much radium-226 will be present after 1620 years? 
b. How much radium-226 will be present after 3240 years? 


c. How much radium-226 will be present after 4860 years? 
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Solution: 


ce ey 


1 \ 1620/1620 
a. A(1620) = (3) Substitute t= 1620. 


= 0.5 
After 1620 years (1 half-life), 0.5 g remains. 


1 3240/1620 
b. A(3240) = (5) Substitute t = 3240. 


= 0.25 


After 3240 years (2 half-lives), the amount of the original substance is reduced by 
one-half, 2 times. Thus, 0.25 g remains. 


1 \ 4860/1620 
c. A(4860) = (3) Substitute t = 4860. 


al 3 
- (3) 
= 0.125 


After 4860 years (3 half-lives), the amount of the original substance is reduced by 
one-half, 3 times. Thus, 0.125 g remains. 


Skill Practice Cesium-137 is a radioactive metal with a short half-life of 30 years. 
In a sample originally composed of 1 g of cesium-137, the amount, A(‘) (in grams), of 
cesium-137 present after ¢ years is given by 


o=(3" 


6. How much cesium-137 will be present after 30 years? 
7. How much cesium-137 will be present after 90 years? 


Exponential functions are often used to model population growth. Suppose the initial value 
of a population at some time ¢ = 0 is P,. If the annual rate of increase of a population is r, 
then after ¢ years, the population P(f) is given by 


P(t) = Po(1 +7 


Answers 


6. 0.5g 
7. 0.1259 
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Applying an Exponential Growth Function 


The population of the Bahamas in 2008 was estimated at 321,000 with an annual rate 
of increase of 1.39%. 


a. Find a mathematical model that relates the population of the Bahamas as a 
function of the number of years since 2008. 


b. If the annual rate of increase remains the same, use this model to estimate the 
population of the Bahamas in the year 2016. Round to the nearest thousand. 
Solution: 
a. The initial population is Py = 321,000, and the rate of increase is 1.39%. 
PQ) = Po(lt+n' Substitute P, = 321,000 and r = 0.0139. 
321,000(1 + 0.0139)’ 


321,000(1.0139)' Here t= 0 corresponds to the year 2008. 


b. Because the initial population (t = 0) corresponds to the year 2008, we use f = 8 to 
find the population in the year 2016. 


P(8) = 321,000(1.0139)* 


358,000 The population in the year 2016 was 
approximately 358,000. 


re 


Skill Practice The population of Colorado in 2000 was approximately 3,700,000 with 
an annual rate of increase of 2%. 


8. Find a mathematical model that relates the population of Colorado as a function of 
the number of years since 2000. 


9. Use this model to estimate the population of Colorado in 2016. Round to the 
nearest thousand. 


Answers 
8. P(t) =3,700,000(1.02)' 
9. Approximately 5,079,000 


Section 8.3 Activity 


A.1. Given a positive real number b, such that b # 1, a function defined by f(x) = b* is called a(n) _______ function. 


A.2. Which functions are exponential functions? 


eG)? Ih HOES Shes (3) deer 


A.3. Consider the functions defined by f(x) = 3* and g(x) = (5). 


» 
rN 


= 
FN bwHWRADAIW LO 


a6 


= i i Pe 
-5-4-3-2-1 | 1 2 3 4 5 
=! SE eee Sa here ee 
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a. Complete the table. 


ao 


. Refer to the values of function fin the table. How do the function values change with each 1-unit increase in x? 
c. Refer to the values of function g in the table. How do the function values change with each 1-unit increase in x? 
d. Graph f(x) = 3* and g(x) = (5) on the same coordinate system. 


. Is function fan exponential growth function or exponential decay function? 
Is function g an exponential growth function or exponential decay function? 


va mo 


. Does the graph of either function ever meet the x-axis? 
h. Write the domain and range of f and g. 


A.4. A radioactive form of iodine called iodine-131 (denoted by chemists as '*') is used to treat thyroid cancer. 
'S'T undergoes radioactive decay, meaning that it spontaneously emits particles and energy. Eventually the 
substance changes from one form (or isotope) of the element into another. 
The half-life of '?'I is roughly 8 days. This means that due to radioactive decay, half of the original amount of 
the substance is present after 8 days. 
Suppose that a patient is given 64 units of '°'I. Then the amount of substance A(#) still present after t days can 


1 \:/8 
be modeled by A(f) = 64- (5) 


a. Evaluate A(8) and interpret its meaning. 

b. Evaluate A(16) and interpret its meaning. 

c. Evaluate A(24) and interpret its meaning. 

d. Compare the values from parts (a)—(c) and interpret the results. 


TXeai(elame-ecem Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.4, simplify the expressions. 


R.1. a. 4 b. 4° c. 47 


R.3. a. 
( 


Vocabulary and Key Concepts 


1. a. Given a real number b, where b > 0 and b ¥ 1, a function of the form f(x) = ___________ is called an 
exponential function. 


b. The function defined by f(x) = x‘ (is/is not) an exponential function, whereas the function defined by 
S() = (is/is not) an exponential function. 


c. The graph of f(x) = (5) is (increasing/decreasing) over its domain. 


d. The graph of f(x) = (5) is (increasing/decreasing) over its domain. 
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e. In interval notation, the domain of an exponential function f(x) = b* is _______ and the range is 


f. All exponential functions f(x) = b* pass through the point 


g. The horizontal asymptote of an exponential function f(x) = b” is the line 


2. The function defined by f(x) = 1’ (is/is not) an exponential function. 


Concept 2: Approximating Exponential Expressions With a Calculator 


For Exercises 3—10, evaluate the expression by using a calculator. Round to four decimal places. (See Example 1.) 


3.5" 4, 2%3 
7, 36-¥2 8. 27705126 
11. Solve for x. 
a. 3*=9 b. 3° =27 c. 
12. Solve for x. 
a. 5*= 125 b. 5* = 625 Cc. 
13. Solve for x. 
a. 2*= 16 b. 2* = 32 c. 
14. Solve for x. 
a. 4*= 16 b. 4° = 64 c. 
15. For f(x) = (5) find f(), f(1), f(2), f(-1), and f(—2). 


16. 


17. 


For g(x) = (3)" find g(0), g(1), (2), g(—D, and g(—2). 


5. 107 6. 3° 


o, 16°" 10, 3°" 


Between what two consecutive integers must the solution to 
3*= 11 lie? 


Between what two consecutive integers must the solution to 
5* = 130 lie? 


Between what two consecutive integers must the solution to 
2* = 30 lie? 


Between what two consecutive integers must the solution to 
4* = 20 lie? 


For A(x) = 3* use a calculator to find h(0), h(1), h(—1), h( v2 ) and h(z). Round to two decimal places if necessary. 


18. For k(x) = 5* use a calculator to find k(0), k(1), k(—1), k(a), and k( v2 ). Round to two decimal places if necessary. 


Concept 3: Graphs of Exponential Functions 


19. How do you determine whether the graph of f(x) = b* (b > 0, b # 1) is increasing or decreasing? 


20. 


For f(x) = b* (b > 0, b # 1), find f(0). 
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Graph the functions defined in Exercises 21—28. Plot at least three points for each function. (See Example 2.) 


. : 1\ 
21. fM=4 22. g(x) =6" 23. mx) = (= 
y y y 
A A A 
8 8 9 
vr 7 8 
6 6 7 
5 5: 6 
4 4 5 
3 3 4 
2 2 3 
1 1 2 
>x >x 1 
-5 -4 -3 -2 -1 123 45 —5 -4 -3 -2-1 123 45 
seen f eet Ee ane sot | eat ere >x 
—5 -4 -3 -2-1 123 4 5 
-2 -2 i=] 
| x 
24. n(x) = (=) 2, 12 26. Kos 
y y y 
r ry A 
8 8 8 
7 7 7 
6 6 6 
5 a 5 
4 4 4 
3 3: 3 
2 2 2 
1 1 1 
> xX > xX >x 
—5 -—4 -3 -2 -1 i 123 45 celine eee U2 3: 4g Be es ec eres a) 2. 3: 4 5 
—2 in, —2 
27. g(x) =5™ 28. f(x) =2™ 
y y 
A Ah 
8 8 
w 7 
6 6 
5 5 
4 od 
3 ss} 
2 Ds 
1 1 
> x > x 
—5 -4 -3 -2-1 i 123 4 5 —5 -4 -3 -2-1 1 123 45 
2 : ‘ Bonunubunnionnabunsoied 


Concept 4: Applications of Exponential Functions 


29. The half-life of the element radon (Rn-86) is 30. Nobelium, an element discovered in 1958, has a 
3.8 days. In a sample originally containing | g of half-life of 10 min under certain conditions. In a 
radon, the amount left after ¢ days is given by sample containing | g of nobelium, the amount left 
A(t) = (0.5)/35, (Round to two decimal places, if after ¢ min is given by A(f) = (0.5)"°. (Round to 
necessary.) (See Example 3.) three decimal places.) 

a. How much radon will be present after 7.6 a. How much nobelium is left after 5 min? 
days? 


b. How much nobelium is left after 1 hr? 
b. How much radon will be present after 10 days? 


31. 


33. 


35. 


Once an antibiotic is introduced to treat a 

bacterial infection, the number of bacteria decreases 
exponentially. For example, beginning with 

1 million bacteria, the amount present ¢ days from the 
time penicillin is introduced is given by 

A(t) = 1,000,000(2)~‘/°. Rounding to the nearest 
thousand, determine how many bacteria are 

present after 


a. 2 days b. 1 week c. 2 weeks 


The population of Bangladesh was 153,000,000 in 
2009 with an annual growth rate of 1.25%. 
(See Example 4.) 


a. Find a mathematical model that relates the 
population of Bangladesh as a function of the 
number of years after 2009. 


b. If the annual rate of increase remains the 
same, use this model to predict the population 
of Bangladesh in the year 2050. Round to the 
nearest million. 


Suppose $1000 is initially invested in an account 
and the value of the account grows exponentially. 

If the investment doubles in 7 years, then the amount 
in the account f years after the initial investment is 
given by A(f). 


A(t) = 1000(2)'/7 
a. Find the amount in the account after 5 years. 


b. Find the amount in the account after 10 years. 


c. Find A(O) and A(7) and interpret the answers 
in the context of this problem. 


32. 


34. 


36. 
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Once an antibiotic is introduced to treat a bacterial 
infection, the number of bacteria decreases 
exponentially. For example, beginning with 

1 million bacteria, the amount present ¢ days 

from the time streptomycin is introduced is given 
by A(t) = 1,000,000(2)~“/"". Rounding to the 
nearest thousand, determine how many bacteria are 
present after 


a. 5 days b. 1 week c. 2 weeks 


The population of Fiji was 908,000 in 2009 with an 
annual growth rate of 0.07%. 


a. Find a mathematical model that relates the 
population of Fiji as a function of the number 
of years after 2009. 


b. If the annual rate of increase remains the 
same, use this model to predict the population 
of Fiji in the year 2050. Round to the nearest 
thousand. 


Suppose $1500 is initially invested in an account 
and the value of the account grows exponentially. 

If the investment doubles in 8 years, then the amount 
in the account ¢ years after the initial investment is 
given by A(Z). 


A(t) = 1500(2)' 
a. Find the amount in the account after 5 years. 


b. Find the amount in the account after 10 years. 


c. Find A(O) and A(8) and interpret the answers 
in the context of this problem. 


Technology Connections 


For Exercises 37-44, graph the functions on your calculator to support your solutions to the indicated exercises. 


37. fm=¥ 
(see Exercise 21) 


38. g(x) = 6* 
(see Exercise 22) 


39. m(x) = (4) 
(see Exercise 23) 


40. n(x) = Gy" 
(see Exercise 24) 


41. A(x) =2**! 
(see Exercise 25) 


42. kx) =5*7! 
(see Exercise 26) 


43. g(x) =5S~* 
(see Exercise 27) 


44, f(x) =2~ 
(see Exercise 28) 
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Tea t(elime-e- me Logarithmic Functions 
1. Definition of a Logarithmic Function 


1. Definition of a Logarithmic Consider the following equations in which the variable is located in the exponent of an 
Function expression. In some cases the solution can be found by inspection because the constant on 
2. Evaluating Logarithmic the right-hand side of the equation is a perfect power of the base. 
Expressions Ses Equation Solution 
3. The Common Logarithmic —-— TT 
Function S*=5  —~+ x=1 
4. Graphs of Logarithmic 5*=20 >x=? 
Functions 
5. Applications of the S'= 25 ———> x=2 
Common Logarithmic 5*= 60 -2=9 
Function 


5* = 125 ———__> x=3 


The equation 5* = 20 cannot be solved by inspection. However, we might suspect that 
x is between | and 2. Similarly, the solution to the equation 5* = 60 is between 2 and 3. 
To solve an exponential equation for an unknown exponent, we must use a new type of 
function called a logarithmic function. 


Definition of a Logarithmic Function 


If x and b are positive real numbers such that b¥ 1, then y= log, x is called the 
logarithmic function with base b and 


y=log,x is equivalent to [oY Sx 


Note: In the expression y = log, x, y is called the logarithm, b is called the base, 
and x is called the argument. 


The expression y = log, x is equivalent to b” = x and indicates that the logarithm y is 
the exponent to which b must be raised to obtain x. The expression y = log, x is called the 
logarithmic form of the equation, and the expression b’ = x is called the exponential form 
of the equation. 

The definition of a logarithmic function suggests a close relationship with an exponen- 
tial function of the same base. In fact, a logarithmic function is the inverse of the 
corresponding exponential function. For example, the following steps find the inverse of 
the exponential function defined by f(x) = b". 


fa =o 
y=bh Replace f(x) with y. 
x=b Interchange x and y. 


y=log,x Solve for y using the definition of a logarithmic function. 
f-'(x) = log,x Replace y with f~'(x). 


The concept of a logarithm is new and unfamiliar. Therefore, it is often advantageous to 
rewrite a logarithm in its exponential form. 


| Example1 | Converting From Logarithmic Form to Exponential Form 


Rewrite the logarithmic equations in exponential form. 


1 
° l 2, = . iT —_ = —- a. I 1 = 
a. log, 32=5 b. logio (=) 3 c. logs 0 


[STUDY 


Solution: 
Logarithmic Form Exponential Form 
a. log, 32 =5 S 25 = 32 
1 1 
b. | —— }=-3 = 3 = _ 
es red, 1000 
c. log; 1=0 ° S21 


Skill Practice Rewrite the logarithmic equations in exponential form. 


2. log io (=) a —2 


1. log; 9 =2 
083 10 


3. logs 1=0 


2. Evaluating Logarithmic Expressions 


ESSE) Evaluating Logarithmic Expressions 


Evaluate the logarithmic expressions. 
c. lo ¢ ) 
» 1081/2 8 


1 
. logs 64 b. | — 
oe ~ ( a5) 
a. logs 64 is the exponent to which 8 must be raised to obtain 64. 


Solution: 


y = log, 64 Let y represent the value of the logarithm. 
8 = 64 Rewrite the expression in exponential form. 
8” = 8° 

y=2 Therefore, logs 64 = 2. 


b. log (75) is the exponent to which 5 must be raised to obtain 755. 


y = logs (=) Let y represent the value of the logarithm. 


= ae Rewrite the expression in exponential form. 
1 33 
5 => 53 a 5 
y=-3 Therefore, log; (74s) = —-3. 


c. log,,7 (%) is the exponent to which 5 must be raised to obtain §. 


y = logip (=) Let y represent the value of the logarithm. 


Therefore, log; (3) = 3. 


Skill Practice Evaluate the logarithmic expressions. 


1 
4. log, 1000 5 as) 
O£ 10 O84 (= 


6. log) /33 


Rewrite the expression in exponential form. 
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number b: 


- bo=1 


For example: 


Answers 


1\" 1 
eb"=(-) =— 
(3) b" 
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Recall that for a nonzero real 


746 Chapter 8 Exponential and Logarithmic Functions and Applications 


| Example 3 | Evaluating Logarithmic Expressions 


Evaluate the logarithmic expressions. 


a. log, b b. log, c’ c. log, V3 


Solution: 


a. log, b is the exponent to which b must be raised to obtain b. 


y=log,b Let y represent the value of the logarithm. 
b=b Rewrite the expression in exponential form. 
y=1 Therefore, log, b = 1. 
FOR REVIEW b. log.c’ is the exponent to which c must be raised to obtain c’. 
= 7 : 
Recall tat ational exponents can be y =log.c Let y represent the value of the logarithm. 
a aca fed Rewrite the expression in exponential form. 
x" = Wx 7 
ei melIN y=7 Therefore, log.c’ = 7. 
provided that ¥/x is a real number. c. log; V3 = log; 3! is the exponent to which 3 must be raised to obtain 3!/*, 
y = log, 3!” Let y represent the value of the logarithm. 
eas Rewrite the expression in exponential form. 
y= : Therefore, log, V3 =. 
Skill Practice Evaluate the logarithmic expressions. 
7. log, x 8. log, b'° 9. log; V5 
3. The Common Logarithmic Function 
The logarithmic function with base 10 is called the common logarithmic function and is 
denoted by y = log x. Notice that the base is not explicitly written but is understood to be 10. 
That is, y = log jg x is written simply as y = log x. 
Example 4 Evaluating Common Logarithms 
Evaluate the logarithmic expressions. 
a. log 100,000 b. log 0.01 
Solution: 
a. log 100,000 is the exponent to which 10 must be raised to obtain 100,000. 
y = log 100,000 Let y represent the value of the logarithm. 
10” = 100,000 Rewrite the expression in exponential form. 
If’ = 10° 
y=5 Therefore, log 100,000 = 5. 
Answers 
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b. log 0.01 is the exponent to which 10 must be raised to obtain 0.01 or 4p. 


y = log 0.01 Let y represent the value of the logarithm. 
10” = 0.01 Rewrite the expression in exponential form. 
10” = 10? Note that 0.01 = 445 or 107°. 

y= 2 Therefore, log 0.01 = —2. 


Skill Practice Evaluate the logarithmic expressions. 
10. log 1,000,000 11. log 0.0001 


On most calculators the Loa| key is used to compute logarithms with base 10. This is 
demonstrated in Example 5. 


| Example5 | Evaluating Common Logarithms on a Calculator 


Evaluate the common logarithms. Round the answers to four decimal places. 


a. log 420 b. log (8.2 x 10°) c. log 0.0002 
Solution: lestaaas 
2.62324929 
a. log 420 7 2.6232 vsstacyeyyt tn eee 
a Zn QLABAZBSE, 


dost. 0623" 
eecuestetseieseeessseeeessesr 8698970084, 


b. log (8.2 x 10°) 9.9138 
c. log 0.0002 ~ -3.6990 


Skill Practice Evaluate the common logarithms. Round answers to four decimal 
places. 


12. log 1200 13. log (6.3 x 10°) 14. log 0.00025 


4. Graphs of Logarithmic Functions 


Recall that f(x) = log, x is the inverse of g(x) = b*. Therefore, the graph of y = f(x) is sym- 
metric to the graph of y = g(x) about the line y = x, as shown in Figures 8-11 and 8-12. 


y=b',b>1 y=b0<b<1- 


12345 
y=log,x,b>1 


Figure 8-11 


Figure 8-12 


From Figures 8-11 and 8-12, we see that the range of y = b* is the set of positive real 
numbers. As expected, the domain of its inverse, the logarithmic function y = log, x, is also 
the set of positive real numbers. Therefore, the domain of the logarithmic function 
y = log, x is the set of positive real numbers. 


| TIP: one scientific 
calculator, you may need 
to enter the logarithm and 


argument in reverse order. 


For example: 420. log | 


Answers 
10. 6 11. -4 
12. ~ 3.0792 13. ~ 5.7993 


14. ~ —3.6021 
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Graphing Logarithmic Functions 


Graph the logarithmic functions. 


a. y=log.x b. y=logyj4x 


Solution: 


A logarithmic function is the inverse of an exponential function with the same base. 
For this reason, we can reverse the coordinates of the ordered pairs on an exponential 
function to obtain ordered pairs on the related logarithmic function. For example, 
to graph the function y = log, x, reverse the coordinates of the ordered pairs from its 
inverse function, y = 2". 


Reverse the order. ) t 


a. Exponential function Logarithmic function 
3) + t 3 4 vy = log x 
3 : 
2 | 3 + | 2 : 
= 7 4 =j 1 
0 1 1 0 [f234.5.6.7,8 9 10" 
=) 
1 9 > 1 4 
2 4 4 2 : 
= : a 3 Figure 8-13 
| | Reverse the order. A t 
The graph of y = log, x is shown in Figure 8-13. 
b. Exponential function Logarithmic function 
y 
y= | |yetoar| | 
23 64 64 23 : 
—2 16 16 =2 2 
=f 4 4 = ; = 
0 1 1 0 -! aes 
im — 2 ros 
-4 
Ez " 2 : 
3 a a 3 Figure 8-14 


The graph of y = log, /4 x is shown in Figure 8-14. 


Answers 
15-16. 9 Skill Practice Graph. 


15. y=log3;x 16. y=log)/. x 


y = logy) x 


ISTUDY 
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The general shape and important features of exponential and logarithmic functions are 
summarized as follows: 


Notice that the roles of x and y are interchanged for the functions y = b* and bY = x. 
Therefore, it is not surprising that the domain and range are reversed between exponential 
and logarithmic functions. Moreover, an exponential function passes through (0, 1), 
whereas a logarithmic function passes through (1, 0). An exponential function has a hori- 
zontal asymptote at y = 0, whereas a logarithmic function has a vertical asymptote at x = 0. 


When graphing a logarithmic equation, it is helpful to know its domain. 


Identifying the Domain of a Logarithmic Function 


Find the domain of each function. 


a. f(x) = log (4 — x) b. g(x) = log (2x + 6) 


Solution: 


The domain of the function y = log, x is the set of all positive real numbers. That is, the 
argument x must be greater than zero: x > 0. 


a. f(x) = log (4 — x) The argument is 4 — x. 
4-x>0 The argument of the logarithm must be greater 
than zero. 
—x>-4 Solve for x. 
x<4 Divide by —1 and reverse the inequality sign. 


The domain is (—oo, 4). 
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b. g(x) = log (2x + 6) The argument is 2x + 6. 
2x+6>0 The argument of the logarithm must be greater 
Bits 6 than zero. 
x>-3 


The domain is (—3, oo). 


Skill Practice Find the domain of each function. 
17. f(x) = logs (x +7) 18. g(x) = log (4 — 8x) 


5. Applications of the Common Logarithmic Function 


Selilste:e Applying a Common Logarithm to Compute pH 
The pH (hydrogen potential) of a solution is defined as 


pH = -log [H*] 


where [H*] represents the concentration of hydrogen ions in moles per liter (mol/L). 
The pH scale ranges from 0 to 14. The midpoint of this range, 7, represents a neutral 
solution. Values below 7 are progressively more acidic, and values above 7 are progres- 
sively more alkaline. Based on the equation pH = —log [H*], a 1-unit change in pH 
means a 10-fold change in hydrogen ion concentration. 


a. Normal rain has a pH of 5.6. However, in some areas of the northeastern 
United States the rainwater is more acidic. What is the pH of a rain sample 
for which the concentration of hydrogen ions is 0.0002 mol/L? 


b. Find the pH of household ammonia if the concentration of hydrogen ions is 
1.0x 107! mol/L. 


Solution: 
a. pH = —log [H*] 
= —log (0.0002) Substitute [H+] = 0.0002. 
x 3.7 The pH of the rain sample is 3.7. (To compare 


this value with a familiar substance, note that 
the pH of orange juice is roughly 3.5.) 


b. pH = —log [H*] 


= —log (1.0 x 107") Substitute [H*] = 1.0 x 107'). 

= —log (107"') 

=) 

=11 The pH of household ammonia is 11. 


Skill Practice 


19. A new all-natural shampoo on the market claims its hydrogen ion concentration 
is 5.88 x 10~’ mol/L. Use the formula pH = —log [H*] to calculate the pH level 


Answers of the shampoo. 


17. Domain: (—7, co) 


18. Domain: (-~.1) 
19. pH x 6.23 
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Applying a Logarithmic Function 


to a Memory Model 


One method of measuring a student’s retention of material after taking a course is to 
retest the student at specified time intervals after the course has been completed. A 
student’s score on a calculus test t months after completing a course in calculus is 
approximated by 


S(t) = 85 — 25 log (t+ 1) 


where ¢ is the time in months after completing the course and S(f) is the student’s score 
as a percent. 


a. What was the student’s score at t = 0? 


b. What was the student’s score after 2 months? 


c. What was the student’s score after | year? 


Solution: 
a. S(t) = 85 — 25 log (t+ 1) 
S(O) = 85 — 25 log (0 + 1) Substitute t= 0. 
= 85 — 25 log | log 1 =0 because 10° = 1. 
= 85 — 25(0) 
= 85-0 
= 85 The student’s score at the time the course 


was completed was 85%. 


b. S(t) = 85 — 25 log (t+ 1) 
S(2) = 85 — 25 log (2+ 1) 
= 85 — 25 log 3 Use a calculator to approximate log 3. 


x 73.1 The student’s score dropped to 73.1%. 


ce. S(t) = 85 — 25 log (t+ 1) 
S(12) = 85 — 25 log (12 + 1) 
= 85 — 25 log 13 Use a calculator to approximate log 13. 
= 57.2 The student’s score dropped to 57.2%. 


Skill Practice The memory model for a student’s score on a statistics test t months after 
completion of the course in statistics is approximated by 


S(t) = 92 — 28 log (t+ 1) 
20. What was the student’s score at the time the course was completed (t = 0)? 
21. What was her score after 1 month? 


22. What was the score after 2 months? 


Answers 
20. 92 21. 83.6 


22. 78.6 
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Section 8.4 Activity 


A.1. a. Consider an exponential function such as y = 2*. If we input a value of x, such as 3, the y value is equal to the 
base, 2, raised to the third power. 


y = 2? means that y = 


b. The inverse of an exponential function reverses this process. The inverse of y = 2* is x = 2”. Thus, if we input 
a value of x, such as 8, the y value is the exponent to which 2 is raised to make 8. 


8 = 2” means that y = 


c. The inverse of an exponential function is called a _______ function. Furthermore, y = log, x is equivalent to 


For Exercises A.2—A.9, complete the table. 


A.2. log,16 =2 
A.3. 3 = Gil 
A.A. ein se = 7) 
A.5. = 125 
A.6. log,6=1 
A.7. 79 = 4 
1 
A.8. = 
log» 16 4 
1 
A.9. 107? =—_ 
z 100 


For Exercises A.10—A.15, evaluate the logarithm. 
A.10. log, 32 A.11. log100 A.12. log; (5) 


A.13. loss( Za) A.14. log; 1 A.15. log, 2 


A.16. a. Evaluate log 1000. 
b. Evaluate log 10,000. 
c. Approximate log 2500 between two integer values. 
For Exercises A.17—A.18, 
a. Write the function in exponential form. 


b. Complete the table and graph the function. 


A.17. a. y=log,x A.18. a. y=log/3 x 


oe a 
exponential form exponential form 


ay st ; y st 
4 =) 4 

—2 2 3 
2 -1 2 

=| 1 0 1 

>x an 
=il bes 2 66 7.8 6 =i ia eae eS 

=) —2 

1 2; = 

-4 %) -4 

2 » x 
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For Exercises A.19—A.23, identify the similarities and differences between the graphs of y = log, x with base b greater 
than 1 or with base b between 0 and 1. Refer to the graphs from Exercises A.17—A.18. 


A.19. Write the domain of each function in interval notation. 
A.20. Write the range of each function in interval notation. 
A.21. Identify the asymptote of each function. 
A.22. Identify the x-intercept of each function. 
A.23. a. If b> 1, then the function (increases/decreases) from left to right. 
b. If 0 < b< 1, then the function (increases/decreases) from left to right. 
For Exercises A.24—A.27, write the domain in interval notation. 
A.24, f(x) = log, x A.25. g(x) = log,(x — 4) 
A.26. h(x) = log, (4 — x) A.27. k(x) = log,(2x + 1) 


Practice Exercises Section 8.4 


Prerequisite Review 

For Exercises R.1—R.6, simplify the expression. 
Rt, 25"? R.2. 1000'/” R3. 6477 RA, 327° 
RS. 8 R.6. 2° 


For Exercises R.7—-R.14, fill in the blank to make a true statement. 


R7. 3)2=9 R8. (27 = 16 RI. G)E= = R.10. (22 = : 


o o o o 
R.11. Dee 27 R.12. Ne 4 R.13. = ae R.14. a= bee 
3 2 4 g) Ss) 256 


For Exercises R.15—R.18, solve the inequality. Write the solution set in interval notation. 


R.15. 2x-6>0 R.16. 3x+12>0 Lal, O= 2 0) R.18. —3-—x>0 


Vocabulary and Key Concepts 


1. a. The function defined by y = log, x is called the ______ function with base __________. The values 
of x and b are positive, and b 4 1. 


b. Given y = log, x, we call y the ___________, we call b the ____________, and we call x the 

c. In interval notation, the domain of y = log, x is ___________ and the range is 

d. A logarithmic function base b is the inverse of the ____________ function base b. 

e. The logarithmic function base 10 is called the __________ logarithmic function and is denoted by y = log x. 


f. The graph of a logarithmic function is (increasing/decreasing) if the base b > 1, whereas the graph is 
(increasing/decreasing) if the base is between 0 and 1. 


g. Which values of x are not in the domain of y = log (x —4)?x =2,x=3,x=4,x=5,x=6 


h. The graphs of a logarithmic function base b and an exponential function base b are symmetric with respect to the 
line 


754 Chapter 8 Exponential and Logarithmic Functions and Applications 


Concept 1: Definition of a Logarithmic Function 


2. For the equation y = log, x, identify the base, the argument, and the logarithm. 


3. Rewrite the equation in exponential form. y=log,x 
4. Write the equation in logarithmic form. b=x 
For Exercises 5—10, fill in the blanks. 

5. a. 5°25 6. a. 2- = 16 
b. log; 25 =U] b. log, 16=H1 

1 a S77 8. a. 10'7= 100,000 
b. log; 27 = b. logj 100,000 = 

9, a. 8-=8 10. a. 4-=1 
b. log, 8 =H b. log, 1 = 


For Exercises 11-22, write the equation in exponential form. (See Example 1.) 


11. logs 625 = 4 12. log jo5 25 == 13. log io (0.0001) = —4 14. logy; (=) = - 
15. log, 36=2 16. log, 128 =7 17. log, 15 =x 18. log, 82=y 
19. log; 5=x 20. log, 7=x 21. logyj4x=10 22. logi.x=6 


For Exercises 23-34, write the equation in logarithmic form. 


23, 3°=81 24. 10°= 1000 25, 52=25 26. g3=2 
27, Tat 28, g-2=—L 29. b= 30. D =x 
og 64 =e an 
1\ 5\-1 2 
31, = 32, = 33, (5) =9 34. (3) = 
é ey ie: Xx 3 5 5 


Concept 2: Evaluating Logarithmic Expressions 


For Exercises 35-50, evaluate the logarithm without the use of a calculator. (See Examples 2-3.) 


35. log; 49 36. log; 81 37. log) 0.1 38. log, (=) 
39. logis 4 40. log, 2 41. log7. 1 42. logy 2 
43. log; 3° 44, log, 9° 45. log, 10 46. log, 1 
47. log, a 48. log,’ 49. log, Vx 50. log, Wy 


Concept 3: The Common Logarithmic Function 


For Exercises 51-58, evaluate the common logarithm without the use of a calculator. (See Example 4.) 


51. log 10 52. log 100 53. log 1000 
54. log 10,000 55. log (1.0 x 10°) 56. log 0.1 


57. log 0.01 58. log 0.001 
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For Exercises 59-70, use a calculator to approximate the logarithms. Round to four decimal places. (See Example 5.) 


59. log 6 60. log 18 Gls eee 62. log (=) 
63. log (=) 64. log V5 65. log 0.0054 66. log 0.0000062 
67. log (3.4 x 10°) 68. log (4.78 x 10°) 69. log (3.8 x 107%) 70. log (2.77 x 10~*) 
71. Given: log 10 = | and log 100 = 2 72. Given: log (=) =—1 andlog1=0 
a. Estimate log 93. a. Estimate log (=). 
b. Estimate log 12. b. Estimate log (=). 
c. Evaluate the logarithms in parts (a) and c. Evaluate the logarithms in parts (a) and 
(b) on a calculator and compare to your (b) on a calculator and compare to your 
estimates. estimates. 


Concept 4: Graphs of Logarithmic Functions 


73. Let f(x) = log, x. 74. Let g(x) = log, x. 
a. Find the values of ita #2): iGae f(), a. Find the values of (5): (3): (3). g(1), g(2), 
f(A), fU16), and f(64). g(4), and g(8). 
b. Graph y = f(x). (See Example 6.) b. Graph y= g(x). 
y Ps 
A A 
5 Sef ngionpngisngnagiingusin 
4 Qefnrerebasivotebernsttfeernsebttenednttttebnrnttedienined 
Bifida bn basinbananEnnnnbinngeind 3 
2 2: 
1 1 
Cece Ee ee ae 2a [1234s ere” 
2 -2 
os -3 
4 4 
= #5, 


Graph the logarithmic functions in Exercises 75-78 by writing the function in exponential form and making a table 
of points. (See Example 6.) 


75. y=log3;x 76. y=logsx 

y y 

A A 

Syfsongermngromgronngrnng 5 

ooh el oH ea 
3 esssscadiapsessedapsaptedssesqasdeesssesabapeessedaagsnpoed 3 Be cenaneaderenandraasteseannagual 

2 a a a 

1 1 

>Xx oH 
sed ge eeeiee ee oe i ieee Re nee ce ee it a 

NN ecieetaiteamnsantdauiieniang aitirguned atid i-2. 
—3 13 
=f 4 
= ‘5 
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77. y= log, x (See Example 6.) 


x 
—2-1 12345 6 7°83 


78. y=log) 3x 


>Xx 
—2-1 12345 67 8 


For Exercises 79-90, find the domain of the function and express the domain in interval notation. (See Example 7.) 


79. y=log; (x —5) 
81. g(x) = log (2 — x) 


83. y= log (3x —- 1) 
85. y=log; (x+ 1.2) 


87. k(x) = log (4 — 2x) 


89. y=log x 


80. y=log (x - 4) 

82. f(x) =log (1 — x) 

84. y=log; (2x+ 1) 

86. y=log (« - >) 
2 


88. h(x) = log (6 — 2x) 


90. y=log (+ 1) 


Concept 5: Applications of the Common Logarithmic Function 


For Exercises 91—92, use the formula pH = —log [H*], where [H*] represents the concentration of hydrogen ions in moles per 


liter. Round to two decimal places. (See Example 8.) 


91. Normally, the level of hydrogen ions in the blood is 
approximately 4.47 x 10~* mol/L. Find the pH level 
of blood. 


93. A graduate student in education is doing research to compare the effective- 
ness of two different teaching techniques designed to teach vocabulary to 
sixth-graders. The first group of students (group 1) was taught with method I, 
in which the students worked individually to complete the assignments in a 
workbook. The second group (group 2) was taught with method II, in which 
the students worked cooperatively in groups of four to complete the assign- 


ments in the same workbook. 


None of the students knew any of the vocabulary words before the study 


92. The normal pH level for streams and rivers is 
between 6.5 and 8.5. A high level of bacteria in a 
particular stream caused environmentalists to 
test the water. The level of hydrogen ions was 
found to be 0.006 mol/L. What is the pH level of 
the stream? 


Rawpixel.com/Shutterstock 


began. After completing the assignments in the workbook, the students 
were then tested on the vocabulary at 1-month intervals to assess how much material they had retained over time. The 
students’ average scores ¢ months after completing the assignments are given by the following functions: 
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Method I: $,(t) = 91 — 30 log (t+ 1), where ¢ is the time in months and S,(f) is the average score of students in 


group 1. 


Method H: S,(t) = 88 — 15 log (t+ 1), where fis the time in months and S,(f) is the average score of students in 


group 2. 


a. Complete the table to find the average scores for each group of 
students after the indicated number of months. Round to one 
decimal place. (See Example 9.) 


b. Based on the table of values, what were the average scores for 
each group immediately after completion of the assigned 
material (t = 0)? 


t (months) | i | 2 | © | We | 24 
Si 
S(0) 


c. Based on the table of values, which teaching method helped students 


retain the material better for a long time? 


94. Generally, the more money a company spends on advertising, the higher the sales. Let a represent the amount of 
money spent on advertising (in $100s). Then the amount of money in sales S(a) (in $1000s) is given by 


S(a) = 10 + 20 log (a+ 1) where a> 0 


a. The value of S(1) = 16.0 means that if $100 is spent on 
advertising, $16,000 is returned in sales. Find the values 
of S(11), S(21), and S(31). Round to one decimal place. 
Interpret the meaning of each function value in the context 
of this problem. 


b. The graph of y = S(a) is shown here. Use the graph and your 
answers from part (a) to explain why the money spent in 
advertising becomes less “efficient” as it is used in larger 
amounts. 


Technology Connections 


For Exercises 95—100, graph the function on an appropriate viewing window. 
function and the location of the vertical asymptote. 


95. y=log (x + 6) 96. y =log (2x + 4) 


98. y=log (x + 8) 99. y=log (2 — x) 


Sales Versus Money Spent 
S(a) on Advertising 


Sales ($1000) 


Advertising ($100) 


From the graph, identify the domain of the 


97. y =log (0.5x — 1) 


100. y=log 3 — x) 
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Problem Recognition Exercises 


Identifying Graphs of Functions 


Match the function with the appropriate graph. Do not use a calculator. 


Le Sass 2 f)i= los x 3. A(x) =x? 
5. L(x) =|c| 6. mx) = Vx 7. BX) =3 
mes Vx 10. p@) =x 11. gq) == 


a. 
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Properties of Logarithms Section 8.5 
i: Prpeideseticgadthins 


You have already been exposed to certain properties of logarithms that follow directly 1. Properties of Logarithms 
from the definition. Recall 2. Expanded Logarithmic 
Expressions 


=] 1 ivalent t b= forx>0,b>0,andb#1 
pal Deaerae ran ‘ cae mee: 3. Single Logarithmic 


The following properties follow directly from the definition. Expressions 
Property Explanation 
1. log, 1=0 Exponential form: b° = 1 
2. log, b=1 Exponential form: b' = b 
3. log, b> =p Exponential form: b? = b? 
4, plese* = x Logarithmic form: log, x = log, x 


Applying the Properties of Logarithms 
to Simplify Expressions 


Use the properties of logarithms to simplify the expressions. Assume that all variable 
expressions within the logarithms represent positive real numbers. 


a. log, 8+ log, 1 b. 10%@+2) c. logy), (5) 


Solution: 
a. logs 8+logg 1=1+0=1 Properties 2 and 1 


b. 10°?) = 7 +4+2 Property 4 


c. log, (5) =x Property 3 


Skill Practice Use the properties of logarithms to simplify the expressions. 


1, lee, aloes 2, 15!8is7 aviloey (3) 


Three additional properties are useful when simplifying logarithmic expressions. The first 
is the product property for logarithms. 


Product Property of Logarithms 
Let b, x, and y be positive real numbers where b # 1. Then 


log, (xy) = log, x + log, y 
The logarithm of a product equals the sum of the logarithms of the factors. 


Answers 
1.1 2.7 3.¢ 


ISTUDY 
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Proof: 
Let M = log, x, which implies b” = x. 
Let N = log, y, which implies bY = y. 
Then xy = b@bN = pM +", 

Writing the expression xy = b”*" in logarithmic form, we have, 

log, (xy) =M+N 

log, (xy) = log, x + log, y¥ 


To demonstrate the product property for logarithms, simplify the following expressions by 
using the order of operations. 


log; (3-9) = log; 3 + log; 9 
log, 27=1+2 


3=3/ True 


The proof of the quotient property for logarithms is similar to the proof of the product 
property and is omitted here. To demonstrate the quotient property for logarithms, simplify 
the following expressions by using the order of operations. 

1 ( | 


P 
=] 1 —| 1 
TT og (1,000,000) — log (100) 


log (10,000) = 6 — 2 
4=4/ True 


To demonstrate the power property for logarithms, simplify the following expressions 
by using the order of operations. 


log, 4’ — 2 log, 4 
222-1 
222/ True 


ISTUDY 
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The properties of logarithms are summarized in the box. 


2. Expanded Logarithmic Expressions 


In many applications, it is advantageous to expand a logarithm into a sum or difference of 
simpler logarithms. 


| Example 2_| Writing a Logarithmic Expression 


in Expanded Form 


Write the expression as the sum or difference of logarithms of x, y, and z. Assume all 
variables represent positive real numbers. 


3 
log; (=) 
Zz 


Solution: 
3 
log; (=) 
Zz 

= log, (xy’) — log, 2 Quotient property for logarithms 
(property 6) 

= [log, x + log, y*] — log, 2 Product property for logarithms 
(property 5) 

= log, x +3 log; y— 2 log; z Power property for logarithms 


(property 7) 


Skill Practice Write the expression as the sum or difference of logarithms of a, b, and c. 
Assume all variables represent positive real numbers. 


4. log; (+) 
| Example 3 | Writing a Logarithmic Expression 


in Expanded Form 


Write the expression as the sum or difference of logarithms of x and y. Assume all 
variables represent positive real numbers. 


oe (52) 


10 


Answer 
4. 2log,a+3 logs; b —log,c 
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Solution: 
ey 
log ( V*XT 
*e(“o") 
= log (Vx+ y) — log 10 Quotient property for logarithms 
(property 6) 
=log (x+y) -1 Write \/x + y as (x + y)!” and 
simplify log 10 = 1. 
= 5 log (x+y)-1 Power property for logarithms 


(property 7) 


Skill Practice Write the expression as the sum or difference of logarithms 
of aand b. Assume a > b. 


_ by 
5. log@ 


Writing a Logarithmic Expression 


in Expanded Form 


Write the expression as the sum or difference of logarithms of x, y, and z. Assume all 
variables represent positive real numbers. 


rn 

iE 
log, 4) 
YZ 


Solution: 
4 
log, 4) a, 
yz 
4a\ 1/5 q 4\ 1/5 
= log, (3) Write 4} oy as (3) 
yz yz 
ho a Power property for logarithms 
i (property 7) 
= sllog ,x' — log, (yz’)] Quotient property for logarithms 
(property 6) 
= slog, x‘ — (log, y + log, z°)] Product property for logarithms 
(property 5) 
= slog ,x' — log, y — log, z'] Distributive property 
= =i4 log, x — log, y — 3 log, z] Power property for logarithms 
(property 7) 


or nar a2 ip Fig Zz 
5 Sb 5 So ¥ 5 Sp 


Skill Practice Write the expression as the sum or difference of logarithms of a, b, and c. 
Answers Assume all variables represent positive real numbers. 


| a 
6. log; ae 


5. 2log (ab) - 5 


1 1 5 
6. qe 7 a7 ae 


[STUDY 
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3. Single Logarithmic Expressions 


In some applications, it is necessary to write a sum or difference of logarithms as a single 
logarithm. 


EEL Writing a Sum or Difference of Logarithms 


as a Single Logarithm 


Rewrite the expression as a single logarithm, and simplify the result, if possible. 
log, 560 — log, 7 — log, 5 
Solution: 
log, 560 — log, 7 — log, 5 
= log, 560 — (log, 7 + log, 5) Factor out —1 from the last two terms. 


= log, 560 — log, (7 - 5) Product property for logarithms 


(property 5) 
= log,( 560 ) Quotient property for logarithms 
7.5 (property 6) 
= log, 16 Simplify inside parentheses. 
= log, ob. Write 16 in base 2. That is, 16 = 21. 
=4 Property 3 


Skill Practice Write the expression as a single logarithm, and simplify the 
result, if possible. 


7. log; 54 + log; 10 — log; 20 


Writing a Sum or Difference of Logarithms 
as a Single Logarithm 


Rewrite the expression as a single logarithm, and simplify the result, if possible. Assume 
all variable expressions within the logarithms represent positive real numbers. 


2 log x5 log y+3 log 2 


Solution: 


2 log x5 log y +3 log < 


= log x — log y'/? + log 2 Power property for logarithms 
(property 7) 

= log x’ + log z’ — log y'” Group terms with positive coefficients. 

= log (x°z*) — log y'” Product property for logarithms 
(property 5) 

| (= ) | (2) Gust Petenatih 
= log| —;5 or log|—= uotient property for logarithms 
yi? vy 


(property 6) 


Skill Practice Write the expression as a single logarithm, and simplify, if possible. 


8. 3 log x-+ 5 log y-2log 2 


Answers 


7. 3 8. a ( 


xy 


2 


) 
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It is important to note that the properties of logarithms may be used to write a single loga- 
rithm as a sum or difference of logarithms. Furthermore, the properties may be used to 
write a sum or difference of logarithms as a single logarithm. In either case, these opera- 
tions may change the domain. 

For example, consider the function y = log, x°. Using the power property for loga- 
rithms, we have y = 2 log, x. Consider the domain of each function: 


y=log, x Domain: (—oo, 0) U (0, oo) oo 


0 


y=2log,x Domain: (0, co) is 


0 
These two functions are equivalent only for values of x in the intersection of the two 
domains, that is, for (0, 00). 


Section 8.5 Activity 


For Exercises A.1—A.4, investigate the properties of logarithms by completing the table. Work across the table, doing 
one row at a time. 


A.l. a. logs5= b. log,2 = c. logs. (5) = d. log,b= 
A.2. Bamloeeie— b. logy 1 = ce. log,,21= d. log,1 = 
5 
A.3. Bamloes6)2— b. log,(2)* = c. logs. (5) = d. log, (b)? = 
logipa{ > 
A.4. a. 5logs(25) = b. qlog(16) = é (5) / (;) = d. plosox = 


For Exercises A.5—A.7, investigate three more properties of logarithms. Work across the table, doing one row at a time. 


A.5. log, 8 = log,4 + log,2 Product property of logarithms 
a! log, (x+y) = 
iB) = (al + 


Quotient property of logarithms 
A.6. logs = = log; 125 —log;5 


oy |G) 
O 


= ] = & 
A.7. log, (4) =3 - log (4) Power property of logarithms 
bt log, (= 
a] Sle) = jal 


A.8. Write the expression as a single logarithm. Assume that all variables represent positive real numbers. 
5 log,x —2 logsy+ slog = slogw 
A.9. Write the expression as a sum or difference of log x, log y, and log z. Assume that all variables represent positive 


real numbers. 
3 
for ( 100Vvxy ) 
Ke 
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Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.10, use the properties of exponents to simplify the expression. 


RA. ax” Ry 9 =p? R.3. 


R.5. (n°)* R.6. (Kk) R.7. 


d® 
For Exercises R.11—R.16, simplify the expression. 
R.11. log,64 R.12. log,32 


nee 
R.9. Bab? R.10. (=) 


R.15. log 1000 R.16. log ! 
1000 


Vocabulary and Key Concepts 


1. a. Fill in the blanks to complete the basic properties of logarithms. 
log,b=___ log, 1=______, log, bs =____, and b!°®* = 


b. If b, x, and y are positive real numbers and b ¥ 1, then log,(xy) = 


________ and log, (2) — 
y 


c. If b and x are positive real numbers and b ¥ 1, then for any real number p, log, x’ can be written as 


d. Determine if the statement is true or false: log,(xy) = (log, x)(log, y) 
Use the expression log, (4 - 8) to help you answer. 


= log, x 


e. Determine if the statement is true or false: log, (*) 
y/  logyy 


Use the expression loe,() to help you answer. 


f. Determine if the statement is true or false: log,(x)’ = (log, x)” 
Use the expression log(1000)* to help you answer. 


Concept 1: Properties of Logarithms 


2. Select the values that 3. Select the values that 4. Select the values that 
are equivalent to log; 5”. are equivalent to log, 2°. are equivalent to log 10°. 
a. log; 25 a. 3 log, 2 a. 4 
b. 2 log; 5 b. log, 8 b. 4 log 10 
c. logs;5+log;5 ce. 3 c. log 10,000 


For Exercises 5—28, evaluate each expression. (See Example 1.) 


5. log; 3 6. log 10 7. logs 5" 
a 10. 7'°2"? 11. log 10° 


13. log; 1 14. log, 1 15. 10'°° 


8. log, 4 
12. log,6° 


16. 8's 
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17. log 1 18. log(3) 19. log, 1+ log, 2? 20. log 10* + log 10 
1 2x 2 P 

21. log,4+ log, | 22. log; 7+ log, 4’ 23. logija(5) 24. log/3($) 

25. log, a’ 26. log, y 27. log 10° — log; 3” 28. log, 6" — log 10° 


29. Compare the expressions by approximating their values on a calculator. Which two expressions are equivalent? 


a. log (3-5) b. log 3 - log 5 ce. log 3+ log 5 


30. Compare the expressions by approximating their values on a calculator. Which two expressions are equivalent? 


a. loe(2) b. a c. log 6—log5 
5 log 5 


31. Compare the expressions by approximating their values on a calculator. Which two expressions are equivalent? 


a. log 20° b. [log 20] c. 2 log 20 


32. Compare the expressions by approximating their values on a calculator. Which two expressions are equivalent? 


a. log V4 b. Slog 4 c. Vlog 4 


Concept 2: Expanded Logarithmic Expressions 


For Exercises 33-50, expand into sums and/or differences of logarithms. Assume all variables represent positive 
real numbers. (See Examples 2-4.) 


33. logs(=) 34, log,(*) 35, log (2x) 
36. log, (xyz) 37. log; xt 38. log, z!/3 
39. log, (2) 40. tog,(=) 41 toes (2) 
c yz ow 
a 


z 3 
45. loe( j=) 46. res( f=) 47. log(—) 
c w 
a x 
= 50. log,{ —= 
) = a) 


For Exercises 51-66, write the expressions as a single logarithm and simplify if possible. Assume all variable expressions 
represent positive real numbers. (See Examples 5-6.) 


48. tog:(4) 49. log, 
Zz 


Concept 3: Single Logarithmic Expressions 


51. log; 270 — log; 2 — log; 5 52. log; 8 + log; 50 — log; 16 


53. log, 98 — log, 2 54. log, 24 —- log, 4 


55. 


57. 


59. 


61. 


63. 


65. 


2 log; x — 3 log; y+ log; z 
1 
2 log; a—7 log, b + log; ¢ 
log, x —3 log, x + 4 log, x 
5 logs a— log, 1 + logs 8 
1 
2 log («+ 6) + 5 log y— 5 logz 


log, (x + 1) — log, (@ — 1) 


Technology Connections 


67. a. 
b. 


68. 


Cc. 


Graph Y, = log x* and state its domain. 


Graph Y, = 2 log x and state its domain. 


56. 


58. 


60. 


62. 


64. 


66. 
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log C+log A + log B+ log /+log N 
1 
logsa— 7 log; b—3 logsc 
1 
2 log; z+ log; z— ry log3 z 
log, 2+ 2 log, b— log, | 
1 
q oe tat 1)-—2 log b—4 loge 


log. (—p > 4) oP log, (p =a 2) 


For what values of x are the expressions log x* and 2 log x equivalent? 


. Graph Y, = log (x — 1)? and state its domain. 


. Graph Y, = 2 log (x — 1) and state its domain. 


Expanding Your Skills 


For Exercises 69-80, find the values of the logarithms given that log, 2 ~ 0.693, log, 


69. log, 6 70. log, 4 71. 
73. log, 81 74. log, 30 75. 
77. log, 10° 78. log, 15° 79, 
81. The intensity of sound waves is measured in 82. 


decibels and is calculated by the formula 


B= 10 log (7) 
0 


where J) is the minimum detectable decibel level. 


a. Expand this formula by using the properties 


b. 


of logarithms. 


Let I) = 107'° W/cm? and simplify. 


. For what values of x are the expressions log (x — 1)” and 2 log (x — 1) equivalent? 


= 1.099, and log, 5 © 1.609. 


log, 12 72. log, 25 
P) 25 
tog,(>) 76. log, (=) 
log, 5'° 80. log, 2'” 
The Richter scale is used to measure the intensity of an 


earthquake and is calculated by the formula 


R=log (7) 
0 


where J, is the minimum level detectable by a 
seismograph. 


a. Expand this formula by using the properties 
of logarithms. 


b. Let J) = 1 and simplify. 
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The Irrational Number e and Change of Base 


Concepts 


1. The Irrational Number e 

2. Computing Compound 
Interest 

3. The Natural Logarithmic 
Function 


4. Change-of-Base Formula 


5. Applications of the Natural 
Logarithmic Function 


| TIP: oni scientific 
calculator, you may need to 
enter the base and exponent 
of an exponential expression 
in reverse order. For example, 
enter €? as: 


2 (att) uw] 


1. The Irrational Number e 


The exponential function base 10 is particularly easy to work with because integral powers 
of 10 represent different place positions in the base-10 numbering system. In this section, 
we introduce another important exponential function whose base is an irrational number 
called e. 

Consider the expression (1 + 4). The value of the expression for increasingly large 
values of x approaches a constant (Table 8-5). 


Table 8-5 


100 | 2.70481382942 

1000 | 2.71692393224 

10,000 | 2.71814592683 
100,000 | 2.71826823717 
1,000,000 | 2.71828046932 
1,000,000,000 | 2.71828182710 


As x approaches infinity, the expression (1 + 4)" approaches a constant value that we call e. 
From Table 8-5, this value is approximately 2.718281828. 


e & 2.718281828 


The value of e is an irrational number (a nonterminating, nonrepeating decimal) and like 
the number 2, it is a universal constant. 


| Example1 | Graphing f(x) = e* 


Graph the function defined by f(x) = e”. 


Solution: 


Because the base of the function is greater than | (e © 2.718281828), the graph is an 
increasing exponential function. We can use a calculator to evaluate f(x) = e* at several 
values of x. 

Practice using your calculator by evaluating ec‘ fo (aT 
x=1,x=2,andx=3. 

If you are using your calculator correctly, your answers 
should match those found in Table 8-6. Values are rounded to 
three decimal places. The corresponding graph of f(x) = e” is 
shown in Figure 8-15. 


cesses Bn 21GB 281828 | 
cesses En S8POSEO99 | 


evs 20, 88S93692 | 


Table 8-6 
Eife=s ah fe 
3 0.050 = wl 
=) 0.135 
-1 0.368 
0 1.000 
1 2.718 -5~4 -3 -2 12345, 
+10] 
2) 7.389 ie 
; es Figure 8-15 
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Skill Practice 
1. Graph f(x) = e* + 1. 


2. Computing Compound Interest 


One particularly interesting application of exponential functions is in computing compound 
interest. 


1. If the number of compounding periods per year is finite, then the amount A(f) in an 
account is given by 


r nt 
A() = P(1 + “) 
n 
where P is the initial principal, 7 is the annual interest rate, n is the number of times 
compounded per year, and f is the time in years that the money is invested. 


2. If the number of compound periods per year is infinite, then interest is said to be 
compounded continuously. In such a case, the amount A(f) in the account is given by 


A(t) = Pe” 


where P is the initial principal, r is the annual interest rate, and ¢ is the time in years 
that the money is invested. 


| Example 2_| Computing the Balance on an Account 


Suppose $5000 is invested in an account earning 6.5% interest. Find the balance in the 
account after 10 years under the following compounding options. 


a. Compounded annually b. Compounded quarterly 
c. Compounded monthly d. Compounded daily 


e. Compounded continuously 


Solution: 
(ay(10) 
Annually ll A(10) = 5000(1 + one) $9385.69 
(4\(10) 
Quarterly n=4 A(10) = 5000(1 + oo) $9527.79 
(12)(10) 
Mentily) Rae A(10) = 5000(1 i — $9560.92 
(365)(10) 
Daily ip = Op A(10) = s000(1 + a) $9577.15 
Answer 
Continuously — | Not applicable | A(10) = 5000e°°) $9577.70 1. 


Notice that there is a $191.46 difference in the account balance between annual 
compounding and daily compounding. However, the difference between compounding 
daily and compounding continuously is small, $0.55. As n gets infinitely large, the func- 


tion defined by 5-4 3-9 = 


nt 
A(t) = P(t + “) converges to A(t) = Pe" Ldndd 
n 


769 


770 Chapter 8 Exponential and Logarithmic Functions and Applications 


Skill Practice 
2. Suppose $1000 is invested at 5%. Find the balance after 8 years under the following 


options. 
a. Compounded annually b. Compounded quarterly 
c. Compounded monthly d. Compounded daily 


e. Compounded continuously 


3. The Natural Logarithmic Function 


Recall that the common logarithmic function y = log x has a base of 10. Another important 
logarithmic function is called the natural logarithmic function. The natural logarithmic 
function has a base of e and is written as y = In x. That is, 


y=Inx=log,x 


PESTLE Graphing y = Inx 


Graph y = In x. 


Solution: 
scientific 


calculator, you may need Because the base of the function y=In x is e and e> 1, the graph is an increasing 


to enter a logarithm and logarithmic function. We can use a calculator to find specific points on the graph of 

argument in reverse order. y = In x by pressing the in | key. 

For example, enter In 2 as Practice using your calculator by evaluating In x for the following values of x. If 
2 un] you are using your calculator correctly, your answers should match those found in 


Table 8-7. Values are rounded to three decimal places. The corresponding graph of 
y = In x is shown in Figure 8-16. 


Table 8-7 
Pa mar 
0.25 —1.386 int3) 
4898612289, 
0.5 —0.693 
1 0.000 
2 0.693 P 
3 1.099 5 
4 
4 1.386 3 
5 1.609 si toraiera 
Snell i 
6 1.792 S743 5251 12 3 4 3 
i 1.946 =) 
Answers 3 
2. a. $1477.46 b. $1488.13 a 
c. $1490.59 d. $1491.78 = 
e. $1491.82 Figure 8-16 
3. y 


Skill Practice 
3. Graph y=Inx+ 1. 


y=Inx+ 1 
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The properties of logarithms learned earlier in this chapter are also true for natural logarithms. 


Properties of the Natural Logarithmic Function 
Let x and y be positive real numbers, and let p be a real number. Then the following 
properties are true. 


eine =0 5. In(xy)=Inx+Iny Product property for logarithms 


2 lnne—al 6. in(®) =Inx-—Iny Quotient property for logarithms 


Ss. inte” —p Wo Mose? jo lina Power property for logarithms 


4, eM =x 


Simplifying Expressions With Natural Logarithms 


Simplify the expressions. Assume that all variable expressions within the logarithms 
represent positive real numbers. 


a. Ine b. In 1 ce. In(et!) d. emeth 
Solution: 

a. Ine=1 Property 2 

b. Inl=0 Property | 


c. In(e**')=x+1 Property 3 


d. et tD=x41 Property 4 


Skill Practice Simplify. 
4, Ine 5. -3ln1 6. In et” hs Ge 


Writing a Sum or Difference of Natural Logarithms 
as a Single Logarithm 


Write the expression as a single logarithm. Assume that all variable expressions within 
the logarithms represent positive real numbers. 


Inx- : Iny—Inz 
3 
Solution: 


nx Iny—Inz 


=Inx—Iny”3—Inz Power property for logarithms 
(property 7) 

=Inx—(ny'?+Inz) Factor out —1 from the last two 
terms. 

=Inx—-In(y!?-2) Product property for logarithms 
(property 5) 


Answers 
4. 2 5. 0 6. x+y 7. 3x 
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=In (5 ) Quotient property for logarithms 
< (property 6) 
=In (=) Write the rational exponent as a 
VY z radical. 


Skill Practice Write as a single logarithm. 


8. tina =Inb+Inc 


Writing a Logarithmic Expression in Expanded Form 


Write the expression as a sum or difference of logarithms of x and y. Assume all variable 
expressions within the logarithm represent positive real numbers. 


nae) 


Solution: 
e 
(35) 
=Ine-In(’1/y) Quotient property for logarithms (property 6) 
=Ine-(nx+I1n Vy) Product property for logarithms (property 5) 
=1-Inx’-Iny’” Distributive property. Also simplify In e = 1 
(property 2). 
=l=2inx= Iny Power property for logarithms (property 7) 


Skill Practice Write as a sum or difference of logarithms of x and y. 


4. Change-of-Base Formula 


A calculator can be used to approximate the value of a logarithm with a base of 10 or a 
base of e by using the Los) key or the in | key, respectively. However, to use a calculator 
to evaluate a logarithmic expression with a base other than 10 or e, we must use the 
change-of-base formula. 


Change-of-Base Formula 
Let a and b be positive real numbers such that a # | and b # 1. Then for any positive 


real number x, 


Answers log,x= = 
Vac 
8. In (4) 


9. Zinx+5Iny—2 
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Proof: 


Let M = log,x, which implies that b” = x. 


Take the logarithm, base a, on both sides: log, b” = log, x 

Apply the power property for logarithms: M -log,b=log,x 
Divide both sides by log, b: Meee = logax 
logzb — log,b 
M= log ,x 
log,b 
Because M = log,x, we have log,x = logax 
log,b 


The change-of-base formula converts a logarithm of one base to a ratio of logarithms 
of a different base. For the sake of using a calculator, we often apply the change-of-base 
formula with base 10 or base e. 


| Example7 | Using the Change-of-Base Formula 


a. Use the change-of-base formula to evaluate log, 80 by using base 10. (Round 
to three decimal places.) 


b. Use the change-of-base formula to evaluate log, 80 by using base e. (Round 
to three decimal places.) 


Solution: 
log; 80 log 80 _ 1.903089987 
. logy 80 = = we ~ 3.161 
eg Togi4  log4 ~ 0.6020599913 
b. log, 80 = 108e 80 _ In 80 ,. 4.382026635 5 16) 


log,4  In4._1.386294361 


To check the result, we see that 4°'°! ~ 80. 


Skill Practice 
10. Use the change-of-base formula to evaluate log; 95 by using base 10. Round to 
three decimal places. 


11. Use the change-of-base formula to evaluate log; 95 by using base e. Round to three 
decimal places. 


5. Applications of the Natural Logarithmic Function 


Plant and animal tissue contains both carbon-12 and carbon-14. Carbon-12 is a stable form 
of carbon, whereas carbon-14 is a radioactive isotope with a half-life of approximately 
5730 years. While a plant or animal is living, it takes in carbon from the atmosphere either 
through photosynthesis or through its food. The ratio of carbon-14 to carbon-12 in a living 
organism is constant and is the same as the ratio found in the atmosphere. 

When a plant or animal dies, it no longer ingests carbon from the atmosphere. 
The amount of stable carbon-12 remains unchanged from the time of death, but the 
carbon-14 begins to decay. Because the rate of decay is constant, a tissue sample can be 
dated by comparing the percent of carbon-14 still present to the percentage of carbon-14 
assumed to be in its original living state. 


Answers 
10. 2.829 


11. 2.829 
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The age of a tissue sample is a function of the percent of carbon-14 still present in the 
organism according to the following model: 


In p 
A(p) = ————_ 
®) —0.000121 


where A(p) is the age in years and p is the percentage (in decimal form) of carbon-14 still 
present. 


Applying the Natural Logarithmic Function 
to Radioactive Decay 


Using the formula 


In p 
A(p) = ———_ 
®) —0.000121 


a. Find the age of a bone that has 72% of its initial carbon-14. 


b. Find the age of the Iceman, a body uncovered in the mountains of northern Italy in 
1991. Samples of his hair revealed that 52.7% of the original carbon-14 was present 


after his death. 
Solution: 
In p 
. Ap) =— 2 — 
a 4) =F o00121 
In 0.72 

A(0.72) = ————— itute 0.72 for p. 
(0.72) ~9.000121 Substitute 0.72 for p 


~& 2715 years 


In p 
. A(p) = ———_ 
: (?) —0.000121 
A(0.527) = ST aTEN Substitute 0.527 for p. 
= 5300 years The body of the Iceman is approximately 
5300 years old. 
Skill Practice 
12. Use the formula 
In p 
A(p) = —————_ 
v —0.000121 


(where A(p) is the age in years and p is the percent of carbon-14 still present) to 
determine the age of a human skull that has 90% of its initial carbon-14. 


Answer 
12. ~ 871 years 
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Section 8.6 Activity 


A.1. Evaluate the expression (1 + Ly for the following values of x. Round to five decimal places. 


a. 5000 b. 50,000 c. 500,000 d. 5,000,000 


E 
A.2. For larger and larger values of x, the expression (1 + i converges to a constant real number that 
mathematicians designate by e. The value of e is an irrational number (its decimal form is nonterminating 
and nonrepeating). 
a. Based on the results of Exercise A.1, write the value of e to five decimal places. 
b. Based on the value of e, is the function defined by f(x) = e* an exponential growth function or an exponential 
decay function? 


A.3. The following three functions, A,, A,, and A3, determine (in order) the amount of money in an account earning 
simple interest, interest compounded annually, and interest compounded continuously. 


A,\@® =P + Prt AO = PU +r) A,() = Pe” 


P represents the amount of principal invested, r represents the annual interest rate, and f represents the time in 
years of the investment. For this example, let P = $5000 and r = 0.08. 


a. Evaluate A,(30) and interpret its meaning in context. 
b. Evaluate A,(30) and interpret its meaning in context. 
c. Evaluate A,(30) and interpret its meaning in context. 


d. From parts (a)-(c), which method of compounding yields the best return? 


e. How much more money is earned in 30 years for interest compounded continuously than for simple 


interest? 
f. Match the functions A;, A>, and A; with their graphs. TT 
0) 
40 
A.4. The inverse of the exponential function defined by y = e* is the function, base e, denoted by 


A.5. a. Write the domain and range of f(x) = e* in interval notation. 
b. Write the domain and range of g(x) = In x in interval notation. 
c. How are the domain and range of functions f and g related? 


The properties of logarithms learned to this point also apply to the natural logarithm function. Exercises A.6—-A.8 
investigate these properties. 


A.6. Evaluate the logarithmic expressions. 
a. In 1 b. Ine c. Ine* dae) 


A.7. Write the expression as a single logarithm. Assume that all variable expressions represent positive real numbers. 
In (x? — y’) — In@ — y) —3lnz 


A.8. Write the expression as a sum or difference of In a, In b, and In c. Assume that all variables represent positive 


real numbers. 
2 
In 
b/c 
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A.9. a. Write the domain of f(x) = In(3x + 12) in interval notation. 


b. Write the domain of g(x) = In(6 — x) in interval notation. 


A.10. a. Complete the change-of-base formula by converting the expression into an equivalent expression using 


base a: log, x = |——| 


. Without using a calculator, evaluate log, 16. 

. Without using a calculator, evaluate log, 32. 

. Between which two integers is the value of log, 20? 

. Use a calculator and the change-of-base formula with common logarithms to approximate the value of 
log,20. Round to four decimal places. 

. Use a calculator and the change-of-base formula with natural logarithms to approximate the value of log, 20. 

Round to four decimal places. 


coeaosd 


= 


g. Compare your answers to parts (e) and (f). 


T-leui(elame-A-M Practice Exercises 


Prerequisite Review 
R.1. Evaluate the expression (1 + Le for the given values of x. Round to six decimal places. 
a. x = 2000 b. x = 2,000,000 
R.2. Evaluate the expression P(1 + i) for the given values of the variables. Round to two decimal places. 
As JPS S000), P=] 0.0, = 1), ancl r= 110) 
b. P = 8000, r = 0.06, n = 4, and t = 20 
For Exercises R.3—-R.10, simplify the expression. Assume that all variables represent positive real numbers. 
R.3. log R4. logs 1 R.5. log,6 R.6. log,8 
R.7. log,(2°) R.8._ log(10*) R.9. 10° R.10. 51°87 


For Exercises R.11—R.12, write the expression as a single logarithm. Assume that all variables represent positive real 
numbers. 


R.11. slogsx + logsy — 2log;z R.12. log a—5log c+ slog d 


For Exercises R.13—R.14, write the expression as the sum or difference of logarithms of x, y, and z. Assume that all 
variables represent positive real numbers. 


VK say 
R.13. log{ — R.14. lo — 
a(S) aCe ) 
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Vocabulary and Key Concepts 


1. a. As x becomes increasingly large, the value of (1 + +)* approaches ____———s 2.71828. 


b. The function f(x) = e* is the exponential function base 


c. The logarithmic function base e is called the ________ logarithmic function and is denoted by y = 
d. If xis a positive real number, then In 1 = ,nme= ,ne?= sande =, 
e. If x and y are positive real numbers, then In(xy) = ____ and In (*) = 

y 


= 


. If x is a positive real number, then for any real number p, In x” can be written as 


log, x 


g. The change-of-base formula states that log, x = , where a is a positive real number anda ¥# 1. 


2. log(x) is a logarithmic expression with a base of 
3. In(x) is a logarithmic expression with a base of 
4. f(x) = é' defines a(n) (increasing/decreasing) exponential function. 


5. g(x) = In x defines a(n) (increasing/decreasing) logarithmic function. 


Concept 1: The Irrational Number e 


6. From memory, write a decimal approximation of the number e, correct to three decimal places. 


For Exercises 7—10, graph the equation by completing the table and plotting points. Identify the domain. Round to two 
decimal places when necessary. (See Example 1.) 


7 y=e*! 5 8. y= ert? y 
A 
8 8 
Eel Res 
6 6 
Beret 5 ee 5 
3 4 = 4 
4 s —_1——_. 3 
=) > —3 2 
=4 ! =) : 
5-4 -3 -2-1 i2345 -5-4 -3 -2-1 12345 
0) Bresette =] Sirontielivrets bere dvcnaetd =! Frvseseebeseese i=) denvenebicedeeedenteeebenonard 
|} 4 lo = -2 
1 0 
—- y =e - y 
9, y=e" +2 , 10. y=e"-1 y 
“8 5 
6 3 
=—2 5 —4 2 
4 1 
Fi S 3 — 
7 -5 -4 -3-2-1 12345 
0 ae =) ae] : 
— 4 aa LS 
1 -l 3 
Js 4-3-9-7 [ 12345 ° ——a ; 
2 cient ain (| aN H 0 4. 
—2 —5, 
3 il 
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Concept 2: Computing Compound Interest 


For Exercises 11-16, suppose that P dollars in principal is invested at an annual interest rate r. For interest compounded n 


nt 
times per year, the amount A(f) in the account after tf years is given by A(f) = PC + “) . If interest is compounded 
continuously, the amount is given by A(t) = Pe”. ' 


11. 


12. 


13. 


14. 


15. 


16. 


Suppose an investor deposits $10,000 in an account for 5 years for which the interest is compounded monthly. 
Find the total amount of money in the account for the following interest rates. Compare your 
answers and comment on the effect of interest rate on an investment. (See Example 2.) 


a. r=4.0% b. r=6.0% c. r= 8.0% d. r=9.5% 


Suppose an investor deposits $5000 in an account for 8 years for which the interest is compounded quarterly. 
Find the total amount of money in the account for the following interest rates. Compare your answers and 
comment on the effect of interest rate on an investment. 


a. r=4.5% b. r=5.5% c. r= 7.0% d. r=9.0% 


Suppose an investor deposits $8000 in an account for 10 years at 4.5% interest. Find the total amount of money in the 
account for the following compounding options. Compare your answers. How does the number of compound periods 
per year affect the total investment? 

a. Compounded annually 

b. Compounded quarterly 

c. Compounded monthly 

d. Compounded daily 

e. Compounded continuously 


Suppose an investor deposits $15,000 in an account for 8 years at 5.0% interest. Find the total amount of money in the 
account for the following compounding options. Compare your answers. How does the number of compound periods 
per year affect the total investment? 

a. Compounded annually 

b. Compounded quarterly 

c. Compounded monthly 

d. Compounded daily 

e. Compounded continuously 


Suppose an investor deposits $5000 in an account earning 6.5% interest compounded continuously. Find the 
total amount in the account for the following time periods. How does the length of time affect the amount of 
interest earned? 


a. 5 years b. 10 years c. 15 years d. 20 years e. 30 years 


Suppose an investor deposits $10,000 in an account earning 6.0% interest compounded continuously. Find 
the total amount in the account for the following time periods. How does the length of time affect the amount 
of interest earned? 


a. 5 years b. 10 years c. 15 years d. 20 years e. 30 years 


Section 8.6 The Irrational Number e and Change of Base 779 


Concept 3: The Natural Logarithmic Function 


For Exercises 17-20, graph the equation by completing the table and plotting the points. Identify the domain. Round to two 
decimal places when necessary. (See Example 3.) 


17. y=In(@v-2) y 18. y=In(x- 1) y 
> 5 
| | 
3 3 
a2 ; 1.25 2 
2.50 : 1.50 : 
2.75 2a [1234s 678” 175 -COREEEEERE 
3 a) Neves mee er eee ee oe 2 3 
4 aac neece 3 4 
= 5 = 5 
5 4 
6 5 
19, y=Inx-1 y 20. y=Inx+2 y 
5 °6 
53 io 
0.25 : 0.25 : 
0.5 1 0.5 2 
2-1 71234567 : 
0.75 ausene 0.75 DET eee eae 
1 3 1 Lo 
0) 4 2 3 
— 5 a 4 
3 3) 
4 4 
21. a. Graph f(x) = 10° and g(x) = log x. 22. a. Graph f(x) = e* and g(x) = In x. 
rn i 
10 10 
8 8 
6 6 
4 4 
2: 2 
—10-8 -6 —4 4 24 6 8 0 —10 -8 -6 —4 a) 2 4 6 8 i0 
= —4| 
—6 —6 
=8, —8 
=10 =10 
b. Identify the domain and range of f- b. Identify the domain and range of f- 
c. Identify the domain and range of g. c. Identify the domain and range of g. 


For Exercises 23-30, simplify the expressions. Assume all variables represent positive real numbers. (See Example 4.) 


23. Ine 24. Ine? 25. Inl 26. 2 


27. Ine® 28. Ine?” 29, ee 30. el" 
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For Exercises 31-38, write the expression as a single logarithm. Assume all variables represent positive real numbers. 
(See Example 5.) 


31. 6inp+zIng 32. 2Inw+Inz 33. 5 (inx—3 Iny) 

1 1 
34, aoe 35. i a 36. -—Inx+3Iny—Inz 
37. 4Inx-—3Iny—Inz 38, 5Inc+Ina—2Inb 


For Exercises 39-46, write the expression as a sum and/or difference of In a, In b, and In c. Assume all variables represent 
positive real numbers. (See Example 6.) 


a 
39. in(¢) 40. In i 41. In(b?-e) 42. In(ve-e) 
4 / 1/5 
43, In (=) 44. in( fad ) 45. n() 46. In V2ab 
c Cc (6 
For Exercises 47-52, write the domain in interval notation. 
47. fy =In(@x~-4) 48. g(x) = In +3) 49. h(x) = 1n (2x +5) 
50. k(x) = In (4x - 1) 51. mix) =InJ7 -»x) 52. n(x) = In (10 -— x) 


Concept 4: Change-of-Base Formula 


53. a. Evaluate log, 200 by computing oe 200 
0g 


to four decimal places. 


In 200 


b. Evaluate log, 200 by computing 6 to four decimal places. 


n 


c. How do your answers to parts (a) and (b) compare? 


log 120 
log 8 


54. a. Evaluate log, 120 by computing to four decimal places. 


b. Evaluate logs 120 by computing “ 0 
n 


to four decimal places. 


c. How do your answers to parts (a) and (b) compare? 


For Exercises 55-66, use the change-of-base formula to approximate the logarithms to four decimal places. Check 
your answers by using the exponential key on your calculator. (See Example 7.) 


55. log, 7 56. log; 5 57. logs 24 58. log, 17 
59. log,0.012 60. log, 0.251 61. logy 1 62. log, (=) 


6. 165; (=) 64. logs0.0025 65. log;0.0006 66. log, 0.24 
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Concept 5: Applications of the Natural Logarithmic Function 


Under continuous compounding, the amount of time ¢ in years required for an investment to double is a function of the 
annual interest rate r according to the formula: 


Use the formula for Exercises 67—70. (See Example 8.) 


67. a. 


68. a. 


69. a. 


If you invest $5000, how long will it take the investment to reach $10,000 if the interest rate is 4.5%? Round to one 
decimal place. 


. If you invest $5000, how long will it take the investment to reach $10,000 if the interest rate is 10%? Round to one 


decimal place. 


. Using the doubling time found in part (b), how long would it take a $5000 investment to reach $20,000 if the 


interest rate is 10%? 


If you invest $3000, how long will it take the investment to reach $6000 if the interest rate is 5.5%? Round to one 
decimal place. 


. If you invest $3000, how long will it take the investment to reach $6000 if the interest rate is 8%? Round to one 


decimal place. 


. Using the doubling time found in part (b), how long would it take a $3000 investment to reach $12,000 if the 


interest rate is 8%? 


If you invest $4000, how long will it take the investment to reach $8000 if the interest rate is 3.5%? Round to one 
decimal place. 


. If you invest $4000, how long will it take the investment to reach $8000 if the interest rate is 5%? Round to one 


decimal place. 


. Using the doubling time found in part (b), how long would it take a $4000 investment to reach $16,000 if the 


interest rate is 5%? 


70. On August 31, 1854, an epidemic of cholera was discovered in London, England, resulting from a contaminated 
community water pump at Broad Street. By the end of September more than 600 citizens who drank water from the 
pump had died. 


The cumulative number of deaths from cholera in the 1854 London epidemic can be approximated by 


D(t) =91 + 160 In (t+ 1) 


where f is the number of days after the start of the epidemic (t = 0 corresponds to September 1, 1854). 


a. 


b. 


Approximate the total number of deaths as of September | (t= 0). 


Approximate the total number of deaths as of September 5, September 10, and September 20. 


Technology Connections 


71. a. 


b. 


Cc. 


Graph the function defined by f(x) = log; x by graphing Y, = < a 
0g 

Graph the function defined by f(x) = log;x by graphing Y, = a 
n 


Does it appear that Y, = Y,? 
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72. a. Graph the function defined by f(x) = log; x by graphing Y, = ioe 7 
. : : In x 
b. Graph the function defined by f(x) = log, x by graphing Y, = in?’ 
n 
c. Does it appear that Y,; = Y,? 
For Exercises 73-75, graph the functions on a graphing calculator. 
73. Graph s(x) = logj/. x 74. Graph y = e*~? 75. Graph y=e* —4 


Problem Recognition Exercises 


Logarithmic and Exponential Forms 


Fill out the table by writing the exponential expressions in logarithmic form, and the logarithmic expressions in exponential 
form. Use the fact that: 
y=log,x isequivalentto b’=x 


1. 2?) 
2; log, 81=4 
3s Sx 
4. log, a=c 
5, 10° = 1000 
6. log 10=1 
ve ca) 
8. Inp=q 
9. GY =4 
10. log 1/39 =—2 
11. 10° =0.01 
12. log 4=x 
WS, e=il 
14. inger—y 
15. bua) 
16. logis 2=4 
7, g=s 
18. Inw=r 
IG), 15? =55 
20. log;p=-1 


[STUDY 
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Logarithmic and Exponential Equations 
and Applications 


1. Solving Logarithmic Equations 


Equations containing one or more logarithms are called logarithmic equations. For 
example, the following are logarithmic equations. 


log; (2x+5)=1 and log, x= 1 — log, (x — 3) 


To solve equations involving logarithms of first degree, we use the following guidelines. 


solving Logarithmic Equations 
Isolate the logarithms on one side of the equation. 


Write a sum or difference of logarithms as a single logarithm. 
Rewrite the equation in step 2 in exponential form. 
Solve the resulting equation from step 3. 


Check all solutions to verify that they are within the domain of the 
logarithmic expressions in the original equation. 


| Example1 | Solving a Logarithmic Equation 


Solve the equation. log; (2x+5)=1 


Solution: 
log; (2x+5)=1 This equation has a single logarithm isolated on 

the left-hand side. 

2x+5 = 3! Write the logarithm in its equivalent exponential 
form. 

2x+5=3 Solve the resulting equation. 

2x = —2 
x=] Check: x=-1 


log; (2x+5)=1 
log; [2(-1) +5] =1 
log; (3)=1V¥ 


The solution set is {—1}. 


Skill Practice Solve the equation. 
1. log, (Sx -4)=2 


Section 8.7 


1. Solving Logarithmic 
Equations 


2. Solving Exponential 
Equations 


3. Applications 


Answer 
1. {8} 
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FOR REVIEW 


Recall: 
log, xy = log, x + log, y 
log, (:) = log, x — log, y 
y 


Answer 
2. {9} (The value —1 does not check.) 


| Example 2_| Solving a Logarithmic Equation 


Solve the equation. logy x = 1 — log, (x — 3) 


Solution: 
log, x = 1 — logy (x — 3) 
log, x + log, (x-3) = 1 Isolate the logarithms on one side of 
the equation. 
log, [x(x — 3)] = 1 Write as a single logarithm. 
log, (x? — 3x) = 1 Simplify inside the parentheses. 
x -3x=4! Write the equation in exponential 
form. 
x -3x-4=0 The resulting equation is quadratic. 
(x-4)x+ 1) =0 Factor. 
x=4 or 2 | Apply the zero product rule. 


Notice that —1 is not a solution because log, x is not defined at x = —1. However, x = 4 
is defined in both expressions log, x and log, (x — 3). We can substitute x = 4 into the 
original equation to show that it checks. 
Check: x=4 
log, x = 1 — log, (x — 3) 
log, 4 = 1 — log, (4-3) 
121 -log,1 
1+1-0V True 


The solution set is {4}. (The value —1 does not check.) 


Skill Practice Solve the equation. 
2. log; (x -— 8) =2 — log; x 


| Example 3 | Solving a Logarithmic Equation 


Solve the equation. log (x + 300) = 3.7 


Solution: 
log (x + 300) = 3.7 The equation has a single logarithm that 
is already isolated. 
10°” = x+ 300 Write the equation in exponential 
form. 
10°” — 300 = x Solve for x. 
x= 10°’—300 
x= 4711.87 
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Check: x = 10°” — 300 Check the exact value of x in the 
original equation. 
log (x + 300) = 3.7 


log [(10*” — 300) + 300] = 3.7 
log (10°” — 300 + 300) = 3.7 
log 10°” = 3.7 Property 3 of logarithms: 
3.723.7V True pe? 
The solution 10°’ — 300 checks. 
The solution set is {10° — 300}. 


Skill Practice Solve the equation. 
3. log (p + 6) = 1.3 


The following property is another useful tool to solve a logarithmic equation. This is 
demonstrated in Example 4. 


Equivalence of Logarithmic Expressions 
Let x, y, and b represent real numbers such that x > 0, y>0, b> 0, and b 4 1. Then 


log,x=log,y implies x=y 


The equivalence property of logarithmic expressions indicates that if two logarithms of the 
same base are equal, then their arguments are equal. 


Solving a Logarithmic Equation 


Solve the equation. 


In (x + 2) + In (x — 1) = In (9x — 17) 


Solution: 
In (x + 2) + In (x — 1) = In (9x - 17) 
In [(x + 2)(x — 1)] = In 9x - 17) Write the logarithms on the left- 
hand side as a single logarithm. 
In (x? +x — 2) = In (9x — 17) Simplify. 
VP +x—-2=9x-17 Use the equivalence property of 


logarithms. That is, equate the 
arguments of each log. 


x -—8x+15 =0 Solve the resulting quadratic 
equation. 


(x-—5)x- 3) = 0 


x=5 or x=3 


Answer 
3. {10'°- 6} 
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Answers 
4. {4} (The value 2 does not check.) 


The solutions 5 and 3 are both within the domain of the logarithmic functions in the 
original equation. Both solutions check. 


The solution set is {5, 3}. 


Skill Practice Solve the equation. 
4, In (t— 3) 4+ In (t— 1) =In (2t- 5) 


2. Solving Exponential Equations 


An equation with one or more exponential expressions is called an exponential equation. 
The following property is often useful in solving exponential equations. 


Equivalence of Exponential Expressions 
Let x, y, and b be real numbers such that b > 0 and b 4 1. Then 


Fak implies aay) 


The equivalence property of exponential expressions indicates that if two exponential 
expressions of the same base are equal, then their exponents must be equal. 


| Example5 | Solving an Exponential Equation 


Solve the equation. 4”-°=64 


Solution: 
42-9 = 64 
Mena a A? Write both sides with a common base. 
2x-9=3 If b‘=b’, thenx=y. 
2x = 12 Solve for x. 
x=6 


To check, substitute x = 6 into the original equation. 
420)-9 2 64 
42-9 2 64 
4264/7 True 


The solution set is {6}. 


Skill Practice Solve the equation. 
5. pert =8 
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Solving an Exponential Equation 


Solve the equation. ors 5 


Solution: 
me 1 
y= ; 
oF 9° Apply the multiplication property of 
exponents. Write both sides of the equation 
with a common base. 
x + 3x = 2 If b‘ = b’, thenx=y. 
x +3x+2=0 The resulting equation is quadratic. 
(x+ 2)(x+ 1) =0 Solve for x. 
x=-2 or x=-1 Both solutions check. 


The solution set is {—2, —1}. 


Skill Practice Solve the equation. 


a | 
6. (3°) =a 


Solving an Exponential Equation 


Solve the equation. 4*=25 


Solution: 


Because 25 cannot be written as a recognizable power of 4, we cannot easily use the 
property that if b* = b’, then x = y. Instead, we can take a logarithm of any base on both 
sides of the equation. Then by applying the power property of logarithms, the unknown 
exponent can be written as a factor. 


4* = 25 
log 4° = log 25 Take the common logarithm of both sides. 


x log 4 = log 25 Apply the power property of logarithms to express the 
exponent as a factor. This is now a linear equation in x. 


FOR REVIEW 


Recall: 
xlog4 log 25 
= Solve for x. = 
log 4 olve tor x. log, x” = plog, x 
For example, 
EZ or approximately 2.322. log4*=x- log 4 
log 4 


The solution set is {23} or equivalently { 


In 25 \ 
log 4 , 


In 4 


Skill Practice Solve the equation. 
Te = 32 


Answers 
6. {1,4} 


tg , (132) 
{S22} or in5 


[STUDY 
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FOR REVIEW 


Recall: 


log, (b") =x 


For example, 
In (e3-*") = —3.6x 


This illustrates a function composed 
with its inverse. 


Answer 


In iI 
e { —-0.2 


e equation from Example 7 is written in the form b* = constant. In this special 
case, we also have the option of rewriting the equation in its corresponding logarithmic 
form to solve for x. 


YS = DNS) 
X—lognee > 
= re (Change-of-base formula) 


Isolate one of the exponential expressions in the equation. 


Take a logarithm on both sides of the equation. (The natural logarithmic 
function or the common logarithmic function is often used so that the final 


answer can be approximated with a calculator.) 


Use the power property of logarithms (property 7) to write exponents as 
factors. Recall: log, x? = p log, x. 


Solve the resulting equation from step 3. 


Example 8 Solving an Exponential Equation by Taking 
a Logarithm on Both Sides 


Solve the equation. e3* —2=7.74 


Solution: 


e?*_—2 = 7.74 


e 3 = 9.74 Add 2 to both sides to isolate the 
exponential expression. 


Ine? = In 9.74 The exponential expression has a base of e, 
so it is convenient to take the natural 
logarithm of both sides. 


(—3.6x) Ine = In 9.74 Use the power property of logarithms. 
—3.6x = In 9.74 Simplify (recall that In e = 1). 
x= _ ae = —0.632 Divide both sides by —3.6. 


The solution set is { a ae \ 


3.6 


Skill Practice Solve the equation. 
8. 9% 4 1=8.52 
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Solving an Exponential Equation by Taking 
a Logarithm on Both Sides 


Solve the equation. ay 
Solution: 
gxt3 = 7 
In???) =n 7* Take the natural logarithm of 


both sides. 


(x+3)In2=xIn7 Use the power property of 


logarithms. 


x (In 2) +3 (In 2) = xIn7 Apply the distributive 


property. 


x (In 2) — x (In 7) = —3 In2 Collect x terms on one side. 


x(n 2 —1In 7) = —3 In2 Factor out x. 


xdn2—in7y = —31n2 


- Solve for x. 
(n2—in7y  In2—In7 cats 

—31In2 

— —— » 1.66 
+= in2—-In7 
3 In2 
The soluti i 
e solution setis { es} 


Skill Practice Solve the equation. 
9, 3% = grt 


3. Applications 


Applying an Exponential Function 


to World Population 


The population of the world was estimated to have reached 6.5 billion in April 2006. 
The population growth rate for the world is estimated to be 1.4% (source: U.S. Census 
Bureau). The function defined by 


P(t) = 6.5(1.014)' 


represents the world population P(A) in billions as a function of the number of years after 
April 2006 (t = 0 represents April 2006). 


a. Use the function to estimate the world population in April 2010. 
b. Use the function to predict the amount of time after April 2006 required for the 


world population to reach 13 billion if this trend continues. 


Solution: 
a. P(t) = 6.5(1.014)' 
P(4) = 6.5(1.014)' 
= 6.87 


The year 2010 corresponds to t= 4. 


In 2010, the world’s population was 
approximately 6.87 billion. 


| TIP: exponential 


equation 2*t? = 7* could 
have been solved by taking 
a logarithm of any base on 
both sides of the equation. 


GT Using the properties of 


logarithms, we can write the 
solution to Example 9 in other 
forms, such as: 


In8 
x = —————— and 
In2—-—In7 
Ins 
x =—— 
In3.5 
Answer 


2In8 \ 
es (ingond 
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Answers 


10. Approximately 7.9 billion 
11. The year 2029 


b. P(t) = 6.5(1.014)' 


13 = 6.5(1.014)' Substitute P(f) = 13 and solve for ¢. 
13 65(1.014)' Isolate the exponential expression on one side 
6.5 65 of the equation. 
2 = 1.014’ 
In 2 = In 1.014° Take the natural logarithm of both sides. 
In2 =fln 1.014 Use the power property of logarithms. 


In2 _ tintot4 
In 1.014. In Lote 


Solve for f. 


The population will reach 13 billion (double 
the April 2006 value) approximately 50 years 
after 2006. 


jes In2 = 
~ In 1.014 — 


Note: It has taken thousands of years for the world’s population to reach 6.5 billion. 
However, with a growth rate of 1.4%, it will take only 50 years to gain an additional 
6.5 billion, if this trend continues. 


Skill Practice Use the population function from Example 10. 


10. Predict the world population in April 2020. 
11. Predict the year in which the world population will reach 9 billion. 


On Friday, April 25, 1986, a nuclear accident occurred at the Chernobyl! nuclear reactor, 
resulting in radioactive contaminates being released into the atmosphere. The most haz- 
ardous isotopes released in this accident were '57Cg (cesium-137), '*'I (iodine-131), and 
°° Sr (strontium-90). People living close to Chernobyl (in Ukraine) were at risk of radiation 
exposure from inhalation, from absorption through the skin, and from food contamination. 
Years after the incident, scientists have seen an increase in the incidence of thyroid disease 
among children living in the contaminated areas. Because iodine is readily absorbed in the 
thyroid gland, scientists suspect that radiation from iodine-131 is the cause. 


| Example 11 | Applying an Exponential Equation 


to Radioactive Decay 


The half-life of radioactive iodine, '*'l, is 8.04 days. If 10 g of iodine-131 is initially 
present, then the amount A(?) (in grams) of radioactive iodine still present after ¢ days is 
approximated by 


A(t) a 10e7 00862" 


where ¢ is the time in days. 


a. Use the model to approximate the amount of '°'I still present after 2 weeks. Round 
to the nearest 0.1 g. 


b. How long will it take for the amount of '*'I to decay to 0.5 g? Round to the nearest 
0.1 day. 
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Solution: 
a. A(t) — 10e70-0862t 
A(14) = 10270-86204) Substitute t= 14 (2 weeks). 
~3.0¢g There was 3.0 g still present after 2 weeks. 
b. A(t) = 1079-9 
OF = 10¢ 1 Substitute A = 0.5. 
0.08621 
“2 = a Isolate the exponential expression. 
0.05 _ e7 0-0862t 
In 0.05 = In e0-862" Take the natural logarithm of both sides. 
In 0.05 = —0.0862t The resulting equation is linear. 
Sane pape eatslcle Solve for ¢. 
— a. ~ 34.8 days It will take 34.8 days for 10 g of '*'I to decay 
ick to 0.5 g. 


Skill Practice Radioactive strontium-90 (°°Sr) has a half-life of 28 years. If 100 g of 
strontium-90 is initially present, the amount left after ¢ years is approximated by 


A(t) = 100e~ 9.0248" 


12. Find the amount of °°Sr present after 85 years. 


13. How long will it take for the amount of *°Sr to decay to 40 g? Answers 


12. 12.19 13. 36.9 years 


Section 8.7 Activity 


A.1. a. The equivalence property of exponential expressions states that if b‘ = b’, then 
b. Consider the equation 5**! = 125. This can be written as 5**! = 5°. 
c. Use the equivalence property of exponential expressions to solve 5**! = 125. 
d. Solve the equation 3”~ = 81. 


A.2. If the two sides of an exponential equation cannot be easily written with a common base, we must use loga- 
rithms to solve the equation. Solve the equation e”**! — 7 = 3 by following these steps. 


a. Isolate the exponential expression on one side of the equation. In this case, isolate e”**!. 


b. Take a logarithm of the same base on each side of the equation. In this case, because one of the terms in the 
equation involves a base of e, take the natural logarithm of the expressions on each side. 


c. Apply the power property of logarithms to write the exponents as factors. (Recall log, x” = p - log,x.) 


d. Simplify both sides of the equation and solve for x. Write the exact solution and approximate the solution to 


four decimal places. 


ISTUDY 
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A.3. Solve the equation 3*~* = 8* by following these steps. 

a. Take a logarithm of each side (usually the common logarithm or the natural logarithm is used so that a 
calculator can be used to easily approximate the final answer). In this case, take the common logarithm 
of each side. 

b. Apply the power property of logarithms on each side. 

c. The equation in part (b) may look daunting, but it is a linear equation. Clear parentheses and collect all 
variable terms on one side of the equation. (Note that log 3 and log 8 are simply constants.) Solve the result- 
ing equation. 

d. Factor out x from the variable terms and divide by the coefficient on x. 

e. Write the exact solution and approximate the solution to four decimal places. 


A.4. a. The equivalence property of logarithmic expressions states that if log, x = log, y, then 
b. Use the equivalence property of logarithms to solve the equation log ,(—3x) = log,(2x — 15) for x. Do not 
write the solution set yet. 
. Check the potential solutions from part (b) and write the solution set. 


ao 


. Explain why it is necessary to check the potential solutions to a logarithmic equation. 


A.5. If the two sides of a logarithmic equation cannot be written easily with a common base, we must follow a differ- 
ent approach. Solve log;x = 3 — log;(x — 20) using these steps. 

. Collect all logarithmic terms on one side of the equation. 

. Write the logarithms as a single logarithm. 

. Write the equation in exponential form. 

. Solve the resulting equation from part (c). 


crn fo oe 


. Check the potential solutions from part (d) and write the solution set to the original equation. 


A.6. Radioactive iodine ('*'I) is used to treat patients with thyroid cancer. Patients with this condition may have 
symptoms that include rapid weight loss, heart palpitations, and high blood pressure. Because iodine is readily 
absorbed in the thyroid gland, the radiation is localized and will reduce the size of the thyroid while minimizing 
damage to surrounding tissues. If a patient is given an initial dose of 2 yg (micrograms) of '*'I, the amount 
of '*'I remaining after t days is approximated by A(#) = 2e~°, 

a. How much '°'I remains after 5 days? Round to one decimal place. 


b. How long will it take for the amount of '°'I to reach 0.2 pg? Round to the nearest day. 


T-\ai(e)sm-wae Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.4, write the expression as a single logarithm. Assume that all variable expressions represent positive 
real numbers. 


R.1. log,@— 1) + log,(x + 2) R.2. logx + log(2x + 3) 
R.3. logx — log — x) R.4. logy + 2) — log, Gx — 5) 


For Exercises R.5—R.8, simplify the logarithmic expression. 
R.5. log10 


R.7. Ine® 
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For Exercises R.9-R.10, apply the power property of logarithms. 
R.9. log5**! R.10. In2*-° 


For Exercises R.11—R.14, simplify the expression. 
R11. (4?) aoe) 
R13.) Peas 

For Exercises R.15—R.20, solve the equation. 
R.15. 3x-4=5x+6 5 AWitE 7 = Sab Il 


2x-1_, 2a 7 _ 
x+5 " Oxt1 


R.19, x°+ 8x =-12 20. x°—7x = 18 


R.17. 


Vocabulary and Key Concepts 
1. a. The equivalence property of logarithmic expressions states that if log, x = log, y, then 


b. The equivalence property of exponential expressions states that if b* = b”, then 


For Exercises 2—6, solve the equations. 


2. a. 2*=8 3. a. 5° =25 4. a. 10*= 1,000,000 
b. log, x =3 b. logs x =2 b. logx=6 
a a ee On 
5. a. eT 6. a. 6° = 35 
b. logx=-1 b. log, x = —2 


Concept 1: Solving Logarithmic Equations 


For Exercises 7—38, solve the logarithmic equation. (See Examples 1-4.) 


7. log3x=2 8. log,x=9 9. log p =42 
10. log g =5 11. Inx=0.08 12. Inx=19 
13. log (x + 40) = —9.2 14. log (¢ —3) =-6.7 15. log,.25=2 (x>0) 
16. log, 100=2 («>0) 17. log, 10,.000=4 (b>0) 18. log,e°=3 (b>0) 
19. log, 5 =5 (y>0) 20. log, 8 =5 (b> 0) 21. logy (c+5)=3 
22. logs (a—4)=2 23. log; (4yv+1l=1 24. log, (5t-2)=1 
25. In(l1-—x)=0 26. logy(2-x =1 27. log; 8 — log; (x+5)=2 
28. log, (x +3) —log, (x+2)=1 29. log, (h— 1) + log, (A+ 1) =3 30. log; k + log; (2k+3)=2 
31. log (x + 2) = log (3x — 6) 32. log x= log (1 — x) 33. In x — In (4x -—9)=0 
34. In (x+ 5) — In x= In (4x) 35. log; (3f+ 2) — log; t= log; 4 36. log (6y — 7) + log y=log 5 


37. log (4m) = log 2 + log (m — 3) 38. log (—A) + log 3 = log (2h — 15) 
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Concept 2: Solving Exponential Equations 


For Exercises 39-54, solve the exponential equation by using the property that b‘ = b” implies x = y, for b > 0 and 
b # 1. (See Examples 5-6.) 


39. 5° = 625 40. 3°=81 41. 2*=64 42. 6*=216 
43. 36°=6 44, 343°=7 45. 4*-!=64 46. 5°°~! = 125 
47. 18-42 43, 4-7 49 Gy"=4 50 Gy =g 
: 243 ; 128 “\3 a7 ~ \4 64 
2x-1 
51. 16*+!=8* 52. 2790/3" = (=) 53. (4+! = 16 54. Gyras 


For Exercises 55-74, solve the exponential equation by taking a logarithm of both sides. (See Examples 7-9.) 


55. 87=21 56. 6 = 39 57. e =8.1254 58. e =0.3151 
59. 10'=0.0138 60. 10? = 16.8125 61. 2°" -—6=9 62. & %*47=11 
63. ec =3 64. el =7 65. 3t'=5* 66. 2-'=7" 

67. 2V=6 68. 5°-? =3* 69. 32e°°4" = 128 70. 82°" = 160 
71. 6e/> = 125 72. 8e = 155 73. 5-?-4=16 74, 2°*4417=50 


Concept 3: Applications 
75. The population of China can be modeled by 


P(t) = 1237(1.0095)' 
where P(f) is in millions and ¢ is the number of years since 1998. (See Example 10.) 
a. Using this model, what was the population in the year 2002? 
b. Estimate the population in the year 2016. 
c. If this growth rate continues, in what year will the population reach 2 billion people (2 billion is 
2000 million)? 
76. The population of Delhi, India, can be modeled by 
P(t) = 9817(1.031)' 
where P(?f) is in thousands and ¢ is the number of years since 2001. 
a. Using this model, estimate the population in the year 2018. 


b. In what year did the population reach 15 million (15 million is 15,000 thousand)? 


77. The growth of certain bacteria in a culture is given by the model 
A(t) = 5000927" 
where A(f) is the number of bacteria and f is time in minutes. 
a. What is the initial number of bacteria? 
b. What is the population after 10 min? 


c. How long will it take for the population to double (i.e., reach 1000)? 


78. 


79. 


80. 


81. 


82. 


83. 


84. 
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The population of the bacteria Salmonella typhimurium is given by the model 
A(t) = 3009173 

where A(f) is the number of bacteria and f is time in minutes. 

a. What is the initial number of bacteria? 

b. What is the population after 10 min? 


c. How long will it take for the population to double? 


Suppose $5000 is invested at 7% interest compounded continuously. How long will it take for the investment to grow to 
$10,000? Use the model A(t) = Pe” and round to the nearest tenth of a year. 


Suppose $2000 is invested at 10% interest compounded continuously. How long will it take for the investment to 
triple? Use the model A(t) = Pe” and round to the nearest year. 
Suppose that $8000 is invested at 4.5% interest compounded monthly. How long will it take the investment to reach 
nt 
$10,000? Use the model A(t) = P (1 + “) and round to the nearest year. 
n 


Suppose that a couple invests $30,000 in a bond fund that pays 6.5% interest compounded quarterly. How long will it 
nt 
take the investment to reach $250,000? Use the model A(t) = PC + *) and round to the nearest year. 
n 


Phosphorus-32 (*?P) has a half-life of approximately 14 days. If 10 g of **P is present initially, then the amount A(t) 
(in grams) of phosphorus-32 still present after ¢ days is given by A(t) = 10(0.5)/"*. (See Example 11.) 


a. Find the amount of phosphorus-32 still present after 5 days. Round to the nearest tenth of a gram. 


b. Find the amount of time necessary for the amount of *’P to decay to 4 g. Round to the nearest tenth of a day. 


Polonium-210 (7'°Po) has a half-life of approximately 138.6 days. If 4 g of *!°Po is present initially, then the amount 
A(t) (in grams) of polonium-210 still present after ¢ days is given by A(t) = 4e7°™, 


a. Find the amount of polonium-210 still present after 50 days. Round to the nearest tenth of a gram. 


b. Find the amount of time necessary for the amount of *’°P to decay to 0.5 g. Round to the nearest tenth 
of a day. 


The decibel level of sound can be found by the equation D = 10 log (7). where / is the intensity of the sound and J, is 


0 


the intensity of the least audible sound that an average person can hear. Generally J) is found as 107'* watt per square meter 
(W/m). Use this information to answer Exercises 85-86. 


85. 


86. 


87. 


88. 


Given that heavy traffic has a decibel level of 89.3 and that J) = 10~'’, find the intensity of the sound of 
heavy traffic. 


Given that normal conversation has a decibel level of 65 and J) = 107", find the intensity of the sound of 
normal conversation. 


Suppose you save $10,000 from working an extra job. Rather than spending the money, you decide to save 
the money for retirement by investing in a mutual fund that averages 12% per year. How long will it take 
for this money to grow to $1,000,000? Use the model A(t) = Pe” and round to the nearest tenth of a year. 


The model A = Pe” is used to compute the total amount of money in an account after f¢ years at an 
interest rate r, compounded continuously. The value P is the initial principal. Find the amount of time 
required for the investment to double as a function of the interest rate. (Hint: Substitute A = 2P and solve 
for tf.) 
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Technology Connections 


89. Graph Y, = 8 and Y, = 21 on a window where 0 < x <5 and 0 < y < 40. Use the graph and an Intersect feature to 
support your answer to Exercise 55. 


90. Graph Y, = 6° and Y, = 39 on a window where 0 < x < 5 and 0 < y < 50. Use the graph and an /ntersect feature to 
support your answer to Exercise 56. 


Expanding Your Skills 


91. The isotope of plutonium of mass 238 (written **Pu) is used to make thermoelectric power sources for 
spacecraft. The heat and electric power derived from such units have made the Voyager, Gallileo, and Cassini 
missions to the outer reaches of our solar system possible. The half-life of 7**Pu is 87.7 years. 

Suppose a space probe was launched in the year 2002 with 2.0 kg of **Pu. Then the amount of ***Pu 
available to power the spacecraft decays over time according to 


P(t) = 2e-0™ 
where f > 0 is the number of years since 2002 and P(f) is the amount of plutonium still present (in kilograms). 


a. Suppose the space probe is due to arrive at Pluto in the year 2045. How much plutonium will remain when the 
spacecraft reaches Pluto? Round to two decimal places. 


b. If 1.5 kg of **Pu is required to power the spacecraft’s data transmitter, will there be enough power in the 
year 2045 for us to receive close-up images of Pluto? 


92. Tc is a radionuclide of technetium that is widely used in nuclear medicine. Although its half-life is only 
6 hr, the isotope is continuously produced via the decay of its longer-lived parent "?Mo (molybdenum-99), whose 
half-life is approximately 3 days. The °°Mo generators (or “cows”) are sold to hospitals in which the °°" Tc can be 
“milked” as needed over a period of a few weeks. Once separated from its parent, the ”""Tc may be chemically 
incorporated into a variety of imaging agents, each of which is designed to be taken up by a specific target organ 
within the body. Special cameras, sensitive to the gamma rays emitted by the technetium, are then used to record 
a “picture” (similar in appearance to an X-ray film) of the selected organ. 


Suppose a technician prepares a sample of ”"Tc-pyrophosphate to image the heart of a patient suspected of 
having had a mild heart attack. If the injection contains 10 millicuries (mCi) of "Tc at 1:00 p.M., then the amount of 
technetium still present is given by 


T(t) = 10e701555 


where t > 0 represents the time in hours after 1:00 P.M. and 7(t) represents the amount of il (in millicuries) 
still present. 


a. How many millicuries of °°"Tc will remain at 4:20 p.m. when the image is recorded? Round to the nearest 
tenth of a millicurie. 


b. How long will it take for the radioactive level of the *"Tc to reach 2 mCi? Round to the nearest tenth of 
an hour. 
For Exercises 93-96, solve the equations. 
93. (log x)’ —2 log x-15=0 94, (log, z)? —3 log, z—-4=0 
(Hint: Let u = log x.) 


95. (log; w) +5 log, w+6=0 96. (Inx)?-2Inx=0 
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Chapter8 Summary — 
Section 8.1 Algebra of Functions and Composition 


Key Concepts 
The Algebra of Functions 


Given two functions f and g, the functions 
f+8.f—98,f-g, and : are defined as 
(f+ g)@) =f) + sg) 


(f— g)(x) =f) — g(x) 
(f+ g)(x) =f@) - g@) 


¢ ) (x)= FQ) provided g(x) #0 
g g(x) 


Composition of Functions 


The composition of f and g, denoted fe g, is defined by 
the rule 


(fe g(x) =f(g(x)) provided that g(x) is in the 
domain of f 


Examples 

Example 1 

Let g(x) = 5x+ 1 and h(x) = 2°. Find: 
1. (g + ANB) = (3) +13) = 16 427 = 43 
2. (g-A\(-1) = g8(-1)-A(-D =(-4)-: (-1) =4 
3. (g-A(w)=5x4+1—x 

({)o-4 x#0 


> 
x? 


fs 


Example 2 


Find (fe g)(x) given the functions defined by 
f(x) = 4x + 3 and g(x) = 7x. 


(fe g)(x) = f(g) 
=f(7x) 
=4(7x) +3 
= 28x+3 
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Section 8.2 Inverse Functions 


Key Concepts 
Horizontal Line Test 


Consider a function defined by a set of points (x, y) in a rec- 
tangular coordinate system. Then y is a one-to-one function 
of x if no horizontal line intersects the graph in more than 
one point. 


Finding an Equation of the Inverse of a Function 


For a one-to-one function defined by y = f(x), the equation 
of the inverse can be found as follows: 

1. Replace f(x) with y. 

2. Interchange x and y. 

3. Solve for y. 

4. Replace y with f~'(x). 


The graphs defined by y = f(x) and y = f~'(x) are symmetric 
with respect to the line y = x. 


Definition of an Inverse Function 


If f is a one-to-one function represented by ordered pairs of 
the form (x, y), then the inverse function, denoted f —! is the 
set of ordered pairs (y, x). 


Inverse Function Property 


If f is a one-to-one function, then g is the inverse of /f if 
and only if (fe g)(x) =x for all x in the domain of g, and 
(ge f)(x) =x for all x in the domain of f. 


Examples 
Example 1 


The function is one-to-one because it passes the horizon- 
tal line test. 


Example 2 


Find the inverse of the one-to-one function defined 
by f(@) =3 -x. 


1. y=3-x 
2.x=3-y 
3. x-3=-y° 
—x+3=y 
V=aF3 =y 


4. f\(@) = V-x 43 


Example 3 


Verify that the functions defined by f(x) =x — 1 and 
g(x) =x + 1 are inverses. 


(fe g\(o=fx+ =+1)-1l=x 
(gef\x)=gx-l=@-1I+1l=x 
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Section 8.3 Exponential Functions 


Key Concepts Example 


A function f@)=b* (b>0,b#41) is an exponential Example 1 
function. 


0<b<l b>1 


xX 


The domain is (—oo, oo). 
The range is (0, 00). 
The line y = 0 (x-axis) is a horizontal asymptote. 


The y-intercept is (0, 1). 


Section 8.4 Logarithmic Functions 


Key Concepts Examples 
The function y = log, x is a logarithmic function. Example 1 
y=log,xeD=x (x>0,b>0,b41) log, 64 =3 
y = log, x Example 2 
b>1 
(1, 0) 
0<b<1 


For y = log, x, the domain is (0, 00). 
The range is (—oo, oo). 
The line x = 0 (y-axis) is a vertical asymptote. 


The x-intercept is (1, 0). 


The function f(x) = log x is the common logarithmic Example 3 


function (base 10). log 10,000 = 4 


Summary 


because 4° = 64 


x 


lL. 
a eaelees eeemea Pr Ab, Cone ine 


Y= loginx | 


because 10* = 10,000 
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Properties of Logarithms 


Key Concepts Examples 
Let b, x, and y be positive real numbers where b# 1, Example 1 
and let p be a real number. Then the following properties 
are true. 
1. log, 1=0 1. log; 1=0 
2. log, b=1 2. logs 6= 1 
3. log, b° =p 3. log, 4’=7 
4, plex = x 4, 25 = 5 
5. log, (xy) = log, x + log, y 5. log (5x) = log 5 + log x 
6. log, (*) = log, x — log, y 6. log, (=) =log,z—log, 10 
y 
7. log, x? = p log,x 7. log x° =5 log x 
The properties of logarithms can be used to write multiple Example 2 


logarithms as a single logarithm. 1 
log x— logy — 3 log z 
= log x — log y'/? — log 2 


1/2 


= log x — (log y!” + log z°) 


= log x — log (+/yz?) 
ie (45) 
Vyz 


The properties of logarithms can be used to write a single Example 3 
logarithm as a sum or difference of logarithms. 


= H(log x= log y°) 
1 
= log x — 2 log y) 


sly jy 
=3 g 3 gy 
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The Irrational Number e and Change of Base 


Key Concepts 


The function y = e* is the exponential function with base e. 
The natural logarithm function y = In x is the loga- 
rithm function with base e. 


> 
+ 


an 


Change-of-Base Formula 


bie aes eso ei 
Of. 


Examples 
Example 1 


Use a calculator to approximate the value of the expressions. 


e’° = 1808.0424 

e" = 0.0432 

In 107 © 4.6728 
1 


In | —= } ® —0.3466 
(a) 


Example 2 


log 59 


log; 59 =F => 3.7115 


log 


Logarithmic and Exponential Equations 


and Applications 


Key Concepts 
Guidelines to Solve Logarithmic Equations 


1. Isolate the logarithms on one side of the equation. 
2. Write a sum or difference of logarithms as a single 
logarithm. 
. Rewrite the equation in step 2 in exponential form. 
. Solve the resulting equation from step 3. 
5. Check all solutions to verify that they are within the 
domain of the logarithmic expressions in the equation. 


Ww 


Equivalence Property of Logarithmic Expressions 


If two logarithms with the same base are equal, then their 
arguments are equal. That is, 


If log, x = log, y, then x = y. 


Example 2 
In (x — 4) + In (3) = In (2x 4+ 3) 
In [3(% — 4)] = In (2x 4+ 3) 
In (3x — 12) = In (2x 4+ 3) 
3x — 12 =2x+3 
x=15 


The solution set is {15}. 


Arguments are equal. 


The solution checks. 


Examples 
Example 1 
log (3x — 1) + 1 =log (2x + 1) 


Step 1: log Gx—- 1)—-log Qx+1)=-1 
sepa e254) == 

Step 3: 1071 = aoe 

spe hatch 


2x+1 = 10(3x— 1) 
2x+1 = 30x—10 
—28x = -11 


1 i The solution checks. 


Step 5: The solution set is Get 
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Equivalence Property of Exponential Expressions Example 3 


If two exponential expressions with the same base are equal, 5% = 125 
then their exponents are equal. That is, 


If b= b’, then x= y. 


5*= 5°  impliesthat 2x =3 


3 
x= 
2 
The solution set is 15}: 
Guidelines to Solve Exponential Equations Example 4 
1. Isolate one of the exponential expressions in the 4*!_2= 1055 
equation. . ee 
2. Take a logarithm of both sides of the equation. Step ts a a 
3. Use the power property of logarithms to write Step 2: In 4**+! = In 1057 


exponents as factors. 


4. Solve the resulting equation from step 3. Step st: Der dent e103 


In 1057 
4: l= 
Step x+ m4 
In 1057 
= — 124.023 
end 
The solution set is {* ny 1 \ 
In 4 
Chapter8 Review Exercises 
Section 8.1 13. Given: f(x)=2x+1 and g@X)=x 
For Exercises 1—8, refer to the functions defined here. a. Find (g ° f(x). 
fo) =x-7 g(x) = 2x3 — 8x b. Find (fe g)(x). 
l c. Based on your answers to part (a), is fo g 
m(x) = x° n(x) = 72 equal to ge f? 
Find the indicated functions. For Exercises 14-19, refer to the graph. Approximate the 
1. (f- 9) 2. (f+ 20) function values, if possible. 
3. (fn) 4. (f- mx) 
5. (£) (x) 6. (2) (x) 
8 i 
7. (me f(x) 8. (ne f)(x) 


For Exercises 9-12, refer to the functions defined for 


Exercises 1-8. Find the function values, if possible. f 
4. (La 15. (f-g\(-2) 
9. (me g\(—I) 10. (ne g)(-1) 
16. —4 17. (f-g)Q2 
1. (fe g\(4) 12. (go f\(8) (f+ g)(-4) (f- 82) 


18. (g°f)(-3) 19. (fe g)(4) 
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Review Exercises 803 


Section 8.2 Section 8.3 
For Exercises 20-21, determine if the function is one-to- For Exercises 31-38, evaluate the exponential expressions. 
one by using the horizontal line test. Use a calculator and round to three decimal places, if 
20 1 necessary. 
T $1,.:4° 32..6°° 
si 
4 1 -1/2 
33. 3/3 34, (=) 
: 100 
1 
-5-4-3-2-1 ea 5 4 SE ee oe 35, 27 36. 5¥3 
~2 
-3 4/3 
os 37. (V7)! 38. (3) 
5 i 
For Exercises 22—26, write the inverse for each one-to-one For Exercises 39-42, graph the functions. 
function. 1 
39. f(x) =3* 40. 9(x) = (=) 
22. ((3,5), (2,9), 0, —1), (4, 1)) a sO=\4 
; i 
23. q(x) =3x-2 24. g(x) = Wx +3 , a 
6 6 
5 + 5; 
3 4 4 id 
25. fy) =(x-1) 26. n(x) = —— 3 3 
x-2 D 7 
1 1 : 
27. Verify that the functions defined by f(x) = 5x — 2 S433 [ies 4s 44335 [ie aas 
and g(x) = 4x + 2 are inverses by showing that Pete heBew eneat ee 2 
(fe g)(x) =x and (g ° f)(x) =x. 
41. h(x) =5> 42. k(x) = (=) 
28. Graph the functions g and q7' from Exercise 23 on 
the same grid. What can you say about the relation- I t 
ship between these two graphs? 7 : 
» 6 6 
LS 5 
y #4 4 
ust = 3 
i 2 2 
3 od r 
12 -$-4-3-2-1 [12345 -s-433-1 [1234 5 
, a a a me aa 
Dhoni st), 
§ 4-39 1 123 4 a 
2 43. a. Does the graph of y= b*, b > 0, b # 1, have 
-3 a vertical or a horizontal asymptote? 
ae ae ee eee 
ee b. Write an equation of the asymptote. 
29. a. Find the domain and range of the function 44. Background radiation is radiation that we are 
defined by h(x) = Vx4+ 1. exposed to from naturally occurring sources includ- 


ing the soil, the foods we eat, and the Sun. Back- 
ground radiation varies depending on where we live. 
A typical background radiation level is 150 millirems 
(mrem) per year. (A rem is a measure of energy pro- 
duced from radiation.) Suppose a substance emits 


b. Find the domain and range of the function 
defined by k(x) = x’ — 1, x>0. 


30. Determine the inverse of the function 


p(x) = Vx +2. 
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30,000 mrem per year and has a half-life of 5 years. 
The function defined by 


1 t/5 
A(t) = 30,000 (5) 
gives the radiation level (in millirems) of this 
substance after ¢ years. 


a. What is the radiation level after 5 years? 
b. What is the radiation level after 15 years? 


c. Will the radiation level of this substance be 
below the background level of 150 mrem after 
50 years? 


Section 8.4 


For Exercises 45-52, evaluate the logarithms without using 
a calculator. 


1 
45. logs( 5) 46. log; 1 
47. log;7 48. log, 2° 
49. log, 16 50. log; 81 


51. log 100,000 52. loes(5) 


For Exercises 53-54, graph the logarithmic functions. 
53. q(x) = log; x 54. r(x) = log) /. x 


» Bf 
Ah A 


5 : 5 
4 ; 4 
3 Fooeneed 3 
2 pote 2 
1 : 1 
> x > X 
eae 1234567 8 moet 123 4567 8 
—2 2 
—3 3 
4 : —4 
—5 —5 


55. a. Does the graph of y = log, x have a vertical or a 
horizontal asymptote? 


b. Write an equation of the asymptote. 


56. Acidity of a substance is measured by its pH. 
The pH can be calculated by the formula 
pH = —log [H*], where [H*] is the 
hydrogen ion concentration. 


a. What is the pH of a fruit with a hydrogen ion 
concentration of 0.00316 mol/L? Round to one 
decimal place. 


b. What is the pH of an antacid tablet with 
[H*] = 3.16 x 107'°? Round to one decimal 
place. 


Section 8.5 


For Exercises 57-60, evaluate the logarithms without using 
a calculator. 


57. logs 8 58. log,,11° 


59. logyjl 60. 12!°827 


61. Complete the properties Assume x, y, and b are 
positive real numbers such that b # 1. 


a. log, (xy) = 
b. log,x — log, y= 
c. log, x= 


For Exercises 62-65, write the logarithmic expressions as a 
single logarithm and simplify if possible. 


62. (log, y—4 log, z+ 3 log, x) 


63. Slog; a+ Flog; b—2 log; c—4 logs d 


64. log 540 — 3 log 3 — 2 log 2 
65. —log, 18+ log, 6 + log, 3 — log, 1 


66. Which of the following is equivalent to 


2log7_, 
log 7 + log 6 
log 7 log 49 (Z) 
; b. . log(— 
* Tog 6 log 42 me PENG 
67. Which of the following is equivalent to 
log 8-3 9 
log 2 + log 4 
a. -3 he Five (=) Pes al 
3 log 3 


Section 8.6 


For Exercises 68-75, use a calculator to approximate the 
expressions to four decimal places. 


68. © 69. ev? 

70. 326° 71. 587005 

72. In6 73. In (5) 
9 

74, log 22 75. loge’ 


For Exercises 76-79, use the change-of-base formula to 
approximate the logarithms to four decimal places. 


76. log, 10 


78. log; 0.26 


77. logy 80 


79. log, 0.0062 


80. An investor wants to deposit $20,000 in an 


81. 


account for 10 years at 5.25% interest. Compare 
the amount A(f) she would have if her money 
were invested with the following different 
compounding options. Use 


nt 
7 
A) = P( 1+7) 

n 
for interest compounded n times per year and 
A(t) = Pe” for interest compounded continuously. 
a. Compounded annually 
b. Compounded quarterly 
c. Compounded monthly 
d. Compounded continuously 
To measure a student’s retention of material at the 
end of a course, researchers give the student a test on 
the material every month for 24 months after the 


course is over. The student’s average score t months 
after completing the course is given by 


S(t) = 75e*" + 20 


where S(t) is the test score. 
a. Find S(O) and interpret the result. 


b. Find S(6) and interpret the result. 


c. Find S(12) and interpret the result. 


For Exercises 82-89, identify the domain. Write the answer 
in interval notation. 


82. f(x) =e 83. g(x) =e"? 
84. h(x) =e"? 85. k(x) =Inx 
86. g(x) = In(x +5) 87. p(x) = In (x— 7) 
88. r(x) = In (3x — 4) 89. w(x) =In (5 — x) 


Section 8.7 


For Exercises 90-107, solve the equations. 


90. 


92. 


logsx=3 91. logzx=-2 


1 
loggy=3 93. log;y= D 


94. 


95. 


96. 


97. 


98. 


100. 


102. 


104. 


106. 


108. 


109. 


110. 
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Review Exercises 
log (2w - 1)=3 
log, (3w+5)=5 
—1+ log p= —log (p — 3) 


log, (2+ 1) —3 =log, 3 — 5d) 


= 1G 99, 5 = 625 
4¢=21 101. 5°=18 
g*=01 103. e~ = 0.06 
10" = 1512 105. 10-3" =—L 
821 
Pea? 107. 147° =6" 


Radioactive iodine ('*!I) is used to treat patients with 
a hyperactive (overactive) thyroid. The half-life of 
radioactive iodine is 8.04 days. If a patient is given 
an initial dose of 2 jg, then the amount of iodine in 
the body after ¢ days is approximated by 


A(t) = Je7 0.08621 


where f¢ is the time in days and A(/) is the amount (in 
micrograms) of '*!I remaining. 


a. How much radioactive iodine is present after 
a week? Round to two decimal places. 


b. How much radioactive iodine is present after 
30 days? Round to two decimal places. 


c. How long will it take for the level of 


radioactive iodine to reach 0.5 pg? 


The growth of certain bacteria in a culture is 
given by the model A(#) = 150e°°°”, where A(f) 
is the number of bacteria and f is time in minutes. 


a. What is the initial number of bacteria? 
b. What is the population after 4+ hr? 


c. How long will it take for the population to 
double? 


The value of a car is depreciated with time 
according to 


V(t) = 15,000e-°'* 


where V(f) is the value in dollars and fis the 
time in years after purchase. 


a. Find V(O) and interpret the result in the 
context of this problem. 
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b. Find V(10) and interpret the result in the context c. Find the time required for the value of the car 
of this problem. Round to the nearest dollar. to drop to $5000. Round to the nearest tenth 
of a year. 


Chapter8 Test 


Study Skills Exercise 


The final exam is just around the corner. Use your old tests to make a list of the chapters that need extra attention. The 
Review Exercises and the Chapter Test at the end of each chapter are excellent tools to help you prepare. 


e@ Make a one-page summary sheet of all key information you need to memorize. 

@ Ask for help if there are still concepts that you do not understand. 

© On the day of the final exam, sit where you are comfortable, take a deep breath, and relax. Visualize success. 
©@ Immediately write down the key concepts contained on your summary sheet. 

@ Include a positive statement to yourself to build your confidence. 


@ First go through the test and complete all of the problems that you know. Then go back and work on the problems that 
are more difficult. 


© Give yourself a time limit for each problem. 
@ Write out all the steps required for solving the problem and answer all the problems on the test. 


e Review your solutions before turning in the test. 


1. Explain how to determine graphically if a 6. Use a calculator to approximate the expression 
function is one-to-one. to four decimal places. 
a. 107 bor" 8 


2. Which of the functions is one-to-one? 


b. 7. Graph f(y =4""", 
y 
A 
8 
nas 
6 
in 5 
5 5-4 3-3-1 4 
Z Le 
2 
aa 
site ions 
2 
3. Write an equation of the inverse of the one-to-one 
function defined by f(x) = 4x 4 3. 8. a. Write in logarithmic form. 16°/4=8 
4. Write an equation of the inverse of the function b. Write in exponential form. log,31=5 


defined by g(x) =(x-1)*,, x>1. 
es 9. Graph g(x) = log; x. 


a 


5. Given the graph of the Z ; 
function y = p@), graph giseal Bd neceearetiieacei late ae 
1 


> 


its inverse p~'(x). 


>Xx 
—2-1 12345 67 8 
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10. Complete the change-of-base formula: 
log, n= 


11. Use a calculator to approximate the expression to 
four decimal places. 


a. log 21 b. log, 13 c. logy 6 


12. Using the properties of logarithms, expand and 
simplify. Assume all variables represent positive 


real numbers. 
1 
b. lo (=) 
5105 


a. —lo (=) 
. 83 Ox 


13. Write as a single logarithm. Assume all variables 
represent positive real numbers. 


a. Slog, x +3 log, y b. loga—4loga 


14. Use a calculator to approximate the expression to 
four decimal places, if necessary. 


a. el? b. e? 


1 
int 
° (5) 


15. Identify the graphs as y = e* or y=In x. 


d. Ine 


a. b. 
y y 
A 
5 5 
4 4 
3 3 
2 2 
1 
§-4-3-3-1 [fiz345°° $=4-3-2-1 [123 4 3 
2 2, 
3 3 
4 4 
—5 —5 


16. Researchers found that t months after taking a 
course, students remembered p% of the material 
according to 


p@) =92 — 20 In (t+ 1) 
where 0 < t < 24 is the time in months. 


a. Find p(4) and interpret the results. 
b. Find p(12) and interpret the results. 
c. Find p(0) and interpret the results. 


17. The population of New York City has a 2% 
growth rate and can be modeled by the function 
P(t) = 8008(1.02)', where P(t) is in thousands and 
t is in years (t = 0 corresponds to the year 2000). 


a. Using this model, estimate the population in 
the year 2010. 


x 


18. 


Test 807 


b. In what year will the population reach 12 million 
(12 million is 12,000 thousand)? 


A certain bacterial culture grows according to 
1,500,000 
P() = ————_ 
” 1 +5000e°* 


where P is the population of the bacteria and f is the 
time in hours. 


a. Find P(O) and interpret the result. Round to 
the nearest whole number. 


b. How many bacteria will be present after 6 hr? 
c. How many bacteria will be present after 12 hr? 


d. How many bacteria will be present after 18 hr? 


For Exercises 19-26, solve the exponential and logarithmic 


equations. 
19. log x + log ~-— 21) =2 
20. log ip X= —5 
1 
21. 1 7)=24 22, 3**4#=— 
n(x+7) 9 
23. 4° =50 2A, o* = 250 
25. 68=10+2** 26. 4°47 =5* 
27. Atmospheric pressure P decreases exponentially 


28. 


with altitude x according to 
P(x) an 760 e7 0.000122 


where P(x) is the pressure measured in 
millimeters of mercury (mm Hg) and x is the 
altitude measured in meters. 


a. Find P(2500) and interpret the result. Round 
to one decimal place. 
b. Find the pressure at sea level. 


c. Find the altitude at which the pressure is 
633 mm Hg. 


Use the formula A(t) = Pe” to compute the value 
of an investment under continuous compounding. 


a. If $2000 is invested at 7.5% compounded 
continuously, find the value of the investment 
after 5 years. 


b. How long will it take the investment to 
double? Round to two decimal places. 
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For Exercises 29-37, refer to functions f, g, and h. 31. (gof)(x) 
1 
f@=x-4  g@)=r +2 h@= = 33. (f— g)(7) 


Find the indicated functions or function values. 35. (he g)(4) 


' (5) 
29. [= . (2 
(L)oo 37 7 (x) 


30. (h- g)(x) 


32. (he f(x) 
34. (h+f)(2) 


36. (g °f)(0) 


Conic Sections 
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9.1 Distance Formula, Midpoint Formula, and Circles 810 
9.2 More onthe Parabola 822 
9.3 The Ellipse and Hyperbola 832 
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Mathematics in Engineering 


In this chapter, we will revisit our study of parabolas as well as two new curves y 
called ellipses and hyperbolas. These curves are called conic sections. Conic 
sections and their three-dimensional counterparts have numerous applications 
in engineering. For example, the mirror in a reflecting telescope has cross 
sections in the shape of a parabola. This is important because the curved F(0,2) 
surface of the mirror focuses light to a common point called the focus. This 
targeted focusing of light enables astronomers to view an image from a distant : 
star with better clarity. "—Mirror 


The cooling towers for nuclear power plants have cross sections in 
the shape of a hyperbola. One advantage of a hyperbolic cooling tower is 
that air accelerates as it rises inside, toward the narrow portion of the 
tower. This provides for an efficient, nonturbulent flow. Then, above the 
narrow part, the tower flares out for efficient dispersal of warm air. 


Aaron Roeth Photography 


The ellipse is an oval-shaped curve that also has numerous applications such 
as in architectural design and for describing the orbits of planets. For example, the 
Roman Coliseum is an elliptical stone and concrete amphitheater in the center of 
Rome, built between 70 A.D. and 80 A.bD. The Coliseum seated approximately 
50,000 spectators and was used for gladiatorial contests among other things. 


Javier Larrea/Pixtal/age fotostock 


° pe a ° pe 
. pane a a a °°? 
° aoe .* ° o ° 3° P ° 809 
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Concepts 


1. Distance Formula 
2. Circles 


3. Writing an Equation of 
a Circle 


4. The Midpoint Formula 


i) | Squaring any real- 
valued quantity results in a 
nonnegative real number. 
Therefore, the absolute value 
bars can be dropped. 


FOR REVIEW 


Recall that to simplify V52, write 
the radicand as the product of the 
largest perfect square and a “leftover” 
factor. Then apply the product prop- 
erty of radicals. 


V52 = V2? - 13 
= VP. vi 
=2V/13 
Answer 


1. 3V5 


Section 9.1. Distance Formula, Midpoint Formula, and Circles 


1. Distance Formula 


Suppose we are given two points (x,, y,) and (x, y>) in a rectangular coordinate system. 
The distance between the two points can be found by using the Pythagorean theorem 
(Figure 9-1). 

First draw a right triangle with the distance 
das the hypotenuse. The length of the horizontal 
leg a is |x,—-x,]|, and the length of the vertical 
leg bis |y, — y,|. From the Pythagorean theorem 
we have 


y 
A 


4, yp) 


a= |X, -xX 
f= +7 kxy Lt 


= |x. — xP +|y2 —yP 


Figure 9-1 


enews =(x,—- x, +02.-y1 


d=+V(@,—x)?+0.-y? 
= Von — x)? +02 —-y 


Because distance is positive, reject the 
negative value. 


The Distance Formula 
The distance d between the points (x,, y,) and (x), y2) is 


d= V(x) — x," + 6. —yp? 


| Example | Finding the Distance Between Two Points 


Find the distance between the points (—2, 3) and (4, —1) (Figure 9-2). 


Solution: 
(—2, 3) and (4, -1) 
py) (2, Yo) Label the points. 


d= Ve —x)+02.-yi 
=(4)-—CodP+ (-D-Gyr Apply the distance formula. 


= Vor +4? } 


= V52 d= 213 ~7.21 
= 4+ 13 oe isentr oer - 
=2V13 op 


Figure 9-2 
Skill Practice 
1. Find the distance between the points (—4, —2) and (2, —5). 
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ne order in which the points are labeled does not affect the result of the 
distance formula. For example, if the points in Example 1 had been labeled in reverse, 
the distance formula would still yield the same result: 


(-2,3) and (4-1) d= V(x.-x)?+ Y2-yy 
ae) MW = Vic?) @P +8 - Cor 
= V(-6? + 4? 
= V36+16 


2. Circles 


A circle is defined as the set of all points in a plane that are equidistant from a fixed point 
called the center. The fixed distance from the center is called the radius and is denoted 
by r, where r> 0. 

Suppose a circle is centered at the point (h, k) and has radius, r (Figure 9-3). The 
distance formula can be used to derive an equation of the circle. 

Let (x, y) be any arbitrary point on the circle. Then, by definition, the distance between 
(h, k) and (x, y) must be r. 


Va-hP +0 -kP =r 
(«—hY + -—k’ =r Square both sides. 


Standard Equation of a Circle 
The standard equation of a circle, centered at (h, k) with radius r, is given by 


(x—hY +(y—-kv =r where r > 0. 


Note: If a circle is centered at the origin (0, 0), then h = 0 and k = 0, and the equation 
simplifies to x7 + y’ =r’. 


| Example 2 _| Graphing a Circle 


Find the center and radius of the circle. Then graph the circle. 


(x- 3) + (y + 4)? = 36 y 


Solution: 
(x — 3)? +(y + 4)? = 36 
(x— 39+ fy-C4P = (6 
h=3,k=-—4,andr=6 
The equation is in standard form (x — h)’ + (y—k)* =r. 
The center is (3, —4), and the radius is r= 6. To graph the 
circle, first locate the center. From the center, mark points 


6 units to the right, left, above, and below the center. Then 
sketch the circle through these four points (Figure 9-4). 


Figure 9-4 


Note that the center of the circle is not actually part of the circle. It is drawn as an 
open dot for reference. 


Skill Practice Find the center and radius of the circle. Then graph the circle. 
2. (x+ 1)? +(y—-2)°=9 


>< 


(x, y) 


~ X 


Figure 9-3 


Answer 
2. Center: (—1, 2); radius: 3 


y 
A 
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| Example 3 _| Graphing a Circle 


Find the center and radius of each circle. Then graph the circle. 


2 
a. 2+ (y-2) ee b. x +y°=10 
3 9 
Solution: y 
10\* . 25 (0. ) 
24(y-2) =2 
eee ome” i 
“0+ (o-BVa() Seestitests 
Ge) +(y 3)  \3 -5-4-3-2-1 [123 4 5 7 
The equation is now in standard form “i 
(x-hyP + (y- 2 =P. * 
The center is (0, 42) and the radius is 3 = 
(Figure 9-5). Figure 9-5 


FOR REVIEW b. x +y=10 May 


(x— 0) + (7-09 =(V10) 


mine that a circle does not define y Ge hy +(y- ky? =, 
as a function of x. 


From the vertical line test, we deter- 


The center is (0, 0) and the radius is 
V10 = 3.16 (Figure 9-6). 


4 
“5 


Figure 9-6 


Skill Practice Find the center and radius of the circle. Then graph the circle. 


TY 3 9 
3. (x+5) +y =a 


Sometimes it is necessary to complete the square to write an equation of a circle in 
standard form. 


Example 4 Writing an Equation of a Circle in the Form 
(x —h’ + (y—kP =r 
Identify the center and radius of the circle given by the equation. 


x+y +2x—-16y+61 =0 


Answer Solution: 


3. Center: (-£ 0); radius: = x+y +2x—- 1l6y+61=0 To identify the center and radius, 
write the equation in the form 


; (WY +G— bP =P. 

ales 

3 (?+2x )+0°-l6y )=-61 Group the x terms and group 
2: 

1 


the y terms. Move the constant 
i > 
= cago ie iene ae S| 


to the right-hand side. 


x 
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(7 + 2x +1) + (0 — 16y + 64) =-61+1+4 64 ¢ Complete the square on x. 
Add [3(2)|* = 1 to both sides 
of the equation. 

e Complete the square on y. 
Add [4(—16)]” = 64 to both 
sides of the equation. 


(x + 1)? +(y— 8)? =4 
[x-(-D? + @- 87 =2? 


Factor and simplify. 
Standard form: 


(x-hyP+Q-ke=r 


The center is (—1, 8) and the radius is 2. 


Skill Practice Identify the center and radius of the circle given by the equation. 
4.x +y —10x+4y-7=0 


3. Writing an Equation of a Circle 


| Example | Writing an Equation of a Circle 


Write an equation of the circle shown in Figure 9-7. 


5 
Solution: : 
The center is (—3, 2); therefore, h = —3 and k= 2. 


From the graph, r= 2. Jeo4 5 la os ae 
(x— hy +(y—kP =r e 
[x—(-3)? + - 2 =QY * 
(x+3/P+(y- 2) =4 Figure 9-7 


Skill Practice 


5. Write an equation for a circle whose center is (6, —1) and whose radius is 8. 


4. The Midpoint Formula ; 


(X%, Yo) 
Consider two points in the coordinate plane and 
the line segment determined by the points. It is 
sometimes necessary to determine the point that 
is halfway between the endpoints of the segment. 
This point is called the midpoint. 


( 


Xp t% Yi tY2 ) 
2 ° 2 


an 


(x, yy) 


Midpoint Formula 
Given two points (x,, y,) and (x, y2), the midpoint of the line segment between the 
two points is given by 


* A X, +X. Yi ty 
Midpoint: (2, -1_-2 
point ( 5) 5 ) 
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FOR REVIEW 


Given x°+bx+[], complete the 
square by adding the square of one- 
half the linear term coefficient. 
Thus, 

1 


2 +b +( by: 
x xX 5 ‘i 


Avoiding Mistakes 


Be sure that you subtract both 
coordinates of the center, when 
substituting the coordinates into 
the standard form of a circle. 


P TIP: eee 


line segment is found by 
taking the average of the 
X-coordinates and the 
average of the y-coordinates 
of the endpoints. 


Answers 
4. Center: (5, —2); radius: 6 
5. (x6) + (y+1) = 64 
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Finding the Midpoint of a Segment 


Find the midpoint of the line segment with the given endpoints. 


a. (—4, 6) and (8, 1) b. (—1.2, —3.1) and (—6.6, 1.2) 
Solution: 
a. (—4, 6) and (8, 1) 
(x1, yy) (Xo, Yo) 
—-44+8 “t)) é 5 Gs ao 
ae : '>—— Apply the midpoint formula: (———~, ——= 
Avoiding Mistakes ( 2 2 ed ? 2 2 


Always remember that the 7 

midpoint ofalinesegmentisa  =......... (2, Z) Simplify. 
point. The answer should be an 
eidetea pala yh The midpoint of the segment is (2, 4). 


b. (—1.2, —3.1) and (—6.6, 1.2) 


(is yp (X, y2) 
(== eee) at - ~=) Apply the midpoint formula. 
(-—3.9, —0.95) Simplify. 


Skill Practice Find the midpoint of the line segment with the given endpoints. 
6. (5, 6) and (—10, 4) 7. (—2.6, —6.3) and (1.2, 4.1) 


Applying the Midpoint Formula 


Suppose that (—2, 3) and (4, 1) are endpoints of a diameter of a circle. 


a. Find the center of the circle. b. Write an equation of the circle. 


Solution: 


a. Because the midpoint of a diameter of a circle is the center of the circle, apply the 
midpoint formula. See Figure 9-8. 


(-2,3) and (4,1) 


y 


(x1, yp) (Xs; Yo) _— 
(it yit 22) 

a (4,1) 
(3 + : 5 *) Apply the midpoint formula. 


1,2 Simplify. 
2) moe Figure 9-8 
The center of the circle is (1, 2). 


Answers 
6. (-3.5) 7. (—0.7, —1.1) 
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b. The radius can be determined by finding the distance between the center and 
either endpoint of the diameter. 


(1,2) and (4,1) 


(*1, 91) (X2, Ya) 
d= V (x. — x)* + (v2 - yy)” Apply the distance formula. 
d= V4 —1°+(-2/ Substitute (1, 2) and (4, 1) for (x), y,) and 
(x2, Y2). 
= VG) + C1? Simplify. 
= V10 


The circle is represented by (x — 1)’ + (y — 2)? = (V10)’ 
or (x—1)?+(y—2)? = 10. 


Skill Practice 


8. Suppose that (3, 2) and (7, 10) are endpoints of a diameter of a circle. 


a. Find the center of the circle. Answer 


8. a. (5, 6) 
b. (x — 5)’ + (y— 6)’ =20 


Section 9.1 Activity 


A.1. Two bicyclists start out from the same point of origin. One rides east for 4 hr and then north for 4 hr at a rate of 
16 mph. The other cyclist rides east for 1 hr and then south for 4 hr at a rate of 12 mph. 


b. Write an equation of the circle. 


ss 


a. Find the ordered pairs representing the positions of the cyclists at their respective rf 

destinations. Use the point of origin as (0, 0). > 
b. Draw a right triangle using the distance between the cyclists as the hypotenuse. 6 
c. Find the horizontal distance between the two cyclists. Find the vertical distance . 


between the two cyclists. 


' : T= | 2 Ge Wy has 
d. Use the Pythagorean theorem to find the exact distance between the = 
two cyclists at their destinations. Then approximate the distance to the 


nearest tenth of a mile. me. 


A.2. Refer to Exercise A.1. Label the point (4, 8) as (x, y,) and label the point (12, —4) as (x), y). 

a. Write the generic distance formula to find the distance d between the 
points (x, y,) and (x, ys). 

b. Find the exact distance between the points (4, 8) and (12, —4). 

c. In the distance formula, the term (x, — x,)* represents the square of the (choose one: horizontal/vertical) 
distance between the two points. The term (y, — y,)” represents the square of the (choose one: 
horizontal/vertical) distance between the two points. 

d. Apply the distance formula with the point (4, 8) labeled as (x, yy) and the point (12, —4) labeled as (x, y,). 
Does the manner in which the points are labeled affect the result? 


A.3. a. Explain how to find the average of two numbers. 
b. The midpoint of the line segment with endpoints (x, y,) and (2%, y2) has coordinates given 
i ( Average of Average of 
x values y values 


) Write the formula for the midpoint between the points (x, y,) and (%, yp). 


c. Refer to Exercise A.1. The bicyclists are at points (4, 8) and (12, —4) and plan to meet for lunch at the 
midpoint between them. Find the midpoint. 
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A.4. a. By definition, a circle is the set of points equidistant from a fixed point. The fixed point is called 


the ____ of the circle, and the common distance from the center to any point on the circle is called 
the : 

b. Suppose that (x, y) is a point on a circle with center (h, k) and radius r. Write the standard equation for 
the circle. 


For Exercises A.5—A.6, identify the center and radius of the circle. 
AS. (x—5) +(y +2) =4 


A.6. («+ 3)" +y’ = 20 


A.7. The equation x* + y* + 6x — 8y + 16 = 0 is an equation of a circle in expanded form. To identify the center and 
radius, it is necessary to complete the square so that the equation is expressed as (x — h)* + (y— k)? =r. Follow 
these steps. 

a. Group the x terms and group the y terms on the left side of the equation and move the constant term to the 
right. Fill in the blanks to complete the squares. 


x + 6x+ +y’—8y+ =-16+ 
b. Factor on the left and simplify on the right. 


+ 


c. Identify the center and radius. 
d. Graph the circle. 


a 


EF Nyw RADA 


—> Xx 


i) 


-8-7-6-5-4-3-2-1 | 1 


A.8. Write an equation of a circle with center (0, —4) and radius 7. 


BEER Practice Exercises 


Prerequisite Review 
For Exercises R.1—R.2, simplify the radical. 


R.1. V50 


For Exercises R.3—-R.6, simplify the expression. 


R.3. 


R.5. 


For Exercises R.7—R.8, square the binomial. 


R.7. (x +8) R.8. (x — 9)? 


For Exercises R.9-R.10, find the value of 1 that will make the trinomial a perfect square trinomial. Then factor. 


R.9. x°-—12x+n R.10. x° + 20x +n 
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Vocabulary and Key Concepts 


1. 


a. The distance between two distinct points (x), y,) and (x9, yz) is given by d= 


b. A 


is the set of all points equidistant from a fixed point called the 


c. The distance from the center of a circle to any point on the circle is called the and is often 


denoted by r. 


d. The standard equation of a circle with center (h, k) and radius ris given by 


e. The midpoint of the line segment with endpoints (x,, y,) and (x5, y>) is given by 


Concept 1: Distance Formula 


For Exercises 2—16, use the distance formula to find the distance between the two points. (See Example 1.) 


2. (—2, 7) and (4, —5) 
5. (6, 7) and (3, 2) 


8. (4, 13) and (4, —6) 
11. (7,2) and (15, 2) 


14. 3V5,2V7) and (-V5,-3V7) 15. (4V6, 


17. Explain how to find the distance between 5 and 
—7 on the y-axis. 


19. Find the values of y such that the distance 
between the points (4,7) and (—4, y) is 10 units. 


21. Find the values of x such that the distance 
between the points (x, 2) and (4, —1) is 5 units. 


3. (1, 10) and (-2, 4) 


6. (5. =) and (-2. =) 
See 6 10 


9. (—2,5) and (—2, 9) 
12. (—6, —2) and (—3, —5) 


~2V/2) and (2V6, V2) 


4. (0,5) and (—3, 8) 


eres 
28 24 

10. (8, —6) and (—2, —6) 

13. (—1, —5) and (—5, —9) 


16. (6, 0) and (0, —1) 


18. Explain how to find the distance between 15 
and —37 on the x-axis. 


20. Find the values of x such that the distance 
between the points (—4, —2) and (x, 3) is 13 units. 


22. Find the values of y such that the distance 
between the points (—5, 2) and (3, y) is 10 units. 


For Exercises 23-26, determine if the three points define the vertices of a right triangle. 


23. (—3, 2), (—2, —4), and (3, 3) 
25. (—3, —2), (4, -3), and (1, 5) 


Concept 2: Circles 


24. 
26. 


(1, —2), (—2, 4), and (7, 1) 
(1, 4), (5, 3), and (2, 0) 


For Exercises 27-47, identify the center and radius of the circle and then graph the circle. Complete the square, 


if necessary. (See Examples 2-4.) 


27. (x-4" ++ 2)? =9 


28. (x -— 3)? + (y+ 1)? = 16 


29. (xt 12 +04 )2=1 


¥. 
A 


y y 

A A 
3 4 
2: 3 
1 2 
i I 

-2 eles I 2 3 4567 8 

-2 one 
= 3 2 
i-4. 3 
5 _4 
6 —5: 
=i 6 


>X 
12345 67 8 


xX 
123 45 


817 


818 


30. 


33. 


36. 
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(x4 +(y-4)=4 


y 
A 


Se Nw RADA 


> 
ia dar | We te ai es Pe RO 


x 


2 
(«- 3’ +y=8 
‘ 
A 
5 
4 
3 
2 
rl 
-3-2-1,[ 12345 6 a 
2 
-3 
4 
5 
r+y=15 
F 
A 
5 
4 
3 
2 
1 
> XxX 
5-4-3-2-1 [1234 5 
2 
= 
4 
5 


>x 
2 4 6 8 10 


31. P+ (y-2)°=4 


> 
123 4 5 


5 25 

7 

A 

5 

4 

3 

2 

1 

> xX 
-5-4-3-2-1 | 1 2 3.4 5 

2 
3 
-4 
5 


40. °° +y’+4x-8y+16=0 


= Nw RUN DA 


aad 


> 
123 45 


x 
1234 5 


32. (xt 1) +y’=1 


y 


> 


=NwW RY 


> 
123 45 


= 


> 
1234 °5 


$4322 


> 
123 4 5 


42, 0° +2x+y’-15=0 


Nw 


> 
I 23 4 5 


24-299) 21 


> 
123 4 5 
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43. ety toy 2 =0 

7 

A 

4 

3 

2 

1 

gece ena 12 3 4 5 

i2 
3. 
4. 
5 
6 


46. 2x? +2y?=32 


y 


Concept 3: Writing an Equation of a Circle 


48. If the diameter of a circle is 10 ft, what is the radius? 


> 
123 4 5 


Distance Formula, Midpoint Formula, and Circles 


44, x? +y’—12x+12y+71=0 


y 
A 


> 
—2-1 1234567 8 


For Exercises 49-54, write an equation that represents the graph of the circle. (See Example 5.) 


49, y 
A 
5 
4 
3 
-5 -4 -3 -1 3°45 
3 
—4 
—5 
52. , 
‘ 5 
4 
3 
2 
1 
5 


>X 


50. y 
st 


5-4 — 


51. 


5 
4 
3 
2 
1 

- 

“$-4-3-2-1 | 1 2 3 45 
-2 
3 
-4 
-5 
y 
A 
5 

a 

-5-4-3-2-1 | 123 4 5 

2 
3 
—4 
—5 


x 


x 


820 


55. 


57. 
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Write an equation of a circle centered at the 56. 
origin with a radius of 7. 
Write an equation of a circle centered at (—3, —4) 58. 
with a diameter of 12. 

. Acell tower is a site where antennas, 60. 


transmitters, and receivers are placed to create 

a cellular network. Suppose that a cell tower is 
located at a point A(5, 3) on a map and its range is 
1.5 mi. Write an equation that represents the 
boundary of the area that can receive a signal from 
the tower. Assume that all distances are in miles. 


Concept 4: The Midpoint Formula 


Write an equation of a circle centered at the 
origin with a radius of 12. 


Write an equation of a circle centered at (5, —1) 
with a diameter of 8. 


A radar transmitter on a ship has a range of 

20 nautical miles. If the ship is located at a 
point (—28, 32) on a map, write an equation for 
the boundary of the area within the range of the 
ship’s radar. Assume that all distances on the 
map are represented in nautical miles. 


For Exercises 61-64, find the midpoint of the line segment. Check your answers by plotting the midpoint on the graph. 
61. 


y 62. 


(4, 3) 


64. 


y 


A 
5 
4 
3 
2 
1 
> XxX 

-5 -4-3 -2-1 1234 5 
(0, -1)! 
—2 
-3 
-4 
—5 

(4, -5) 
y 
A 
5 
4 
(-1, 3)-@3 
1 

> xX 
-5 -4-3 -2-1 1 2N3 4 °5 


(3, -l) 


For Exercises 65-72, find the midpoint of the line segment between the two given points. (See Example 6.) 


65. 


68. 


71. 


73. 


(4, 0) and (—6, 12) 66. (—7, 2) and (—3, —2) 


(0, 5) and (4, —5) 69. (5, 2) and (—6, 1) 


(—2.4, —3.1) and (1.6, 1.1) 


Two courier trucks leave the warehouse to make deliveries. 
One travels 20 mi north and 30 mi east. The other truck travels 
5 mi south and 50 mi east. If the two drivers want to meet for 
lunch at a restaurant at a point halfway between them, where 
should they meet relative to the warehouse? (Hint: Label the 
warehouse as the origin, and find the coordinates of 

the restaurant. See the figure.) 


67. (—3, 8) and (3, —2) 


70. (—9, 3) and (0, —4) 


72. (0.8, 5.3) and (—4.2, 7.1) 


20 mi Restaurant 


Warehouse 
(0, 0) 
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74. A map of a hiking area is drawn so that the Visitor Center is at the origin y 
of a rectangular grid. Two hikers are located at positions (—1, 1) and (—3, —2) : 
with respect to the Visitor Center where all units are in miles. A campground : 
is located exactly halfway between the hikers. What are the coordinates of the Hiker 1 ~~ 2} Visitor Center 
campground? 1, De 110.0) . 
eet? 12345 
a ae 


For Exercises 75-78, the two given points are endpoints of a diameter of a circle. 
a. Find the center of the circle. 
b. Write an equation of the circle. (See Example 7.) 


75. (-1, 2) and (3, 4) 76. (—3, 3) and (7, —1) 77. (—2, 3) and (2, 3) 78. (—1, 3) and (—1, —3) 


Technology Connections 


For Exercises 79-84, graph the circle from the indicated exercise on a square viewing window, and approximate the center 
and the radius from the graph. 


79. (x—4) +(y+2)=9 (Exercise 27) 80. (x—3) + (y+ 1° =16 (Exercise 28) 
81. xe +(y—2)?=4 (Exercise 31) 82. (x+1)+y=1 (Exercise 32) 
83. x +y°=6 (Exercise 35) 84. x +y’=15 (Exercise 36) 


Expanding Your Skills 


85. Write an equation of a circle whose center 86. Write an equation of a circle whose center 
is (4, 4) and is tangent to the x- and is (—3, 3) and is tangent to the x- and 
y-axes. (Hint: Sketch the circle first.) y-axes. (Hint: Sketch the circle first.) 

y y 
ry A 
8 7 
d 6 
6 5 
5 4 
4 3 
3 2 
2 | 
Lad: > Xx 
7 163-44 -3-1 | i 2 3 
-1 123456789 5 
_ . :. 2 2. 
= 3 

87. Write an equation of a circle whose center 88. Write an equation of a circle whose center 

is (1, 1) and that passes through the is (—3, —1) and that passes through the 


point (—4, 3). point (5, —2). 
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Chapter 9 Conic Sections 


Concepts 


1. 


Introduction to Conic 


Sections 


. Parabola—Vertical Axis of 


Symmetry 


. Parabola—Horizontal Axis 


of Symmetry 


>< 


. Vertex Formula 


Vertex 


> xX 


Axis of symmetry 


Figure 9-11 


1. Introduction to Conic Sections 


The graph of a second-degree equation of the form y = ax* + bx +c (a #0) is a parabola 
and the graph of (x — h)? +(y —k)* =P is a circle. These and two other types of figures 
called ellipses and hyperbolas are called conic sections. Conic sections derive their names 
because each is the intersection of a plane and a double-napped cone. 


Circle Ellipse Hyperbola Parabola 


SEX 


2. Parabola—Vertical Axis of Symmetry 


A parabola is defined by a set of points in a plane that are equidistant from a fixed line 
(called the directrix) and a fixed point (called the focus) not on the directrix (Figure 9-9). 
Parabolas have numerous real-world applications. For example, a flashlight has a mirror 
with the cross section in the shape of a parabola. The bulb is located at the focus. The light 
hits the mirror and is reflected outward parallel to the sides of the cylinder. This forms a 
beam of light (Figure 9-10). 


y 
A 
BY 
MN 
; IN 
(x, y) \ Focus 
Focus 
> ‘——Mirror 
x 
Directrix 
Figure 9-10 
Figure 9-9 


The graph of the solutions to the quadratic equation y = ax* + bx +c is a parabola. Recall 
that the vertex is the highest or the lowest point of a parabola. The axis of symmetry 
of the parabola is a line that passes through the vertex and is perpendicular to the directrix 
(Figure 9-11). 
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Standard Form of the Equation of a Parabola—Vertical Axis 

of Symmetry 

The standard form of the equation of a parabola with vertex (h, k) and vertical axis 
of symmetry is 


y=a(x—hy +k where a #0 
If a> 0, the parabola opens upward; and if a < 0, the parabola opens downward. 


The axis of symmetry is given by x= h. 


It is sometimes necessary to complete the square to write an equation of a parabola in 
standard form. 


ESSE Graphing a Parabola by First Completing 


the Square 


Given the equation of the parabola y = —2x7 + 4x + 1, 


a. Write the equation in standard form y = a(x — h)” + k. 


b. Identify the vertex and axis of symmetry. Determine if the parabola opens 
upward or downward. 


c. Graph the parabola. 


Solution: 


FOR REVIEW 


a. Complete the square to write the equation in the form y = a(x — h)’ +k. 


Recall that a perfect square trino- 
y= —2x? +4x+1 mial factors as the square of a bino- 
5 ; mial. For example: 
y=-2(x -—2x)4+1 Factor out —2 from the variable terms. Pa 594 ee 
y= 207 —2x +1-1) +1 Add and subtract the quantity ——— 
[2(-2)]*= 1. 


y= —2(00? — 2x + 1) + (-2(-1) +1 Remove the —1 term from within the 
parentheses by first applying the 
distributive property. When —1 is 
removed from the parentheses, it carries 
with it the factor of —2 from outside 
y=-Ax- 1) +3 the parentheses. 


y=—-A(x- 17 +241 


The equation is in the form y = a(x — h)’ + k where a = —2, h = 1, and k =3. 


b. The vertex is (1, 3). Because a is negative, the parabola opens downward. 
The axis of symmetry is x= 1. 
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c. To graph the parabola, we know that its orientation is downward because the 
leading term is negative. Furthermore, we know the vertex is (1, 3). To find other 
points on the parabola, select several values of x and solve for y. Recall that the 
y-intercept is found by substituting x = 0 and solving for y. 


1 3. ~——Vertex ya-Ie= 143.4 
0 1 ~<—— y-intercept 
pea ll aes (2, 1) 
=I =5) : >X 
|__| -5 -4 3-2 -{ 3 4 5 
2 1 
3 |= 
(3, -5) 


Choose x. Solve for y. 


Notice that the points (2, 1) and (3, —5) are the mirror images of the points (0, 1) 
and (—1, —5) around the axis of symmetry, x = 1. For this reason, once we plot 
several points on one side of the axis of symmetry, the points on the other side 
automatically follow as a mirror image. 


Skill Practice Given the equation of the parabola y = 3x* + 6x + 4, 
1. Write the equation in standard form. 
2. Identify the vertex and axis of symmetry. 
3. Graph the parabola. 


3. Parabola—Horizontal Axis of Symmetry 


We have seen that the graph of a parabola y= ax’ + bx +c opens upward if a> 0 and 
downward if a < 0. A parabola can also open to the left or right. In such a case, the “roles” 
of x and y are essentially interchanged in the equation. Thus, the graph of x = ay’ + by +c 
opens to the right if a > 0 (Figure 9-12) and to the left if a < 0 (Figure 9-13). 


ant 


y 
A 


: Axis of t 
Axis of symmetry saa a 


So Vertex \ 
Answers > x x 
1. y=3r4+1 +1 
2. Vertex: (—1, 1); axis of symmetry: 
x=-1 
3. x=ay'+by+c,a>0 x=ay+by+c,a<0 
Figure 9-12 Figure 9-13 


i 
' 
1 
! 
1 
' 
: > 
-5-4-3-2-] 123 4 5 
! 
i 
1 
1 
1 
1 
4 
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indard Form of the Equation of a Parabola—Horizontal Axis 
of Symmetry 


The standard form of an equation of a parabola with vertex (h, k) and horizontal 
axis of symmetry is 


x=aly—k’ +h where a #0 
If a > 0, the parabola opens to the right and if a < 0, the parabola opens to the left. 


The axis of symmetry is given by y=k. 


| Example2 | Graphing a Parabola With a Horizontal Axis 


of Symmetry 
Given the equation of the parabola x = 4y’, 
a. Determine the coordinates of the vertex and the equation of the axis of symmetry. 
b. Use the value of a to determine if the parabola opens to the right or left. 


c. Plot several points and graph the parabola. 


Solution: 
a. The equation can be written in the form x = a(y — k)* + h: 
x=4(y—0)° +0 
Therefore, h =0 and k=0. 
The vertex is (0, 0). The axis of symmetry is y = 0 (the x-axis). 
b. Because a is positive, the parabola opens to the right. 


c. The vertex of the parabola is (0, 0). To find other points on the graph, select : 
values for y and solve for x. OE For Example Dy, 


the x-axis is the axis of 
symmetry. Therefore, once 


5 we find points on the 
0 0 ~<— Vertex : aay parabola above the axis of 
4 iT ‘ (4.1) symmetry, their mirror image 
rel ee al nor ‘ will be points on the parabola 
a below the axis of symmetry. 
16 2 aie : . 2 
= ~2 won 4, -D 
16 | -2 3 


Solve for x. Choose y. Answers 


4. Vertex: (1, 0); axis of symmetry: y = 0 
5. Parabola opens left. 
6. y 


Skill Practice Given the equation x = —y’ + 1, 
4. Identify the vertex and the axis of symmetry. 
5. Determine if the parabola opens to the right or to the left. 
6. Graph the parabola. 
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| Example 3 _| Graphing a Parabola by First Completing the Square 


Given the equation of the parabola x = —y* + 8y — 14, 
a. Write the equation in standard form x = a(y — k)? +h. 


b. Identify the vertex and axis of symmetry. Determine if the parabola opens to 
the right or left. 


c. Graph the parabola. 


Solution: 
a. Complete the square to write the equation in the form x = a(y — k)? +h. 
x=-y'+ 8y-14 
x=—I(y —8y)— 14 Factor out —1 from the variable terms. 


x=—-1(6° —8y+ 16-16) - 14 Add and subtract the quantity 
[(-8)]? = 16. 

x=—I(y’ —8y + 16) +(—1)(—16) — 14 Remove the —16 term from within 
the parentheses by first applying the 
distributive property. When —16 is 


2 (pe _ removed from the parentheses, it 
BN See SO ee carries with it the factor of —1 from 
x=-l(y-4)? +2 outside the parentheses. 


The equation is in the form x = a(y — k)? +h, where a= —1, h=2, andk=4. 


b. The vertex is (2, 4). Because a is negative, the parabola opens to the left. The axis 
of symmetry is y=4. 


D, 4 ~<— Vertex So. 
|) ee 0,4)" 
ie 
eal aa dina he 
ales oe ali oe ae 


_2}x = —(y — 4)? +2 
3 


Solve Choose 
for x. y. 


Skill Practice Given the equation of the parabola x = y* + 4y +7, 


Answers 7. Identify the vertex and axis of symmetry. 
7. Vertex: (3, —2); Axis of symmetry: 8. Determine if the parabola opens to the right or to the left. 
y=-2 
8. Parabola opens right. 9. Graph the parabola. 


9. » 
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4. Vertex Formula 


The vertex formula can also be used to find the vertex of a parabola. 


Finding the Vertex of a Parabola by Using 
the Vertex Formula 


Find the vertex by using the vertex formula. x=y+4y+5 
Solution: 
x=y+4y+5 The parabola is in the form x = ay’ + by +c. 
a=1 b=4 e=5 Identify a, b, and c. 
ee 


The y-coordinate of the vertex is given by y= >— 2(1) 


The x-coordinate of the vertex is found by substitution: 
x=(-2)? + 4(-2)+5=1 
The vertex is (1, —2). 


Skill Practice Find the vertex by using the vertex formula. 
10. x= —4y’ + 12y 


| Example5 | Find the Vertex of a Parabola by Using 


the Vertex Formula 


Find the vertex by using the vertex formula. y= x —3x+ 


Solution: 


y= x” —3x+ > The parabola is in the form 


2 y=ax'+bxt+e. 


a= b=-3 c= > Identify a, b, and c. 


2 


The x-coordinate of the vertex is given by x = ma = = = 3. 


(3) 
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The y-coordinate of the vertex is found by substitution. 


dae 5 
y=50) 33) +5 


9 5 
=2-942 
2 2 
14 
=—-9 
g 
=7-9 
=-2 


The vertex is (3, —2). 
Skill Practice Find the vertex by using the vertex formula. 


3 
a 11. y= ra +3x+5 


11. (-2, 2) 


Section 9.2 Activity 


A.1. a. Describe the graph of y = a(x — h)? + k. 


b. Describe the graph of x = a(y —k)? +h. 


A.2. Graph y= —(x— 4) +1. 


SEBeseaske 
TS 


A.3. Refer to Exercise A.2. How would the graph change for the equation x = —(y — 1)? + 4? 


A.4. The equation x = y’ + 4y + 1 is of the form x = ay’ + by +c. 
a. Identify the values of a, b, and c. 
. Does the parabola open upward, downward, to the left, or to the right? 
. Write the equation in the form x = a(y — k)* +h by completing the square. 
. Identify the vertex. 
. Identify the axis of symmetry. 


coeosd 
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Practice Exercises | Section 9.2 


Prerequisite Review 
For Exercises R.1—R.4, 


a. Identify the vertex of the parabola defined by the quadratic function. 
b. Determine the y-intercept. 
c. Determine the x-intercepts (if any exist). 


RA. y=—x° + 2x43 R.2. y=x+6x+8 


R3. y=x+4x+4 R.4. y=x? — 10x +25 


For Exercises R.5—R.6, evaluate the expression for the given values of the variables. 


R.5. Se oad 204 R.6. Se = Sandee 
2a 2a 


Vocabulary and Key Concepts 
1. a. A circle, a parabola, an ellipse, and a hyperbola are curves that collectively are called _____ sections. These 


types of curves derive their names because each is the intersection of a ______ and a double-napped cone. 


b. A_____is defined by a set of points in a plane that are equidistant from a fixed line (called the 
) and a fixed point (called the ___——_). 


c. Given a parabola defined by y = a(x — h)’ +k (a #0), the ___is (h, k) and is the highest or lowest 
point on the graph. The axis of is the vertical line through the vertex whose equation is x = h. 


d. Given a parabola defined by x = a(y — k) + h(a #0), the axis of symmetry is the horizontal line whose 
equation is : 
2. Determine whether the parabola defined by the given function opens upward, downward, to the right, or to the left. 


a. y=—x7 b. x=y ce x=-y’ d. y=x 


Concept 2: Parabola—Vertical Axis of Symmetry 


For Exercises 3-10, use the equation of the parabola in standard form y = a(x — h)* + k to determine the coordinates 
of the vertex and the equation of the axis of symmetry (complete the square if necessary). Then graph the parabola. 
(See Example 1.) 


3. y=(x4+2yP 41 4. y=(x-1)?4+1 5. y=x?—4x43 

y y y 

A A A 

5 5 5 

4 4 4 

3 3 3 

2 2 2 

1 1 1 

> xX xX > xX 
5-4-3-2-1 [123 45 5-4-3-2-1 [123 4 5 $-4-3-2-1 [123 4 3 

2 2 ~2 
23 3 3 
-4 -4 -4 
-5 5 -5 
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2 2 
6 y=x +6x4+5 7. y=—-2x° + 8x 8. y= —3x" — 6x 
By J y 
A A A 
5 9 5 
4 8 4 
3 7 3 
2 6 2 
1 5 1 
> Xx 4 > x 
S4-3-2-1 [1 2 3 4 3 43-31 [13 3 4 5 
=) 2 =) 
3 1 3 
a §4-3-2-1 [13345 me 
5 — 5 
9. y=-x°-— 3x42 10. y=-x° +x-4 
y y 
A A 
5 3 
4 2 
3 1 
2 >X 
; -5-4-3-2-1 [ 123 4 5 
>X —2 
5-4-3-2-1 | 1234 5 
1 23 
=) -4 
= -5 
4 6 
—5 7 


Concept 3: Parabola—Horizontal Axis of Symmetry 


For Exercises 11-18, use the equation of the parabola in standard form x = a(y — k)? +h to determine the coordinates of the 
vertex and the axis of symmetry (complete the square if necessary). Then graph the parabola. (See Examples 2-3.) 


11. x=y'-3 12. x=y'+1 13. x=-(y-3)°-3 
y y ¥ 
A ry 
5 =) 7 
4 4 6 
3 3 5 
2 2 4 
1 1 3 
>X > Xx 2 
—5 -4 -3 -2 ali 123 45 —5 -4 -3 -2 14 123 4 5 1 
my) —2. Xx 
—8-7 -6 -5 -4 -3 -2-1 1 2 
3 —3 -1 
—4 4 2 
5 —5: 3 
14. x=-2(y+2) +1 15. x=-y’+4y-4 16. x=—4y’ —4y-2 
» y Da 
A 
a 5 7 
4 4 6 
3 3 5: 
2 2 4 
1 1 3 
>X mx 2 
“5-4-3 -2-1 [1 2 3 4 5 “5-4-3-2-1 | 123 4 5 
—2: —2, >X 
-7-6 —5 —4 -3 -2 -1 1 2.3 
33) —3, 1 
4 4 -2 


33 
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2 2 
17. x=y°-2y+2 18. x=y+4y4+1 
y » 
A A 
5 3 
4 2 
3 1 
2. > xX 
1 i ae nee) 123 4 5 
> x —2. 
—5 -4 -3 -2-1 123 45 
am) 3 
=) -4 
<3) —5 
—4| 6 
=5 -7 


Concept 4: Vertex Formula 


For Exercises 19-27, determine the vertex by using the vertex formula. (See Examples 4-5.) 


19. y=x-4x43 20. y=x+6x—2 2. x=y'+2y+6 

22. x=y’—8y4+3 23. ae eee 24 Sa =e 
7 x=y y “y= 4 4 _y= 5) 5 

25. y=x°-3x+2 26. x=—2y? + l6y+1 27. x= —3y?—6y +7 


28. Ricardo has a satellite dish for his television. The cross sections of the 
satellite dish are parabolic in shape. A cross section through the vertex 
can be described by the equation 


2, 2 
d(x) =-—x" -— —x 
25 5 


where d(x) is the depth of the dish (in feet) at a distance of x ft 
from the edge of the dish. How deep is the satellite dish? 


Ryan Mc Vay/Photodisc/Getty Images 


29. Water from an outdoor fountain is projected outward from a 
jet on the side wall of the fountain. The water follows a parabolic 
path and can be modeled by h(x) = —x? + 10x — 3. In this 
function, h(x) represents the height of the water, x ft from the jet. 
Find the maximum height of the water. 


rudil976/123RF 


Mixed Exercises 


30. Explain how to determine whether a parabola opens upward, downward, left, or right. 
31. Explain how to determine whether a parabola has a vertical or horizontal axis of symmetry. 


For Exercises 32-43, use the equation of the parabola first to determine whether the axis of symmetry is vertical or 
horizontal. Then determine if the parabola opens upward, downward, left, or right. 


32. y=(x- 2) +3 33. y=(x-4)° +2 34. y=—2(x+1)?-4 
35, y=—3(x +2) - 1 36. x=y+4 37. x=y-2 
38. x=—-(y+3)?+2 39, x= —Ay— 1-3 40. y=-2x2-—5 


41. y=-x° +3 42. x=2y’+3y-2 43. x=y’—Sy+1 
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EE The Ellipse and Hyperbola 
1. Standard Form of an Equation of an Ellipse 


1. Standard Form of an In this section, we will study the two remaining conic sections: the ellipse and the hyperbola. 
Equation of an Ellipse An ellipse is the set of all points (x, y) such that the sum of the distances between (x, y) 

2. Standard Form of an and two distinct points is a constant. The fixed points are called the foci (plural of focus) 
Equation of a Hyperbola of the ellipse. 


To visualize an ellipse, consider the following application. Suppose Sonya wants to 
cut an elliptical rug from a rectangular rug to avoid a stain made by the family dog. She 
places two tacks along the center horizontal line. Then she ties the ends of a slack piece of 
rope to each tack. With the rope pulled tight, she traces out a curve. This curve is an ellipse, 
and the tacks are located at the foci of the ellipse (Figure 9-14). 


Figure 9-14 


We will first graph ellipses that are centered at the origin. 


ndard Form of an Equation of an Ellipse Centered at the Origin 

2) 
An ellipse with the center at the origin has the equation ea + = = 1, where 
a 


aand b are positive real numbers. In the standard form of the equation, the right side 
must equal 1. 


To graph an ellipse centered at the origin, find the x- and y-intercepts. 


To find the x-intercepts, let y = 0. To find the y-intercepts, let x = 0. 
2 
eB a b 
y 
2 
24 Y=] 
a b 
(0, b) 
sean ree 
(—a, 0) (a, 0) x-4+Va y=H /12 
(0, -b) x= +a y=+b 
The x-intercepts are (a, 0) and The y-intercepts are (0, b) and 


Figure 9-15 (—a, 0). See Figure 9-15. (0, —b). See Figure 9-15. 
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| Example1 | Graphing an Ellipse 


Graph the ellipse given by the equation. 


Solution: 


2 
The equation can be written as = +o=1. 


oo a8 Pe 
The equation is in standard form — + y= 1, 
a 


P 
therefore, a = 3 and b=2. 


Graph the intercepts (3, 0), (~3, 0), (0, 2), (0, —2) ce 
and sketch the ellipse. 


(0, -2) 


Skill Practice 
1. Graph the ellipse given by the equation. 


| Example 2 _| Graphing an Ellipse 


Graph the ellipse given by the equation. 25x + y’ = 25 


Solution: 
25x? + y* = 25 Divide both sides by 25. 
25° y? _ 25 0,5) 
25 25 25 
2 
= 
x + 55 =1 (-1, 0) (1, 0) 
# ¥~ $4332, [2345 — 
The equation can then be written as — + = = 1. 
1 
x2 y : 
The equation is in standard form z + B ae Neg, 5 


therefore, a= 1 and b=5. 


Graph the intercepts (1, 0), (—1, 0), (0, 5), and (0, —5) and sketch the ellipse. 


Skill Practice 
2. Graph the ellipse given by the equation.  x°+9y’=9 


A circle is a special case of an ellipse where a = b. Therefore, it is not surprising that we 
graph an ellipse centered at the point (h, k) in much the same way we graph a circle. 


| Example 3 _| Graphing an Ellipse Whose Center Is Not at the Origin 


Gal 2O4 9" 4 


Graph the ellipse given by the equation. 16 a 


Solution: 


Just as we would find the center of a circle, we see that the center of the ellipse is 
(1, —3). Now we can use the values of a and b to help us plot four strategic points to 
define the curve. 


Answers 
1; 


a 
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The equation can be written as y 
3 

@-1P , O+3"_, 2 
ay 


From this, we have a=4 and b=2. To sketch the 
curve, locate the center at (1, —3). Then move a= 4 
units to the left and right of the center and plot two 
points. Similarly, move b=2 units up and down 
from the center and plot two points. 


Skill Practice 


@+1P _O-47_, 


3. Graph the ellipse. 
raph the ellipse Fl 5 


2. Standard Form of an Equation of a Hyperbola 


A hyperbola is the set of all points (x, y) such that the absolute value of the difference 
of the distances between (x, y) and two distinct points is a constant. The fixed points are 
called the foci of the hyperbola. The graph of a hyperbola has two parts, called branches. 
A hyperbola has two vertices that lie on an axis of symmetry called the transverse axis. 
For the hyperbolas studied here, the transverse axis is either horizontal or vertical. 


< 


y 


4 Transverse axis 


FOR R EVIEW Transverse axis 
From the vertical line test, neither 
the graph of an ellipse nor the graph 
of a hyperbola defines y as a func- 
tion of x. 
LT 


Vertices 


Xx 


Standard Forms of an Equation of a Hyperbola With Center 
at the Origin 
Let a and b represent positive real numbers. 


Horizontal transverse axis: 


The standard form of an equation of a hyperbola with a horizontal transverse axis 
2 


and center at the origin is given by x 222 =i, 


a ie 


Note: The x term is positive. The branches of the hyperbola open left and right. 


Answer Vertical transverse axis: 

3. , The standard form of an equation of a hyperbola with a vertical transverse axis 
h 2 

8 


and center at the origin is given by e =k 
a 


Note: The y term is positive. The branches of the hyperbola open up and down. 


In the standard forms of an equation of a hyperbola, the right side must equal 1. 


>X 
—5 -4 -3 -2-1 123 4 5 
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To graph a hyperbola centered at the origin, first construct a reference rectangle. Draw 
this rectangle by using the points (a, b), (—a, b), (a, —b), and (—a, —b). Asymptotes lie on 
the diagonals of the rectangle. The branches of the hyperbola are drawn to approach the 
asymptotes. 


SN a a 
XX 4 fe 
3 qo. 
x ¢ 
<> i 
(—a,b) BEF ab) 
i isi 


+ > X 
-5-4-3-9-1-7.1 33 4 5 
reel ‘A 
(-a, -b) jeu = 
¢ 


Graphing a Hyperbola 
Xx 


Graph the hyperbola given by the equation. 


a. Determine whether the transverse axis is horizontal or vertical. 
b. Draw the reference rectangle and asymptotes. 


c. Graph the hyperbola and label the vertices. 


Solution: 


a. Since the x term is positive, the transverse A 
axis is horizontal. 


2 2 Asymptote 
; ; x j 
b. The equation can be written — — Y= 1; oe, 
6. 32 eee see sr Vertex 
eer (6, 0) 
therefore, a = 6 and b =3. Graph the mr et 


reference rectangle from the points = 
(6, 3), (6, =3); (—6, 3), (-6, —3). fa fr 


Asymptote 
c. The vertices are (—6, 0) and (6, 0). 


Skill Practice 


2 
4. Graph the hyperbola. =x? — G Si 


EEE Graphing a Hyperbola 


Graph the hyperbola given by the equation. y — 4° —-16=0 


a. Write the equation in standard form to determine whether the transverse Answer 
axis is horizontal or vertical. 4. 


b. Draw the reference rectangle and asymptotes. 


c. Graph the hyperbola and label the vertices. 
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Solution: 
a. y —4x°-16=0 
y’ — 4x? = 16 Isolate the constant term on the right. 
s - a = - Divide by 16 to make the constant term 1. 
yx 


16 4 
Since the y term is positive, the transverse 
axis is vertical. 


yx 
b. The equation can be written 2 a : 


therefore, a = 2 and b = 4. Graph the 
reference rectangle from the points (2, 4), 
(2, —4), (=2, 4), (-2, —A). 


c. The vertices are (0, 4) and (0, —4). 


Skill Practice 
5. Graph the hyperbola. Oy? — 4x7 = 36 


The following summarizes the steps for graphing ellipses and hyperbolas. 


Answer 
5. 


ISTUDY 


Section 9.3 Activity 


ISTUDY 


A.1. 


A.2. 


A.3. 


Practice Exercises 


a. 


b. 


. Refer to Exercise A.1(c). How is the graph of 


. Describe the graph of 


Section 9.3. The Ellipse and Hyperbola 


Describe the graph of x? + y* = 4. y 


5 

DeccEe heen Or =a Pee eee eee ete ed 
9 4 cae 
1 


2 Senolee sane 
; Sse TUE Dh (b). ee a ee oe 


Me ~ qr = = | different from the 
2 2 

h of —+—=1? 
graph o 9 cary 


y’ 
. Describe the graph ae = il. 


= 775 
y 


. Describe the graph of -»+ = = Il, 


25 49 
including the vertices of the reference rectangle. 


a 9 
including the vertices of the reference rectangle. 


Prerequisite Review 


For Exercises R.1—R.4, determine the center and radius of the circle. 


RA. x+y = 16 R24 +y = 36 
R3. (x-3% + (+2)? =12 R44. (x +5) +(y—1)? =20 


Vocabulary and Key Concepts 
1. a. 


. The standard form of an equation of an 


A(n) _______ is the set of all points (x, y) such that the sum of the distances between (x, y) and two 


distinct points (called ________) is constant. 


x a 
with center at the origin is — + 5 = 
a 


b? 


. A(n)_____is the set of all points (x, y) such that the absolute value of the difference in distances 


between (x, y) and two distinct points (called ________) is a constant. 


a. A hyperbola has two vertices that lie on an axis of symmetry called the ________ axis. 


. The standard form of an equation of a hyperbola with a horizontal transverse axis and center at (0, 0), is 


given by 


. The standard form of an equation of a hyperbola with a vertical transverse axis and center at (0, 0), is 


given by 


837 
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Concept 1: Standard Form of an Equation of an Ellipse 


For Exercises 3-10, find the x- and y-intercepts and graph the ellipse. (See Examples 1-2.) 


ry 
3, 24% 21 
4° 9 
¥ 
A 
5 
4 
3 
2: 
1 
ate 4 123 4 5 
=2 
-3 
4 
—5 
2 
Gg? ai 
36. 4 
, 
A 
6 
5 
3 
2 


> 
123 45 6 


9, 4+ 25y?—25=0 


y 
A 


Nw aD 


>x 
123 45 6 


2 2, 
ea gg 
16 25 1 9 
y y 
A 
Bi) 5 
4 4 
3 3 
2 2 
1 1 
xX a 
ig east ha ie 123 4 5 i css ea tee Oy 123 45 
=) —2. 
= —3 
4 4 
5 —5: 
7. 4x +y=4 8. 9x + y= 36 
» y 
A 
6 6 
5 ) 
4 4 
3 3 
2 2 
1 1 
~6 -5 —4 -3 -2-1 ; 1203 4.5 6 —6-5 -4 -3 me 123 45 6 
ay) —2: 
3 3 
-4 -4 


> 
123 45 6 


For Exercises 11-18, identify the center (h, k) of the ellipse. Then graph the ellipse. (See Example 3.) 


2 2 
2 
4 9 
k 
9 
8 
7 
6 
5 
4 
3 
2 
at 
-1 123456789” 


2. +2), Y= 4 


Bp, &t 1’, G=2" _, 


9 16 25 9 

y y 

A A 
5 6 
4 5 
3 4 
2 3 
1 2 
>x 1 

—5 -4 -3 -2-1 1 2.34.5 
=| >x 
-6 -5 -4 -3 -2-1 123 4 

=, —1 
3 —2 
—4. -3 
—5. —4 
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«-4P , ytl) (x— 2) 2 2, 9-3) 
14. =] 15, —— =] 16. (x- = = | 
25 + 16 9 +(y+3) 6. ¢ Sy) + q 

‘ , , 
5 6 
: 4 5 
3 4 
2 2. 3 
' = 1 2 
ti 224 5 7 8S ree ae Or Wy ee 1 
-2 7 2-1 12345678 
—2: -1 
- 3 -2 
4 = 3 
5 5 a 
2 2 2 
17, 40-21 tec) ee a 
36 25 4 16 
of st 
8 4 
6 3 
4 2 
2 1 
—10-8 —6 —4 2 246810 8-7 6 —§ 4-3-2 -1] 12 
=) =] 
-4 2 
-6 3 
-8 -4 
+10 = 


Concept 2: Standard Form of an Equation of a Hyperbola 


For Exercises 19-26, determine whether the transverse axis 1s horizontal or vertical. 


2, 2 2: 2, 2 
19, Y~-> 21 2, 2-2 =1 un, XY 
6 18 10 4 20. 15 
2 
2, FF ai 23, 2-y'=12 24, P-y=15 
25. x7 —3y =-9 26. 2x7 -y=-10 


For Exercises 27-34, use the equation in standard form to graph the hyperbola. Label the vertices of the hyperbola. 
(See Examples 4-5.) 


2 2 
ae 23, © Ya 
25 16 9 36 
Ba » 
it : at 
6 6 
5 eS 
4 4 
3 3 
2 2: 
1 oat 
xX > xX 
et aa reer a 1 2 3) 4 5 6 7 =h=6.=5 —4.=3 =2 =I 123 45 67 
9: —2. 
3 i=3 
—4 4 
= —5 
-6 -6 
—7 —7 
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2 42 2 32 
y y 
29. —-—=1 30. —-—=1 
4 4 9 9 
i 7 
6 6 
5 i 5 
4 4 
3 3 
2 2 
el 
-7 -6 -5 -4 -3-2 -1 B12. 3. A SG 7 * ia tes re star eat 123 45 6 a 
—2 —2 
3 ~3 
—4 —4 
= 5. -5 
6 6 
=) -7 
31. 36x - y’ = 36 32. x - 25y" = 25 
y »: 
A A 
ren 7 
6 6 
in 5 5 
ed 4 
ee 3: 3 
2 2) 
to 1 
734331 [2 3 4 se 7” T5432 [12345 67" 
-2 2 
3 3 
4 4 
5 5: 
-~6 6 
7. +7 
33. y’— 4x°- 16=0 34. y’— 42° - 36=0 
A i 
7 14 
6 12 
a “10 
4 8 
3) in G 
2 fos dy 
1 5D, 
-7 -6 -5 -4 -3 -2 ee 123° 4° 5. 6 7 —14—-12-10-8 -6 -4 me 2 4 6 8 10 12 ia 
2, i-4. 
9, 6 
—4 8 
5 +10 
—6 +12. 
9 =14 
Mixed Exercises 
For Exercises 35-46, determine if the equation represents an ellipse or a hyperbola. 
2 y 2 y y x Pe y 
35. —-+-=1 36. —+—=1 37. —+—=1 38. —+-—-=1 
6 10 14. 2 4 16 5 10 
39. 4x°+y°=16 40. —3x — 4y* = -36 41. -y’+2x°=-10 42, ~-y=-1 


43. 5° +y?- 10=0 44, 5x°-3y°=15 45. 6° =6 46. 3x° + 5y’=15 


Problem Recognition Exercises 841 


Expanding Your Skills 


47. An arch for a tunnel is in the shape of a 48. A bridge over a gorge is supported by an arch in 
semiellipse. The distance between vertices is the shape of a semiellipse. The length of the 
120 ft, and the height to the top of the arch is bridge is 400 ft, and the height is 100 ft. Find the 
50 ft. Find the height of the arch 10 ft from height of the arch 50 ft from the center. Round 
the center. Round to the nearest foot. to the nearest foot. 

y —— 400 ft —————— 
y 
t 
100 ft 
50 ft u x 
Lt 


—$- 120 ft > 


In Exercises 49-52, graph the hyperbola centered at (h, k) by following these guidelines. First locate the center. Then draw 
the reference rectangle relative to the center (h, k). Using the reference rectangle as a guide, sketch the hyperbola. Label the 


center and vertices. 


a) ee a (r+2%_ (3 
49, 5 4 Te eae Sr 50. ie ; iT Fe 
ra 12 
: 10 
i PS 2 
Loft. : 
432-1 [123456 4 
foselpecwnfnd hadiasfesdastl Sis : 
2 ‘sank ak ak i ta wooo aoe —: 
ee ee ee ee MA 
i-4 Hy 5 
51, Go gaye re 52. (year 22) =4 4 
7 5 4 : 
i 3 
: 2. 
s 1 
>x 7 -6-§ 4-3 2-1 | i 2 an 
=e eee 12345 
—2 iS 
3 e 


-5 


Formulas and Conic Sections 


For Exercises 1-8, identify the formula. 


2 
1. @-hY+Q-khP =r 2. S+5sl 3. VG2— x) +O2—-y 
a 
Xj +X 2522) ee Lae 
4, (2E% Ut 5. y=a(x—hy +k 3 ae! 


ISTUDY 


842 Chapter 9 Conic Sections 


For Exercises 9-30, identify the equation as representing a circle, parabola, ellipse, hyperbola, or none of these. 


2: 2 
9, y=-2(x- 3) +4 10. aaa IL. (64+3P + (y+ 2" =4 
2 oD 2 2. 
12. (x-2+(y-42=9 13, =i 14, 242-51 
Cae OS 4) 9 9 9. 16 
x y 2 1 2 
15. —+—=0 16. x+y’ —2x+4y-4=0 17. y=-(x +2) -3 
16. 4 2 
ie y 2 2 
18. 7 oe. 19. x=(y+2)-4 20. P+y'+6x+8=0 
x y’ 
21. (x-1)°+(y +1) =0 22. x=—-(y—2)-1 23. rir a 
2 2 
24. 2 +y=15 25. y=(x- 6)? +4 26. ath Can = 
2h 2 2 
v te o} 2 x y 
ee = j 28. =1 20, 42 -= 1] 
aac 8. 34° + 3y 9+ 1D 


30. x=(y +2)°-5 


Tate a Nonlinear Systems of Equations in Two Variables 
1. Solving Nonlinear Systems of Equations 


1. Solving Nonlinear Systems by the Substitution Method 
of Equations by the 


ae Recall that a linear equation in two variables x and y is an equation that can be written in 
Substitution Method | x y q 


: ; the form Ax + By = C, where A and B are not both zero. We have solved systems of linear 
2. Solving Nonlinear Systems : , ; : . ae 
of Equations by the equations in two variables by using the graphing method, the substitution method, and the 
Addition Method addition method. In this section, we will solve nonlinear systems of equations by using 
the same methods. A nonlinear system of equations is a system in which at least one of 
the equations is nonlinear. 

Graphing the equations in a nonlinear system helps to determine the number of solu- 
tions and to approximate the coordinates of the solutions. The substitution method is used 

most often to solve a nonlinear system of equations analytically. 


| Example1 | Solving a Nonlinear System of Equations 


Given the system x— Ty = —25 
r+y =25 
a. Solve the system by graphing. 


b. Solve the system by the substitution method. 


Solution: 
a. x— Ty = —25 is a line (the slope-intercept form is y = 4x + 3). 
r+y = 25 is a circle centered at the origin with radius 5. 


Figure 9-16 From Figure 9-16, we appear to have two solutions (—4, 3) and (3, 4). 
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b. To use the substitution method, isolate one of the variables from one of the equa- FORREVIEW | 
tions. We will solve for x in the first equation. FOR REVIEW 


Remember to use parentheses when 


A x= Ty = —25 Solve for * x= Ty = 25 substituting an expression for a 
variable. For example, using paren- 
[B | x + y = 25 theses for the expression (7y — 5)’ 
helps us remember to square the 
y binomial, rather than the individual 

[B| (Ty — 25)* + y* = 25 Substitute (7y — 25) for x in the second ee 

equation. 
49y? — 350y + 625 + y° = 25 The resulting equation is quadratic in y. 
50y’ — 350y + 600 = 0 Set the equation equal to zero. 
500° — 7y + 12) = 0 Factor. 


50(y — 3)(y — 4) = 0 
y=3 or y=4 
For each value of y, find the corresponding x value from the equation x = 7y — 25. 
y= 3: x = 7(3) -25=-4 The solution point is (—4, 3). 


y=4: x= 7(4) -25=3 The solution point is (3, 4). 
(See Figure 9-16.) 


The solution set is {(—4, 3), (3, 4)}. 


Skill Practice Given the system 
2x iy: = 
r+y =50 
1. Solve the system by graphing. 
2. Solve the system by the substitution method. 


EEELEM) Solving a Nonlinear System 


by the Substitution Method 


Given the system y= Vx 
x+y = 20 


a. Sketch the graphs. 


b. Solve the system by the substitution method. 


: Answers 
Solution: 


a. = Vx is the basic square root 
y q 
function. 


r+y =20 is a circle centered at 
the origin with radius 


V20 4.5. 


From Figure 9-17, we see that there is one solution. Figure 9-17 


—5 


The solutions appear to be (—1, 7) and 
(5, —5). 
2. {(-1, 7), (5, —5)} 
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Figure 9-18 


Answers 
3. y 


4. {(2, 2)} 


b. To use the substitution method, we will substitute y = Vx into equation [B]. 


A yava Substitute y = x into the second equation. 
B ety = 20 


B] x+(Vx) = 20 


x +x= 20 
x+x—-20=0 Set the second equation equal to zero. 
(x + 5)(x-4) =0 Factor. 
x5 or x=4 Reject x = —5 because it is not in the domain of 


y= vx. 
Substitute x = 4 into the equation y = Vx. 


If x = 4, then y= V4 =2. The solution set is {(4, 2)}. 


Skill Practice Given the system 
y=V2x 
r+y=8 
3. Sketch the graphs. 
4. Solve the system by using the substitution method. 


Solving a Nonlinear System 
by the Substitution Method 


Solve the system by using the substitution method. y= Vx 


=x. 
Solution: 
A y= Wx 
B y=x 
Wx =x Because y is isolated in both equations, we can 
equate the expressions for y. 
(Wx) = (x) To solve the radical equation, raise both sides to the 
third power. 
xex This is a third-degree polynomial equation. 
O=x-x Set the equation equal to zero. 
0 = x’- 1) Factor out the GCF. 
0 = x(x+ L(«- 1) Factor completely. 
x=0 or x=-l or x=1 


For each value of x, find the corresponding y value from either original equation. We 
will use equation |B |: y= x. 


If x= 0, then y=0. The solution point is (0, 0). 
If x=—-1, then y=-1. The solution point is (—1, —1). 
Ifx=1, then y=1. The solution point is (1, 1). 


The solution set is {(0, 0), (—1, —1), C1, 1)}. See Figure 9-18. 
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Skill Practice Solve the system by using the substitution method. 
y= W9x 


yuu 


2. Solving Nonlinear Systems of Equations 
by the Addition Method 


The substitution method is used most often to solve a system of nonlinear equations. 
In some situations, however, the addition method offers an efficient means of finding a 
solution. Example 4 demonstrates that we can eliminate a variable from both equations 


provided the terms containing the corresponding variables are /ike terms. 


Solving a Nonlinear System of Equations 


by the Addition Method 
Solve the system. 2x+ty=17 
x’ +2y? = 22 


Solution: 
Al 2x°+y°=17 


B] x°+2y*=22 


Notice that the y* terms are like in each equation. 


To eliminate the y’ terms, multiply the first equation 


by —2. 
2x+y=17 ss 4x? — 2y* = -34 
B] <24+2y2=22 ————+ _ #42y= 22 
3x = —|2 Eliminate the y’ term. 
3x = -12 
-3 3 
vr =4 


x= +2 Use the square root property. 


Substitute each value of x into one of the original equations to solve for y. We will use 
equation [A]: ox + y = 17, 


x=2: A 22" +y =17 
8+y=17 
y =9 
y=+3 The solution points are (2, 3) and (2, —3). 
x=-2: A 2(-2 + y = 17 
8+y=17 
y=9 
y=+3 The solution points are (—2, 3) and (—2, —3). 


The solution set is {(2, 3), (2, —3), (—2, 3), (—2, —3)}. 


Skill Practice Solve the system by using the addition method. 
6. ¢-y'=24 
3x° + y = 76 


ED inexempie 4, the 


x“ terms are also /ike in both 
equations. We could have 
eliminated the x? terms by 
multiplying equation |B 
by —2. 


i) |} The two equations in 
Example 4 are ellipses, but 
an exact graph is difficult to 
render by hand. 


To check the solutions to the 
system, verify that each 
ordered pair satisfies both 
equations. 


Answers 
5. {(0, 0), (3, 3), (-3, —3)} 
6. {(5, 1), (5, —1), (—5, 1), (—5, —1)} 
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| TIP: (5 important to note that the addition method can be used only if two equations 
share a pair of like terms. The substitution method is effective in solving a wider range 
of systems of equations. The system in Example 4 could also have been solved by using 


substitution. 
Solve for y”. 
[A] BG NA =p a Wai a me 
B x? 4+2y = 22 
[B] x?+2(17 — 2x) = 22 x=2) yY=17-2(2) 
x? + 34 — 4x? = 22 i 
—3x? = -12 y =+3 The solutions are 
(2, 3) and (—2, -3). 
= 4 
= £2 <a Pa = QE 


y=9 
y =x3 The solutions are 
(]2"3)rana\(S 253): 


Section 9.4 Activity 


A.1. a. Graph the two equations on the same coordinate system. y 
Silas 
(x ons 2 ar y =9 bed Saeed 
iL 


b. From the graph, determine the points of intersection. 


=e = ce 3 4.5. 6 ia 
c. Solve the system of nonlinear equations from part (a) using oS, em 


the substitution method. 


A.2. a. Use the addition method to solve the system of nonlinear equations. 
x+y =10 
2x+ty=11 
b. The graph of the first equation from part (a) is a circle, and the graph of 


the second equation is an ellipse. Verify your answers from part (a) from 
the graph. 


T-\eai(ela meee a Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.2, solve the system using the addition method. 


R11. 2x-3y=7 R.2. 4x+2y=8 
—5x + 2y = —23 3x — Ty = 23 


ISTUDY 
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For Exercises R.3-R.4, solve the system using the substitution method. 


R.3. 7x —2y =3 R4. 8x-y=-4 
x+5y=11 3x + Sy = —23 


For Exercises R.5—R.10, identify the type of curve defined by the equation. Choose from: line, parabola, circle, ellipse, 


or hyperbola. 
R55. x +(y-—4)=9 R.6. 4x+2y=8 


cee i ye 
—+4++-=1 R.8. —-=—= 
9° 16 9 16 
R9, x=y' +4 R10. y=-x -6 


R.7. 1 


Vocabulary and Key Concepts 


1. a. A___——S—C_s System of equations in two variables is a system in which at least one of the equations is 
nonlinear. 


b. Graphically, the solution set to a nonlinear system of equations is the set of ordered pairs representing the points of 
of the graphs of the two equations. 


Concept 1: Solving Nonlinear Systems of Equations by the Substitution Method 


For Exercises 2—8, use sketches to explain. 


2. How many points of intersection are possible between a line and a parabola? 

3. How many points of intersection are possible between a line and a circle? 

4. How many points of intersection are possible between two distinct circles? 

5. How many points of intersection are possible between two distinct parabolas of the form y = ax* + bx + c,a#0? 
6. How many points of intersection are possible between a circle and a parabola? 

7. How many points of intersection are possible between an ellipse and a hyperbola? 

8. How many points of intersection are possible between an ellipse and a parabola? 


For Exercises 9-14, sketch each system of equations. Then solve the system by the substitution method. (See Example 1.) 


9, y=x+3 10. y=x-2 MH. ?+y=1 
2 _ 2 = = 
x +y=9 x+y=4 y=x+4+1 
, y y 
i 4 i 
10 3 5 
9 3 4 
8 2 3 
7 | 2 
6 -§ 432-1 i2@a45 : 
5 a : an 
‘ -5-4-3-2-1 | i123 4 5 
4 = -1 
3 a 2 
2 ai es 
1 ay 4 
> x —6 <5 
-5-4-3-2-1 [123 4 5 
=) 
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12. 


For Exercises 15—23, solve the system by the substitution method. (See Examples 2-3.) 


15. 


18. 


21. 
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x+y? =25 
y=2x 
5 
ry 
5 
4 
3 
2 
1 
123 45 


ya va 
2w-y=) 
y=-x0 
y=—vx 
y=x+ 6x 
y= 4x 


16. 


19. 


22. 


x+y =30 

yave 
yx 
y=(@-3y 
y = 3x? — 6x 
y= 3x 


14. 


17. 


20. 


23. 


Concept 2: Solving Nonlinear Systems of Equations by the Addition Method 


For Exercises 24-40, solve the system of nonlinear equations by the addition method if appropriate. (See Example 4.) 


24. 25. 


27. 


30. 


33. 


36. 


39. 


rt+y= 13 
xra-y=5 
xrt+y=4 
w+ty=8 


rt+y = 169 
12x-5y=0 


2y=-3x-6 
9x? + 4y* = 36 
3x° + 2xy = 4 

x —xy=3 


28. 


31. 


34. 


a1 


40. 


47? —-y=4 
4? +y=4 
3x° + 4y’ = 16 
2x? — 3y’ = 5 
x+y = 100 
4y —3x =0 
So Jag 
10 10 
wty=11 
x —xy=-4 
2x? — xy = 12 
x — 3xy =8 
x t+xy=4 


26. 


29. 


32. 


35. 


38. 


x+y =12 
y=x 


y=(x+4)’ 


y=x 


x—5xt+y=0 
y=3x4+1 


9x7 + 4y’ = 36 
rt+y=9 
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Technology Connections 


For Exercises 41-44, use the Jntersect feature to approximate the solutions to the system. 


41. y=x+3 (Exercise 9) 42. y=x-—2 (Exercise 10) 
ve +y=9 r+y=4 
43. y=x (Exercise 17) 44, y=—x° (Exercise 18) 
y=-vx y=—-vx 
For Exercises 45-46, graph the system on a square viewing window. What can be said about the solution to the system? 
45. e+y=4 46. x +y’=16 
y=x +3 y= -5 


Expanding Your Skills 


47. The sum of two numbers is 7. The sum of the 48. The sum of the squares of two numbers is 100. 
squares of the numbers is 25. Find the numbers. The sum of the numbers is 2. Find the numbers. 

49. The sum of the squares of two numbers is 32. 50. The sum of the squares of two numbers is 24. 
The difference of the squares of the numbers is 18. The difference of the squares of the numbers is 8. 
Find the numbers. Find the numbers. 


Nonlinear Inequalities and Systems of Inequalities 
in Two Variables 


1. Nonlinear Inequalities in Two Variables 


In our earlier study of linear inequalities in two variables, we used the test point method to 1. Nonlinear Inequalities in 


graph the solution set. For example, to graph the solution set to y < 2x + 1, first graph the Two Variables 
related equation y= 2x + 1. This is the line shown in Figure 9-19. Then using test points, 2. Systems of Nonlinear 
we see that points on and below the line make up the solution set to the inequality. Inequalities in Two 
Test Point Above: (—2, 2) Test Point Below: (0, 0) Variables 
ys2xtl ys 2041 
2<£2-2)+1 0£20)+1 
2<-3 False O<1 VTrme 


Figure 9-19 
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Avoiding Mistakes 


The first step in solving an 
inequality in two variables is to 
graph the related equation. 


5 
rt+y=16 
ween” 
ae . 
Pa ~ 
v 3 % 
77 s 
? 2 ‘. 
1 \ 
r 1 ‘ 
i ‘ 
x 
—5 -4-3 -2 -1 1 2 3 5 
\ 1 i 
s 2 md 
ae 3 a 
pe 
5 
Figure 9-20 


FOR REVIEW 


Recall that when graphing an ine- 
quality in two variables, use a 
dashed curve to indicate that the 
curve or “boundary” is not part of 
the solution set. Use a solid curve to 
indicate that the curve is part of the 
solution set. 
ee, 


Answer 
1. 


| Example | Graphing a Nonlinear Inequality in Two Variables 


Graph the solution set of the inequality x° + y* < 16. 


Solution: 


- The related equation x* + y* = 16 is a circle of radius 4, centered at the origin. Graph 


the related equation by using a dashed curve because the points satisfying the equation 
x°+y°=16 are not part of the solution to the strict inequality x° + y’ < 16. See 
Figure 9-20. 


Notice that the dashed curve separates the xy-plane into two regions, one “inside” 
the circle, the other “outside” the circle. Select a test point from each region and test the 
point in the original inequality. 


Test Point “Inside”: (0, 0) Test Point “Outside”: (4, 4) 
rt+y < 16 vr+y < 16 
2 22 2 22 
(0)" + (O)" < 16 (4)° + (4)° < 16 
0<16 True 32 < 16 False 
; 

The inequality x* + y’ < 16 is true at the test ; [ 2 +y?< 16 
point (0, 0). Therefore, the solution set is the region . sl 
“inside” the circle. See Figure 9-21. of 2 >. 

r 1 . 
a i ek 3 H na 
‘. al 4 
he z v- 
ss ybees 

-5 
Figure 9-21 


Skill Practice 
1. Graph the solution set of the inequality. r+y>9 


| Example2 | Graphing a Nonlinear Inequality in Two Variables 


Graph the solution set of the inequality 9y* > 36 + 4x”. 


Solution: 


First graph the related equation 9y* = 36 + 4x’. Notice that the equation can be written 
in the standard form of a hyperbola. 


Oy? = 36 + 4x° +t 


9y? — 4x" = 36 Subtract 4x from both sides. Beet 


oe Divide both sides by 36. 


Graph the hyperbola as a solid curve, because the 
original inequality includes equality. See Figure 9-22. Figure 9-22 
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The hyperbola divides the xy-plane into three regions: a region above the upper 
branch, a region between the branches, and a region below the lower branch. Select a 
test point from each region. 


Oy > 36+ 4x° 4 
4 
Test: (0, 3) Test: (0, 0) Test: (0, —3) a ad 
? ? ? 1] 9y? > 36 + 4x7 
93)? 5 36+40) 9(0)? > 36 + 4(0 9-3)? S 36 +4(0)? oes. 
billie : : 


81>36 True 0>36 False 81>36 True aaa 
Cole 


Shade the regions above the top branch and below the bottom branch of the hyperbola. : 
See Figure 9-23. 7 


Figure 9-23 


Skill Practice 
2. Graph the solution set of the inequality. 9x° < 144 — 16y" 


2. Systems of Nonlinear Inequalities 
in Two Variables 


The solution set for a system of nonlinear equations in two variables is a set of ordered 
pairs that satisfy both equations simultaneously. We will now solve systems of nonlinear 
inequalities in two variables. Similarly, the solution set is the set of all ordered pairs that 
simultaneously satisfy each inequality. To solve a system of inequalities, we will graph the 
solution to each individual inequality and then take the intersection of the solution sets. 


Graphing a System of Nonlinear Inequalities 
in Two Variables 


Graph the solution set. y> 


y<—-x+2 
Solution: 


The solution to y > is the set of points above the parabola y = x See 


Figure 9-24. The solution to y < —x* + 2 is the set of points below the parabola 
y=—x* + 2. See Figure 9-25. 


5; 5: 
iN A 
v 4 ij 4 
v 
* 3 i 3efery < x2 +2 
See a ts 
. i ; Answer 
el 7 #4 x 
Ss cil > x i u % 2 
—5 -4-3 -2 -1 123 45 —5 -4 -3 war! 1 i\2 3.4 5 
2 12 eS q 
yoar 2 \ 
3 fe 3 4 
' ry 
i ae \ 
-5 Vales Mw 


Figure 9-24 Figure 9-25 
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Figure 9-26 


Answers 
3: y 
A 
5 
4 
adles 
: $ 
reo) Sy Se 
, ae? 
1 Lge 
a or 4 
i [ees =z 
-5-4-3-4-1 fi 2 3 4 5 
ae | Pegoobod 
22 4 SE ma 
sag) ae? 
—4 
5 
4. y 
A 
5 
IN A 
. bd © 
s a 
ae - 
ee 2: ‘ pet 
s yer 
See Lego 
es gr 
-5-4-3-2-1 fxd 23 4 5 
De eee Stee 
Beat! 7 
3 
-4 


The solution to the system of inequalities is the intersection of the solution sets of the 
individual inequalities. See Figure 9-26. 


Skill Practice 
3. Graph the solution set. = <a 


Sec Graphing a System of Nonlinear Inequalities 
in Two Variables 
Graph the solution set. y>e 


y<-x4+4 


Solution: 


The solution to y>e* is the set of points above the curve y=e*. See Figure 9-27. 
The solution to y<—x?+4 is the set of points below the parabola y = —x? + 4. 
See Figure 9-28. 


Figure 9-27 Figure 9-28 


The solution to the system of inequalities is the intersection of the solution sets of the 
individual inequalities. See Figure 9-29. 


Skill Practice 
4. Graph the solution set. 
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Section 9.5 Activity 


A.1. a. Graph the equation y = —x? + 4. b. On the same graph as part (a), graph the inequality y < —x* + 4. 


c. How would the graph from part (b) have changed if the inequality were y < —x* + 4? 


d. How would the graph from part (b) have changed for the inequality y > —x* + 4? 


A.2. Earlier in this text, we learned how to graph a system of linear inequalities. Use the same procedure to graph 
the system of nonlinear inequalities. 
ys-v +4 
Wee aear 2 


Practice Exercises | Section 9.5 


Prerequisite Review 


For Exercises R.1—R.2, graph the solution set to the inequality. 
R1. 3x+y>2 R.2. 
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R.3. Refer to Exercise R.1. 
a. How would the graph of the solution set change for the inequality 3x + y > 2? 


b. How would the graph of the solution set change for the inequality 3x + y < 2? 


R.4. Refer to Exercise R.2. 
a. How would the graph of the solution set change for the inequality 4x — 2y < 6? 


b. How would the graph of the solution set change for the inequality 4x — 2y > 6? 


For Exercises R.5—R.10, identify the type of curve defined by the equation. Choose from: line, parabola, circle, ellipse, 
or hyperbola. 


R5. x=y'-1 6. R.7. 3x+2y=8 


R8. (x-47%+(y+2)?=1 9. R10. y=3-x 


Concept 1: Nonlinear Inequalities in Two Variables 


1. True or false: The point (2, 3) satisfies the 2. True or false: The point (4, —2) satisfies the 
inequality —x° + y’> 1. inequality 4x° —2x+1+y’ <3. 
3. True or false: The point (5, 4) satisfies the 4. True or false: The point (1, —2) satisfies the system 
system of inequalities. of inequalities. 
) 2 2 
ae = 
y>xr-4 
rt+y>4 
2 2 
5. a. Graph the solution set for x* + y* < 9. 6. a. Graph the solution set for = + 7 > 1. 
5 3 
bo A a A 
3 3 
2 be 2, 
1 ap 
a er ne ol 12345 Set | 1 8 a a 
2 2, 
3 3 
—4 4. 


Ds, Deseeibe mic solunomiget tor the mequality b. Describe the solution set for the inequality 
r+y>9. ee 
Ties 
c. Describe the solution set for the equation 
r+ y =9. c. Describe the solution set for the equation 
2 2 
xy 
—+—=1, 
4 9 
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2 2 
. : x 
7. a. Graph the solution set for y > x° + 1. 8. a. Graph the solution set for a = <1. 
y y 
A A 
HD fees 
4 4 
age) e038) 
2 2 
S433 [i234 3433 [tesa 
gio) 2. 
133) —3 
iA Lad, 
5 —5 
b. How would the solution change for the b. How would the solution change for the 
ict i 2449 hus we 
strict inequality y > x° + 1? strict inequality ~ — Fei 
4 9 
9. A weak earthquake occurred in northern 10. A coordinate system is placed at the center of a 
California roughly 4 mi south and 3 mi east town with the positive x-axis pointing east and the 
of Sunol, California. The quake could be felt positive y-axis pointing north. A cell tower is 
25 mi away. Suppose the origin of a map is located 2 mi west and 4 mi north of the center of 
placed at the center of Sunol with the town. If the tower has a 30-mi range, write an 
positive x-axis pointing east and the positive inequality that represents the points on the map 
y-axis pointing north. Find an inequality that serviced by this tower. 
describes the points on the map for which the 
earthquake could be felt. 
For Exercises 11-25, graph the solution set. (See Examples 1-2.) 
11. 2x+y>1 12. 3x+2y>6 13. x<y’ 
y y y 
ry A A 
5 5 5 
4 4 4 
3 03 3 
2 2 2 
1 1 1 
S433 [esas S43 [esas S432, 1234s" 
9: 7) —2. 
3: 3 —3. 
4 4 -4 
= 5 —5 =5 
14, y< =x 15. (x—1” +(v+2)>9 16. («+1 +(y-4)>1 
y y y 
A A A 
5 5 5 
4 4 4 
3 hs 3 
2 rages 2 
1 v1 1 
> > XxX ad 
-5 4-3-2 -1 123 45 -5 153 -2 Bhe4 ! 2 3 4 5 —5 -4 -3 -2 oh 123 45 
2 2 2 
3 3 3 
4 4 4 
—5 5 
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17. x+y >4 

F 

ry 

5 

4 

3 

2 

1 

xX 
Sie ey 123 45 

2) 
3 
-4 
5 


> 
123 4 5 


23. y<Inx 


> 
2 3 4 5 


18. 2° +2x+y-1<0 19. 9x°-y’>9 
y y 
k Ah 

5 5 

4 bd 

3 3 

2 in 2 

1 pe] 

>X > 
—5 —4 -3 -2 eer 123 45 —5 =4=3 —2 =o ! 2 3 4 5 

2} —2: 

3 3 

4 4 
5: 5h 


21. 2+ 16y< 16 


y 
A 


Concept 2: Systems of Nonlinear Inequalities in Two Variables 


For Exercises 26-39, graph the solution set to the system of inequalities. (See Examples 3-4.) 


26. y< Vx 
x>1 
7 
st 
4 
3 
2 
1 
ark, 
slong eae rae 1.2 3 4 5 
-2 
—3 
4 


5 5 
4 4 
3 3 
2 2 
1 cae | 
= se 
-5 cere: —2 ae VW 2 3 4 5 —5 -4 -3 -2 4 ! 23 45 
my) —2. 
33 3 
4 —4 
—5 —5 
24. y<logx 25. y>5* 
> y 
A A 
5 5 
4 4 
3 3 
2 2 
1 1 
> XxX > 
—5 -4 -3 -2 ae 1 2 3 4 5 —5 -4-3 -2 come 123 45 
—2 —2 
3 3 
—4 4 
5 5, 
yy 
27. 92 Ve 28. —+=-< 
36 25 
> 
ae e+ y’ >4 
y y 
A A 
5 5 
4 4 
3 3 
2 2 
il 1 
x 
“$—4-3-2-1 | 1 2 3 4S 6-54-33 1 
2 2 
3 3 
-4 4 
—5 —5 


> 
123 45 6 


29. xr -y>1 
x<0 
5 
4 
3 
2 
1 
-5-4-3 -2 -1_ T2345" 
2 
3 
—4 
5 
32. y<— 
x 
y>0 
y<x 
y 
A 
5 
4 
3 
2 
1 
> xX 
-5-4-3-2-1 [12.3 4 5 
~2 
3 
—4 
5 
x. 97 
35. —+=-21 
4 25 
y 
2 
x +—<1 
4 
y 
A 
5 
4 
3 
2 
1 
x 
“5 -4-3-2-1 J 123.4 5 
~2 
3 
4 
5 
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30. y<x 
y>x-4 
: 
A 
5 
4 
3 
2 
1 
. 
ey 1 2 B 4, 5: 
—2: 
3 
-4 
—5 
33. y>x 
y<8 
x>0 
; 
A 
9 
8 
7 
6 
Ee 
4 
3 
2 
a} 
> XxX 
-5 4-3 2-1 123 45 


36. x<—(y—1)? +3 


x+y>2 
F 
rY 
5 
4 
3 
2 
1 
> xX 
ts Pad 123 45 
2) 
—3 
4 
—5 


39. 
y>l 
x<2 


y<e 
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31. Yy-x>1 
y20 
: 
A 
5 
4 
3 
2 
1 
—5 -4.-3 -2 -1 
1 
—2 
3 
—4 
5 


34, P+ y°>25 
rt+y<9 


>Xx 
123 45 


x 


> 
123 45 


37. x>(y—-2) +1 


>) 
123 45 


>) 
123 45 


x-y<l 
9 
7 
2} 
4 
3 
2 
1 
=§ =4 =3 -2'=1 
-1 
-2 
-3 
4 
—5 
5 
A 
8 
7 
6 
5 
4 
3 
2 
1 
“5-4-3-2-1 | 
=F 
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Expanding Your Skills 


For Exercises 40-43, graph the compound inequalities. 


40. x+y <36 or xt+y2>0 


42, ytl>x or y+1<-r 


reNyNw RY 


> 
—5 -4 -3 -2 -1 123 45 


41. y<—-v°+4 or y>x-4 


FN wWRY 


> Xx 
S54 53 21 12-3. 45 


rFnNweY 


> 
—5 —4 -3 -2 -1 i 2. 3° 4S 


Chapter9 Summary 
| Section9.1 | Distance Formula, Midpoint Formula, 


and Circles 


Key Concepts Examples 
The distance between two points (x,,y,) and (x, y) is Example 1 


; ; Find the distance between two points. 
d= V(x) — x, +02-y) (5, —2) and (—1, —6) 


d= V(-1-5) + [-6 - (-2)P 
= V(-6) + (4) 

= V36+ 16 
4/52 =2 715. 


The standard equation of a circle with center (h,k) and Example 2 
radius ris Find the center and radius of the circle. 
(x-hP+Q-he=P x+y’ —8x+ by=0 
(x? — 8x + 16) + (7 + 6y + 9) = 16 +9 
(x — 4)? + (y + 3)? = 25 
The center is (4, —3) and the radius is 5. 


The midpoint between two points is found by using the Example 3 
formula: Find the midpoint between (—3, 1) and (5, 7). 


Gg2 ee) (3 45 147 


2 2 2 rae 
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| Section9.2 _ More on the Parabola 


Key Concepts 


A parabola is the set of points in a plane that are equidistant 
from a fixed line (called the directrix) and a fixed point 
(called the focus) not on the directrix. 

The standard form of an equation of a parabola with 
vertex (h, k) and vertical axis of symmetry is 


y=a(x—hy +k where a 4 0 


e The equation of the axis of symmetry is x = h. 
e If a>O, the parabola opens upward. 
e If a <0, the parabola opens downward. 


The standard form of an equation of a parabola with vertex 
(h, k) and horizontal axis of symmetry is 


x=aly—k’ +h where a 4 0) 


e The equation of the axis of symmetry is y=k. 
e If a> 0, the parabola opens to the right. 
¢ If a <0, the parabola opens to the left. 


Examples 

Example 1 

Given the parabola y = (x — 2)’ + 1, 
The vertex is (2, 1). 


The axis of symmetry is x = 2. 


y 


eryNweY 


Example 2 
Given the parabola x = ee +1, 


determine the coordinates of the vertex and the 
equation of the axis of symmetry. 


1 
=—-(y-0) +1 
x=—7ZO— OP + 
The vertex is (1, 0). 


The axis of symmetry is y= 0. 


Summary 


| Section 9.3 | The Ellipse and Hyperbola 


Key Concepts 


An ellipse is the set of all points (x, y) such that the sum of 
the distances between (x, y) and two distinct points (called 
foci) is constant. 


Standard Form of an Ellipse With Center at the Origin 


An ellipse with the center at the origin has the equation 
x 
5+5=1 
a b 
where a and b are positive real numbers. 
For an ellipse centered at the origin, the x-intercepts are 


given by (a, 0) and (—a, 0), and the y-intercepts are given by 
(0, b) and (0, —b). 


A hyperbola is the set of all points (x, y) such that the 
absolute value of the difference of the distances between 
(x, y) and two distinct points is a constant. The fixed points 
are called the foci of the hyperbola. 


Standard Forms of an Equation of a Hyperbola 


Let a and b represent positive real numbers. 


Horizontal Transverse Axis. The standard form of an equa- 
tion of a hyperbola with a horizontal transverse axis and 
center at the origin is given by 


ce ee 


a bv 


Vertical Transverse Axis. The standard form of an equa- 
tion of a hyperbola with a vertical transverse axis and center 
at the origin is given by 


Examples 
Example 1 


Example 2 


Example 3 


Example 4 


Xx 
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Nonlinear Systems of Equations 


in Two Variables 


Key Concepts Examples 
A nonlinear system of equations can be solved by graphing Example 1 
or by the substitution method. K 2x + y2=15 
2 +y = 15 B x—y=0 Solve for y. y=. 
x-y=0 
Al 2x°4+ (0°?) = 15 Substitute in first equation. 
2x +x4=15 


x44 2x7-15=0 
(x? +5)? — 3) =0 


r+5=0 or 2x»-3=0 


x=5 oor Vr =3 


x=+V3 
If x= V3 then y = (V3)? =3. 
If x= —V3 then y=(-V3) =3. 
Points of intersection are (W3, 3) and (— V3, 3). 
The solution set is {(W3, 3), (-V3, 3)}. 


ISTUDY 


Summary 


| Section9.5 | Nonlinear Inequalities and Systems 


of Inequalities in Two Variables 


Key Concepts 


Graph a nonlinear inequality by using the test point method. 
That is, graph the related equation. Then choose test points 
in each region to determine where the inequality is true. 


Example 1 


yex 


cn 


2 
ee ee 12345 


Graph a system of nonlinear inequalities by finding the 
intersection of the solution sets. That is, graph the solution 
set for each individual inequality, then take the intersection. 


Examples 
Example 2 
r+y<4 
yy 
A 
>) 
3 
ears 
“ ok ee cee 
-§ 43 A 1 3 345 
|) —_— 
Sol? 4 
-3 
-5 
Example 3 


x>0, y>x, and r+y<4 
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Chapter9 Review Exercises 


Section 9.1 


For Exercises 1—2, find the distance between the two points 
by using the distance formula. 


1. (—6, 3) and (0, 1) 2. (4, 13) and (-1, 5) 
3. Find x such that (x, 5) is 5 units from (2, 9). 
4. Find x such that (—3, 4) is 3 units from (x, 1). 


For Exercises 5—8, find the center and the radius of the 
circle. 


5, (x— 12)? +(y— 3) =16 
6. (x+7"+(0—-5) =81 
7. (x+3P +04 8) =20 
8 «—1)?+( +6) =32 


9. A stained glass window is in the shape of a circle 
with a 16-in. diameter. Find an equation of the circle 


relative to the origin for each of the following graphs. 


by 


y 
A A 


mx 


an’ 


-— 16}in. —4 


For Exercises 10-13, write the equation of the circle in 
standard form by completing the square. 


10. 7° +y+12x-—10y+51=0 


11. P+y'+ 4x4 l6y + 60=0 
2 1 
12. P+y ee cor! 


a .T 
13. x+y -6x-=y+—=0 
a me 


14. Write an equation of a circle with center at the origin 
and a diameter of 7 m. 


15. Write an equation of a circle with center (0, 2) and 
radius 3 m. 
For Exercises 16-17, find the midpoint of the segment with 
the given endpoints. 
16. (—3, 1) and (—5, —5) 17. (0, 9) and (—2, 7) 


Section 9.2 


For Exercises 18-21, determine whether the axis of symme- 
try is vertical or horizontal and if the parabola opens upward, 
downward, left, or right. 


18. y=-2(x-3"' +2 
19. x=3(y-9)7 +1 
20. x=-(y+4)°-8 


21. y=(x+3)?— 10 


For Exercises 22—25, determine the coordinates of the ver- 
tex and the equation of the axis of symmetry. Then use this 
information to graph the parabola. 


22. x=-(y-1)* 23. y=(x +2)? 
y y 
A A 
5 5 
4 4 
3 3 
2 2 
1 1 
xX m Xe 
-5-4-3-2-1 | 12 3 4 5 “5-4-3-2-1 J 12.3.4. 5 
=: —2 
=3 3 
-4 -4 
=5 =5 
24. y= 25. x=2y-1 
y y 
A r 
5 5 
4 4 
3 3 
2 2 
1 1 
Xx an 
-5-4-3-2-1 | 1 23 4 5 -5-4-3-2-1 | 1 23 4 5 
2 -2 
= 143 
4 -4 
5 -5 


For Exercises 26-29, write the equation in standard form 
y=a(x—h) +k or x=a(y—k’ +h. Then identify the 


vertex and axis of symmetry. 


26. y=x’-— 6x45 
27. x=y' +4y+2 
28. x=—4y’ + 4y 


29. y= 2x" — 2x 


Section 9.3 


For Exercises 30-31, identify the x- and y-intercepts. Then 


graph the ellipse. 


x ¥ 


ee | 
9 1 95 


31. x24 4y? = 36 


6 

5 

4 

3 

2: 

1 

xX 
$3432 [133 456 

—2, 
3 
-4 
—5 
-6 

, 

A 

6 

5 

4 

3 

2 

1 

> xX 
ee 123 45 6 

—2 
—3 
-4 
-5 
—6' 


For Exercises 32-33, identify the center of the ellipse and 


graph the ellipse. 


2: 2 


16 


>Xx 
12345 67 8 


Review Exercises 865 


and 
—5 -4 -3 -2 -1 123 4 5 


For Exercises 34—37, determine whether the transverse axis 
of the hyperbola is horizontal or vertical. 


x ar 
Feige: Slee 
34. 3 16 

2 
35, X=] 

9 


36. y — 8x = 16 

37. 3x°-y’=18 
For Exercises 38-39, graph the hyperbola by first draw- 
ing the reference rectangle and the asymptotes. Label the 


vertices. 


a 


> xX 
—6 -5 -4 -3 -2 -1 i 123 45 6 


39. y —-xr = 16 , 


>Xx 
—6 -5 —4 -3 -2 -1 123 45 6 
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Chapter 9 Conic Sections 


For Exercises 40-43, identify the equations as representing 
an ellipse or a hyperbola. 


2 

Xx 
40. — 
4 


2, 
ry ae 
4 


2 2 2 

y voy 
y=] 41. 4221 

9 16 9 

y’ y? x 

Ya] 43, ~-7=1 
ai oT 16 
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For Exercises 44-47, 


a. 


Identify each equation as representing a line, 
a parabola, a circle, an ellipse, or a hyperbola. 


. Graph both equations on the same coordinate 


system. 


. Solve the system analytically and verify the 


answers from the graph. 


47. v+y=16 


x-—2y=8 


For Exercises 48-53, solve the system of nonlinear equa- 
tions by using either the substitution method or the addition 


44. 3x+ 2y=10 
y=xr—5 


45. 4x+2y=10 


y=x-10 
46. xe +y=9 
2x+y=3 


> 


R 
10 
8 
6 
4 
7) 
-5 4-3 -2-1 12345 
Esencs Bast) [eden iactateic toeitedaisans? 
4 
~6 
8 
j 
A 
18 
15 
12 
9 
6 
3 
63 43-3-1 [i234 
-9 
=12 
F 
A 
o5 
4 
3 
=) 
1 
x 
eee ete 


method. 
48, x +2y°=8 49, x + 4y? = 29 
ax-y=2 x-y=-4 
50. x-y=4 51. y=x 
y= 2% 6 -y =8 
52. +y=10 53. x+y =61 
x’ + 9y = 18 x-y=11 
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For Exercises 54-59, graph the solution set to the 


inequality. 
x2 2 2 2 
54, 42% <1 55. +2 >1 
16 81 25 4 
10 5 
8 4 
6 3 
io Me 2 
2 1 
-10-8-6 4-2 [2 46 8 10 -$-4-3-2-1 | 1.2.3 4 5. 
L 4 a) 
—6 —3 
_8 —4 
= 


56. (x-3" ++ 1° >9 


Nw RU 


y 
A 


>x 
123 4 5 6 
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57. @$27 4-04 17 <4 


y 
A 


5 
4 
3 
sl 
1 
- > Xx 
5-4-3 ach, 123 4 5 
2 
3 
4 
—5 
2 
58. y>(x— 1) 59, ¢-2 <1 
4 
» y 
A A 
3; 5 
ann 
3 = 3 
oe D- 2 
af 
aad i =z 
—5 4-3-2 -1 123 4 5 cae Neeerimi enter 123 4 5 
ae) 2, 
-3 -3 
—4 voted 
5; —5 
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For Exercises 60-61, graph the solution set to the system of 
nonlinear inequalities. 


60. y>2* 


61. y<x 
r+y<4 r+y<9 


BY y 
A A 


FEN wR 
rFNwWRY 


x 


x 


> > 
123 45 123 45 


Chapter9 Test 


1. 


Use the distance formula to find the distance 
between the two points (—5, 2) and (—1, 6). 


. Determine the center and radius of the circle. 


(3) + (4k 
6 v3) a0 


. Determine the center and radius of the circle. 


xr+y—4y-5=0 


. Let (0, 4) be the center of a circle that passes through 


the point (—2, 5). 
a. What is the radius of the circle? 


b. Write the equation of the circle in standard 
form. 


5. 


Find the center of the circle that has a diameter with 
endpoints (7.3, —1.2) and (0.3, 5.1). 


. Determine the vertex and the equation of the axis of 


symmetry. Then graph the parabola. 
x=—-(y-2) +3 


> xX 
123 4 5 6 
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7. Write the equation in standard form 


y =a(x — hy’ +k, and graph the parabola. 


y=xr+4x4+5 


> 
—6 -5 -4 -3 -2 -1 123 45 6 


8. Graph the ellipse. 


ee re 


9. Graph the ellipse. 


(x +4) 
25 


10. Graph the hyperbola. 


= 


3r =1 


> Xx 
[2 3 4 5 6.7 


a 


FEN wWEUN DA 


—11-10-9 —8 -7 -6 -5 -4-3 -—2 -1 1 2 3 


Nw RADA 


-1 
—2 


ie ce 
2 
33 
Ee 
5 
6 


‘7 


> x 
12345 67 


For Exercises 11-12, solve the system and identify the 


correct graph. 


11. 16x° + 9y’ = 144 
4x —3y = —-12 


y 


12. +4 =4 
4x -—3y =-12 


13. Describe the circumstances in which a nonlinear sys- 
tem of equations can be solved by using the addition 


method. 


14. Solve the system by using either the substitution 
method or the addition method. 


25x" + 4y’ = 100 
25x° — 4y’ = 100 


For Exercises 15-18, graph the solution set. 


1 
15. x<y +1 16. y2—4x +1 

¥ Bis 

A A 
5 5 
4 
3 3 
2 2 
1 

—5 4-3-2 -1 1 23 4 a glean ea eee 123 4 5 

: 2 2 
= —3 
= —4 
—5 —5 
17. x<y +1 18. y < Vx 
1 = 

y> “ar +1 y>x-2 

x>0 

y y 

A A 
B) 5 

4 4 

3 3 

2 2 

1 1 

—5 —4 -3 -2 at 12 3 4 5 —5 —4 -3 -2 wy. 123 4 5 

—2 —2 

3 3 

-4 —4 


Binomial Expansions, 


Sequences, and Series 


CHAPTER OUTLINE 


10.1 Binomial Expansions 870 
10.2 Sequences and Series 877 
10.3 Arithmetic Sequences and Series 887 
10.4 Geometric Sequences and Series 894 
Problem Recognition Exercises: Identifying Arithmetic and Geometric Sequences 904 


Mathematics in Business 


In this chapter we present applications involving sequences and series. A sequence is a function whose domain is the 
set of positive integers. While infinitely many sequences can be defined, two specific categories are presented here: 
arithmetic and geometric sequences. An arithmetic sequence is a progression of numbers that increase or decrease by 
a fixed amount, whereas the numbers in a geometric sequence increase or decrease by a fixed ratio. A series is asum 
of the terms in a sequence. 

To illustrate the difference between an 
arithmetic and a geometric sequence, suppose 


Job 1 ob 2 | Total Job 1 | Total Job 


that you have two different job offers. The first $60,000 $58,000 $60,000 $58,000 
pays $60,000 per year with a $2000 raise at the $62,000 $60,320 $122,000 $118,320 
start of each new year. The second pays $58,000 $64,000 $62,733 $186,000 $181,053 
with a 4% raise at the start of each new year. The 
salaries for each job for each year can be written $66,000 $65,242 $252,000 | $246,295 
as the terms of a sequence. For example, the $68,000 $67,852 $320,000 $314,147 
terms of the sequence of salaries for Job 1 are 
70,000 70,566 390,000 384,713 

$60,000, 62,000, 64,000, and so on. : $ $ $ 

Notice that the yearly salary for Job 1 is $72,000 $73,389 $462,000 | $458,101 
initially more, but the salary increases by a fixed $74,000 $76,324 $536,000 $534,425 
amount each year. The innit salary for Job 2 is $76,000 $79,377 $612,000 $613,802 
less, but it grows exponentially and eventually 
overtakes the salary for Job 1. The sum of the $78,000 $82,552 $690,000 $696,354 


salaries for the first 6 years can be added directly 
from the given data, or can be computed using formulas presented in this chapter. The total income over 6 years for 
Job 1is $390,000, and the total income for Job 2 over 6 years is $384,713. However, because the yearly salary for Job 2 
grows at a faster rate, by year 9 the cumulative income for Job 2 will be greater. The total income for Job 2 for the first 
9 years will be $613,802, whereas for Job 1, the total income will be $612,000. 

Our study of sequences and series in this chapter will help you learn to analyze numerical patterns and to make 
informed financial decisions. 


° bed ° ° ° ° - ° 
° d ; a aes °° ° ; ° ae 
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ESSTECED Binomial Expansions 
1. Binomial Expansions and Pascal’s Triangle 


1. Binomial Expansions and 
Pascal’s Triangle 


2. Factorial Notation 
3. The Binomial Theorem 


FOR REVIEW 


Recall that for any nonzero real 
number x, we have x° = 1. 


In this section, we will learn how to raise binomials to positive integer powers. First recall 
the formula to square a binomial. 


(a+ by =a? + 2ab+b? 


The expression a? + 2ab + b’ is called the binomial expansion of (a +b)’. To expand 
(a + b)’, we can find the product (a + b)(a + b)’. 


(a+ b)(a+b) = (at b\(a’ + 2ab + b’) 


= a? + 2a°b + ab’ + ab + 2ab* +b? 
=a +3a°b+3ab’+b° 
Similarly, to expand (a + b)*, we can multiply (a + b) by (a + b)°. Using this method, we 
can expand several powers of (a + b) to find the following pattern: 
(a+b) =1 
(a+b)! =a+b 
(a+byY =a’ +2ab+b’ 
(a+ by =a 4+3a°b+3ab? +b 
(a+ b)* = a‘ + 4a°b + 6a°b’ + 4ab? + b* 
(a+ by =a +5a'b + 10a°b* + 10a*b? + 5ab* + Bb? 
Notice that the exponents on a decrease from left to right, while the exponents on b increase 
from left to right. Also observe that for each term, the sum of the exponents is equal to the 
exponent to which (a + D) is raised. Finally, notice that the number of terms in the expan- 
sion is exactly 1 more than the power to which (a + D) is raised. For example, the expan- 


sion of (a + b)* has five terms, and the expansion of (a + b)° has six terms. 
With these guidelines in mind, we know that (a + b)° will contain seven terms involving 


a ab ave ab ab ab vb 
We can complete the expansion of (a + b)° if we can determine the correct coefficients of 
each term. 


If we write the coefficients for several expansions of (a + b)", where n > 0, we have a 
triangular array of numbers. 


(a+by=1 1 
(a+b)! = lat 1b 1 1 
(a+ by = la’ +2ab+ ib’ 12 1 
(a+ by = 1a +3a’b + 3ab* + 1b° 13 3 1 
(a+ b)* = la‘ + 4a*b + 6a°b’ + 4ab> + 1b* 1464 1 


(a+ by = la’ + 5a‘b + 10a°*b? + 10a*b* + Sab* + 1b 1 5 10 10 5 1 
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Each row begins and ends with a |, and each entry in between is the sum of the two entries 
from the line above. For example, in row six, 5=1+4, 10=4+6, and so on. This tri- 
angular array of coefficients for a binomial expansion is called Pascal’s triangle, named 
after French mathematician Blaise Pascal (1623-1662). 


1 Is 20° 15 1 


By using the pattern shown in Pascal’s triangle, the coefficients corresponding to (a + b)® 
would be 1, 6, 15, 20, 15, 6, 1. By inserting the coefficients, the sum becomes 


(a+ b)° = 1a + 6a°b + 15a*b’ + 20a°b* + 15a*b* + 6ab> + 1b° 


2. Factorial Notation 


Although Pascal’s triangle provides an easy method to find the coefficients of (a + b)", it 
is impractical for large values of n. A more efficient method to find the coefficients of a 
binomial expansion involves factorial notation. 


efinition of n! 
Let n be a positive integer. Then ! (read as “‘n factorial’’) is defined as the product of 
integers from | through n. That is, 


n! =n(n— 1)\(n—2)---(2)(1) 
Note: We define 0! = 1. 


| Example1 | Evaluating Factorial Notation 


Evaluate the expressions. 


a. 4! b. 10! c. 0! 


Solution: 
a. 44=4-3-2-1=24 
b. 10!=10-9-8-7-6-5-4-3-2-1=3,628,800 


ce. O!=1 _ by definition 


Skill Practice Evaluate the expressions. 
1. 3! 2. 8! 3. 1! 


Answers 
1.6 2. 40,320 3.1 
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FOR REVIEW 


Recall that to simplify a fraction, 
“cancel” common factors that form 
a ratio of 1. When working with 
factorial notation, sometimes it is 
easier to see the cancellation when 
the factors are listed. For example, 


4! 4-3-2-T 
31-1! @2-T)-1 
=2-9 
1 
Answers 


4.1 5.5 6. 10 


Sometimes factorial notation is used with other operations such as multiplication and 
division. 


| Example2 | Evaluating Expressions with Factorials 


Evaluate the expressions. 


4! », 4 4! a 4! 
a At Sr. “or. 2 Tr -3! ® Or. 
Solution: 

4 at, 

41-0! 4t-1 


Note that 44=4-(3-2-1)=4-3! 


Skill Practice Evaluate. 
\ \ \ 
5! 5 5! 6 5! 


4 01 “Aled! “3 aot 


3. The Binomial Theorem 


Notice from Example 2 that the values of 


4! 4! 4! 4! 4! 
a Ona 


4!-0! 3!- 1! 2!-2! 1!-3! 
correspond to the values 1, 4, 6, 4, 1, which are the coefficients for the expansion of 
(a+ b)*. Generalizing this pattern, we see the coefficients for the terms in the expansion 
of (a + b)" are given by 

n! 
r!-(n—r)! 


where r corresponds to the exponent on the factor of a and (n—r) corresponds to the 
exponent on the factor of b. Using this formula for the coefficients in a binomial expansion 
results in the binomial theorem. 
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he Binomial Theorem 
For any positive integer n, 


n! n! n! 
by’ = ——— See eee (gl) ie eee (n—2)p2 
CS” Ie | 6 Gea 


| Example 3 _| Applying the Binomial Theorem 


Write out the first three terms of the expansion of (a + b)"”. 


Solution: 


The first three terms of (a + b)!° are 


108 6 DOE aay NO gee 
0° oli’ 
Lot 10 10-9F 9 10 9. St 872 
ee b b 
igi” | ORet pe. 


= a! + 10a°b + 45a®b? 


Skill Practice 
7. Write out the first three terms of (x + y)°. 


Applying the Binomial Theorem 


Use the binomial theorem to expand (2m + 7)’. 


Solution: 


This expression is of the form (a + b)*, where a = 2m and b = 7. Applying the bino- 
mial theorem, we have 


3! > 3! 
ee a ey _3! 
(at+by= ore +5 Tl a T ab +or3 yp 


si2my' + mem +s ym? ofr mand 


= 1 - (8m*) +3 - (4m)(7) +3 - (2m)(49) + 1 - 43) 
= 8m? + 84m? + 294m + 343 


Skill Practice 
8. Use the binomial theorem to expand (3y + 4). 
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TIP: en applying the 
binomial theorem, exponents 
ona and 6b must add up ton. 


can also be found 


rl-(n—n! 
by using Pascal’s triangle. 


Answers 


7. + 5x’y + 1008/7 
8. 27y' + 108y" + 144y + 64 
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ELS The values of 


ae can also be found 


by using Pascal’s triangle. 


Answers 
9. 16a* — 96a°b* + 21607b* 
— 216ab° + 81b® 
10. 56x°y° 


| Example5 | Applying the Binomial Theorem 


Use the binomial theorem to expand (3x7 — Sy)‘. 


Solution: 


Write (3x° — Sy)* as [(3x”) + (—Sy)]*. In this case, the expressions 3x? and —Sy may be 
substituted for a and b in the expansion of (a + b)’. 


4ro4 4! ; 4! 45 4! 3 4! 
Heo ° ait" abe + ab? + b 


4 _ 
ae ae tor. 2 1!-3! 01-4! 


a Wa 4! v3 4! 2 2 
= at. 01% y+ aroqe* y(-S5y) ae TPE Tica (—5y) 


4) 2 3, 4! 4 
+ ia pees 3 ie 2 Or-ait 


= 1+ (81x°) +4 - (27x°)(—Sy) + 6 - (9x*)(25y”) + 4 - (3x?)(—125y’) 
+ 1-(625y*) 


= 81x° — 540x°y + 1350x*y” — 1500x”y? + 625y4 


Skill Practice 
9. Use the binomial theorem to expand (2a — 3b7)'. 


The binomial theorem may also be used to find a specific term in a binomial expansion. 


Finding a Specific Term in a Binomial Expansion 


Find the fourth term of the expansion (a + b)"°. 


Solution: 


There are 14 terms in the expansion of (a + b)'’. The first term will have variable factors 
a'’b°. The second term will have variable factors a!*b!. The third term will have a!'b’, 
and the fourth term will have a!°b*. Hence, the fourth term is 


13! 
10! - 3! 


a =2386a"r 


Skill Practice 
10. Find the fourth term of (x + y)*. 


From Example 6, we see that for the kth term in the expansion (a + b)", where k is an inte- 
ger greater than zero, the variable factors are a’~““" and b‘'. Therefore, to find the kth 
term of (a + b)", we can make the following generalization. 


Finding a Specific Term in a Binomial Expansion 
Let n and k be positive integers such that k <n. Then the kth term in the expansion 
of (a+ b)" is given by 


n! ge prt 


F=¢=p=C=n 
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Example 7 Finding a Specific Term in a Binomial Expansion 
Find the sixth term of (p? + 2w)*. 


Solution: 
Apply the formula. 


n! 


TD) Et ithn= = 33 => 
[n—k-D]I!-(k-b! * bE! with n= 8, k= 6, a= p’, and b = 2w 


8 eets-@-1), 6-1 
(s-@-DI!@-p! ”? ey) 
= 8! (p33 . 5 
= @l- oy (py + (2w) 
= 56 - (p’) - (32w’) 
= 1792p°w° 


Skill Practice 


11. Find the fifth term of (¢ — m’)*. Answer 


11. 70¢4m® 


Section 10.1 Activity 


For Exercises A.1—A.4, expand the binomial. 
A.l. (a+b)° A.2. (a+b)! A.3. (a+b) 
A.4. (a+)? Hint: Multiply the result of Exercise A.3 by (a + b). 


A.5. a. Fill in the fifth row of Pascal’s triangle. 


b. Write the expansion of (a + b)* by using the coefficients from Pascal’s triangle and the pattern from 
Exercises A.1—A.4. 


1 1 
il il a+b 
i 2 a’ + 2ab +b’ 
Neeser | a +3a°b+3ab°+b° 
st | | el) WN Il | il =) 
A.6. Evaluate the factorial expressions and compare the results to the fifth row of Pascal’s triangle from 
Exercise A.5(a). 
4! 4! 4! A! A! 

Om 7 Ail on oes ie 


A.7. Simplify (5x — y’)* by following these steps. 
a. Write the expression in parentheses as a sum. 


(5x —y)* = [Sx + (I 
b. Use the expansion of (a + b)* from Exercise A.5(b) to expand (5x — y’)*. 
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MERCED Practice Exercises 


Prerequisite Review 


For Exercises R.1—R.2, simplify the expression. 


Goel 


Be Geese C= i) 


For Exercises R.3-R.4, multiply the expression. 
R.3. a. (4x — 3) b. (4x- 3) 
R.4. a. (2x+5) b. (2x+5)° 


Vocabulary and Key Concepts 


1. a. The expanded form of (a+b)? =________—_. The expanded form of (a + b)? = 
These are both called ____——_—sexpannsions. 
b. Given a positive integer n, the value of n! is . Furthermore, n! is read 
as 7] 99 
ce. 3!= sot = sh , and 0! = 
d. The __________—_—srtheorem states that for any positive integer n, 
n! n!} n! ni 
b na n _ -Dp a (n—2)p,2 eee b". 
Cro * Ga pei (a@—2)!- 21° 0! -n! 
e. The coefficients of the binomial expansion of (a + b)" can also be found by using ___________ triangle. 


Concept 1: Binomial Expansions and Pascal’s Triangle 


For Exercises 2—7, expand the binomials. Use Pascal’s triangle to find the coefficients. 


2, Gea) 3. (a+b) 4. (44+ py 


5. (1+2)* 6. (a> +b)° 7. (pt+q’)' 


For Exercises 8-13, rewrite each binomial of the form (a — b)" as [a + (—b)]". Then expand the binomials. Use Pascal’s 
triangle to find the coefficients. 


8. (t—2) 9. (s—t) 
10. (p? - wy 11. 5-w’)* 
12. (a—b)4 13. @-4y 


14. For a> 0 and b> 0, what happens to the signs of the terms when expanding the binomial (a — b)” 
compared with (a + b)"? 
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Concept 2: Factorial Notation 


For Exercises 15-18, evaluate the expression. (See Example 1.) 


15. 5! 16. 3! 17. 0! 18. 1! 

19. True or false: 0! 4 1! 20. True or false: 1! is defined for negative integers. 
21. True or false: n! =n for n= 1 and 2. 22. Show that 9!=9-8! 

23. Show that 6! =6-5! 24. Show that 8! =8 - 7! 


For Exercises 25-32, evaluate the expression. (See Example 2.) 


i} i} i} i} 
25, 3 ap, 27, 3 28, 4 
4! 5 0! 0! 
8! 6! 4! 6! 
29, 30. ar 32, 


Concept 3: The Binomial Theorem 


For Exercises 33-36, find the first three terms of the expansion. (See Example 3.) 


33. (m+n)'! 34. (p+q) 35. (uw — vy 36. (r—s°) 
37. How many terms are in the expansion of (a + b)®? 
38. How many terms are in the expansion of (x + y)'*? 


For Exercises 39-50, use the binomial theorem to expand the binomials. (See Examples 4-5.) 


39. (s+1)° 40. (h+k* 41. (b-3)° 42. (c-—2/ 

43. (2x+y)* 44, (p+ 3q)° 45. (c?—d)' 46. (u—v’)® 
i 5 s 5 

47. (S - b) 48. (= ‘ r) 49. (x-+4y)4 50, Gy—w)? 


For Exercises 51—56, find the indicated term of the binomial expansion. (See Examples 6-7.) 


51. (m—n)''; sixth term 52. (p — q)’; fourth term 53. (uv? — v)!*; fifth term 


54. (2r—s°)*: sixth term 55. (5f+g); 10th term 56. (4m+n)'; 11th term 


Sequences and Series |Section 10.200 


1. Finite and Infinite Sequences Concepts 
In day-to-day life, we think of a sequence as a set of items with some order or pattern. In 1. Finite and Infinite 
mathematics, a sequence is a list of terms that correspond to the set of positive integers. Sequences 

For example, suppose Justine is allowed to choose between two salary plans. 2. Series 


Plan A offers $48,000 as a starting salary with a 5% raise each year. Plan B offers 
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FOR REVIEW 


Substituting values of n into a 
sequence defined by a, is similar to 
substituting values of x into a func- 
tion defined by y = f(x). 


Answers 
24 
4. -1,6, 25 2. == 
,6, 3°9° 


$50,000 with a $2000 raise each year. Then the following sequences represent the salaries 
for each plan for the first 5 years. 


Plan A: $48,000 $50,400 $52,920 $55,566 $58,344.30 
Plan B: $50,000 $52,000 $54,000 $56,000 $58,000 


By studying sequences we can see that Plan A yields a better salary if Justine plans to stay 
in the job for at least 5 years. 

These sequences are called finite sequences because they have a finite number of 
terms. The sequence 1, 4, 9, 16, 25, .. . is called an infinite sequence because it continues 
indefinitely. 

Because the terms in a sequence are related to the set of positive integers, we give a 
formal definition of finite and infinite sequences, using the language of functions. 


finition of Finite and Infinite Sequences 


An infinite sequence is a function whose domain is the set of positive integers. 
A finite sequence is a function whose domain is the set of the first n positive integers. 


For any positive integer n, the value of the sequence is denoted by a, (read as “a sub 
n’). The values aj, a>, a3, .. . are called the terms of the sequence. The expression a,, 
defines the nth term (or general term) of the sequence. 


| Example1 | Listing the Terms of a Sequence 


List the terms of the following sequences. 


a. a,=3n’-4, 1<n<4 b. a, =3-2" 


Solution: 


a. The domain is restricted to the first four positive integers, indicating that the 
sequence is finite. 


1 | 3(1)?-4=-1 The sequence is —1, 8, 23, 44. 
2 |X0~¥=4=s 8 
3086); —4— 23 
4 | 3(4)?-4= 44 


b. The sequence a, = 3 - 2” has no restrictions on its domain; therefore, it is an 
infinite sequence. 


1 |3-2'= 6 The sequence is 6, 12, 24, 48,... 
Q | 3a =i2 
euler 
Pa: 


Skill Practice List the terms of the sequences. 


1. a,=n?-2, 1<n<3 2. a= (5) 
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Sometimes the terms of a sequence may have alternating signs. Such a sequence is 
called an alternating sequence. 


| Example 2 _| Listing the Terms of an Alternating Sequence 


List the first four terms of each alternating sequence. 


a. a,=(-1)"- : b. a,=(-L"*!- (=) 
n 3 


Solution: 


a. 


The first four terms are —1, 5, —4, J. 


The first four terms are 
2_4 8 _16 
BI" 


39 99 27 


92 27? 


w/t 
eee 
ll 
Wl Dy 


Skill Practice List the first four terms of each alternating sequence. 


4.4:= cr() 4 -y"(=) 


In Examples | and 2, we were given the formula for the nth term of a sequence and asked 
to list several terms of the sequence. We now consider the reverse process. Given several 
terms of the sequence, we will find a formula for the nth term. To do so, look for a pattern 
that establishes each term as a function of the term number. 


i) == Notice that the 
factor (—1)” makes the 
even-numbered terms 
positive and the odd- 
numbered terms negative. 


i) |=» Notice that the 

factor (—1)"*' makes the 
odd-numbered terms positive 
and the even-numbered 
terms negative. 


Answers 
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| Example 3 _| Finding the nth Term of a Sequence 


Find a formula for the nth term of the sequence. 


1234 1111 
© AIA? Arerec? . —2, 4, —6, god gene © Ao A? Of 7e0" 
aS a5 . ee "242 ie 
Solution: 


a. For each term in the sequence, the numerator is equal to the term number, and the 
denominator is equal to | more than the term number. Therefore, the nth term may 
be given by 

on 

n+1 


n 


b. The odd-numbered terms are negative, and the even-numbered terms are positive. 
The factor (—1)" will produce the required alternation of signs. The numbers 2, 4, 
6, 8, 10, .. . are equal to 2(1), 2(2), 2(3), 2(4), 2(5), .. . . Therefore, the nth term 
may be given by 


a, = (-1)" +2n 


c. The denominators are consecutive powers of 2. The sequence can be written as 


i oe 
re ae ll 


Therefore, the nth term may be given by 


Skill Practice Find a formula for the nth term of the sequence. 


5. 6. —1, 4, -9, 16, —25,... TS Sh Fo So oe 


aes 
“oT ene 2 


Ole 


> 


Wile 


The following formulas both produce the first three terms, but differ at the fourth term: 


1 1 
q,== and b,=————_ 
n Qn n n2—n+2 
a Eas whereas b mel 
“16 named 


To define a sequence uniquely, the nth term must be provided. 
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Using a Sequence in an Application 


A child drops a ball from a height of 4 ft. With each bounce, the ball rebounds to 50% of 
its height. Write a sequence whose terms represent the heights from which the ball falls 
(begin with the initial height from which the ball was dropped). 


Solution: 


The ball first drops 4 ft and then rebounds to a new height of 0.50(4 ft) = 2 ft. Similarly, 
it falls from 2 ft and rebounds 0.50(2 ft) = 1 ft. Repeating this process, we have 


1 


4542 255 
248 


The nth term can be represented by a, = 4 - (0.50)""". 


Skill Practice 


8. The first swing of a pendulum measures 30°. If each swing that follows is 25% less, 
list the first three terms of this sequence. 


2. Series 


In many mathematical applications it is important to find the sum of the terms of a sequence. 
For example, suppose that the yearly interest earned in an account over a 4-year period is 
given by the sequence 


$250, $265, $278.25, $292.16 
The sum of the terms gives the total interest earned 
$250 + $265 + $278.25 + $292.16 = $1085.41 


By adding the terms of a sequence, we obtain a series. 


Definition of a Series 


The indicated sum of the terms of a sequence is called a series. 


As with a sequence, a series may be a finite or an infinite sum of terms. 

A convenient notation used to denote the sum of a set of terms is called 
summation notation, or sigma notation. The Greek letter & (sigma) is used to indicate 
sums. For example, the sum of the first four terms of the sequence defined by a, =n’ are 
denoted by 


399 


This is read as “the sum from n equals | to 4 of n”” and is simplified as 


4 
Yr = (1)? + (2° + BP + (4 


n=1 


=14+8+427+64 
= 100 


In this example, the letter n is called the index of summation. Many times, the letters i, /, 


and k are also used for the index of summation. 
Answer 


8. 30°, 22.5°, 16.875° 
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Avoiding Mistakes 


The letter jis used as a variable 
for the index of summation. In 
this context, it does not represent 
an imaginary number. 


Answers 
9. 70 10. 8 


ISTUDY 


eeeeces i=1 


| Example5 | Finding a Sum from Summation Notation 


4 
Find the sum. 2 
i=1 


Solution: 
4 
Y2'=2'4+274+2°4+2* 
i=1 

=2+44+8+416 

= 30 


Skill Practice Find the sum. 


4 
9 Yili+4) 


i=1 


Finding a Sum from Summation Notation 


3 
Find the sum. (-1)'*!. 3i+4) 
i=1 


r 


Solution: 


3 
Y(-D"*!- Git 4) =(-D'*!- BC) + 41 + (-D**!- 32) +4] 


| +(-1)**!- (3G) +4] 

= (=1)?- (7) + (1)? - (10) + (=1)* (13) 
=7-10413 

= 10 


Skill Practice Find the sum. 


4 
10. ¥(-1)(4i- 3) 
ra 


L 


Converting to Summation Notation 


Write the series in summation notation. 


i + ; + 3 + . Use n as the index of summation. 
b. 1 - es + eae + dove Use j as the index of summation 
3°45 6 
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Solution: 


a. The sum can be written as 


2(3) 


b. The even-numbered terms are negative. The factor (-1)/*! is negative for even 
values of j. Therefore, the series can be written as 


: 1 
Y (-b/t! = 
j=l J 
, ae: : : Answers 
Skill Practice Write the series in summation notation. 44 
n. Y= 
1 1 1 1 elie il. jl imn4 
11. —+—4+—4+— 2.2 SS 
4°16 64 256 2 4°6 8 ae Saal 
12. y-4 a 
f= 


Section 10.2 Activity 


A.1. List the terms of the sequence. 


hb Uh, = forl<n<5 b. b,=(-LD"- forl<n<5 
n+1 n+l 
c. me ees 
n+1 
A.2. Find the value of the sum. 
SY a 2 3 2 
a. b. )(-1)"-—— & SC! .—=— 
xnel eae p> aol 


A.3. Suppose that an Internet video channel has 100 subscribers in its first year. Every year thereafter, the number of 
subscriptions doubles. 


a. List the number of subscriptions for the first 5 years. 


b. Write a formula representing the nth term of the sequence representing the number of subscriptions s,, by 
year number, n. 


c. Suppose that each subscriber brings in an average of $10 in advertising revenue per year. Write a formula 
representing the revenue r, brought in for year n. 


d. Write a series using summation notation that represents the total revenue brought in for 5 years. Use i as the 
index of summation. 


e. Write the sum from part (d) in expanded form. 


f. Determine the total revenue brought in for 5 years. 


ISTUDY 
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BERL EY Practice Exercises 


Prerequisite Review 
For Exercises R.1—-R.6, evaluate the expression for the given value of n. 
R.1. (-D" 
aero 
d. n=4 


4 (jie 
aerial 
d.n=4 


R.3. -34+(n—-1)-5 forn=11 4. 2+5nforn=21 


p) n-1 il n-1 
R5. 10(2) Pee G 27(4) tees 


For Exercises R.7—R.10, simplify the expression. 


eel 2 be le 
37 A 5 G ~" 3 @ "OF Bil 


10! 
7) 


Vocabulary and Key Concepts 


1. a. A(n) (finite/infinite) sequence is a function whose domain is the set of positive integers. A(n) 
(finite/infinite) sequence is a function whose domain is the set of the first n positive integers. 


b. Given a sequence, the values a1, a3, a3, and so on are called the _____ of the sequence. The expression a,, 
defines the _____________ term (or general term) of the sequence. 

c. Inan_______ sequence, consecutive terms alternate in sign. 

d. A sum of a sequence is called a 

e. To represent a sum of terms, __________ notation is often used and is represented by the Greek letter }). 

f. Given the sum ye the letter 1 is called the _________ of summation. In expanded form, this series is 


n=1 


(1)? + (2)? + —____ = 55. 


Concept 1: Finite and Infinite Sequences 


For Exercises 2—6, look at the pattern shown in the sequence and fill in the next three terms. 
2. a,=—1, 4,9, 14, 19,001,010 3. b,=7, 10, 13, 16, 19,0,0,0 
4. c, = -2, 4, -6, 8, -10,0,0,.0 5. d,=3, —6, 9, -12, 15,001,01,0 
6. ¢,=1, 4, 9, 16, 25,007,010 


For Exercises 7-18, list the terms of each sequence. (See Examples 1-2.) 


7. d,=3nt+1, 1<n<5 

9. a,=Vn+2, 1<n<4 

11. a,=(-1 225, 1<n<4 
13. a,=(-D"*!(@’ - 1), 1<n<3 
15. ad,=W—n, 1<n<6 

17. a,=(-1)"3", 1<n<4 


19. Ifthe nth term of a sequence is a, = (—1)"-n 


which terms are positive 
negative? 


2 
> 


and which are 


Section 10.2. Sequences and Series 


8. a,=—-2n+3, 1<n<5 
10. a,=Vn—1, 1<n<4 
12. a= (-1) 2, 1<n<4 
14. a,=(-1)""!~"), 1<n<3 
16. a,=n(n’-1), 1<n<6 
18. a,=(-l)"n, 1<n<4 


20. If the nth term of a sequence is a, = (—1)""'! - 4, 


which terms are positive and which are negative? 


For Exercises 21-32, find a formula for the nth term of the sequence. Answers may vary. (See Example 3.) 


21. 2,4,6,8,... 
O5 es as 
49 1 


29. —2,4, -8, 16,... 


22. 3,6,9,12,... 


26. 


aes 
aaa 5 


pee 


30. 3, —9, 27, -81,... 


23. 1,3,5,7,... 24. 3,5,7,9,... 

27. 1,-1,1,-1,... 28. -1,1-1,1,... 

oe, 6 ee, 
5 25° 125 625 4 16 64 256 


33. Edmond borrowed $500. To pay off the loan, he agreed to pay 2% of the balance plus $50 each month. 
Write a sequence representing the amount Edmond will pay each month for the next 4 months. Round 
each term to the nearest cent. 


34. Janice deposited $1000 in an account that pays 3% interest compounded annually. Write a sequence 
representing the amount Janice receives in interest each year for the first 4 years. Round each term to the 


nearest cent. 


35. A certain bacteria culture doubles its size each day. If there are 25,000 bacteria on the first day, write a 
sequence representing the population each day for the first week (7 days). (See Example 4.) 
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36. A radioactive chemical decays by one-half of its amount each week. If there is 16 g of the chemical in week 1, write a 
sequence representing the amount present each week for 2 months (8 weeks). 


Concept 2: Series 


37. What is the difference between a sequence and a series? 


38. a. Identify the index of summation for the series. 


b. How many terms doe 


s this series have? 


7 
Ye+) 
k=1 
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For Exercises 39—54, find the sums. (See Examples 5-6.) 


39. en 40. F022) 41. 3 (2) 42, > (1) 
i=l ial . 


AA\2 Ao\3 
6 7 4 : é ; 
43. ¥5 44, ¥3 45. > (-1)(5j) 46. > (-1)/(4/) 
i=1 i=1 j=l j=l 
cae | ed : : 
47. > 48. > 49. YG + DUG +2) 50. YiUi+2) 
i=1 i=2 j=l j=l 
7 3 5 5 
51. Y(-1) 2 yen 53. Yk 54. y2* 
k=1 k=0 k=1 k=1 


For Exercises 55—66,write the series in summation notation. (See Example 7.) 


55. 14243444546 56. 1-24+3-44+5-6 
57. 44+44+4+4+4 58. 8+84+84+8+8 
59. 44+84+12+16+20 60. 34+6+9412+15 
111 1 111 1 
dy Soe ee D2 ee 
O39 tk7 Bl eo a's ib 
Bo) 6 7 8 9 10 5 10 15 20 25 30 35 
63. : rene ee 
11’ 22°33 44°55" 66 7 8 8 0 il 2 13 
65. xt 4txr4xt+x 66. y ty tyo+yi+ yl? 


Expanding Your Skills 


Some sequences are defined by a recursive formula, which defines each term of a sequence in terms of one or more of its 
preceding terms. For example, if a, = 5 and a, =2a,_, + 1 for n> 1, then the terms of the sequence are 5, 11, 23, 47,....In 
this case, each term after the first is one more than twice the term before it. 


For Exercises 67-70, list the first five terms of the sequence. 
67. a, =-3,a,=4a,_,+5 forn> 1 68. a, =10,a,=a,_,—3 forn> 1 
69. a, =5,a,=4a,_,;+1 forn>1 70. a, =—2,a,=—3a,_,+4 forn>1 


71. A famous sequence in mathematics is called the Fibonacci sequence, named after the Italian mathematician Leonardo 
Fibonacci of the thirteenth century. The Fibonacci sequence is defined by 


a, = 1 
a,=1 
Ay = An, + Ay_2 forn>2 


This definition implies that beginning with the third term, each term is the sum of the preceding two terms. Write out 
the first 10 terms of the Fibonacci sequence. 
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Arithmetic Sequences and Series /Section 10.3 
1. Arithmetic Sequences 


In this section, we present a special type of sequence called an arithmetic sequence, and 1. Arithmetic Sequences 
then we will study its related sum called an arithmetic series. The sequence 4, 7, 10, 13, 2. Arithmetic Series 

16, ...is an example of an arithmetic sequence. Note the characteristic that each succes- 

sive term after the first is a fixed value more than the previous term (in this case the terms 

differ by 3). 


Definition of an Arithmetic Sequence 


An arithmetic sequence is a sequence in which the difference between consecutive 
terms is constant. 


The fixed difference between a term and its predecessor is called the common 
difference and is denoted by the letter d. That is, 


d= Gn+1— 4n 


Furthermore, if a, is the first term, then 


a,=a,+0d 

a,=a,+1d is the second term, 
a3=a,+2d is the third term, 
d4=a,+3d is the fourth term, and so on. 


In general, a, =a,;+(n-— 1)d. 


ith Term of an Arithmetic Sequence 
The nth term of an arithmetic sequence is given by 


d,=4a,+(n—-1)d 


where a, is the first term of the sequence and d is the common difference. 


| Example1 | Writing the nth Term of an Arithmetic Sequence 
Write the nth term of the sequence. 9,2,-5,-12,... 


Solution: 
9, 2, -5, -12,... 
2 i] 


=) =) =F The common difference can be found by subtracting 
aterm from its predecessor: 2 — 9 = —7 


| Notice that the 
terms of an arithmetic 
sequence increase or 
decrease linearly. In 
Example 1, the terms 
decrease by 7 for each sub- 
sequent term. This is similar 
to a line with a slope of —7. 


888 Chapter 10 Binomial Expansions, Sequences, and Series 


FOR REVIEW 


Notice the similarity between 
an arithmetic sequence such as 
d, = —7n+ 16 and a linear func- 
tion such as y = —7x + 16. How- 
ever, the domain of the sequence is 
the set of positive integers. 


Answers 
4. 2n-5 2. d= -3, dy = —-13 


With a, = 9 and d = —7, we have 
da, =9+(n— 1)(-7) 
=9-In+7 
=-—7n+ 16 


Skill Practice Write the nth term of the sequence. 
1. —3,-1,1,3,5,... 


In Example 1, the common difference between terms is —7. Accordingly, each term of the 
sequence decreases by 7. 

The formula a,, = a, + (n — 1)d contains four variables: a,, a,, n, and d. Consequently, 
if we know the value of three of the four variables, we can solve for the fourth. 


| Example2 | Finding a Specified Term of an Arithmetic Sequence 


Find the ninth term of the arithmetic sequence in which a, = —4 and ay, = 164. 


Solution: 


To find the value of the ninth term dy, we need to determine the value of d. To find d, 
substitute a, = —4, n = 22, and ay, = 164 into the formula a, =a, + (n — 1)d. 


ad,=a,+(n-—-1)d 
164 = —44+ (22 -1)d 


164 = —44+ 21d 
168 = 21d 
d=8 


Therefore, a, = —4 + (n — 1)(8) 
ay = —4+ (9 — 1)(8) 
= —4 + (8)(8) 
= 60 


Skill Practice 


2. Find the tenth term of the arithmetic sequence in which a, = 14 and a,; = —28. 
(Hint: First find d.) 


Finding the Number of Terms 
in an Arithmetic Sequence 


Find the number of terms of the sequence 7, 3, —1, -5,..., —113. 
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Solution: 


To find the number of terms n, we can substitute a, = 7, d= —4, and a,, = —113 into the 
formula for the nth term. 


a, =a,+(n—-1)d 
—-113 =7+(n—-1)(-4) 
—113 =7-4n+4 


-113 =11-4n 
—124 = —4n 
n= 31 


Skill Practice Find the number of terms of the sequence. 
3. —15,-11, -7, -3,..., 81 


2. Arithmetic Series 
The indicated sum of an arithmetic sequence is called an arithmetic series. For example, 
the series 


34+7+114+154+19+23 


is an arithmetic series because the common difference between terms is constant (4). 
Adding the terms in a lengthy sum is cumbersome, so we offer the following “shortcut,” 
which is developed here. Let S represent the sum of the terms in the series. 

S= 34+ 7411415419423 Add the terms in ascending order. 

S = 234194+154+114+ 7+ 3 Add the terms in descending order. 


2S = 26+ 26 +26 + 26 + 26+ 26 Adding the two series produces 
six terms of 26. 


28 = 6-26 
6-26 
sal 
y) 
= 78 


By adding the terms in ascending and descending order, we double the sum but create 
a pattern that is easily added. This is true in general. To find the sum, S,,, of the first n terms 
of the arithmetic series a, + d,+a3;+---+4a,, we have 


n? 


S, =a, +(a;+d) +(a,;+2d)+---+a, Ascending order 
S;, = ay, + (a,-—d) +(a,-—2d)+---+4a, Descending order 
2S, = (a, ar ay) + (a; + ) + (a, + cm) sheet (a; + ,) 
2S, = na, + ce) 
S, = 5 + ,) 


Answer 
3. 25 
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890 


Avoiding Mistakes 
When we apply the sum formula 


S7= ol + a,) to find the 


n 
sum ))a,, the index of 


i=1 


summation / must begin at 1. 


Answers 
4. 590 
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5. —1935 


Coo e eee e eee sesseseeseeseesEeseseese i=] 


Sum of an Arithmetic Series 
The sum S,, of the first n terms of an arithmetic series is given by 


n 
Sn = 54 apd) 


where a, is the first term of the series and a,, is the nth term of the series. 


Finding the Sum of an Arithmetic Series 


25 
Find the sum of the series. ¥ (2i + 3) 


Solution: 


In this series, n = 25. Furthermore, a, = 2(1) + 3 =5 and aj5 = 2(25) +3 =S53. 
Therefore, 


Sos = 205 +53) Apply the formula S, = 5 +d,). 


= 2 (58) Simplify. 
= 725 


Skill Practice Find the sum of the series. 


20 
4. ¥(3i-2) 


i=1 


EEE Finding the Sum of an Arithmetic Series 


Find the sum of the series. 


—3 + (-5) + (-7) ++ +++ (-127) 


Solution: 


For this series, a; = —3 and a, = —127. However, to determine the sum, we also need to 
find the value of n. The difference between the second term and its predecessor is 
—5 — (-3) = —2. Thus, d = —2. We have 


—127 = -3+ (n—- 1)(-2) Apply the formula a, = a, + (n — 1)d. 


—127 = -3-2n+2 Apply the distributive property. 
-127=-1-2n Combine like terms. 
—126 = —2n Solve for n. 

n= 63 


Using n = 63, a, = —3, and a,; = —127, we have 


S,= 5a +a,)= “2 [-3 + (-127)] = e (-130) = —4095 


Skill Practice Find the sum of the series. 
5. 84+34+(-2)+---+(-137) 
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Section 10.3 Activity 


A.1. Joyce earns a salary of $55,000 during her first year of work. She receives a raise of $2000 per year thereafter. 
a. Fill in the table representing the sequence for Joyce’s salary for year n. 


Year 1 | $55,000 + 0($2000) $55,000 
Year 2 | $55,000 + 1($2000) (Joyce has had 1 raise.) $57,000 
Year 3 | $55,000 + 2($2000) (Joyce has had 2 raises.) $59,000 
Year 4 

Year 5 

Year n | $55,000 + 


b. Use the formula from the last row in the table to determine Joyce’s salary in year 25. 


A.2. a. The sequence from Exercise A.1 has the characteristic that each successive term differs by a constant, d. 
(In this case, the constant is the $2000 raise that Joyce earns each year.) This type of sequence is called a(n) 
sequence. 
b. If a, is the first term of an arithmetic sequence, and d is the common difference, use the pattern below to 
write a formula for the nth term of the sequence. 


a, =a,+0d 
a =a,+ ld 
a3=a,+2d 
a, = 


A.3. Consider the arithmetic sequence 
17, 11, 5, -1, ..., -301 


a. What is the first term of the sequence? 

b. What is the common difference? 

c. Write a formula for the nth term of the sequence. 
d. How many terms are there in this sequence? 


A.4. Refer to Exercise A.1. 


a. Write a series using summation notation that represents Joyce’s total earnings over 25 years. 
b. Find Joyce’s total earnings over 25 years. 


Practice Exercises Section 10.3 


Prerequisite Review 


For Exercises R.1—R.4, solve the equation. 
R.1. 62=2+(n-1)-3 R.2. 110=54+(-1)-7 
R.3. —95 =—-15+4+ 40d R.4. —142 = 14+52d 


ISTUDY 
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For Exercises R.5—R.6, find the function values. 
R.5. Find the function value for the function defined by fay = 4x — 3. 
a. fC) b. f(2) Gs fy d. f(4) 
R.6. Find the function value for the function defined by g(x) = —2x +5. 
a. g(1) b. g(Q) c. 9(3) d. g(4) 


For Exercises R.7—R.8, write the sum in expanded form and then simplify. 


5 6 
R.7. Yd —4n) R.8. Yn - 3) 


i=l n=1 


Vocabulary and Key Concepts 
1. a. An_____ sequence is a sequence in which the difference between consecutive terms is constant. 


b. The common ______ between a term and its predecessor in an arithmetic sequence is often denoted by the 
letter d. 


c. The nth term of an arithmetic sequence is given by a, =________, where a, is the nth term, a, is the first 
term, 1 is the number of terms, and_____————_is the common difference between terms. 


d. An indicated sum of an arithmetic sequence is called an arithmetic 


e. The sum S,, of the first n terms of an arithmetic series is given by S, =___________, where a, is the first term and 
a, is the nth term. 


Concept 1: Arithmetic Sequences 


2. Explain how to determine if a sequence is arithmetic. 


For Exercises 3-6, write the first four terms of the sequence. 


3. a,=—54+4n 4. b,=8+(-5)n 


1 3 1 3 
Sa eG Gaeta De 
Ch ata Ms 6. d, atm i 


For Exercises 7-12, the first term of an arithmetic sequence is given along with its common difference. Write the first five 
terms of the sequence. 


7. a,=3,d=8 8. a,=-5,d=2 9. a,=80,d=-20 


10. a@,=+4,a=—5 ia: a=3,d=3 12. a= 1d=% 


For Exercises 13-18, find the common difference d for each arithmetic sequence. 


13;. 1,3,5,;7,. 952 «.: 14. 2,8, 14, 20, 26,... 15. 6,3, 0, —3,-6,... 
16. 8,3, —2, -7,-12,... 17. —7, —9, -11,-13,-15,... 18. —15, -11, -7,-3,1,... 


For Exercises 19-24, write the first five terms of the arithmetic sequence. 


19. a,=3,d=5 20. a,=-3,d=2 21. a,=2,d= 


22, a= 0,d=5 33. ap=2.d=—4 2. a,=10,d==6 
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For Exercises 25-33, write the nth term of the sequence. (See Example 1.) 


25. 0,5, 10, 15, 20,... 26. 7, 12,17, 22,27... 27, -2,—4,-6, 8, -10,... 
28. 1,-3,-7,-11,-15,... 29. 2,2.3,2, a ee 

9 e573 
31. 21,17, 13,9,5,... 32. 9,6,3,0,—-3,... 33, —8,-2, 4,10, 16,... 


For Exercises 34-41, find the indicated term of each arithmetic sequence. (See Example 2.) 


34. 


36. Find the 12th term given a, = —8 and d= —2. 


38. Find the tenth term given a, = 1 and a,=31. 


40. Find the sixth term given a, = 3 and a,3 = 39. 


Find the eighth term given a, = —6 and d= —3. 


35. Find the sixth term given a, = —3 andd=4. 
37. Find the ninth term given a, =—1 andd=6. 
39. Find the seventh term given a, = 0 and aj) = —45. 


41. Find the 11th term given a, = 12 anda,=-18. 


For Exercises 42-49, find the number of terms, 1, of each arithmetic sequence. (See Example 3.) 


42. 2,0,—-2,...,—-56 43. 8,13,18,...,98 
3 al a 
46. 1,—,=,...,—4 47. 2, =, 3, Jl 
oe 42 2 2 
50. If the third and fourth terms of an arithmetic 


sequence are 18 and 21, what are the first and 
second terms? 


Concept 2: Arithmetic Series 


cs ee as 45. 1,5,9,...,85 
rae ae, ee i D2 
3 3 3 3° 3° 3 3 


51. If the third and fourth terms of an arithmetic 
sequence are —8 and —11, what are the first and 
second terms? 


52. Explain the difference between an arithmetic sequence and an arithmetic series. 


For Exercises 53-66, find the sum of the arithmetic series. (See Examples 4-5.) 


53 


57 


61. 


63. 


65. 


67. 


70. 


20 15 
~ Git 2) 54. )'(2i- 3) 
i=1 i=l 
10 10 
» Ba=j) 58. )'(6 — Jj) 
j=l j=l 
4+8+12+---+84 


6+8+10+---+34 
—3 + (-7) + (11) +++ + (-39) 


Find the sum of the first 100 positive integers. 


20 25 
55. YG+4) 56. > (i-3) 
i=l 


i=1 
15 2 15 1 

59. ¥(2i+1) 60. ¥ (5-2) 
j=l 3 2 

62. 4494144.--449 

A 4p ew412 


66. 24+54+8+4+---+53 


68. Find the sum of the first 50 positive even integers. 


. The seating in a certain theater is arranged so that there are 30 seats in row 1, 32 in row 2, 34 in row 3, and so on. 
If there are 20 rows, how many total seats are there? What is the total revenue if the average ticket price is $15 per seat 


and the theater is sold out? 


array? 


A triangular array of dominoes has one domino in the first row, two dominoes in the second row, = — : : | 
three dominoes in the third row, and so on. If there are 15 rows, how many dominoes are in the a 
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TY tCols mm (ee a Geometric Sequences and Series 
1. Geometric Sequences 


1. Geometric Sequences The sequence 2, 4, 8, 16, 32, . . . is not an arithmetic sequence because the difference 

2. Geometric Series between terms is not constant. However, a different pattern exists. Notice that each 
term after the first is 2 times the preceding term. This sequence is called a geometric 
sequence. 


inition of a Geometric Sequence 


A geometric sequence is a sequence in which the ratio between each term and its 
predecessor is constant. 


The constant quotient of a term and its predecessor is called the common ratio and 
is denoted by r. The common ratio is found by dividing a term by the preceding term. 
That is, 


For the sequence 2, 4, 8, 16, 32,... we have r=4=$=R=2=2. 


If a, denotes the first term of a geometric sequence, then 


a,=a,r is the second term, 
R= ar is the third term, 
a,= ar is the fourth term, and so on. 


This pattern gives a, =ayr""'. 


nth Term of a Geometric Sequence 
The nth term of a geometric sequence is given by 


aa a 


where a, is the first term and r is the common ratio. 


| Example1 | Finding the nth Term of a Geometric Sequence 


Find the mth term of the sequence. 


16 32 
ob a6 ee... pe. 
7 3° 9 


Solution: 


a. The common ratio is found by dividing any term (after the first) by its predecessor. 


pee 
-1 


With r = —4 and a, =—1, we have a, = —1(—4)""!. 


[STUDY 
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b. The common ratio is r= + = 3. With a, = 12 and r = 4, we have 


2 n-1 
= 12/4 
a a) 


Skill Practice Find the nth term of the geometric sequence. 
i) 
1. 6, 12, 24, 48,... 2. 6,2,—,=,... 
3°9 


The formula a, = a,r"~! contains the variables a,, a,,n, and r. If we know the value of 
three of the four variables, we can find the fourth. 


| Example2 | Finding a Specified Term of a Geometric Sequence 


n-1 
Given a, = (5) , find as. 


Solution: 


Skill Practice 
3. Given a, = 3(—2)""!, find ag. 


| Example3 | Finding a Specified Term of a Geometric Sequence 


Find the first term of the geometric sequence where a; = —162 and r= 3. 


Solution: 


—162 =a,(3)>"! Substitute a; = —162, n = 5, and r = 3 into the 
formula a, =a,r"~'. 


—162 = a,(3)* Simplify and solve for a,. 
~162 = a,(81) 
a, = —2 


Skill Practice 


4, Find the first term of the geometric sequence where a, = 3 and r= 


4I- 


2. Geometric Series 
The indicated sum of a geometric sequence is called a geometric series. For example, 
14+34+9+4+274 81 +243 


is a geometric series. To find the sum, consider the following procedure. Let S represent Answers 
the sum 


S=14+34+9+27+4+ 81 + 243 3.-96 4. 50 


1. a,=6(2)""' 2. a,=6(5 
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Now multiply S by the common ratio, which in this case is 3. 
3S=34+9+4+ 274 81 +243 + 729 
Then 
3S—S = (34+9+274 81 + 243 +729)-(14+34+9+4+27+81 +243) 
28 =3+9+27+81+243 +729 -1-—3-9-27 —81 — 243 


2S = 729-1 The terms in red form a sum of zero. 
2S = 728 
S = 364 


A similar procedure can be used to find the sum S,, of the first n terms of any geometric 
series. Subtract rS,, from S,,. 


S,= a, +ayr +ayr +--+ ajyr"™! 


rS, = ar +ar tar +++++ayr" 


S,—1S, = (a,—a,n) + (qar—a,r) + yr -— ar) +--+ +(qqyr""!- ar") 
S,—1S, = d,—- ar" The terms in red form a sum of zero. 
S,d—-—r) =a, -7") Factor each side of the equation. 


S.= ate) Divide by (1 — r). 
—r 


Sum of a Geometric Series m 
The sum, S,,, of the first n terms of a geometric series )\a,r'~' is given by 


i=1 


_a(i=r") 


Si 
i lop 


where a, is the first term of the series, ris the common ratio, and r# 1. 


Finding the Sum of a Geometric Series 


6 is! 
Find the sum of the series. ya(5) 
i=l 


Solution: 


By expanding the terms of this series, we see that the series is geometric. 
6 i-1 
1 1 1 1 
4(~) =44+2+4+1+4+—-+-4+— 
> (5) 2 4 8 


We have: a, = 4, rs and n=6, 


5 -adl=r)_ 411-@ 1) _ 40 -@ _ 8(S) _ §3 


l-r 1-4 4 


Skill Practice Find the sum of the geometric series. 


Answer 5 +4 14349497 
364 9 3 
ae 
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| Example 5 _| Finding the Sum of a Geometric Series 


Find the sum of the series 5 + 10+ 20+---+5120. 


Solution: 


The common ratio is 2 and a, =5. The nth term of the sequence can be written as 
a, = 5(2)"~'. To find the value of n, substitute 5120 for a,,. 


5120 = 45@y" 
5190. _- Say— 


——— = Divide both sides by 5. 
5 5 
p24 = 2"? To solve the exponential equation, write each side as 
310 = 70-1 a power of 2. 
10=n-1 Recall that if b‘ = b’, then x = y. 
n= il 


With a, =5,r=2, andn= 11, we have 


_a(1—r")_ 511-2") _ 5(1— 2048) _ 5(—2047) 
ae = ee | 7 ve 


S, = 10,235 


Skill Practice Find the sum of the geometric series. 
6. 34+64+12+---+768 


Consider a geometric series where |r| < 1. For increasing values of n, r” decreases. For 
example, 


1 5 il 10 ] 15 
(5) = 0.03125 (3) = 0.00097656 (3) = 0.00003052 


For |r| < 1, r” approaches 0 as n gets larger and larger. As n approaches infinity, the sum 


gots). spogackes. OSD 2 ai, 
Ls —r 1l-r 


Sum of an Infinite Geometric Series 


Given an infinite geometric series a; + ayr + ayr’ +--+, with |r| < 1, the sum S of 
all terms in the series is given by 


Finding the Sum of an Infinite Geometric Series 


0 i=1 
Find the sum of the series. > (3) 


Solution: 


In this example, the upper limit of summation is oo. This indicates that we have an 
infinite series where the pattern for the sum of terms continues indefinitely. 
y ( 1 yo Pod ot sl Answer 


fs (ee eae OR ge Ts 
39 ofS] ” 6. 1533 
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The series is geometric with a; = 1 and r= 4. Because |r| = |5| < 1, we have 


The sum is 3. 


Skill Practice Find the sum of the series. 


il 3 i-1 
7. (3) 
2G 


Using a Geometric Series in a Physics Application 


A child drops a ball from a height of 4 ft. With each bounce, the ball rebounds to 50% 
of its original height. Determine the total distance traveled by the ball. 


Solution: 5 
The heights (in ft) from which the e 
ball drops are given by the sequence = 3 
s 
Ries: = 
24 2 
> 


After the ball falls from its initial 
height of 4 ft, the distance traveled for 
every bounce thereafter is doubled 
(the ball travels up and down). Therefore, the total distance traveled is given by the 


Time 


series 
Te ee ee cea eee 
2 4 
or equivalently 444424145405 


The series 4+ 2+1+4+--- is an infinite geometric series with a, = 4 and r=+4. 


Initial height 
from which the Infinite geometric series 
ball was dropped | 


SSS SSS 
4 + 4424145405 


4 
I=% 
4 
a. 
=44+8=12 


The ball traveled a total of 12 ft. 


Skill Practice 


8. A child drops a ball from a height of 3 ft. With each bounce, the ball rebounds to 4 
Answers of its original height. Determine the total distance traveled by the ball. 
7. 16 8. 6 ft 
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Section 10.4 Activity 


A.1. Kevin earns a salary of $50,000 during his first year of work. He receives a raise of 4% per year thereafter. 
a. Fill in the table representing the sequence for Kevin’s salary for year n. 


Year 1 | $50,000(1.04)° $50,000 


Year 2 | $50,000.04)' (Kevin has | raise of 4% of $50,000 or equivalently | $52,000 
104% of his first year’s salary.) 


Year 3 | $50,000(1.04)° (Kevin has 2 raises of 4%. This is 104% of 104% of | $54,080 
his first year’s salary.) 


Year 4 | $50,000(1.04)? 
Year 5 | $50,000.04)" 
Year n | $50,000.04) 


b. Use the formula from the last row in the table to determine Kevin’s salary in year 25. 

c. Refer to Exercise A.1 on page 891. Joyce received a salary of $55,000 in her first year and then a raise of $2000 
each year thereafter. Kevin makes less money initially ($50,000), and his first raise is for $2000. But Kevin’s 
yearly salary eventually overtakes Joyce’s salary. Explain why. 


d. Write a series using summation notation that represents Kevin’s total earnings over 25 years. 


n . 
e. The series in part (d) is a finite geometric series of the form }'a,7'~'. The sum can be evaluated by using the 


a, — fe) a 
i= 


formula ya, = . Find Kevin’s total earnings over 25 years. 


i=1 
f. From Exercise A.4(b) on page 891, you computed Joyce’s total earnings over 25 years to be Doss, 000 + 20007) = 
1,975,000. How much more money does Kevin make in 25 years? 


b,, and c,,. 


n> n 


@= 16,842, 2.2 b, = 16, 8, 0, -8, ..., -360 C= 1681 S542, = 20 


For Exercises A.2—A.4, refer to the sequences a 


A.2. a. Is sequence a, arithmetic, geometric, or neither? Why? 


. Write a formula for the nth term of a,,. 
. Find the eighth term of a,,. 
. How many terms does the sequence a, have? 


a2 & 


A.3. a. Is sequence b, arithmetic, geometric, or neither? 


b. Write a formula for the nth term of b,,. 
c. Find the 12th term of b,,. 
d. How many terms does the sequence b,, have? 


A.4. Is sequence c,, arithmetic, geometric, or neither? 
For Exercises A.5—A.8, find the sum if possible. If the sum does not exist, explain why. 


i-1 i-1 9 
AS. dI6(5 ) A6. d16(5 ) Mie Sige) 


TI Il i=] 


A8. 16(2)"! 


i=1 
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Prerequisite Review 


For Exercises R.1—R.2, find the function values. 


R.1. Find the function value for the function defined by fx) = 50 (5) : 


a. f() b. f(2) c. fG) d. f(4) 


x 


R.2. Find the function value for the function defined by g(x) = 8 G : 


a. g(1) b. g(2) c. g(3) d. g(4) 


For Exercises R.3-R.8, simplify the expression. 


= 4 
Ro R4. 5, 100-29 
i 1-2 


Vocabulary and Key Concepts 
1. a, A_________ sequence is a sequence in which the ratio between each term and its predecessor is constant. 
b. The common ______ between a term and its predecessor in a geometric sequence is often denoted 
by r. 


c. The nth term of a geometric sequence is given by a, = _______, where a, is the nth term in the 
sequence, a, is the first term, and r is the common ratio. 


n 


d. The sum S, of the first n terms of a geometric series )’a,'~' is given by S, =________, where a is the 
: : i=l 
first term and r is the common ratio. 


e. Given an infinite geometric series a, + aor + a,r + - - - with |r| < 1, the sum of all terms in the sequence is 
given by S=___ Tf |r| > , then the sum does not exist. 


Concept 1: Geometric Sequences 


2. Explain how to determine if a sequence is geometric. 


For Exercises 3—6, write the first four terms of the sequence. 


3. a, = 4. gn-l 4, b, = ; . 3r-1 
5. c,=(-5)"! 6. d,=(-—p™4"! 


For Exercises 7—12, the first term of a geometric sequence is given along with the common ratio. Write the first four 
terms of the sequence. 


7. a,=1;r=10 8. a, =2;r=5 9. a =64 r= 5 


10. ay=3:r=5 11. a, =8;r=—— 12. a) =9:r=—3 
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For Exercises 13-18, determine the common ratio, r, for the geometric sequence. 


13. 5, 10,20, 40,... 14. -2,-1,-5, a. 


QV 


16. 4, -12, 36, -108,... 17. 3,-6, 12, -24,... 


For Exercises 19-24, write the first five terms of the geometric sequence. 


19. a,;=-3,r=-2 20. a,=-4,r=-l 


22. a) =8r=4 23. a,;=-l,r=6 


1 1 

15. 8, —2,~,—-—,... 
2 8 

18. 1,4, 16, 64,... 
1 
21. =6, r= — 
a, r 2 


24. a, =2,r=-3 


For Exercises 25-30, find the nth term of each geometric sequence. (See Example 1.) 


25. 3, 12,48, 192,... 26. 2,6, 18,54,... 27. —5, 15, —45, 135,... 
28. —6, 12, —24, 48,... 29. = 2 By 325 h-0% 30. 2 4, 3, es sare 
2 3 4 
For Exercises 31-40, find the indicated term of each geometric sequence. (See Examples 2-3.) 
31. Given a, = 2(4)""', find ag. 32. Given a, = —3(4)"" |, find ay. 33. Given a, = 4(—3)"" |, find ag. 
34. Given a, = 6(-4+)""', find ag, 35. Given a, = —3(2)"', find as. 36. Given a, =5(3)"~', find a4. 


37. Given a; = —*f and r= —%, find a). 38. 


39. Given a, = 8 and r= 2, find aj. 40. 


41. Ifthe second and third terms of a geometric 42. 


sequence are 16 and 64, what is the first term? 


Concept 2: Geometric Series 


Given dg = % and r = —4, find a). 
Given ad, = 27 and r= 3, find ay. 


If the second and third terms of a geometric 
sequence are 4 and 4, what is the first term? 


43. Explain the difference between a geometric sequence and a geometric series. 


5 
44. a. Write the series in expanded form. ¥ 42)! a 
i=l 


5 
b. Findthesum. )4(2)'"! 
i=l 


4 
45. a. Write the series in expanded form. > 3(4)'7! 


4 
b. Findthe sum. 3(4)'7! 


i=1 


4 i-1 
46. a. Write the series in expanded form. ¥6(5) 
i-1 


4 
b. Find the sum. ¥6(5) 
i=l 
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For Exercises 47—56, find the sum of the geometric series. (See Examples 4-5.) 
47. eo 24 3 48. 14+34+94+274 81+ 243 49. -2+14(-3)+5+(-3) 
; S25 105 : ‘ 2) 4 8 
1 64 256 1024 8 16 
50. —+(-1)+4+4+(-16)+ 64 51. 12+ 16+—+—+——_— 52. 94+6+44+-4+— 
gt Dts Glo) t HOF og. ng +6444 54-5 
2 4 32 8 3 243 
53. l+=+—-+---+—— 54. —~4+2+=4+---+—— 
eg aie go tg aig 


55. -44+8+(-16)+---+(-256) 56. L474 (2) +++ +5108 


57. A deposit of $1000 is made in an account that earns 5% interest compounded annually. The balance in the 
account after n years is given by 


a, = 1000(1.05)" forn>1 


a. List the first four terms of the sequence. Round to the nearest cent. 
b. Find the balance after 10 years, 20 years, and 40 years by computing ajo, a9, and d49. Round to the nearest cent. 


A home purchased for $125,000 increases by 4% of its value each year. 
The value of the home after n years is given by 


a, = 125,000(1.04)” forn> 1 


58. 


a. List the first four terms of the sequence. Round to the nearest dollar. 


b. Find the value of the home after 5 years, 10 years, and 20 years by computing 
a5, Ajo, and ayy. Round to the nearest dollar. 


Steve Mason/Photodisc/Getty 
Images 


For Exercises 59-64, first find the common ratio r. Then determine the sum of the infinite series, if it exists. 


(See Example 6.) 


11 1 1 1 
69, Pq ego ane 60. —2 (-5) (-;) (-=) 
6 36; 216” wo) 8) ao) 
co i-1 co i-1 
61. >(-;) 62. y(-z) 
i=l i=l a 
2 3.7/9 25 125 
Sate cee 4. ee ee es} 
63. = +( )+5+/ )+ 64. 3454+ 24-24 
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65. Suppose $200 million is spent by tourists at a certain resort town. Further suppose that 75% of the revenue is respent 
in the community and then respent over and over, each time at a rate of 75%. The series 


200 + 200(0.75) + 200(0.75)? + 200(0.75)° + - - - 
gives the total amount spent (and respent) in the community. Find the sum of the infinite series. (See Example 7.) 
66. A bungee jumper jumps off a platform and stretches the cord 80 ft before rebounding upward. Each 


successive bounce stretches the cord 60% of its previous length. The total vertical distance traveled is 
given by 
80 + 2(0.60)(80) + 2(0.60)7(80) + 2(0.60)°(80) +++ - 
After the first term, the series is an infinite geometric series. Compute the total vertical distance traveled. 
67. A ball drops from a height of 4 ft. With each bounce, the ball rebounds to 3 of its height. The total vertical distance 
traveled is given by 
3 3\" 3)" 
44+2(—)4+2(—) 4+2(—) 4@+--:- 
+2(7)+2(4) @+2(7) + 


After the first term, the series is an infinite geometric series. Compute the total vertical distance traveled. 


68. The repeating decimal number 0.2 can be written as an infinite geometric series by 
a We 
10 100 1000 


a. What is a,? b. What is r? c. Find the sum of the series. 


69. The repeating decimal number 0.7 can be written as an infinite geometric series by 
Be re ee ee er ae 
10 100 1000 


a. What is a,? b. What is r? c. Find the sum of the series. 


Expanding Your Skills 


70. The yearly salary for Job A is $40,000 initially with an annual raise of $3000 per year. The yearly salary for Job B is 
$38,000 initially with an annual raise of 6% per year. 


a. Find the total earnings for Job A over 20 years. Is this an arithmetic or geometric series? 
b. For Job B, what is the amount of the raise after 1 year? 


c. Find the total earnings for Job B over 20 years. Round to the nearest dollar. Is this an arithmetic or 
geometric series? 


d. What is the difference in total salary earned over 20 years between Job A and Job B? 
71. a. Brook has a job that pays $48,000 the first year. She receives a 4% raise each year. Find the sum of her 
yearly salaries over a 20-year period. Round to the nearest dollar. 


b. Chamille has a job that pays $48,000 the first year. She receives a 4.5% raise each year. Find the sum of her 
yearly salaries over a 20-year period. Round to the nearest dollar. 


c. Chamille’s raise each year was 0.5% higher than Brook’s raise. How much more total income did 
Chamille receive than Brook over 20 years? 
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Problem Recognition Exercises 


Identifying Arithmetic and Geometric Sequences 


For Exercises 1-18, determine if the sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find d. 
If the sequence is geometric, find r. 


ns. 2,3, -3,... 2. i LS23.., 248 16 39... 
eae 7 11) 16... 5, 5 L3... 1; 34. - 

7, 2,6, 11,17, 24,... 5 ee 9. -2,-4, -6, -8,-10,... 
Oe 313, 1,... M010, 1,..4. 12. 2,6, 10,14, 18,22,... 
13. Th, Sh By A, Se oe 15. 1,4,9,16,25,... 


eee A) EU ae 
16. =e, —e, e,—e,—e,:-- 17. ==,-—-,=,-,-°° 18. 2,6, 18,54, 162,... 
6 ae Bo Be 3° 5 


ISTUDY 


Summary 


Chapter10 Summary 
| Section 10.1 | Binomial Expansions 


Key Concepts 

For a whole number n, the expression n! (read as “n 
factorial”) is defined as the product of integers from | to n, 
forn>1. 

n!=n(n— 1)\(n—2)...(2)(1) 

0! = 1 by definition 


For a positive integer, n, the expression (a +b)" can be 
expanded using the binomial theorem: 


n_ n\ n n! (n—-1) 
(a+b) ~eor aaa Tits! b 


n) eS EE 8 2) yp 2 See : n 
a Tal ET 


The coefficients of the expansion may also be found by 
using Pascal’s triangle. 


1 4 6 4 1 


Let n and k be positive integers such that k < n. Then the kth 
term in the expansion of (a + b)” is 


n! Qi kD, pel 
[n — (k— 1)]!-(k- 1)! 


Examples 

Example 1 

6! = (6)(5)(4)(3)(2)(1) = 720 
Example 2 


Th 76 SAO @-524-3-2-4 
2-5! (2-1)\6-4-3-2-T) 


=21 


Example 3 
(2x — 4y)* = [2x + (—4y)]* 


_ A! 4 4! 3 
= ore” + are” (—4y) + 


OCA) + (ay! 


= 1(2x)* + 4(2x)3(—4y) + 6(2x)*(—4y)* 
+ 4(2x)(—4y)> + 1(—4y)* 


= 16x* — 128x°y + 384x’y? — 512xy* + 256y* 


Example 4 
The third term of (3x + y’)’ is 


uu : 7-G=1) , (,2)3-1 
eee Gx) Oo”) 


574,2)2 
= 600") 
= 51037" 


905 


aro? (-4y) + 


ISTUDY 
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| Section 10.2 | Sequences and Series 


Key Concepts 


An infinite sequence is a function whose domain is the set 
of positive integers. 


A finite sequence is a function whose domain is the set of 
the first n positive integers. 


The expression a, defines the nth term (or general term) of 
a sequence. 


A series is the sum of a sequence. 


Examples 
Example 1 
a,=8—-—3n 


=5,2,—-1, -4, -7, -10,... 


Example 2 

a,=(-1" > forl<n<5 
~ 12 34 5 
~ 23° 45’ 6 

Example 3 


4 


5i=5 + 10415 +20=50 


i=1 


| Section 10.3 _ Arithmetic Sequences and Series 


Key Concepts 


An arithmetic sequence is a sequence in which the 
common difference, d, between two consecutive terms is 
a constant. 


The nth term of an arithmetic sequence is given by 
a,=a,;+(n- l)d 


This formula has four variables, a,, a,,n, and d. Sometimes 
it is necessary to solve for one or more of the variables 
before the nth term can be identified. 


Examples 
Example 1 


Write the nth term of the sequence: 
10, 8,6, 4,... 


a,=10 (the first term) 

d=-2 (the common difference) 
a, = 10+ (n— 1)- (-2) 

ad, = —2n+ 12 


Example 2 


Find the 12th term of the arithmetic sequence in which 


aQy= —6 and a9 =51. 
a,=a,+(n-1)d Find d first. 


51 =-6+4+ (20 - 1)d 
ay, and a. 


57 = 19d 
3=d 


a, =—6 + (n— 1)-3 —— apy =-6 + (12-1) +3 


ay= 27 


Substitute known values for 


The sum of an arithmetic sequence is an arithmetic 
series. The sum of the first n terms of an arithmetic series 
is given by 


n 
Sy = (1 + ay) 


Section 10.4 Geometric Sequences and Series 


Key Concepts 

A geometric sequence is a sequence in which the ratio 
between each term and its predecessor is constant. This 
constant is called the common ratio, r. 


The nth term of a geometric sequence is given by 


a, n-1 
a, = ar 


The sum of a geometric sequence is called a geometric 
series. The sum of the first n terms of a geometric series is 
given by 


5-07) 


l-r 


The sum of an infinite geometric series is given by 


so a provided |r| < 1 
-r 


Summary 
Example 3 
50 
Find the sum. '(3i-1) 
i=l 
n= 50, a, =2, aso = 149 
n 50 
S,= 5 +4,)= 3 + 149) 
= 3775 
Examples 
Example 1 
Find the common ratio: = = 2. all aah 
5.5 10 40 
= 0286 5 _30_3 
~5°5 5 8 40 4 
Example 2 


Find the fourth term. 


2 n-1 2 4-1 2 3 
a,=3(5) —+a=3(3) =3(3) 


Example 3 
Find the sum. 48+ 24+ 12+6+3+43 
a,=48,r=+,n=6 


5 =a =r) _ 48[1 = (4) _ 189 
er Cen: () ne) 


Example 4 


Find the sum of the series) 4-2+1-—5+--- 


a, =4 and the common ratio is —2 + 4 = -4. 


Since |—4] < 1, 
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Chapter10 Review Exercises 


Section 10.1 
For Exercises 1-4, simplify the expression. 


! ! 
12! 4 9! 


1. 3! 2. 5! ee =a 
: 2 10! - 2! 


"61-3! 


For Exercises 5—6, expand the binomial. 


5. 0? 44) 
6. (c —3d)* 


7. Find the first three terms of the binomial 
expansion. (a— 2b)!! 


8. Find the fourth term of the binomial expansion. 


(x° + 3y)8 


9. Find the eighth term of the binomial expansion. 
(5 x yy 


10. Find the middle term of the binomial expansion. 
(a+ 2b)° 


Section 10.2 


For Exercises 11-14, write the terms of the sequence. 


11. a,=-3n+4;1<n<5 


12. a,=-2n';1<n<3 
n . 
n+2’ 
ON" 

14. a,=(-$)ilsns4 


1l<n<4 


13. a,=(-1)""!- 


For Exercises 15-16, write a formula for the nth term 
of the sequence. 


15. 


3.3". 3 
1 le Re ee! 
: 24 8 


17. What is the index of summation for the series? 


7 


Yn +3) 


k=1 
5 


18. How many terms are in the series? » ha 
j=l 


For Exercises 19-20, find the sum of the series. 


7 5 
19. }5(-1)! 20. >} (-2)" 


i=1 n=1 


21. Write the sum in summation notation. 


4,5,6,7,8,9, 10 
12 3 4 5 6 7F 


22. Study the figures and the corresponding 
expression for the area of each region. Write the 
nth term of a sequence representing the area of 
a region with base n. 


Section 10.3 


For Exercises 23-24, write the first five terms of the 
arithmetic sequence. 


8 ga Ss : 


24. a=id=5 


For Exercises 25—26, write an expression for the nth 
term of the sequence. 


25. 1,11, 21,31,... 26. 6, —8, —22, —36, ... 


For Exercises 27—28, find the indicated term of the 
arithmetic sequence. 


27. a, =5+ (n—1)- z 17th term 


28. a, =—-11,d=-—6; 25th term 


For Exercises 29-30, find the number of terms. 


29, 3, 8, 13, 18,..., 118 


30. 4, 1, -2,—-5,..., -50 


31. Find the common difference for an arithmetic 
sequence, given a; = —40 and aj) = 140. 43. 
32. Write an expression for the nth term of the 44, 
arithmetic sequence, 14,9, 4, —1, —6,.... 
For Exercises 33-36, find the sum of the arithmetic series. 45. 
40 20 
33. iS -h) 34. ))(0.25i + 2) 46. 
k=l i=l 
35. —6+ (—4) + (—2)+---+34 47. 
36. 4+5+6+---+109 
48. 
Section 10.4 
For Exercises 37—38, find the common ratio. 
49, 
37.. 5,.15,.45, 135)... 
38. 2, 2.4, 2.88, 3.456 
. : ‘ 50. 
For Exercises 39-40, write the first four terms of the 
geometric series. 
39. a,=-l nid p= 
aa a ~ 4 51. 


40. a, =10(2)"" 
For Exercises 41-42, write an expression for the nth term 
of the geometric series. 


41. —4, -8, -16, -32,... 


2 2 
42. 6, -2,-,-——,... 
3. 9 


Test 909 


n-1 
Given a, = 4(3) , find dg. 
Given a, = 10(3)""', find ay. 


Given a7 = ae and r= > find a. 


Given a; = 81 and r=3, find a,. 


8 
Find the sum of the series. 7 5(2)""! 


n=1 
Find the sum of the series. 
st43 +(—9)+---+(-81) 


Find the sum of the series. 


8 16 
6+44+=4+—+4+--- 
3. 


Find the sum of the series. 


2,2 
10+2+2+—+--: 
53 25 


An investment of $10,000 is originally invested in a 
mutual fund. After 10 years, the yearly return aver- 
aged approximately 7%. The balance on the account 
is given by b, = 10,000(1.07)". 


a. Find the first three terms of the sequence. 
b. Interpret the value of b3. 


c. Find the amount in the account after 10 years. 


Chapter10 Test 


For Exercises 1—2, simplify. 6. 
10! 
\ eee 
1. 0! * Sal 
3. Write the expansion of (a + b)*. Use Pascal’s 7. 
triangle to determine the coefficients of the 
expansion. 8 
4. Expand. (3y — 2x)4 
5. Find the sixth term. (a—°)8 


Write the terms of the sequence. 


n 


a,=— a ;l<n<4 
+2 


5 


S@ +2) 


i=1 


Find the sum. 


. a. An 8-in. tomato seedling is planted on Sunday. 


Each day, it grows an average of 1.5 in. Write 
five terms representing the height of the plant 
each day, beginning with Sunday. 


b. Write the nth term of the sequence. 
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9. Write the series in summation notation. 20. Find the sum of the infinite geometric series. 
+x $x$ x2 44+2414+44+--- 
21. Gi tri 1 ith dg =9 and r=3, 
10. Find the common difference. 3; us us = ee ee ee ee ee “= 
4’2’ 4 find a,. 

1 22. Find the 18th term of the arithmetic sequence in 
11. Find the common ratio. 9,3, 1, ee which a, = —66 and ay) = —378. 
12. Given an arithmetic sequence with a, = —15 23. Suppose a student smokes one pack of cigarettes 


andd==3 per day at a cost of $5.50 per pack. 


a. If the student quits smoking and puts the 


a. Write the first four terms of the sequence. 
$5.50 saved per day in a jar, how much money 


b. Write an expression for the nth term of the will the student have saved at the end of 
sequence. 1 year? 
c. Find the 40th term of the sequence. b. If the student takes the first year’s savings from 
part (a) and invests the money in a bond fund 
13. Givena geometric sequence with a,= 4 and paying 4% annual interest, how much will this 
r=-2, money be worth | year later? 
a. Write the first four terms of the sequence. c. Suppose that the student reinvests the 
principal and interest each year so that the 
b. Write an expression for the nth term of the money is compounded annually. The student 
sequence. will have: 
c. Find the 10th term of the sequence. End of year 1: $2007.50 


14. Write an expression for the nth term of the Bator yeahs COUT SO) eos) 2087 80 
3.3: 3 3 End of year 3: (2007.50)(1.04)* = $2171.31 


sequence. =, —,—,--> 
ane a The sequence a, = $2007.50(1.04)"~' represents 
the value of the investment at the end of 7 years. 
Find the value of the investment after 30 years. 
(Round to two decimal places.) 

d. Now suppose that the student saves $2007.50 per 
year each year for 30 years. Further suppose that 
the student invests each year’s saving at 4% 
interest compounded annually. The following 
series represents the total savings plus interest 


15. Write an expression for the nth term of the 
sequence. 20, 18, 16, 14,... 


16. Find the number of terms in the sequence. 
3,10, 17, 24,...,213 


17. Find the number of terms in the sequence. 


] = ars he over 30 years. Find the sum. 
3°9 729 
30 
18. Find the sum of the arithmetic series. >)2007.5(1.04)""! 
n=1 
Di(8 + 21) 
i=1 


19. Find the sum of the geometric series. 


zy 


n=1 


Additional Topics Appendix 


Determinants and Cramer’s Rule i. Section A.1 
1. Introduction to Determinants 


Associated with every square matrix is a real number called the determinant of the matrix. 1. Introduction to 
The determinant of a square matrix A, denoted det A, is written by enclosing the elements Determinants 
of the matrix within two vertical bars. For example, 2. Determinant of a3 x 3 
Matrix 
If A= ki OI then det A= |: =. 3. Cramer’s Rule 
6 0 6 0 
0 -5 I 0 -5 I 
If B=} 4 O 4 then dettB=| 4 0 4 
—2 10 #1 —2 10 #1 


Determinants have many applications in mathematics, including solving systems of 
linear equations, finding the area of a triangle, determining whether three points are col- 
linear, and finding an equation of a line between two points. 

The determinant of a 2 x 2 matrix is defined as follows: 


| Example1 | Evaluating a 2 x 2 Determinant 


Evaluate the determinants. 


6 --—2 _ 
7] op -y 
5 4 0 0 
Solution: 
a. 4 For this determinant, a = 6, b= —2,c =5, andd=4. 
3 


et () ~ (~2)(5) 


=2+10 
= 12 


A-1 
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A-2 Additional Topics Appendix 


=xample 1(b) 
illustrates that the value of a 
determinant having a row 
of all zeros is O. The same is 
true for a determinant having 
a column of all zeros. 


Answers 
41. 18 2. 0 


b. i a For this determinant, a = 2, b=—11,c=0,d=0. 
ad — be = (2)(0) — (-11)(0) 
=(0-0 
=() 


Skill Practice Evaluate the determinants. 
2 8 » 0) 


1. | 
-1 5 4 0 


2. Determinant of a 3 x 3 Matrix 


To find the determinant of a 3 x 3 matrix, we first need to define the minor of an element 
of the matrix. For any element of a 3 x 3 matrix, the minor of that element is the deter- 
minant of the 2 x 2 matrix obtained by deleting the row and column in which the element 
resides. For example, consider the matrix 


5 -l 6 
0 -7 1 
4 2 6 


The minor of the element 5 is found by deleting the first row and first column and then 
evaluating the determinant of the remaining 2 x 2 matrix: 


0 -7 1 Now evaluate the determinant: ze 4 = (—7)(6) — (1)(2) 
4 2 6 
= —44 
For this matrix, the minor for the element 5 is —44. 
To find the minor of the element —7, delete the second row and second column, and 
then evaluate the determinant of the remaining 2 x 2 matrix. 


5 -1 6 


pe Wo eee q = }--- Now evaluate the determinant: | ‘| = (5)(6) — (6)(4) =6 


4. 2 6 


For this matrix, the minor for the element —7 is 6. 


| Example2 | Determining the Minor for Elements in a 3 x 3 Matrix 


Find the minor for each element in the first column of the matrix. 


3 4 -1 
2 —-4 5 
0 1 -6 
Solution: 
For 3: 2 —4 5 The minor is: i | = (—4)(—6) — (5)(1) = 19 
0) 1 -6 


ISTUDY 
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be sl A 
For 2: - | seseeees 54- The minor is: | ; , = (4)(-—6) — (-1)(1) = —23 


3 4 -1 ‘4 
For 0: 2 =4 5] The minor is: | 


-l 
4.65 | = (4)G) - (-1)(-4) = 16 


=I 8 6 
3] 4 3 2 
5 7 4 


The determinant of a 3 x 3 matrix is defined as follows: 


From this definition, we see that the determinant of a 3 x 3 matrix can be written as 


a, - (minor of a;) — a> - (minor of ay) + a3 - (minor of a3) 


Evaluating determinants in this way is called expanding minors. 


| Example 3 _| Evaluating a 3 x 3 Determinant 


2 4 2 
Evaluate the determinant. 1 -3 0) 
—5 5 -l 
Solution: 
2 4 2 
1-3 fea oe alO-1 5 al 
—5 5 -l 


= 2[(-3)(—1) — (0)(5)] — 11(4)(-D) — (2)(5)] — 54) (0) - (2)(-3)] 
= 2(3) — 1(-14) — 5(6) 
=6+ 14-30 


Skill Practice Evaluate the determinant. 
4 9 


Answers 


1 -6 
[5 4 


| = 26 4. —42 


A-4 Additional Topics Appendix 


i) => There is another 
method to determine the 
signs for each term of 

the expansion. For the aj 
element, multiply the term 
by (—1)'*7, 


Answer 
5. 154 


Although we defined the determinant of a matrix by expanding the minors of the elements 
in the first column, any row or column can be used. However, we must choose the correct 
sign to apply to each term in the expansion. The following array of signs is helpful. 


+ - + 


+ -— + 


The signs alternate for each row and column, beginning with + in the first row, first column. 


Evaluating a 3 x 3 Determinant 


Evaluate the determinant by expanding minors about the elements in the second row. 


2; 4 2 
1 -3 0 
—5 a =] 


Solution: 


Signs obtained from the array of signs 


| 


! 


2 4 2 | 


4 2 2 2, 2 4 
= =-0)-|; {+o [5 j|-o| 5 ; 
—5 5 -l 

= -1[(4)(-1) — 2)65)] - 312@)(-)) — 2)(-5)] - 0 

= —1(-14) - 3(8) 

= 14-24 

=-10 Notice that the value of the determinant 
is the same as the result obtained in 
Example 3. 


Skill Practice Evaluate the determinant. 


4 => 3 
5/3 6 -8 
0 4 5 


In Example 4, the third term in the expansion of minors was zero because the element 
0 when multiplied by its minor is zero. To simplify the arithmetic in evaluating a determi- 
nant of a 3 x 3 matrix, expand about the row or column that has the most 0 elements. 


3. Cramer’s Rule 


In this section, we will learn another method to solve a system of linear equations. This 
method is called Cramer’s rule. 


Cramer’s Rule for a 2 x 2 System of Linear Equations 
The solution to the system ax+tby=c, 


ax + boy = C) 


is given by 


a 
where D = 
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WESSEL Using Cramer's Rule to Solve a 2 x 2 System 


of Linear Equations 
Solve the system by using Cramer’s rule. 3x — 5y = 11 
—x+3y=-—5 
Solution: 
For this system: a,=3 b=-5 c=ll 


a,=-1 b, =3 Co = —5 


p=| } 3|=@@)-Csy-p=9-5=4 
D,= ie “3|-ane — (-5)(-5) = 33 —25=8 
D, = E 13[=@CS)- GDED==15 + ll=-4 
Therefore, xe 2ta Sa? yertete- 


Check the ordered pair (2, —1) in both original equations. 
Check: 3x — 5y = 11 ———> 3(2) -5(-l)= ll V 
—x + 3y = —5 ———> -(2) + 3(-1) 4-5 Vv 
The solution set is {(2, —1)}. 
Skill Practice Solve using Cramer’s rule. 


6. 2x+ y=5 
—-x-3y=5 


| TIP: oe are some memory tips to help you remember Cramer’s rule to solve: 
Coefficients of 


axt by=c xterms yterms 
AX + boyy =Cy 
a, bd, 
1. The determinant D is the determinant of the coefficients D= b 
of x and y. Cry? 
X coefficients 
replaced by c, and cy 
Cc, by 
2. The determinant D, has the column of x-term coefficients P= 6 
replaced by c, and cp. Cee? 
y coefficients 
replaced by c, and c, 
a, 
3. The determinant D, has the column of y-term D,= 
G2 C2 


coefficients replaced by c, and cp. 


Answer 
6. {(4, —3)} 


A-6 Additional Topics Appendix 


It is important to note that the linear equations must be written in standard form to 
apply Cramer’s rule. 


Using Cramer’s Rule to Solve a 2 x 2 System 
of Linear Equations 


Solve the system by using Cramer’s rule. —l6oy = —40x -—7 
40y = 24x + 27 


Solution: 
—l6oy = —40x — 7 ———> _ 40x - loy = -7 Rewrite each equation 
40y = 24x + 27 ———> —-24x + 40y = 27 in standard form. 


For this system: a, = 40 b,=-16 cy = 7 
ang= —24 by = 40 C7 = 27 


40 -16 
D= = (40)(40) — (—16)(—24) = 1216 
» na (40)(40) — (-16)(—24) 
-7 —-16 
D,= = (—7)(40) — (—16)(27) = 152 
e a (—7)(40) — (—16)(27) 
40 -7 
D,= = (40)(27) — (—7)(—24) = 912 
y ee | (40)(27) — (-7)(—24) 
D 
Therefore, pa DE ed — Py _ 912 _ 3 


D 1210 8 ° D 1216 4 


The ordered pair (=. ) checks in both original equations. 


F F 1 3 
The solut t >a): 
e solution se is { (J =) 


Skill Practice Solve by using Cramer’s rule. 
7. 9x = 12y-8 
30y = -18x-7 


Cramer’s rule can be used to solve a 3 X 3 system of linear equations by using a similar 
pattern of determinants. 


Answer 


ISTUDY 
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Using Cramer’s Rule to Solve a 3 x 3 System 
of Linear Equations 


Solve the system by using Cramer’s rule. 
2x — 3y + 5z= 11 
—5x + 7y —2z=-6 
9x — 2y + 3z=4 


Solution: 
23. § 
7 -2 3 5 3 5 
D=|- -2|=2- = (5): +9. 
ae eel 
9 =2 3 
= 2(17) + 5(1) + 9(-29) 
= —222 
11 -3 5 
D,=|-6 7 -2/=11 | q “3|-9-| . le4-|3 | 
=3- 3 =o 3 7 
4 =2 3 
= 11(17) + 6(1) + 4(-29) 
=F 
6 -2 11 5 fi 4 
as i ee | 4 | 4 3\+2-| 6 
9 4 3 
= 2(-10) + 5(13) + 9(8) 
=117 
sana 7 : =3 11 3 11 
D.=|-5 7 -6 =2.| 7 -(-5)-|7> i|+9-| 
22 7 -6 
9-2 4 


= 2(16) + 5(10) + 9(—59) 
= —449 


ISTUDY 
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i | 4 When Cramer’s rule 
does not apply, that is, when 
D =O, you may also use the 
substitution method or the 
Gauss-Jordan method to get 
a solution. 


Answers 
8. {(—2, 0, 4)} 
9. { }; inconsistent system 


_ D, 77.7 
D -222 222 
D, 117 39 
p= 74 
: D,_ —449 449 
~ D222 222 
The solution (- - =) checks in each of the original equations. 
P : 77 ~=39 449 
The sol ——, -—, — } >. 
e€ solution set 1s { ( 392° 74 =) \ 


Skill Practice Solve by using Cramer’s rule. 
8. x + 3y —3z=-14 
x-4y+ z7=2 
x+ y+2z=6 


Cramer’s rule may seem cumbersome for solving a 3 x3 system of linear equations. 
However, it provides convenient formulas that can be programmed into a computer or cal- 
culator to solve for x, y, and z. Cramer’s rule can also be extended to solve a 4 x 4 system 
of linear equations, a 5 x 5 system of linear equations, and in general an n x n system of 
linear equations. 

It is important to remember that Cramer’s rule does not apply if D = 0. In such a case, 
either the equations are dependent or the system is inconsistent, and another method may 
be needed to analyze the system. 


Analyzing a Dependent System of Equations 


Solve the system. Use Cramer’s rule if possible. 2x —3y=6 
—6x + 9y = -18 


Solution: 


a 
Il 


| 2 


—3 
6 9 | = (2)(9) — (—3)(—6) = 18 — 18 =0 


Because D = 0, Cramer’s rule does not apply. Using the addition method to solve the 
system, we have 


Multiply by 3. 
2x—-3y=6 ——+> 6x-9y=18 


—6x + 9y = —18 ———_» -6x4+ 9y=-18 
0=0 _ The equations are dependent. 

The solution set is {(x, y) | 2x — 3y = 6}. 
Skill Practice Solve. Use Cramer’s rule if possible. 


9. x- 6y=2 
2x — 12y = —2 
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ils Ina2~x 2 system of equations, if D = 0, then the equations are dependent or the 
system is inconsistent. 
+ IfD=0 and both D, = 0 and D, = 0, then the equations are dependent and the 
system has infinitely many solutions. 
- IfD =O and either D, 40 or D, # 0, then the system is inconsistent and has no 
solution. 


Practice Exercises _ Section At 


Vocabulary and Key Concepts 


: : ab . : . ab 
1. a. Given the matrix A = |. the of A is denoted det A and is written as The value 
c Cc 
of det A is the real number equal to 
b. Given a 3 X 3 matrix, the of an element in the matrix is the determinant of the 2 x 2 matrix 


formed by deleting the row and column in which the element resides. 


c. Complete the expression on the right to represent the value of the 3 x 3 determinant shown here. 


a, by cy 


by Co 


dy by Co) =a, 


b3 ¢3 


a3 bz C3 


Concept 1: Introduction to Determinants 


For Exercises 2—7, evaluate the determinant of the 2 x 2 matrix. (See Example 1.) 


2: P | a ; ‘ - I? | 
52 4 8 = =§ 

22 us = a 

5. 1 6. | 7 i 7 | 34 
1 0 24 8 -2 


Concept 2: Determinant of a 3 x 3 Matrix 


For Exercises 8-11, evaluate the minor corresponding to the given element from matrix A. (See Example 2.) 


4 -1 8 
A=] 2 60 
—7 3.3 
8. 4 9. -1 10. 2 11. 3 
For Exercises 12—15, evaluate the minor corresponding to the given element from matrix B. 
—2 6 O 
B=] 4 -2 1 
5 9 -l1 
12. 6 13. 5 14. 1 15. 0 


16. Construct the sign array for a 3 x 3 matrix. 


A-10 Additional Topics Appendix 


17. Evaluate the determinant of matrix B, using 18. Evaluate the determinant of matrix C, using 
expansion by minors. (See Exercises 3-4.) expansion by minors. 
0 1 2 4 1 3 
B=/3 -1 2 C= /]2 —2 1 
3 2 -2 3 1 2 
a. About the first column a. About the first row 
b. About the second row b. About the second column 


19. When evaluating the determinant of a 3 x 3 matrix, explain the advantage of being able to choose any row 
or column about which to expand minors. 


For Exercises 20-25, evaluate the determinant. (See Examples 3-4.) 


& 2.24 3 ae 

20. |4 0 2 21. | 3 -6 0 22,/ 14 4 
2 0 <1 32 8 0 102 
a oO. i =< 49 0 5 -8 

2B. \i 4 2 24./ 0 00 25. |0 -4 1 
1 04 3 215 0 3 6 


For Exercises 26-31, evaluate the determinant. 


ye > a 5 -l 
26. | 27. ° | 28. |b -3 0 
y 2 b 8 
3 4 
x 0 3 poOg fe 
29. |y —2 6 30. |r O 5 31. ld c 0 
z -l il t 0 ba 0 
Concept 3: Cramer’s Rule 
For Exercises 32-34, evaluate the determinants represented by D, D,, and D,. 
32. x-4y=2 33. 4x+ 6y =9 34, —3x+ 8y=—-10 
3x+2y=1 —2x+y=12 5x +5y=-13 
For Exercises 35-40, solve the system by using Cramer’s rule. (See Examples 5-6.) 
35. 2x+y=3 36. 2x-y=-1 37. 4y=x-8 
x—4y=6 3x+y=6 3x=—-7y+5 
38. 7x-4=—-3y 39. 4x-3y=5 40. 2x+ 3y=4 
5x=4y+9 2x+5y=7 6x — 12y=—-5 
For Exercises 41-46, solve for the indicated variable by using Cramer’s rule. (See Example 7.) 
41. 2x- y+3z=9 42. x+2y+3z=8 43. 3x -—2y+2z=5 
x+4y+4z=5_ forx 2x-3y+ z=5 _ fory 6x+3y—4z=-1  forz 


3x + 2y+2z=5 3x —4y +2z=9 3x- y+2z=4 


Section A.1| Determinants and Cramer’s Rule A-11 


44. 4x + 4y - 3z=3 45. 5x +6z=5 46. 8x+ y =1 
8x + 2y + 3y=0 for x —2x+ y =-6  fory Ty+ z=0 for y 
4x — 4y + 6z = -3 3y — £= 3 x —3z=-2 


47. When does Cramer’s rule not apply in solving a system of equations? 


48. How can a system be solved if Cramer’s rule does not apply? 


For Exercises 49-58, solve the system by using Cramer’s rule, if possible. Otherwise, use another method. If a system does 
not have a unique solution, determine the number of solutions and whether the system is inconsistent or the equations are 


dependent. (See Example 8.) 


49. 4x-2y=3 50. 6x-—6y=5 51. 4x+y=0 
—2x+y=1 x-y=8 x—7y=0 
52. —3x-—2y=0 53. x+5y=3 54. —2x -— 10y = -4 
—x+5y=0 2x+ 10y =6 x+5y=2 
55. x = 3 56. 4x +2=7 
—x + 3y =3 y =? 
y+2z=4 x +2z=4 
57. x+ty+ 8z=3 58. -8x + y+z=6 
2x+yt+llz=4 2x-y+tz=3 
x + 3z=0 3x -—z=0 


Expanding Your Skills 


For Exercises 59-62, solve the equation. 


; e 31 0 
59, | | ie 60. i |=30 61. |o 4 —-2}=10 62. 
2-4 8 7 - 


1 0 30 5 2 00 

63. 0 1 24 an 0 4 -1 1 
—2 0 01 -l1 0 30 

4 -1 —2 0 0 —2 10 


For Exercises 65-66, refer to the following system of four variables. 
x+y+z+w=0 
2x -ztw=5 
2x+y —-w=0 
yz =-l 


-l1 02 
4 t O|=-4 
0 -5 3 


A-12 


67. 


68. 


69. 


70. 


71. 


72. 


Additional Topics Appendix 


a. Evaluate the determinant D. 66. a. Evaluate the determinant D,. 
b. Evaluate the determinant D,. a 
b. Solve for y by computing a 


c. Solve for x by computing a 


Two angles are complementary. The measure of one angle is 3 the measure of the other. Find the measures of 
the two angles. 


Two angles are supplementary. The measure of the larger angle is 61° more than 3 the measure of the smaller 
angle. Find the measures of the angles. 


A theater charges $80 per ticket for seats in section A, $50 per ticket for seats in section B, and $30 per ticket for 
seats in section C. For one performance, 3000 tickets were sold for a total of $165,000 in revenue. If the total number 
of tickets in sections A and C is equal to the number of tickets sold in section B, how many tickets in each section 
were sold? 


The measure of the largest angle in a triangle is 80° larger than the sum of the measures of the other two angles. The 
measure of the smallest angle is 22° less than the measure of the middle angle. Find the measure of each angle. 


Suppose 1000 people were surveyed in southern California, and 445 said that they worked out at least three 
times a week. If 4 of the women and 3 of the men said that they worked out at least three times a week, how 
many men and how many women were in the survey? 


During a 1-hr television program, there were 22 commercials. Some commercials were 15 sec long and some were 
30 sec long. Find the number of 15-sec commercials and the number of 30-sec commercials if the total playing 
time for commercials was 9.5 min. 


Student Answer Appendix 


Chapter R 29. (-1, ov) 31. (—00, —2] 
— —_—__+—> <—_—}_______- 
Section R.1 Activity, p. 9 -1 3 
Al. 4 A2. . 4 AB. -5,0,4 33. (—00, ) 35. (-2.5, 4.5] 
2 = —_ — —_———— > 
5,-2.5, 0,4 25 AS. = = 
A6. @—+—+t t-—@——> ee 5 
ae a ee ft ae 37. (ca, =3) 39. (3, 0) 
——_. 
—2.5 -2.5 -3 5 
AT. x>44in. AB. x< 35 on A.9. 16 <x < 18 years 41. [2, oo) 43. (-4, 4) 
ne Sed ———————— — 
A.10. a. — 2 -4 4 
: 45. [-3, 0] 
b. —— YHOO 4 - 
1 =3 0 
c. Use parentheses when an “endpoint” is not included in the set. 47. All real numbers less than —4 49, All real numbers greater 


Use brackets when an “endpoint” is included in the set. d. (—oo, 1) 
e. (—co, 1] f. Use parentheses when an “endpoint” is not included in 
the set. Use brackets when an “endpoint” is included in the set. Use 
parentheses for co and —oo. The oo and —co symbols do not actually 


than —2 and less than or equal to 7 51. All real numbers 
between —180 and 90, inclusive 53. All real numbers 


55. a> 18 57. c<25 59. s> 261 


represent numerical values, but rather indicate that the set continues 61. r<45 63. 18<a<25 65. p< 130 

indefinitely. 67. 130<p< 139 69. 2.2 < pH < 2.4 acidic 

AL. (-4, -1] A12. [3 oo) 71. 3.0 < pH $3.5 acidic 

. . Section R.2 Activity, pp. 24-25 

Section R.1 Practice Exercises, pp. 9-13 A.1. a. |-6] is the absolute value of -6. b. 6 c. 10 d. —16 

Rl. < R.3. < e. Add the absolute values of the numbers and keep the common sign. 

R.5. a. 0.835353 _b. 0.835. 0.84 A.2. a. 23 b. 4 ¢. -—19 d. Find the absolute value of each addend. 

R.7. a. 2.44999, 2.45, 2.45,2.45 b. —2.45, —2.45, —2.45, —2.44999 Then subtract the smaller absolute value from the larger absolute value. 
Apply the sign of the number with the larger absolute value to the sum. 

1. a. set b. inequalities c. aislessthanb d. c is greater A3. a. 8 b. 248 ¢ 10 d.at(-b) 


than or equaltod e. Sisnotequalto6 f. infinity; negative 
infinity g. {x|x>5}; interval h. excludes; includes 


es AA, | =42= 1206 Seis 16.8 
-5 17 « 42 
. tet ttt t+ +t He t)8 t+ 7 W 23 
: -6-5-4-3-2-1 0 123 45 6 AS 5-2 | Z,(-U) | <7 
-10 3 
ea be Ag AS. -13- (-s4) | er as | 33 


A.7. a. negative b. 4-(—3) c¢. negative; positive 


A.B. a. -5 b. 12- (-4) c. -6 d. at e. positive; negative 


5 v v v v v A.9. a. 5;5  b. 0;0 ce. There is no real number that when multiplied 
by 0 willequal4. A.10. a. -16 b. -24 c. -80 d. —5 
oe ee Y v ie ee ee 
All. -2 be 2 ¢ d. A.12. a. Undefined b. 0 
=i Yi vi 2 9 4 
; A.13.a.1 b.0 Add. a.9 b. 27 © 81 
5 v v A.15.a.9 b. -27 ¢ 81 
A.16. a. -25 b. 25 c. -125. d. —125 
wa a as AA7-a. 4 by 4 & Notateal somber 
v vi i oe i A.18. —73 A.19. 1 
4 
0.2 v v Section R.2 Practice Exercises, pp. 25-29 
2 
B< 15> 17> 1% < 21. (2,0) RL. a. 2, b. 2 R3.a 5b. 2 
23. (—oo, 0] 25. (-5, 0] 27. [-4.7, oo) 5 1 36 ia 
R.5. a. 35 b. 1, R.7. a. 9b. 35 or l55 


SA-1 


ISTUDY 


SA-2 Student Answer Appendix 


1. a. opposites b. |a|;0 c. base;n d. radical; square e. aa A.10. a. —30 b. —30  c. Distributive property of multiplication over 
f. 0 g. 0; undefined addition. A.11. a. 4a’, —ab, 6b*, -7_ b. 4,-1,6,-7 ce. -7 

3. positive; negative 5. > A12. -13x A.13. ba + Fa A.14, —8b — Sc + 3d 

7. Distance can never be negative. 9. Negative 


A.15. —2x7 — 3x +5 A.16. 9n+5n = A.L7. —5c? + 30c — 65 


11. 


Section R.3 Practice Exercises, pp. 36-38 
Ri. a2 b.2  R.3. a. 40 b. 40 
RS. a -6 b.6 Ra -2 b. 3 


R.9. a. 20 b. 20 R11. a. 0 b. 1 
R.13. a. 3) b. 3 R.15. a. —48  b. —48 


0 0 Undefined 0 
> 1. a. constant b. coefficient ec. 1;1 d. lik 
=A 3 93 3 constani Cc 1c1en! 1 Ike 
3. a. -7+x b. —4y 5. a. 1 bs 
13. 15.= 17. 19. 21.-4 923, -1 
a i = a Ta3 b.-2 9a. 3terms b.6 ©. 2,-5,6 
25. -7 27.1429. -22.1 3. -8.1 33. —S or -1£ 6 
3 3 11. a. Sterms b. -7 ¢ 1,-7,1,-4,1 13,a I5.f 
35, 2 37, -32 30. © og 2g, —18 1c 81%: 2b 23g 2d 2h Wa 
45 21 5 : 5 31. 2x-6y+16 33. —40s+90°+30 35. Tw—5z 
45. Undefined S 0  49.3.72 51. 53. 64 55. -49 37. Jab > : 39. 7.8x-123 41. 14-16 — 30d +5f 
1 1 
57. 49 59. ae 61. 3 63. Not a real number 65. 3 43. 14y — 2x 45. 6p’ +p —6 47. —p? —3p 
67. -7 69.32 71.40.73. 25.~=CO75 1377 17 49. n+m—-6 51. Jab+8a 53. l6xy’—- Sy 55. 8x — 23 
ies - 57. -4c-6 59.-9w+10 61. 42-16 63. 7s—26 
79. -11 81. -603 83, 7 85. 5.437587. 5 65. -12w+13 67.0 =69. dc +2 = 71. 1.4x4+10.2 
9 73. —2a°+3a+38 75. 2y--3y-5 = 77. -62.7x + 220 
89. -1 91. 2193. Undefined 95. 5597. =10.1°C 79. —4m+15n+2 81. 0, for example: 3 +0 =3 
“ ‘ x e 1 83. Reciprocal 85. No, for example: 6 -5#45-6;14-1 
99. a. 25°C b. 100°C ¢. 0°C d, -40°C 101. 4 gal oa, aes Wear. Ge de ee 
103. 9in2 105. 8.06 cm2 107. 14.1 f8 109. 26.8 ft? e. x(y + z) =xy + xz; The distributive property of multiplication 
11. 1414 in3 over addition 
113. 12/(6 — 2) 114. (24 - 6)/3 Chapter R Review Exercises, pp. 41-42 


NORHAL FLOAT AUTO arbi DEGREE CL NORHAL FLOAT AUTO atbi DEGREE CL 5 


. 0 2. For example: -4, -3, 3 


1276-2 . For example: —2, —1, 0, 1, 2 


1 
ews ce ceverercvewece vores cs cescececussesmsescscasee ete] 3 
pete 2) 4. All real numbers between 7 and 16 

acne 5. All real numbers greater than 0 but less than or equal to 2.6 

6. All real numbers between —6 and —3, inclusive 

7. Allreal numbers greater than 8 

8. All real numbers less than or equal to 13 9. All real numbers 


— a 
115. For 0.6666666667 10. (—co, 2) 3 


NORHAL FLOAT AUTO arbi DEGREE CL NORHAL FLOAT AUTO arbi DEGREE CL o 11. [0, co) > 
(£¢16?-82 13? (0C16-79432 4016-004) o 
las 6668666667. Usk deee dec ttecscasenttcateececeiedll 12. (-1,5) ‘ 
1 494 
13.°°T 14. 8,-—,8 15. ——,—,— 16. 16,2 
on 8 9479 
17. 625,5 18. —2 19. 3 20. —21.6 21. -8.151 
22. = or aj 23. ss 24. a or | u 25. u or i 
Section R.3 Activity, p. 35 Y eae - ae 8 
. y, Pp. 26. 3 27. -8 28. 6 29. 48 30. 11 31. 37 
A.l. a. 6 b. 6 ec. Commutative property of addition 32. 75 33. 4 34, 256 35. 756 in2 36. 3x + I5y 
A.2. a. 30 b. 30 ¢. Commutative property of multiplication ie 1 4 5 28, deel ame ee : 
A.3. The order in which two real numbers are added or multiplied does ‘3 a 2 eas all See reves 
not affect the result. 40. 7¢q-14 41. 99 +3 42. -6y-—5 43. 9x -1 
A.4. a. 9 b. 9 ec. Associative property of addition 44. For example: 3+x=x+3 45. For example: 5(2y) = (5 - 2)y 


A.5. a. —60 b. —60 ce. Associative property of multiplication 
Chapter R Test, p. 42 


A.6. The manner in which real numbers are grouped when added or 


multiplied does not affect the result. 1. a. —5, —4, —3, —2,=1.0,1,2 b. For snipe 38 
A.7, a. The sum is the number itself. b. 0 1 ; i 24°55 
A.8. a. The product is the number itself. b. 1 2. a. > -2, 5 b. —4, ra 4c. 0, no reciprocal exists, 0 


ee i 
A.9. a. Opposite: 5; reciprocal: —z._b. The sum is 0. 3. The interval [4, oo) includes all real numbers 4 and greater, 


c. The product is 1. d. additive e. multiplicative whereas the interval (4, co) does not include the endpoint, 4. 


True 
4 
(-c°, -*) 6. [12, c) 
3 
——$$- a 
-3 12 
1 16 
7.x<5 8. p>7 9. 6 10. -17 11. a 12, —— 
13..2=1,1 14. -2b-6 15. 2x-1 16. —2x+1 
17. False 18. True 19. True 20. True 
Chapter 1 


Section 1.1 Activity, pp. 53-54 
A.l. a. {16}. Add 4 to both sides. 
b. {8}. Subtract 4 from both sides or add -4 to both sides. 


c. {3}. Divide both sides by 4 or multiply both sides by + 
d. {48}. Multiply both sides by 4. 
A.2. Add 3 to both sides. Then divide both sides by 2 or multiply both 


sides by 7 


A.3. {—7} (Explanations vary.) A.4. {6} (Explanations vary.) 

A.5. {—13} (Explanations vary.) A.6. a. 12, 24, 36, 48,60 b. 4x 
e -30 d. 12 e. 3x f. {42} 

A.7. a. 100, 1000, 10,000, and 100,000 b. —390 e. —120x 
d. 784 e. —100x f. {-58.7} A.8. {5} (Explanations vary.) 

A.10. {12} (Explanations vary.) 

A.11. After subtracting x from both sides, the equation reduces to the 
contradiction 3 = 5. This is false for all real numbers. Thus, there is 
no solution to the equation, and the solution set is the empty set, { }. 

A.12. After simplifying both sides, the equation reduces to 3x + 7 = 3x +7. 
The left and right sides of the equation are identical for all values of x. 
Therefore, the solution set is the set of real numbers. A.13. 5; {5} 


A.9. {1} (Explanations vary.) 


Section 1.1 Practice Exercises, pp. 55-58 
R1.¢ R3n RS. lly-4 — R.7. 26x-43 
R.9. 30 R11. 10,000 R13. -19 RAS. -2 


1. a. equation b. solution ec. linear d. first e. solution; 


set f. solution 3. contradiction 5. identity 7. Linear 

9. Nonlinear 11. Linear 13. b 15. {12} 17. {-2} 
19. {FI 21. {-40} 23. {-1.1} 25. {6.7} 27. {11} 
29. {13} 31. {-7} 33. {13} 35. {5} 37. {0} 

39. (3) at {7} a3. 0) 45, {3} 47. {-4} 

49. {3} 51. {-6} 53. {1} 55. {2} 


57. It is an equation that is true for some values of the variable but false 
for other values. 59. Identity; {x|x is a real number} 


61. Conditional equation; {0} 63. Contradiction; { } 65. {16} 
67. {2} 69. {3} 71. {b|b is areal number} 73. { } 


mE) m3] 
81. {2} 83.{} 85. {3} 87. {3} 
91. {6} 93% {} 95. {=} 


99. a. y+8 b. {-8} ce. To simplify an expression clear 
parentheses and combine like terms. To solve an equation, isolate 
the variable to find a solution. 


79. {p|p is a real number} 
89. {60} 


97. The family used 1024 kWh. 


Chapter 1 Problem Recognition Exercises, p. 58 
1. Expression; —4x + 4 2. Expression; —7y + 5 
3. Equation; {1} 4, Equation; {0} 
5. Expression; —10a — 39 6. Expression; 28x — 10 


Student Answer Appendix SA-3 


7. Equation; {5} 8. Equation; {2} 


9. Equation; {-2} 10. Equation; {F} 


22 


11. Expression; al = = 12. Expression; yt + x! 


13. Equation; { } 14. Equation; { } 15. Equation; {F} 


16. Equation; {z} 17. Expression; 0.17c + 4.495 


18. Expression; —1.006k — 0.78 
{p | p is areal number} 


19. Equation; 
20. Equation; {u|w is a real number} 


Section 1.2 Activity, pp. 67-68 
Al. aoxt+i1,x+2 be x-1,x-2 


A.2. b. x+2,x+4 ec. (First integer) + 2 times (the second integer) = 
(the third integer) + 54 


d. x+2(4+2)=(*+4)4+54 e. x=27 
f. The integers are 27, 29, and 31. 
A.3. a. $300; $900 b. Discount: 0.15x; New price: 0.85x 


A.4. b. One possibility: Let x represent the original price. c¢. Original 
price — discount = $216 


d. x-0.4x=216 e. x=360 f. The original price was $360. 
A.5. a. $420 b. 0.07x 


A.6. b. One possibility: Let x represent the amount of money borrowed 
at 7%. (Alternatively, we can let x represent the amount borrowed at 
2%, and the table would be adjusted accordingly.) 


12,000 — x 
0.02(12,000 — x) 


d. 0.07x + 0.02(12,000 — x) =415 e. x = 3500 


f. The amount borrowed at 7% is $3500 and the amount borrowed 
at 2% is $8500. 


A.7. a. Acid: 5 mL; Non-acid: 45 mL b. 0.20x 
A.8. b. One possibility: Let x represent the amount of 10% acid solution. 


Amount borrowed ($) 


Interest owed ($) 


12,000 


Amount of solution (L) x 6 x+6 


Amount of pure acid (L) Oly 0.25(6) 0.2(x + 6) 


d. 0.1x + 0.25(6) =0.24+6) e x=3 


f. Mix 3 L of the 10% acid solution with 6 L of the 25% solution. 
This will make 9 L of 20% acid solution. 


AY. a. 10 mi b. 2x A.10. b. One possibility: Let x represent the 
rate at which Kesha walks to the campsite. 


Walking to the campsite les a ES 
Walking back to the car 3(x — 2) x-2 3 


d. 1.5x=3(x-—2) e.x=4 f. Kesha walks 4 mph to the campsite 
and 2 mph back to the car. The campsite is 6 mi from the car. 


Section 1.2 Practice Exercises, pp. 69-73 
R130 R23. {1000} R5. $252 RZ. a. $120 b. 15x 
R9.a.4mL b. 0.240-x) RAL a. 900 mi b. 450(¢ + 2) 


1. a. consecutive b. even;odd ec. 1;2;2 d.x+1 
ex+2 f. x+2;x+4  g. Prt; interest h. $1300 


SA-4 Student Answer Appendix 


3. x+5 5. 2t-—7 
9. The number is —3. 11. The page numbers are 111 and 112. 
13. The integers are —75 and —73. 15. The integers are —22 
and —20. 17. The integers are 31, 33, and 35. 19. She would 
pay $5100 for 4 yr at 8.5% and $5812.50 for 5 yr at 7.75%; the 8.5% 
option for 4 yr requires less interest. 21. She must sell $60,000. 
23. The total for merchandise was $1197.02 and the sales tax 
was $96.36. 25. The price before markup was $35.90. 27. He 
invested $8500 in the 2% account and $4000 in the 5% account. 
29. $12,000 was borrowed at 6% and $6000 was borrowed at 11%. 
31. She invested $12,000 in the 4% account and $8000 in the 3% 
account. 33. 8 oz should be used. 35. 2 L should be used. 


37. 12.5 L of 18% solution should be added to 7.5 L of 10% 
solution. 39. 2 oz should be added. 41. The plane flies 300 mph 
from Atlanta to Fort Lauderdale and 240 mph on the return trip. 


43. The speeds are 46 mph and 50 mph. 


7. The numbers are 5 and 13. 


45. The integers are 


10 and 20. 47. The original price was $199. 49. The speeds 
are 20 mph and 40 mph. 51. She deposited $4500 at 5% and 
$9000 at 6%. 53. Mix 2.5 lb of black tea and 1.5 lb of green tea. 


55. The median price the previous year was $215,000. 


Section 1.3 Activity, p. 78 

A.1. The sum of their measures is 90°. 

A.2. The sum of their measures is 180°. A.3. 180° 

A.4, P=21+2w A.5. The width is 80 ft and the length is 120 ft. 
A.6. The angles are 35°, 40°, and 105°. 

A.7. The angles are 23° and 157°. 


A8. a r= : b. 75 mph c. Yes, the vehicle was traveling on 


average 75 mph. This is 15 mph over the posted speed limit. 
d. Sometimes it is necessary to find the value of a different variable 
within a formula. In this case, a digital camera, image recognition 
software, and a little mathematics can monitor roadways to keep 
vehicles traveling at safe speeds. 

AS a {-1} b y= mat c. In each equation, combine the non-y 


terms on the right and divide by the coefficient of the y term. 


A.10. a. y= a + : ory= —35 —2 b. Yes. The single fraction 
Se 43 2 : are 
y= 4 implies that the entire numerator is divided by +4. 


Therefore, the expression can be written as the sum of two 


fractions as y = as + - or equivalently, y = —3s —2. 


Section 1.3 Practice Exercises, pp. 79-82 
Rl. a. 19° b. 1099 = =R3. 77° RS. a. P=2)+2w bz 40 ft 


1. The court is 29.5 ft wide and 59 ft long. 


3. The sides are 6 m, 8 m, and 10 m. 
are 124 yd by 8 yd. b. Raoul needs 41 yd. 7. The width is 9 ft 
and the length is 11 ft. 9. The angles are 30°, 30°, and 120°. 


11. The angles are 15° and 75°. 13. x = 20; 139°, 41° 
15. x = 27.5; 60°, 30° 17. x = 18; 36°, 91°, 53° 


5. a. The dimensions 


19, x= 23; 42°, 48° 21. a. raf 
b. The average speed was 161.3 mph. 
23. ease: b. 7 yr 25. te 27. pal 
Pr w rt 
29. K\=K,-W 31. C=3(F - 32) or C= FT 
as ae a=*—"e 
w+pv; _c-ax 


37. v= E+ Orv = 39. y 


b 


3V 


41. B=—- 43, y=-3x+6 45, y=5x—5 


13 


47. yoaik=— 49, y=x-2 


51. yee 8 


i 53. y= 5x 55. a. x=zot+pu 


12 


-r 


b. x= 130 


57. a,b,c 59. a,b 61. ee 


—2 2 A 
63. arr Le cae near 65. ene 
Ges = eg ag 
g—-f -—c c-a 
Section 1.4 Activity, p. 88 
A.l. +-—@— @—_|—_|—_+—__|+_ + @—_@_} > 
-5 -4-3-2-1 0 12 3 4 5 
a < b. > 


A.2. The direction of the inequality sign must be reversed. That is, if 
3 <4, then -1-3>-1- 4, or equivalently, —3 > —4. 


A3. 2 ——] —+_—>  (-co, -4] 
-4 
b. a [15, 00) 
15 
Cy (00, 36) 
—36 
0. (9, 010) 
9 


A.4. Parts (a) and (c). The inequality in part (a) required that we divide 
both sides by a negative number. In part (c) we multiplied both sides 
by a negative number. 


8 8 
AS. [=) Apis: Aa (-».-75) 


A.8. Greg would need a score of 96 or better to earn an “A” in the class. 


Section 1.4 Practice Exercises, pp. 89-92 


R1. | {x|x>5} (5, 00) _- 
5 
R.3. {x| -3<x<6} ©3576] — —}— 
=3 6 
RS.|  {x]x>4} [4, 00) a 


R.7. a. False b. True ec. True 


1. a. linear; inequality b. negative 


3.a. -3 ni e = 
a {-3} ‘a ie 
b. {x |x >—-3} (—3, co) ad 
=3 
c. {x |x <-3} (—00,-3) | <——_—_—_—_ —_ 
=3 
5. <—t —_—__—_—  a. {y|y< -1} Db. (-~=,-1] 
-1 


7. fa a. (x | >10} be [10, 00) 
10 


Student Answer Appendix SA-5 


9. “ies %: ( 3 oo) A.7. a. 4,200,000 < x < 5,900,000 
rs 6 b. x < 4,200,000 or x > 5,900,000 

—-___- a. - . (—00, — F F . 

. 6 a a Section 1.5 Practice Exercises, pp. 102-107 
R.1. (-c0,8) —-R.3. (-9, -6] RS. [—6, 00) 
i 13 
13. <j} —_____- a. {y|y<-¢} b. (-0, =) R.7. [-2,6) — R.9. [18, co) 
13 
ch 

15 a {ale<—21) be Gos, 21) 1. a. union; AUB _ Db. intersection; ANB ce. intersection 

<> is <- . (—o, — . 

ai d.a<x<b e union 3. {2,4} 5. {2,4,5,6,7,8, 10, 11} 
7. a. {-3,-1} b. {-4,-3,-2,-1,0, 1, 3,5} 
17. — a. {x]x>—3}  b. (—3, 00) 9. [-7,-4) 11. (-00,-4)U(2,00) 13. { } 15. [-7, 00) 
7 g 17. [0,5) 19. [—7, co) 21. a. [-1,5)  b. (—2, 00) 
S 
19. — = a. {x|x2 79} b. ae) 23. a. (-1,3) b. (3.3) 25. a. 0,2] b. (-4,5] 
21. ey oa. (p |p <-3} bv. (—00, -3) 27. [-2,3)). =} 
3 -2 3 
23, <> «oa. {t/t < 5} D. (—00, 5) 29. 3,6) ¢ ) 
5 i 
3 6 


25. a a. {y y= — 3} b. [-. ) 31 (00 2] YP 
2 


a7, as (K]KD 15). 1.5, 0) 


15 33. [8, co) od 
29, ee (x |x < 12} dD. (—00, 12] 8 
BR 35. { } 37. -4<tandt<i 39. The statement 6<x <2 
SL. <p a. {b|b<-0.5} bd. (—00, -0.5] is equivalent to 6 < x and x < 2. However, no real number is 
—0.5 greater than 6 and also less than 2. 


41. The statement —5 > y > —2 is equivalent to —-5 > y and y > —2. 
However, no real number is less than —5 and also greater than —2. 


33, ee ow fol S48} Be (-<, -* 


35. <—_—_______- a. {y|y<-—6}  b. (—oo, —6) 43. [3:7) —=)—- 
6 2 5 7 
37. ——- a. {x|x>-—3}  b. (—3, co) 45. (6, 6] ¢ 
_ 6 
39, et as fa] a <0} CD. (—00, 0] ° 
0 47. (2,8) —-- 
41. a. Nadia needs to score at least a 70 on the fifth quiz. 2 8 
b. It would be impossible for Nadia to get an “A” because she would have 10 7 
to earn 120 on her last quiz and it is impossible to earn more than 100. 49. “3? -3| 4 
43. Boys 8 yr old or older will be on average at least 51 in. tall. -? -4 
45. Boys 6 yr old or younger will be on average no more 51 13 
than 46 in. tall. 47. a. She needs to sell in excess of $375,000. * |? >) t ) 
b. She needs to sell in excess of $1,375,000. ¢. The base salary =9 3 
is still the same. The increase comes solely from commission. 53. (—0.4, 0.2) ¢ ) 
49. More than 73 jackets must be sold. 51. > 53. < i a 
—0.4 0.2 
Section 1.5 Activity, pp. 101-102 55. (co, -2)U[2, 00) <——}——$§_—> 
—2 2 
A.l. 
57. (00,2) <$—$— st > 
2 
59. [-6, 00). $_ 
-6 
61. (—0o, 00) $< 
A.2. a. union; AUB b. AUB= {1, 2, 3, 4,5, 6, 7, 9} 
A.3. a. intersection; ANB b. {1,3, 5} 63. (—00, -4]U(4.5,00) = ¢ ; 
AL —) > >, > 7 ™ 
2 =3 65. a. (—10,8) b. (—00, co) 


67. a. (—oo, -8] U[1.3, 00) b. { } 
69. ( a 71. (3.0) 73. (—co, 1) U(5, 00) 


. —————j> fF. [-3,2) 9°39 
=3 2 75. a. 4800 <x < 10,800 b. x<4800 or x> 10,800 
AS. a. (-5, 00) b. [-1, oo) c. [-1, oo) TT. a. 44% <x<48% b. x<44% or x>48% 
d. (—5, 00) e. intersection f. union 79. All real numbers between - and 6 


A.6. a. -3 < x — 5 and x -—5<1 b. [4, 12) 81. All real numbers greater than 2 or less than —1 


ISTUDY 


SA-6 Student Answer Appendix 


83. a. Amy would need 82% or better on her final exam. 
b. If Amy scores at least 32% and less than 82% on her final exam 
she will receive a “B” in the class. 
85. 32°< F < 42.08° 


Section 1.6 Activity, p. 113 
A.l. a. zero b. {-3,3} ec {-11,11} d. {0} 


e. There are no real numbers for which the absolute value is 
negative. The absolute value of any real number is greater than 
or equal to zero. 


A.2. a. x-4=Sorx—4=-5 b. {-1,9} 
A.3. a. Isolate the absolute value by adding 6 to both sides. 


11 
b. {3-5 
A4. a. { } b. {s} 


A5. x=yorx=-y 
A6. a. x-5=2x-lorx-S=-Qx-1) b. {-4, 2} 


Ad. {-z} 
4 
Section 1.6 Practice Exercises, pp. 113-115 


RA. a. {5} b. {-3} R3. a. {-13} b. {-3} 


R.5. { } R.7. {xlx is a real number} R.9. {5} 


1. a. absolute; {a,—a} b. Subtract 5 from both sides. 

ce y;-y d. { }; {-4} 
3. a. {-5,5} b. { } ec {0} 5. a. {1,7} be { } c {4} 
7. {7,-7} 9. {6, -—6} 11. { } 13. {-2,2} 


15. {0} 17. {4-3} 19. {2 -1\ 21. {>.-3} 


23. { } 25. {-12,28} 27. {5 -i\ 29, {2 
at) 33 {Sh an {48h oa. {52h 
mG) ofa of) a Gy 


o{} 


53. {w|w is areal number} §5..{ } 


49. {—-1.44, —0.4} 51. { } 


HORHAL FLOAT AUTD aebi DEGREE CL 
TERSECT 


CALC INTERSE 


MORNAL FLOAT AUTO arbi DEGREE CL a 
CALC INTERSECT 


Breet 0 ya 


58. {7,1} 


FLOAT AUTO arbi DEGREE CL NORMAL FLOAT AUTO a+bt DEGREE CL a 
ERSECT cT 


CALC INTERSEC 


Intersection 1 Q) |, antersectien. 1 0) vis 


59. { } 


NORMAL FLOAT AUTO a+bl DEGREE CL , 


60. { } 


NORMAL FLOAT AUTO a+bi DEGREE CL f 


62. {-l} 


NORMAL FLOAT AUTO a+bi DEGREE CL iy 
CALC INTERSECT 


NORHAL FLOAT AUTO a+bi DEGREE CL 
CALC INTERSECT 


Yatabstk=2) 10 


-10 10 -10 10 


fatersection7 Q) \..« Fatersection.1() y., 


. Wia6. CR l= 


Section 1.7 Activity, pp. 122-123 


AL. a. — — b. (—c0, —3] U [3, ©) 


$—_—_—<+—"——  d. [-3,3] 
-3 3 


A.2. a. Isolate the absolute value by adding | to both sides. 
b. -8<2x+6<8 ec. (-7, 1) 
A.3. a. Isolate the absolute value by subtracting 3 from both sides and 
then dividing both sides by —1. (Remember to reverse the direc- 
tion of the inequality sign when dividing by —1.) 
b. x -9<-100rx-9>10 ec (—o0, -1)U (19, &) 
A.4. a. { }. By definition, the absolute value of a real number is greater 
than or equal to zero. Therefore, it cannot be less than a negative 
number. 


b. { }. As with part (a), the absolute value of a real number cannot 
be less than or equal to a negative number. 


¢. (—0o, co). Because the absolute value of any real number is 
greater than or equal to zero, it is automatically greater than a 
negative number. 


d. (—oo, co). Because the absolute value of any real number is 
greater than or equal to zero, it is automatically greater than or 
equal to a negative number. 

A.5. a. { }. By definition, the absolute value of a real number is greater 
than or equal to zero. Therefore, it cannot be less than a negative 
number. 

b. {3}. Although the absolute value of a real-valued expression 
cannot be negative, it can be equal to zero. Therefore, the only 
solution is the value of x for which 2x — 6 = 0. 

¢. (—0o, co). By definition, the absolute value of any real number is 
greater than or equal to zero. 

d. (—co, 3) U (3, co). The absolute value of any real number is 
greater than or equal to zero. Therefore, the solution set to the 
inequality |2x — 6] > 0 includes all real numbers, except those 
that make 2x — 6 = 0. The value x = 3 must be excluded from the 
solution set. 


Section 1.7 Practice Exercises, pp. 123-126 


R.1. (—0o0, —4) U (1, 00) 


Ro. {2} 


1. a. -a;a_ b. -a;> ec. { };(—00, 0) 


3. a. {5,5} b. (—00,-5)U(5, 00) <—_——}—________{mee> 
—5 5 


R3.[-5,-1] RS. {-3.4} 


R7. { } 


Student Answer Appendix SA-7 


ec. (=5, 5) ee} —$§> 57. (-7,5) 
5 a) 


NORMAL FLOAT AUTO arbi DEGREE CL 
CALC INTERSECT 


n 


MORMAL FLOAT AUTO a+bi DEGREE CL 
CALC INTERSECT 


5. a. {10,-4}  b. (—00,-4)U(10,00)  < } — Ya=e ~ 10 
-4 10 
Cc. (-4, 10) Sa 
-4 10 -10 10 


afl} bh(0o0o ———— ¢ { } 
L{) Db. 0,0) —<—_—s> ¢, { } 58. 
11. a. {0} b. (-00,0)U0,0c) —${—_—> ¢, { } 

0 


yagersectien 1 Q y-2 


© 
p 


NORMAL FLOAT AUTO a+bl DEGREE CL 


NORMAL FLOAT AUTO arb DEGREE CL fi 
CALC INTER CALC INTERSECT 


13. a. {7} b. (-~0, 7)U0, 0) —— 3] ¢, { | 
7 


15. (-~, 6)U60 ——$_— > 
-6 6 


Hatgrectien dO) ys 


17133) — > 


-3 3 59. 
19. (-00, 00) —————— MORHAL FLOAT AUTO aebi DEGREE CL 
O 
21. (—00, -2] U [3, 00.) <—— —__$_Pp> 
-2 3 


23. { } 25. [=10, 14] $e > 
-10 14 
27. (-<, -| U 2. 0) ——  —__ 


_5 23 
4 4 61. (—o0, 00) 
21 19 MORHAL FLOAT AUTO a+bi DEGREE CL 
29. (+3) ee 
a2 19 
2 2 
31. (—00, 00) col 
33. { } 35. {-5} : > 


37. (07) U6) ———3I———<—$—$—=>- 
6 


63. 
39. (—co, 2] U[4, co) <_|__§_—§ fer 
2 4 


NORHAL FLOAT AUTO a+bt DEGREE CL fi HORMAL FLOAT AUTD aebi DEGREE CL 
CALC INTERSECT TERSECT 


L CALC INTE 
Yaz 


41. (4,8) ——-—_—_—_—- 
4 


8 
43. (—10.5, 4.5) ee > 
-10.5 4.5 
45. |x] >7 47. [x - 2) 513 49. |x — 32] < 0.05 Hates 1 Oyo Hetsrsss322-1 0-0 
3 1 
51. —6—|<=— 
+ GAS 


Chapter 1 Problem Recognition Exercises, pp. 126-127 


53. The solution set is {w| 1.99 < w < 2.01}, or equivalently in interval 
1. a. {9} b. {9,-3} e. (—3,9) d. (—co, —3] U9, oo) 


notation, [1.99, 2.01]. This means that the actual width of the bolt 


Sa an cm and 2.01 cm inclusive. -— {-2} Kee eth Bee) 
a) eas 3. a. {-7}b. (-00,-7) © [-7,00) 
e 10 4. a. {29} b. [29,00) . (—00, 29) 
a, {5 -z} b. {5} 6a. C6) b (7,6) 
-10 10 -10 10 7. a. (-5,00) b. [l,c0) 8. a. (—00,-7)U(2, 00) _b. { } 
9. a. Linear equation b. {—6} 10. a. Linear equation 
Hesgrenetn 10 ven eerreeeee 10 ven b. {9} 11. a. Absolute value inequality b. [~6, —2] 


56. (—00, —3) U (9, co) 12. a. Absolute value inequality b. { } 
MORTAL FLOAT AUTO aebt DEGREE CL fy ee ay EUBAT 13. a. Compound inequality b. (—6, 9) 
1h 10 14. a. Compound inequality b. (—0o, 2)U[7, 00) 
15. a. Absolute value equation b. {4,—-16} 
16. a. Absolute value equation b. {1, —6} 
-10 10 


17. a. Linear inequality b. (—oo, 12] 18. a. Linear 
inequality b. [—1, co) 19. a. Absolute value inequality 


Intersection] Q fatersection 1 Q) vee 


ISTUDY 


SA-8 Student Answer Appendix 


b. (—oo, —3]U[12, 00) 20. a. Absolute value inequality 
b. (—5, 25) 21. a. Absolute value equation b. { } 


22. a. Absolute value equation b. {-z} 


23. a. Linear equation b. {—-16} 24. a. Linear equation 
b. {-11} 25. a. Compound inequality b. (8, 12] 

26. a. Compound inequality b. [—6, —3) 27. a. Linear equation 
b. (—oo, 00) 28. a. Linear equation b. { } 


Chapter 1 Review Exercises, pp. 135-138 


1. The empty set; no solution 2. All real numbers 


3. {-—5}; conditional equation 4, {5}: conditional 


equation 5. {—18.075}; conditional equation 


6. {0.22}; conditional equation 7. \6 : 


conditional equation 8. {3}; conditional equation 


9. {-4}: conditional equation 10. { }; contradiction 


11. { }; contradiction 12. {m| mis areal number}; identity 


13. x,x+1,x+2 14. x,x+2 15. Distance equals rate 
times time. 16. Simple interest equals principal times the annual 
interest rate times the time in years. 17. a. $23,856 b. $61,344 

18. There were 6.7 million men. 19. There were 16,600 deaths due 
to alcohol-related accidents. 20. The integers are —4, —2, and 0. 

21. The pieces are 2 ft and 3 ft. 22. She invested $1500 in the 6% 
account and $3500 in the 9% account. 23. Mix 2 L of 10% solution. 

24. Lynn drives 45 mph and Linda drives 30 mph. 25. The 
width is 9 ft, and the length is 11 ft. 26..%= 52; 27° 

27. x= 30;29°,61° 28, y= at ory=Sr-2 


—S7 2 ne s 2 
ar ar i 


29. y=6x+12 30. h 


2A 
31. b= 
33) eh et bs Ge 


ace! ees 
2r 


34, ——__F is a. {x|x>-3}  b. [-3, 00) 


35. <<} oa. {x |x <—§} DL (-00, -8) 


p 


. {x|x>4} b. [58, 00) 


36, ——______p > 


p 


. {x[x<—-YZ} b. (-00, —F 


37, <—_________> 
4 
38, <——_ a. (xx 2} dD. (-20, 2 
29 
2 


39. Dave must earn at least 95 on his fifth test. 


40. Cn Dis the set of CU Dis the set of 
elements common to elements in either set C, 


both sets C and D. set D, or both sets. 
Cc BD GD 
40. F101) AE eye) 4S Gees) a 1, 1) 
45. (<5, S01) HY GY, 4 48. [-5, 2) 
49. {} 50. {} 51. (-co, 6JU(12, 0) 
52. (<00,=2)U2, 00) 53. (-~, >) 54, (—5, 00) 


55. [o. 5 56. [-7, —2) 


57, All real numbers between —6 and 12 
58. a. 140<x<225 b. x< 140 0rx> 225 


59, a. 125<x<200 b. x< 125 0rx> 200 


60. a. For example, for a 47-year-old person, the maximum 
recommended heart rate is 173. b. Given a maximum 
recommended heart rate of 173, the interval is (104, 130). 


61. {10,-10} 62. {17,-17} 63. {1.3,7.4) 
64. {-0.44,2.54} 65. {5,-9} 66. (3, 1} 


m (5) 


73. {d| dis areal number} 


67. {} 68 {} 69. {3} 


7 
4 1 
71. = 72. 5 -= 
{5} {-3} 
74. {} 75. Both expressions give the distance between 3 and —2. 


76. |x|>5 

80. (—c0, —14]U[2, 00) <_—j-—__F ns 
-14 2 

81. [-11,-5] —-—-——"-—— 


77. |xl<4. 78 |x]<6 79. Inl> 4 


82. (-<, =) U (. 0) —_—_—_—_-— 


& (a du(fe) 


2 — - 
4, }-2, -= 4 
8 3 2 3 
6 — 
85. [o.2 0 ¢ 
86. (2, 22) — > 
2 22 
87. (-12,0) ————___~ 
-12 0 


88. (co, cc) <$<<$<=<<$>—> 

89. (-co, 00) <—<—<=<$<$=$=$=_—> 

90. (—co, cc) <==—==_=>=>==__> 

91. (-0, cc) <<>> 

92. {} 93. { } 94. If an absolute value is less than a 
negative number, there will be no solution. 95. If an absolute 
value is greater than a negative number, then all real numbers are 
solutions. 96. 0.17 <p < 0.23 or, equivalently in interval 
notation, [0.17, 0.23]. This means that the actual percentage of 
viewers is estimated to be between 17% and 23%, inclusive. 

97. 34 <L < 33 or, equivalently in interval notation, [3%, 33]. This 
means that the actual length of the screw may be between 3¢ in. and 
32 in., inclusive. 


Chapter 1 Test, pp. 138-139 


1. 133} {2} 3. {142,500} 4. {+} 
5. {10,-22} 6. {-8,2} 7. {3,0} & {} 9% {-1} 


10. a. Identity b. Contradiction ¢. Conditional equation 
11. The numbers are 18 and 90. 

12. a. It took 0.4 hr (24 min). b. The distance is 1.8 mi. 

13. She invested $1000 in the 5% account. 

14. Each side is 27 in. 

15. The numbers are 31, 33, and 35. 

16. 24 gal of 20% solution must be used. 


17, y=—-2x+3 
18 gant 
19. (34,00) ——_____+_ 


20. (-0, 4] <_<} 


2, (4,9 — é 
3 


ISTUDY 


22. | 2| 23. (—2, 13] 24. (—oo, —24] U [-15, co) 
25. [—-3, 0) 26. (—oo, co) 27. { } 28. { } 

29. (-<. a U bd ©) 

30. (—18.75, 17.25) 31. (—0o, 00) 32. [-3, 8] 

33. It can carry at most seven more passengers. 


34. a 9<x<33 bx <9orx>33 
35. |x- 15.41] < 0.01 


Chapter 2 
Section 2.1 Activity, pp. 152-153 


“" 7° 


0 -3 
3 0 
il -1 
2) i 
—2 -7 
=I -5 


d. The equation 2x — y = 3 is called a linear equation because the 
graph representing all solutions to the equation is a line. e. A linear 
equation in two variables is an equation that can be written in the form 
Ax + By = C where A and B are not both zero. The equation 2x — y = 3 is 
linear because it can be written as (2)x + (—l)y =3. 

A.2. An x-intercept is a point where the graph of an equation intersects 
the x-axis. A y-intercept is a point where the graph of an equation 
intersects the y-axis. 

A.3. To find the x-intercept, substitute 0 for y and solve for x. To find the 
y-intercept, substitute 0 for x and solve for y. 


A.A. a. (—3,0) b. (0, 2) 
c. For example: (3, 4) 


A.5. a. (0,0) b. (0, 0) 
c. For example, (2, 1) 


A.6. a. No x-intercept b. (0,2)  A.7. a. (—3,0) b. No y-intercept 
. For example, (3, 2) 


an 


c. For example, (—3, 2) 


A.8. An equation represents a horizontal line if the equation has a 
y variable, but no x variable. In such a case, the equation can be 
written in the form y = k, where k is a constant. 


A.9. An equation represents a vertical line if the equation has an 
x variable, but no y variable. In such a case, the equation can be 
written in the form x = k, where k is a constant. 

A.10. An equation represents a slanted line passing through the origin if 
the equation has both x and y variables and the constant term 
is zero. In such a case, the equation can be written in the form 
Ax + By = 0, where neither A nor B is zero. 
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Section 2.1 Practice Exercises, pp. 153-160 
RA-R.6. 


t—+—-94 t+ 
ce eek Ce 


R.7. {5} R.9. {11} R.11. 27 R.13. 7 


at 


1. a. x; y-axis b. ordered ce. origin; (0, 0) 
d. quadrants e. negative f. III g. Ax+By=C 
h. x-intercept i. y-intercept j. vertical k. horizontal 


3. For (x, y), if x > 0, y > 0 the point is in quadrant I. If x< 0, y>0 
the point is in quadrant II. If x < 0, y < 0 the point is in quadrant III. 
If x > 0, y < O the point is in quadrant IV. 


7. 0 9. A(—4, 5), Il; B(—2, 0), x-axis; C(1, 1), I; D(4, —2), IV; 
E(-5, —3), I 11. a. Yes b. No c. Yes 

13. a. No b. Yes c. No 

15. 


19. 


23. 


27. 


31. To find an x-intercept, substitute y = 0 and solve for x. 
To find a y-intercept, substitute x = 0 and solve for y. 


SA-10 Student Answer Appendix 


33. a. (9,0) b. (0, 6) 35. a. (4,0) b. (0, —2) 


a6 (ee oe 
ar) 
si 


37. a. (0,0) b. (0,0) 39. 


41. a. (3,0) b. (0,2) 43. 
c. y 


45. a. $55,000 b. $39,000 c. The y-intercept is 
(0, 15,000). For $0 in sales, the salary will be $15,000. 
d. Total sales cannot be negative. 47. a. $1200 b. 4 yr 
ce. (0, 1500); The y-intercept represents the initial value. 
d. (5,0); The x-intercept indicates that once the computer is 5 yr old, 
its value is $0. 


49. Horizontal; no x-intercept; 
y-intercept (0, —1) 


51. Vertical; x-intercept 
(2, 0); no y-intercept 


y 


53. Vertical; x-intercept 
(4, 0); no y-intercept 


55. Horizontal; 
no x-intercept; 
y-intercept (0, —4) 


y 


x 


-5-4-3-2- 12345 


soy+1s9 


57. A horizontal line parallel to the x-axis will not have an 
x-intercept. A vertical line parallel to the y-axis will not have a 
y-intercept. 59. b,c, d 
62. y=—-2x-1 


INORMAL FLOAT AUTO a+bi DEGREE CL i] 


-10 -10 


63. y=3 64. y=—5 
i 


-10 
-10 ap 


65, 66, 


i 20 
3 10 
-10 I 40 
-15 -10 
L 1 


0 
(pM NORMAL FLOAT AUTO o+bi DEGREE CL i] 68. ia i) 
ere 7 


-l 0.5 

70. The lines look nearly 
indistinguishable. However, the indistinguishable. However, the 
y-intercepts are different so the slopes are different so the lines are 
lines are different. different. 


69. The lines look nearly 


INORMAL FLOAT AUTO a+bi DEGREE CL 


INORMAL FLOAT AUTO a+bi DEGREE CL i) 


10 10 
- a 7 10 10 
-10 


71. x-intercept (2, 0); y-intercept (0, 3) 73. x-intercept (a, 0); 
y-intercept (0, b) 


Section 2.2 Activity, p. 167 


A.1. m=+;= 0.0416. Yes, the slope of the shower is approximately 
4.2%, which is slightly greater than 4%. 


_y27)1 
A.2. m= yx, 


A.4. Slope is undefined; graph iii A.5. m = 0; graph iv 


A.3. m= 4; graph ii 


A.6. m= - graph i 


A.7. a. Line 1,: m = 2, Line 1: 
m=2 Db. parallel 


y 


A.8. a. Line J): m= =s Line /,: 
m=3_ b. perpendicular 


A.9. a. m=2=1.8. The slope is 1.8 and means that the book club grew 
on average by 1.8 members per month between months | and 6. 

b. m= w 3.8. The slope is 3.8 and means that the book club grew 

on average by 3.8 members per month between months 6 and 12. 

c. The growth of the book club increased at a faster rate during the last 

6 months. 


Section 2.2 Practice Exercises, pp. 168-173 


5 5 
R.A. -= R.3. 0 R5, = 
3 9 
7 7 
R.7. a. =4 b. - R.9. $2.99/week 


ISTUDY 


va Fi 


1. a. slope; b. parallel; same c. right d. —1 


3. Zero slope 5. Nonlinear shape 


24 1 4 1 
7 = 9. m=— 11. m=—~ or = 
eo a = ™=700 25 
13 wee 15 eee 17. m=-2 
SS ie _m= 
19. m= -| 21. mis undefined. 23. m=0 


28, m=5 27. m=—2 29. m=0 


31. Line rising to the right: positive slope Line falling to the 
right: negative slope Horizontal line: zero slope Vertical line: 
undefined slope 33. m=0 


Sis Moyes. Dawes me 
10 5 


41. a. m= ; b. m= ; 43. a. m=0_ b. mis undefined. 

45. No, because the product of slopes of perpendicular lines must 
be —1. The product of two positive numbers is not negative. 

47. Undefined 49. m=0 


51. Undefined 53. m,=2;m,= -5 perpendicular 

55. m, =—1; m, = 3; neither 57. m, is undefined; m, = 0; 
perpendicular. One line is horizontal and one is vertical. 

59. m, = 1; m,= 1; parallel 

61. a. m=20.25 b. The number of cell phone subscriptions 
increased at a rate of 20.25 million per year during this period. 


63. a. m=6_ b. The weight of boys tends to increase at a rate of 
6 lb/yr during this period of growth. 


65. a.m=2 bem=2 ce m=2 


67. a m=-2 be m=2 ec. m=5 
71. For example: (2, 0) 


69. For example: (1, 2) 


73. For example: (2, 0) 


75. y=15 


77. a. Pitch: Z b. Slope: 5 
Section 2.3 Activity, pp. 180-181 
Al. y=mx+b 
A.2. a. y = 2x — 4; slope: 2; y-intercept (0, —4) 
b. y= -}s + 2; slope: + y-intercept (0, 2) 
c. Perpendicular. The slope of one line is the opposite of the 
reciprocal of the slope of the other line. 


d.-e. Yes. The two lines appear perpendicular. 


Student Answer Appendix SA-11 


A3. a. b=2 Db. ya-$x+2 


AA y—y, =m(x — x)) 
A.5. a. y=—2x+2 


1 
4 
indeed pass through (—4, —3) and is perpendicular to the line 4x + y = 1. 


A6. a y=—4x41 bi ce ystx-2 a The line y = 4.x — 2 does 


A.7. The slopes of the lines would each be -4 because the slopes of 
parallel lines are equal. 


A.8. a. m=2 b. y=Srel c. yoie+ 1 d. The equations are 
the same. (This shows that either point on the line can be used with the 
slope of the line to find an equation of the line.) 

A.9, a. Vertical line, and the slope is undefined. b. Horizontal line, 


and the slope is 0. 
A.10. a.—b. 


« y=-3 


Section 2.3 Practice Exercises, pp. 182-187 


R.1. -3 R.3. Parallel: -3, perpendicular: ¢ 


R.5. Parallel: 0; perpendicular: undefined 


R7. {-2} RS. y=3x-2 


R.11. a. x-intercept: (-2, 0); y-intercept: (0, 3); _b. Slope: é 


1. a. y=mx+b_ Db. standard ec. horizontal d. vertical 
e. slope; y-intercept f. y-—y, =m(x- x) 
3. Check whether the product of the slopes is —1. If so, this means that 
the slope of one line is the opposite of the reciprocal of the slope of 
the other line. 


SA-12 Student Answer Appendix 
5. Slope: 3; y-intercept: (0, 1) 7. Slope: 3 y-intercept: (0, —4) 
9. Slope: 3; y-intercept: (0, 2) 11. Slope: —17; y-intercept: (0, 0) 


13. Slope: 0; y-intercept: (0, 9) 


15. Slope: -% y-intercept: (0. >) 


17. Slope: 0.625; y-intercept: (0, —1.2) 
19. d 21. f 23. b 
27. 


-5-4-3-2-1 | 1 
: 4 


31. y= a + _ The slope is given by m= 5. 


The y-intercept is (0. <). 33. Perpendicular 


35. Parallel 37. Neither 39. y=3x4+5 
41. y=2x-11 85 ges 45. y=3x-2 
or 3x-y=2 47, y=2x4+3 or 2x -—y=-3 


49. y=-3x-llor3xty=-l1 51. y=—tx+20r 
4x + 5y=9 53. y=—4x+4 or 4x + 3y = 12 

55. y=x+6orx-—y=-6 57, y=2 

59. y=-}xtHor3xt+4y=17 61. y=4x-2or 
4x-3y=6 63. y=ix—Hor3x-4y=26 

65. y=—br—- Borxt 5y=-13 


67. y=3x —60r 


3x —2y=12 69. y=3x4 1 or 3x-2y=-2 
71. y=-4x4+horx4+2y=7 73. y=—3xor 
3x4y=0 75. y=-3 7.x=2 79. y=5 81. x=5 


83. The lines have the same 
slope but different y-intercepts; 
they are parallel lines. 


INORMAL FLOAT AUTO a+bi DEGREE CL a 


10 
-10 : 10 
-10 


85. The lines have different 
slopes but the same y-intercept. 


INORMAL FLOAT AUTO a+bi DEGREE CL a 


10 
-10 so fn 
-10 


87. The lines are perpendicular. 


84. The lines have the same slope 
but different y-intercepts; they are 
parallel lines. 


INORMAL FLOAT AUTO a+bi DEGREE CL a 


10 
-10 ‘ 10 
-10 


86. The lines have different slopes 
but the same y-intercept. 


NORMAL FLOAT AUTO a+bi DEGREE CL a 


10 
7 " : 
-10 


88. The lines are perpendicular. 


INORMAL FLOAT AUTO a+bi DEGREE CL i] INORMAL FLOAT AUTO a+bi DEGREE CL i] 


1 
pops 
-10 - 
89. x =—2 is not in slope-intercept form. No y-intercept, undefined 
slope. 91. y =3 is in slope-intercept form, y = Ox + 3. Slope is 0 and 
y-intercept is (0, 3). 93. y=—2x +3 95. y=2 


10 
oe a 
10 


Chapter 2 Problem Recognition Exercises, p. 187 
1. b,f 2. 3;.¢, d, b 3. a 4. bg 5. Ge 
6a Teoh 8b MK8e 10¢ £x%Ihech 
2a 13g Ide 15h 16f Ie 
18. ¢ 19%dh 20. b,f 


Section 2.4 Activity, p. 192 

A.l. a. y=2x+5000 b. 5208 points ce. $1500 

A.2. a. 24 b. 25 ec. A school with 420 students would have 1 more 
teacher than a school with 400 students. d. The slope is + and means 
that 1 additional teacher is added for every 20 additional students. 

A.3. a. (1, 720) means that in year 1, the crime rate was 720 crimes per 
100,000 people in the city. b. The slope is —20.5, which means that the 
crime rate went down by approximately 20.5 crimes per 100,000 people 
in the city per year. c. y= —20.5x+ 740.5 d. The y-intercept is 

(0, 740.5) and means that in year 0 when the study began, the crime rate 
was approximately 740.5 crimes per 100,000 people. e. 597 crimes 
per 100,000 people 


Section 2.4 Practice Exercises, pp. 192-198 
R.1. Slope: Fs y-intercept: (0, —2) R.3. 8 


1 


R5. ya-jx-3 RY, y=<18=97 


1. a. y= 120x + 65 


b. Cost of Rental Car by 
Number of Days 


y = 120x + 65 


Cost ($) 
Dp 
Ss 


Number of Days 


c. (0, 65); The base cost to rent the car is $65. d. A 2-day rental 
costs $305. A 5-day rental costs $665, and a 7-day rental costs $905. 


e. Yes; $799 is less expensive than $905. f. $577.70  g. No, the car 
cannot be driven for a negative number of days. 
3. a. y=52x +2742 
b. Yearly Taxes Versus Year 


y 
4000 -— 


3500 CoE 
30007 y= 52x +2742 
2500 ee a 
2000 

1500 

1000+ 


500;— 


Taxes ($) 


A (a Re 
2 4 6 8 10 12 14 16 18 20 


Time (Years) 
c. m=52. Taxes increase at a rate of $52 per year. 
d. (0, 2742). Initial year (x = 0) taxes were $2742. 
e. 10 years: $3262; 15 years: $3522 
5. a. 0.8 mi, 2.4 mi, and 3.2 mi__b. 21 sec 
7. a. $73.30 b. $54.50; The approximate value differs from the 
actual value by $1.30. ¢. m=9.4; The amount spent per person on 
video games increased by an average rate of $9.40 per year. 
d. (0, 35.7); The y-intercept means that the average amount spent on 
video games per person was $35.70 at the start of the study (year 0). 


9. a. Windchill Versus Wind Speed for Fixed 
Temperature of 5° Fahrenheit 


! ! ! J 
10 20 30 40 50 60 


20 pm) lB 2) 


Wind Speed (mph) 


Windchill (°F) 
oS 


ISTUDY 


b. y=-0.3x-9 c¢. —21°F d. -—22.8°F e. m=-0.3; 
This means that windchill decreases at a rate of 0.3°F for every 1 mph 
increase in wind speed. 11. a. y=15x+155_ b. The slope is 
15 and means that the number of associate degrees awarded in the 
United States increased by 15 thousand per year. c. 830 thousand 
(equivalently 830,000) 
13. a. ¥ Number of Hot Dogs Sold Versus Price 
1200 : 
1000 


z 

g 800 (2:30, 650) 

B 600 : 

E 400 (3.50, 475) 
200 


0 ! ! ! ! ! ! Jy 
0 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 


Price of Hot Dogs ($) 
b. y=—175x + 1087.5 ce. Approximately 388 hot dogs would be sold. 
15. a. Grade Point Average Versus Weekly Study Time 


= ‘e 
TTT??? Tr 
e 


0 a a 
0 5 10 15 20 25 30 35 40 45 50 


Weekly Study Time (hr) 


b. yes c. y=0.05x+ 1.7 d. 3.2 e. This model is not 
reasonable for study times greater than 46 hr per week, because the 
GPA would exceed 4.0. 

17. INORMAL FLOAT AUTO a+bi DEGREE CL 


PRESS #T0 EDIT FUNCTION 


Lx |] ¥i{ {| [4 
@ 


iL FLOAT AUTO a+bi DEGREE CL 
+ FOR OTbT 


e 
zc) 
ay 
2. 
3. 
L | 
a 
5. 
6. 
2. 
8 


x=0 
19 INORMAL FLOAT AUTO a+bi DEGREE CL a NORMAL FLOAT AUTO a+bi DEGREE CL a 
‘Ya="175X+1087.5 ‘Ya="175X+1087.5, 
1200 742" 1200 fA 2r8s08" 
0 
0 5] )(¢———_—_— 5 
x25 Y=650 XE3.5 Y=475. 


20. NORMAL FLOAT AUTO a+bi DEGREE CL a INORMAL FLOAT AUTO o*bi DEGREE CL i 
16 


J) Ya="HOOK#142Z0 YA="4OOX+1420 


1600 0 
0 | 0 
3 [____._.__.3 
0 x= 1.5 


¥=1020 Et ¥=820 


21. Collinear 23. Not collinear 


Section 2.5 Activity, p. 204 
A.l. a. x values b. {-3,0,2,-1} c¢. range d. {1,4,—-5, —4} 


A.2. a. {A, E,I,0,U} b. {1,9, 15, 21, 5} 

A.3. a. {-4, —2,0, 2,3} b. {-3, -2, 1, 2, 4} 

Ad. a. —454  b. [-4,4] ¢. -2;4 d. [-2, 4] 

A.5. a. The point (1, —1) is not included in the graph. 
b. Infinitely far to the left; up to but not including x = | to the right. 
c. (—oo, 1) d. —2;no e. [—2, co) 


Section 2.5 Practice Exercises, pp. 205-209 
R.1. (-6,0) = R3. (-=. il R.5. (0.5, 1.2] 


R.7. (-4, 1) R.9. (1, -4) R.11. (4, 0) 


Student Answer Appendix SA-13 


1. a. relation b. domain ec. range 


3. a. {(Northeast, 54.1), (Midwest, 65.6), (South, 110.7), 
(West, 70.7)} b. Domain: {Northeast, Midwest, South, West}; 
Range: {54.1, 65.6, 110.7, 70.7} 5. a. {(USSR, 1961), (USA, 1962), 
(Poland, 1978), (Vietnam, 1980), (Cuba, 1980)} b. Domain: {USSR, 
USA, Poland, Vietnam, Cuba}; range: {1961, 1962, 1978, 1980} 
7. a. {(A, 1), (A, 2), (B, 2), (C, 3), (D, 5), (E, 4)} 
b. Domain: {A, B, C, D, E}; range: {1, 2,3, 4, 5} 
9. a. {(6, A), (6, B), (6,C)} b. Domain: {6}; range: {A, B, C} 
11. a. {(-4, 1), (0, 3), 1, -1), G, 0)} 
b. Domain: {—4, 0, 1,3}; range: {—1, 0, 1, 3} 
13. a. {(-4, 4), (1, 1), (2, 1), 3, 1), (4, -2)} 
b. Domain: {—4, 1, 2,3, 4}; range: {—2, 1, 4} 
15. Domain: [0, 4]; range: [—2, 2] 17. Domain: [—5, 3]; range: 
[-2.1, 2.8] 19. Domain: (—oo, 2]; range: (—co, oo) 
21. Domain: (—oo, co); range: (—00, co) 23. Domain: {—3}; range: 
(—o0, 00) 25. Domain: (—oo, 2); range: [—1.3, co) 
27. Domain: {—3, —1, 1, 3}; range: {0, 1, 2,3} 
29. Domain: [—4, 5); range: {—2, 1, 3} 31. a. 2.85 
b. 9.33 c. Dec. d. Nov. e. 7.63 f. {Jan., Feb., Mar., Apr., 
May, June, July, Aug., Sept., Oct., Nov., Dec. } 
33. a. 34.2 million or 34,200,000 b. The year 2019 


35. a. For example: {(Julie, New York), (Peggy, Florida), (Stephen, 
Kansas), (Pat, New York)} b. Domain: {Julie, Peggy, Stephen, Pat}; 
range: {New York, Florida, Kansas} 


37. y=2x-1 39. y=" 


Section 2.6 Activity, p. 216 
A.1. The relation defines y as a function of x if for each element x in the 
domain, there is exactly one value of y in the range. 
A.2. a. Yes. The ordered pairs (—5, 1) and (—5, 2) have the same x 
value, but different y values. b. No 
A.3. a. No b. Yes 
A.4. a. Yes. The vertical line intersects the graph at (4, 2) and (4, —2). 


b. No. ce. Two points on a graph that are 
aligned vertically must have the same 
x-coordinate, but different y-coordinates. 
In such a case the graph fails to define y 
as a function of x. 


A.5. a. 7 b. (3,7) A.6. a. f(3)=7 b. (3,7) 
c. The results are the same because evaluating a function for a 


given value of x indicates that we substitute the value for x into 
the function and solve for y. 


A.7. a. g(2)=4 Db. g(-3)=-1 ec. g(0)=-4 
d. Not possible. Substituting 1 for x would make the denominator 
zero. 


A.8. a. x = 1 must be excluded because substituting | into the function 
would make the denominator equal to zero. Division by zero is 
undefined. 


b. (—co, 1) U (1, &) 
Ad a h(-1l)=1 b. h(2)=2 & A(7)=3 
d. Not possible. Substituting —6 for x would result in the square 
root of a negative number. 


A.10. a. The radicand x + 2 must be greater than or equal to zero. That is, 
x+2> 0. This means thatx>-2. b. [—2, oo) 


AJL. a. f(-2)=14 b. f(Q=P-3t4+4 « flat2)=a +a42 


SA-14 Student Answer Appendix 


Section 2.6 Practice Exercises, pp. 217-222 Section 2.7 Practice Exercises, 229-234 
R.1. -16 R.3. 17 RS. x=5 R.7. x = -3,x=3 R.1. Vertical line R.3. Slanted line 

ee Es = R.5. x-intercept: (5, 0); R.7. x-intercept: none; 
R.9. [4, co) R.11. (-6, -5] R.13. FB «) R.15. (—oo, 4] pantercepe 0,3) wantercepes(0. =a} 


Y y 


1. a. function b. vertical c. 2x+1 d.xvalues e. y values 
f. denominator g. negative 3. h 5. Function 
7. Nota function 9. Function 11. Not a function 


13. Function 15. Not a function 17. When x is 2, the 
function value y is 5. 19. (0, —2) 21. -11 23. 1 


25.2 27.6t-2 297 4931.4 33.4 
35. 6x+4 37. -4x° -— 8x41 39. -7 +4241 


1. a. linear b. constant c¢. quadratic d. parabola e. 0 f. y 
41. 7 43. -6a-2 45. |-c -—2| 47. 1 49. 7 3. a. g(l)=-3 b. 9(2)=-3 c. 9(3)=-3 
51. —18.8 53. —7 55. 2x 57. —5 59. 4 5. a. kK(1)=-3 b. k(2)=-6 ©. k(3)=-9 7. horizontal 
61.a.3 b1 al d.x=-3 e. x=0,x=2 9. Domain (—co, 00); range {2} 
f. (—co, 3]  g. (—co, 5] 
63. a. 3 b. H(A) is not defined because 4 is not in the domain of 7 
H. «4 d.x=-3andx=2 e. Allx on the interval [—2, 1] 5 
f. [-4,4) g. [2,5 : 
[-4,4) 8. (2,5) ce 
65. a. -4 b. 0 ec. -3 d.x=-I1  e. There are no such < 5 > 
values of x. f. (—o0, 00) g. (—00, —3] U (—2, oo) 1 
a3 7. 3: a 
67. {—3, —7, —3, 1.2} 69. {6, 0} oe ae oe oe ae 
71. x=-3andx=12 73,x=6andx=1 75. -3 | 
77. The domain is the set of all real numbers for which the Pe 
denominator is not zero. Set the denominator equal to zero, and solve =3 
the resulting equation. The solution(s) to the equation must be te: 
excluded from the domain. In this case, setting x — 2 = 0 indicates that - 
x = 2 must be excluded from the domain. The domain is 11. 
(—co, 2) U (2, 00). 
79. (—co, —6) U (—6, oo) 
81. (—oo, 0) U (0, 00) 83. (—co, 00) 85. [-7, 00) 
87. [3, co) 89. (—co, 4] 91. (—co0, oo) 93. (—00, 00) 
95. a. h(1) = 64 and h(1.5)=44_ b. h(1) = 64 means that after 
1 sec, the height of the ball is 64 ft. h(1.5) = 44 means that after 
1.5 sec, the height of the ball is 44 ft. 
97. a. d(1) = 11.5 and d(1.5)=17.25 b. d(1) = 11.5 means that after 
1 hr, the distance traveled is 11.5 mi. d(1.5) = 17.25 means that after 1.5 
hr, the distance traveled is 17.25 mi. 
99. f(x) =2x+3 
101. f(x) = |x| — 10 13. 
103. DO u 104. Dee 
|| = h(a) =x3 
-1 -1 
0 0 -10-8 6-4-2867 2 4 6 8 10 
1 1 
D 8 
105. (—2, co) 
Section 2.7 Activity, p. 228 15. y 
A.l. a. Slanted line b. f(x) =—-3x-2 _ ce. Linear function x fw 5 
A.2. a. Horizontal line b. f(x)=5 ce. Constant function ; 
A.3. a. Parabola b. f(x) =2°—4x+3  ¢. Quadratic function = gs : 2 gx) =x? 
A.4. a. Substitute 0 for f(x) and solve the resulting equation for x. = 1 1 
b. (-}°) Oo} ° 44324 | 1233 ce 
3 : = ee : 
1 i 
c. Substitute 0 for x. Using function notation, this is equivalent to 
: D 4 * = 
evaluating f(0). 4 
d. (0, —2) —5 


Soe Meme nance mnene pe D9) 17. Quadratic 19. Linear 21. Constant 


A.6. x-intercepts: (1, 0) and (3, 0); y-intercept: (0, 3) 23. None of these 25. Linear 27. None of these 


Student Answer Appendix SA-15 


29. x-intercept: (2, 0); 31. x-intercept: 2,0 . Chapter 2 Problem Recognition Exercises, p. 234 
y-intercept: (0, —10) 1. a,c, d,f, g 2. a,b, d,f,h 3. 4 4,2 
5. {0,1,4,-3,2} 6. {4,3,6,1,10} 7. [-2,4] 


y-intercept: (0, 5) 


y y 
A 
10 8. [0,00) 90 10. (3. 0) 1. (0,—1), 0,1) 
8 4 
6 3 12. 1 13. c 14. d 15. 3 
4 2 
2 Chapter 2 Review Exercises, pp. 241-246 
-10-8 -6 —4 <2) 46810. -5-4—-3-2 -1 2345" 1. 2. No 3. Yes 
—4 —2 
6 3 
-8 4 
mall -5 
33. x-intercept: none; 35. x-intercept: (—3, 0); 
y-intercept: (0, 18) y-intercept: (0, 2) 4. A(0, 0); BQ, 1); C(O, -4); D(-2, —4); 


E(-2, 0); F(-5, 1); G(4, -3) 


i * Ea 
—_—__ *—___ 


an 


13 5 
nas 
37. a. x=-1 b. f(O)=1 39. a. x=—2andx=2 5 ue} 1 
b. f()=-2 41. a. None b. f(0)=2 2 eo 
43. a. (-o, 00) b. (0,0) ¢ vi 45. a. (—00, co) = 13 cs 
b. (0,1) c. viii 47. a. [-1,00) b. (0,1) ¢ vii 2 
49. a. (-00,3)U(3,00) b. (0-3) «ii : i 
51. a. (-co, co) ~b. (0,2) © iv 53. a. Linear Eke 
b. G(90) = 82.5. This means that if the student gets a 90% score 4 0 
on her final exam, then her overall course average is 82.5%. 4 1 
c. G(50) = 72.5. This means that if the student gets a 50% score on 
her final exam, then her overall course average is 72.5%. a =e 


55. fyy=xvr +2 57. f(x) =3 59. f(x) =4x-2 
8. x-intercept (—3, 0); 


on a 
| a a y-intercept (0, 2) 


10 10 
-10 10 -10 Me 10 : nD ie 


(RRMBNORMAL FLOAT AUTO a+bt DEGREE CL = MMMM MMMINORMAL FLOAT AUTO asbt DEGREE CL wy 


10 10. No x-intercept; 11. x-intercept (—2, 0); 
y-intercept (0, 3) no y-intercept 
-10 10 —10 10 Lone i 


((SSRMBNORMAL FLOAT AUTO a+bt DEGREE CL Wm UMMMCTGMMMNORMAL FLOAT AUTO asbt DEGREE CL wy 


67. x-intercept: (8, 0); y-intercept: (0, 1) 68. x-intercept: 
(—6, 0); y-intercept: (0, —3) 69. x-intercept: (—5, 0); 
y-intercept: (0, 4) 70. x-intercept: (2, 0); y-intercept: (0, —7) 


ISTUDY 


SA-16 Student Answer Appendix 


vi 
15. m=2 16. m=— 17. m= 
m 6. m 10 m=0 


18. Undefined slope 19. Perpendicular 
20. Perpendicular 21. Neither 22. Parallel 


23. a. m=53 b. The enrollment increased at a rate of 53 
students per year. 


24. m=3 25. a. y=k b. y—y,;=ma-x,) 


ec Ax+By=C d.x=k e. y=mx+b 
26. y= jt+ 6 orx—9y=—54 
27. ya Sr +2 or 2+ 3y=6 


28. y= Pet 2 or t0x-3y=-77 


29. y= 3x -— 20 or 3x-y=20 

30. y= —$x-3 or 4x + 3y = —-9 

31. a y=-2 bex=-3 a x=-3 d. y=-2 

32. Yes, (a) and (d) are the same; (b) and (c) are the same. 
33. a. y=0.75x+50 


600 


Cost ($) 


0 a 


0 75 150 225 300 375 450 525 
Number of Ice Cream Products 
c. The daily fixed cost is $50 if no ice cream is sold. 
d. $387.50 e. 0.75 f. The cost increases at a rate of $0.75 per ice 
cream product. 


34, a. re 


= we 
n an 
TT?TTTTITT 


Margin of Victory 
nN 
Nn 


~~ (100, 20) 


wn 


sa 
20 40 60 80 100 120 
Yards Rushed 


b. y=0.26x-—6 ec. The margin of victory would be —6 points, which 
means they would lose by 6 points. 


fl zi 1.2 
35. Domain {5 6, ? ae range { 10, “> 4, =} 


36. Domain {—3, —1, 0, 2,3}; range {-2, 0, 1,3} 


37. Domain [-—3, 9]; range [0, 60] 38. Domain [—4, 4]; 
range [1, 3] 


41. a. Notafunction b. [1,3] ce. [-4,4] 

42. a. Function b. (—0o0, 00) ¢. (—00, 0.35] 

43. a. Function b. {1,2,3,4} ce. {3} 

44. a. Notafunction b. {0,4} ec. {2,3,4,5} 
45. a. Notafunction b. {4,9} ec. {2,—-2,3,-3} 
46. a. Function b. {6,7,8,9} c. {9, 10,11, 12} 


47. -4 48. 2 49. 2 50. 6° —4 51. 6b°-4 


52. 67-4 53. 6a°-4 54.20 55. (—co, 00) 
56. (-co,11)U(11,0c0) 57. [8,c0) 58. [—2, 0) 
59. a. $98 b. $123 c. $148 


61. y 
5 
ia i 
3 
a) =x 
| [fo 
L 
x 
i er et est ed 12 3 4 3 
2] 
Cn in a ae | 
a4 
5 
i 
63. } 
5 
4 
3 
2 
; w(x) = bel 
x 
is ey i oe a | 123435 
~9| 
+3) 
4 
$i 
y y 
64. ; 65. 
oS fens 
4 
3 j 
3] s@= ve 
I 
x x 
S--3-3-1, [2 aes = ee 
2] 
Lg e 
aa] L 
is J 
66. j 
t 
' a5 
4 
af g@) =3 
1 
x 
fae Nesters Sana | {2345 
2] 
=, 
4] 
= 


68. a. 5(4) =4, s(—3) = 25, 5(2) = 0, s(1) = 1, (0) = 4 
b. (—o0, 00) 69. a. r(2) is not a real number, 
r(4) = 0, r(5) = 2, r(8)=4 bz [4, 00) 


70. a. h(-3)= >: A(0) = —1, h(2) = -3, h(5) = ; 


b. (—oo, 3) U (3, &) 
71. a. k(—5) = —2, k(-4) = -1, k(-3) =0, 


K(2)=—-5 b. (00,00) 72 seintercept:( J, 0); 
y-intercept: (0, —7) 43 


73. s-intercept:(5, 0); y-intercept: (0, 9) 


74. a. b(0) = 28.3. In 2010 consumption was 28.3 gal of bottled water 
per capita. b(5) = 36.5. In 2010 consumption was 36.5 gal of bottled water 
per capita. b. m= 1.64. Consumption increased at a rate of 1.64 gal/year. 


75. -1 76. 0 77. x=Oandx=4 
78. There are no values of x for which g(x) =4 
79. (—4, co) 80. (—0o, 1] 


Chapter 2 Test, pp. 246-249 


1. (0, —9) (6, 0) (4, —3) 


y 


2. a. False, the product is positive in quadrant III also. 
b. False, the quotient is negative in quadrant II also. 


ce. True d. True 3. Yes 4. To find the x-intercept, let y = 0 
and solve for x. To find the y-intercept, let x = 0 and solve for y. 


Student Answer Appendix SA-17 


y 


25. 


5. x-intercept: (4, 0); 6. x-intercept: (—4, 0); 
y-intercept: (0, —3) no y-intercept 


y 


w(x) = lel 


x 
T2443 


26. a. Notafunction b. {—3,—-1, 1,3} 
ce. {-2,-1, 1,3} 27. a. Function b. (—oo, co) 


8. no x-intercept; c. (—00, 0] 28. (—0oo, —7) U (—7, 0) 29. [-7, co) 
y-intercept: (0, —3) 30. (—co, co) 31. a. r(—2) =9, r(0) = 1, (3) =4 
y b. (—co, 00) 32. a. s(0) = 0.96. At the beginning of the study, 


(year 0), the per capita consumption was 0.96 c per day. s(20) = 0.8. 
In year 20, the per capita consumption was 0.8 c per day. 
b. m= —0.008. Consumption decreased at a rate of 0.008 c per day. 
33. Quadratic 34. Linear 35. Constant 
36. None of these 37. To find the x-intercept(s), solve for 
the real solutions of the equation f(x) = 0. To find the y-intercept, 
find f(0). 38. x-intercept: (—12, 0); y-intercept: (0, 9) 
39. 1 40. 2 41. (-1,7] 42. [-1,4) 43. False 
44. (6,0) 45. x=6 46. All x in the interval [1,3] and x=5 


10. a. y=}x+1_ b. Slope: }; y-intercept: (0, 1) 
c. y 


Chapter 3 
Section 3.1 Activity, pp. 256-257 
Al. a. y=-3x4+1 and y=3x-2 b. -3 and 3 


c. The lines intersect at a single point 


d. e. (1,-2) f. The point (1, —2) checks 
ll. a. -7 be ; 12. a. The slopes are the same. in both equations. 
b. The slope of one line is the opposite of the reciprocal of 
the slope of the other. 13. Neither 
14. a. Perpendicular b. Parallel ec. Perpendicular d. Neither 
15. a. For example: y=3x+2  b. For example: x =2 
c. For example: y=3;m=0 d. For example: y = —2x 
16. y=3x —6 or 3x-2y=12 17. y=2x-1lor2x-y=11 e. (1,-2) f. The point (1, —2) checks in both equations. 
1s poet: 2 102 ps eg A.2. a. horizontal; slanted b. one 
a2 . d. {(-3, 1D} 
20. a. y=300x + 800 
y 
6400 
& 5600 
%, 4800 
‘2 4000 
& 3200 
= 2400 
z 1600 A.3. a. y=—jx+2andy=—bx-1 b. -5 and -+ 
2 800 LenS Sen c. The lines are parallel. 
2 4 6 8 10 12 14 16 18 20. d ‘ e. No solution; { } f. The system is 
Number of Cars inconsistent. 
c. Jack earns a base monthly salary of $800. d. $5900 
21. a. (0, 66). For a woman born in 1940, life expectancy was 
about 66 yr. b. m= < or m= 0.3; Life expectancy rises at a rate 
3 
of 3 yr for every 10 yr. c. y=—x+ 66 
10 AA, a. y=—3x+3andy=-3x+3  b. -3 and-3 
d. 82.2 yr; It is greater than the reported value. c. The equations represent the same line. 
22. eniecit 23. d e. There are infinitely many solutions. 


f. {@, y) | y = —-3x + 3} 
g. The equations are dependent. 
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SA-18 Student Answer Appendix 


Section 3.1 Practice Exercises, pp. 257-262 


R.1. Slope: 2, x-intercept: (6, 0); y-intercept: (0, 4) 


R.3. Slope: 0; x-intercept: none; y-intercept: (0, 4) 
R5. 0 jj R.7. 4 


1. a. system b. solution ec. intersect d. consistent 
e. the empty set, { } f. dependent g. independent 
3. (2, 11) is a solution. 5. (—1, 4) is a solution. 
7. None 9. a. Consistent b. Independent c. One solution 
11. a. Inconsistent b. Independent ec. Zero solutions 
13. a. Consistent b. Dependent c. Infinitely many solutions 


15. {(-2, D} 


y 


17. {(, D} 


19. {(3, —4)} 21. 


y 


bebop 
ashe’ 


23. No solution; { }; 25. Infinitely many solutions; 
inconsistent system (x, y)]y=4x-15; 
; 3 ; 


dependent equations 


27. {(2, —2)} 29. Infinitely many solutions; 
» {(@, y)|-x + 3y = 6}; 
r i dependent equations 


33. False 35. True 


37. {(—3.5, —4.21)} 38. {(—4.6, 5.1)} 
NORMAL FLOAT AUTO a+bi DEGREE CL i] INORMAL FLOAT AUTO a+bi DEGREE CL ri] 
CALC INTERSECT CALC INTERSECT 
\ | i Ya=H.e2Xe26.352 1 1 
-10 10 -10 10 
Intensection_jq |. intersection 10 
K=-3.5 Yo"4.21 K-46 ¥=5.4 
39. {(2.14, 3.02)} 40. {(4.5, 2.2)} 
NORMAL FLOAT AUTO a+bi DEGREE CL ri] NORMAL FLOAT AUTO a+bi DEGREE CL a 
CALC INTERSECT CALC INTERSECT 


Ya=(L.8/5.W)X+1 2.45/54 


Y=3.02 


Ya=(15.5/5)K+80.754 


Intersection 10 
52.14 


41. Forexample: x+y = 9 
2x+y = 13 


Section 3.2 Activity, p. 267 


Al. a. 5x+3(2x-6)=-7 be x=1 ec y=-4; {(1,-4} 
d. The ordered pair (1, —4) checks in both equations. 


A.2. a. The x variable in the second equation is easiest to isolate. 
b. {(—3,5)} ¢. The ordered pair (—3, 5) checks in both equations. 


A.3. a. The x variable in the first equation is easiest to isolate. 
b. { } c¢. Nosolution d. Inconsistent 


A.4. a. The y variable in the first equation is easiest to isolate. 
; {es9| ya ox- i} 


ec. Infinitely many 


ie 


a 


. Dependent 


Section 3.2 Practice Exercises, pp. 267-270 
R.1. y = 3x — 4; y = 3x — 4; coinciding lines 


R3. y= a - 2. y= -2x + e, intersecting lines 
R5. y= 35 y= 2 - 3 parallel lines 


R.7. x=5 RI. y=9 R.11. a. Contradiction b. { } 
R.13. a. Identity b. The set of real numbers 
R.15. a. Conditional equation b. {11} 


1. 5-2y 3. x =3; {3, D} 5. No solution 


7. No; the ordered pair is not a solution to the second equation. 
9. {(-1, 2)} 11. {(3, 1)} 13. {(12, 0)} 15. {(5, —3)} 
11 
17. —,= 19. {(2 21. {(1, -2 
{(-75)} 1% (2.0) ((,-2)) 


23. Infinitely many solutions; {(x, y)|x = 3y — 1}; dependent 
equations 25. No solution; { }; inconsistent system 

27. No solution; { }; inconsistent system 

29. Infinitely many solutions; {(x, y)|3x — y= 7}; dependent 
equations 31. When solving a system, if you get an identity, such 
as 0=0 or 5 =5, then the equations are dependent. 33. {(8, 5)} 

35. {(5,3)} 37. No solution; { }; inconsistent system 

39. {(0, 3)} 41. {(-7, 6)} 43. Infinitely many solutions; 
{(x, y)|2x — y = 6}; dependent equations 45. {(10, —32.1)} 

47. {(5 +) 49. {(-2, 4)} 51. {(1, D} 53. {(6, 1)} 

Sie Swe ee Bee & (53) 

9 9 7 7 2 
59. a. At Glendale Lakes: y = 800x + 250 


At the Breakers: y = 750x +500 b. 5 months 


ISTUDY 


Section 3.3 Activity, pp. 275-276 
A.l. a. 7x+0y=—-28 b. -3x+9y=15 ec. In part (a), the variable 
y was eliminated because the coefficients on the terms —3y and 3y are 
opposites. A.2. a. {(—4,—-2)} b. The ordered pair (—4, —2) checks in 
both equations. A.3. a. The x variable b. {(—2,1)} ¢. The ordered 
pair (—2, 1) checks in both equations. 
A.4. a. 10 b. 100 

ce. 5x-4y=-7 

2x+ 3y=11 

d. {(1,3)} e. The ordered pair (1, 3) checks in both equations. 

A.5. a. 15 b. 3x -— 30y =5 
6x — 60y = 10 

ec. {(x, y)]3x-30y=5} d. Infinitely many 

A.6. a. { }  b. No solution 


Section 3.3 Practice Exercises, pp. 276-279 
R.1. a. No b. Yes R.3. { } 


R.5. {2} R.7. The set of real numbers 


1. a. -3 b. 5 3. Multiply the first equation by —5 and the 
second equation by 4. Then add the equations. 
5. {(-2,-5)} 7. {3,-D} 9. {(12, -8)} 
. {d,-)} 13. {@,-1)} 15. {(, 0)} 
17. Infinitely many solutions; {(x, y)|3x — 2y = 1}; dependent 


equations 19. No solution; { }; inconsistent system 
21. Infinitely many solutions; {(x, y)| 12x — 4y = 2}; dependent 
equations 23. No solution; { }; inconsistent system 


25. Use the substitution method if one equation has x or y 
already isolated. 27. False 29. True 31. True 


33. {(-2,-3)} 35. { (- 2) \ 37. {(4,0)} 
39. No solution; { }; inconsistent system 41. {(12, 30)} 


43. Infinitely many solutions; { y) 


1. 5 + 
45. {(0,4)} 47. {(-3 5)} 49. {(30, 10)} 51. {(-1)} 


53. {(1,5)} 55. No solution; { }; inconsistent system 
57. 112 mi in the city and 120 mi on the highway. 


{Gra} * {ray} 


Chapter 3 Problem Recognition Exercises, p. 279 
1. {(2,4} 2. Infinitely many solutions; {(x, y)|3x — 2y = 4}; 


x= 3y \ ; dependent equations 


dependent equations 3. No solution; { }; inconsistent system 
aaa) {(F-)} 6 (an) 


7. {(—2, -—4)} 8. {(2, 2)} 


Section 3.4 Activity, pp. 285-286 
Al. a. x+y = 790 
4x + 1.5y = 1785 
b. {(240,550)} ¢. There were 240 burritos sold and 550 tacos sold. 
A.2. a. 12g b. 0.24x c. 0.54y 
A.3. a. Let y represent the amount of the 54% alloy. 


b. 
Amount of alloy (g) a y 40 
Amount of pure silver (g) 0.24x 0.54y 0.30(40) 
ce. x+y=40 


0.24x + 0.54y = 0.30(40) 


d. {(32,8)} e. 32 g of the 24% alloy should be mixed with 8 g of 
the 54% alloy to get 40 g of an alloy that is 30% silver. 


Student Answer Appendix SA-19 


AA. a. $125 b. 0.025x e. 0.04y 
A.5. a. Let y represent the amount invested at 4%. 


b. 

Amount invested ($) x y 

Interest earned ($) 0.025x 0.04y 652.50 
ce. y= 3x 


0.025x + 0.04y = 652.50 
d. {(4500, 13,500)} e. $4500 was invested at 2.5% and $13,500 
was invested at 4%. 
A.6. a. 16 mph; 32 mi b. 10mph;20mi ec. (b+c);(b+c)- 15 
d. (b-c); (b-—c)-2.4 


A.7. a. Let c represent the speed of the current. 


b. 
With the current 24 Dare ES 
Against the current 24 b-c 2.4 


ce. 24=(b+c)-15;24=(b-c)-24 d. {(13,3)} e. The speed 
of the boat in still water is 13 mph, and the speed of the current is 3 mph. 


Section 3.4 Practice Exercises, pp. 286-290 
R.1. {(25,15)} —-R.3. a. $275 bb. $55x 

R.5. a. $840 b. 0.035y 

R.7. a. Bleach: 0.5 L; water: 1.5L b. 0.25x liters 

R.9. a. 3mph b. Smph ¢c. 75mi d.45mi e. b-—c 


1. 180° 3. 90° 5. 552 tickets were sold at $20 each, and 638 
were sold at $30 each. 

7. Hamburgers cost $4.60 and fish sandwiches cost $5.20. 

9. Vanilla has 12 g of fat per scoop and mud pie has 16 g of fat 
per scoop. 11. Mix 4 oz of 18% moisturizer and 8 oz of 24% 
moisturizer. 13. Mix 2 L of 8% nitrogen fertilizer and 6 L of 12% 
nitrogen fertilizer. 15. Mix | oz of pure bleach and 11 0z of 4% 
solution. 17. He invested $4500 in the stock fund and $1500 in 
the bond fund. 19. He borrowed $2800 at 5.5% and $2600 
at 3.5%. 21. Alina borrowed $10,000 from the bank charging 
6% interest and $5000 from the bank charging 7% interest. 

23. The boat travels 6 mph in still water, and the current is 2 mph. 

25. The plane’s still air speed is 720 km/hr, and the speed of the 
wind is 80 km/hr. 27. Stephen’s walking speed on nonmoving 
ground is 3.5 ft/sec. The sidewalk moves at 1.5 ft/sec. 29. The 
angles are 69° and 21°. 31. The angles are 134.5° and 45.5°. 

33. The angles are 28° and 62°. 35. 7.5 g of pure gold is 
needed. 37. The boat’s speed in still water is 5.2 mph and the 
current speed is 1.2 mph. 39. Grandstand tickets cost $330 each 
and general admission tickets cost $175 each. 41. Svetlana invested 
$1750 at 2% and $1250 at 1.3%. 43. The length is 11 m and the 
width is 10 m. 45. There are eleven 50¢ pieces and ten $1 coins. 
47. a. fix) =60x b. g(x) =50x+ 100 ec. 10 months 


Section 3.5 Activity, p. 298 
A.l. a. Yes b. No ec. No 
A.2, a. 


SA-20 Student Answer Appendix 


c. The solution set would be the region on and above the line. 17. y 19. y 
d. The solution set would be the set of points strictly below the line. 5 re 
To show that the points on the line are not included in the solution < i : j 
set, the line would be drawn as a dashed line. ; / # 53 
A3. a. b. y 1 | = 


-5 -4 -3-2-1 
-1 


em Dy > 422) dye ee 
aa Sx — 2y.< 10 
eather see 6) 
Hy baad A 
a=) ae 
21. y 23. x 


A ry 


1 
2) 
3 
4 
5 
c. The area of “overlap” is the set of points in the second quadrant. 


That is, the solution set to the system of inequalities x < 0 and 
y > Ois the set of points in Quadrant II. 


d. 


Section 3.5 Practice Exercises, pp. 299-305 
R.1. x-intercept: (3, 0); y-intercept: (0, —4) 
y 


R.5. a. No b. Yes ce. No 


a. linear b. is not; is 
The graph of y > x + 2 is the set of points above the line y = x + 2. 


1. 
3: 
5. No. 7. a. No b. No c. Yes d. Yes 
9. 
1. 


a. No b. Yes ec. Yes d. No 
> 13. > 15. >,< 


_ 
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Student Answer Appendix SA-21 


63. a. x>0,y>0 b. x<40,y<40 c. x+y>65 
d. y 


Hours (Todd) 
& 
S 

1 
' 
1 
' 
t 
1 
' 
4 
' 


5 10 15 20 25 30 35 40 45 50 55 60 65 
Hours (Karen) 


e. Yes. The point (35, 40) means that Karen works 35 hr and Todd 
works 40 hr. f. No. The point (20, 40) means that Karen works 20 hr 
and Todd works 40 hr. This does not satisfy the constraint that there 
must be at least 65 hr total. 


Section 3.6 Activity, pp. 312-314 

A.1. a. plane b. pair; triple A.2. a. Nob. Yes 

A.3. a. —8x+5y =4/D b. 14x - 7y =O|E « x=2,y=4 
d. z=-3 e. {(2, 4, —3)}. The ordered triple checks in each original 
equation.  A4. a. 3x+72=-29[D] b. x=2,2=-5 c. y= -l 
d. {(2, —1, —5)}. The ordered triple checks in each original equation. 


A.5. a. —4x — 6z = -6|D] b. Identity; infinitely many solutions 
Ao. { } A.7. a. One possibility: Let y represent Randall’s second 
test score. Let z represent Randall’s third test score. 

tyt 
b. 24-92 ex=yt6 d.z=x-3 ©. {(95,89,92)} 


f. Randall’s first test score is 95, his second is 89, and his third is 92. 


Section 3.6 Practice Exercises, pp. 314-317 


R.1. a. No b. Yes R.3. {(5, -1)} R.5. {(x, y) | 4x + y = 6}; 
dependent equations R.7. { }; inconsistent system 


1. linear 3. Infinitely many solutions 
5. x=1,y=-3, {C, —3, 2)} 
7. (4, 0, 2) is a solution. 9. (1, 1, 1) is a solution. 
11. {(1, -2, 4)} 13. {(-1, 2, 0)} 15. {(1, -4, -2)} 


17. {(1, 2, 3)} 19. {(—6, 1, 7)} 21. {(5 5 -2) \ 

23. The angles are 67°, 82°, and 31°. 25. The sides are 10 cm, 
18 cm, and 27 cm. 27. The fiber supplement has 3 g; the oatmeal 
has 4 g; and the cereal has 1.5 g. 29. There are three par 3s, nine par 
4s, and six par 5s. 31. Hats cost $15, T-shirts cost $25, and jackets 
cost $45. 33. Walter invested $7000 in small caps, $6000 in the 
balanced fund, and $12,000 in global markets. 

35. Dependent equations 37. Inconsistent system 

39. {(1, 3, D} 41. {(-2, -1, -3)} 

43. Dependent equations 45. Inconsistent system 

47. (0, 0, 0) is the only solution. 49. Dependent equations 


Section 3.7 Activity, pp. 323-324 
Al. aA bBoeceD dE eE f D g AC hA 


A.2. a. x-—3y+z=1 A3. a x=4 
y+2z=10 y=-5 
z=4 b. {(4, -5)} 


b. {(3, 2, 4)} 
ean F ae b. ! . ie e fs . ie 
4 21 10 4 21 10 0 6118 


1 =1 )-2 10]1 
. \ ‘| i = \ ap aaa 


SA-22 Student Answer Appendix 


2-4 2 10 
A.5. a. |3 -1 —-2 5) 
2 6 3 1-10 
1-2 1 5 1-2 1 2 
b. Multiply row 1 by$.]3 -1 -2 5} ce JO 5 -5 |} -10 
2 6 31-10 0 10 11 -20 
1-2 1 5 
d. Multiply row2by4./0 1 -1 | -2 
0 10 1 | -20 
10 -1 1 10 -1 1 
e. 10 1 -1 | -2] f. JO 1 -1 | -2 
00 11 0. 00 1 0. 
100 1 
g |0O 1 0} -2] kh. {C, -2,0)} 
00 1 0. 


A.6. The last row of the matrix corresponds to the contradiction 0 = 10. 
This indicates that the system has no solution. 

A.7. The last row of the matrix corresponds to the identity 0 = 0. This in- 
dicates that the equations represented by this system are dependent 
and that the system has infinitely many solutions. 


Section 3.7 Practice Exercises, pp. 324-327 
R.1. {(6, —2)} R.3. {(6, 1, -1)} R.5. The solution set is { }; 
inconsistent 


1. a. matrix; rows; columns b. column; one; square 

ce. coefficient; augmented 3. Row 1, column 4 5. Row 2, column 3 
7. a. 3x1 b. column matrix 
9. a. 2X2 b. square matrix 11. a. 1 x4_ b. row matrix 


13. a. 2X3 b. none of these 


i. ict 1-2 I1| 5 
15. aoa 17. = 
Lala] oP 6 3) 
3 -1 -21 1 
19. 4x+3y= 6 21. x=4,y=-1,z=7 
12x + 5y = -6 
1 A 
23. a7 b.-2 25. | 2 4 
2-111 
27. ; me 29. aA 
5 211 0 1115 
1 3 O|-l 1 3 O|-l 
31. a. | 0 -11 -5]10] b. JO -11 -5]| 10 
—2 0 -3 110 0 6 -31 8 
33. True 35. True 37. Interchange rows | and 2. 


39. Multiply row | by —3 and add to row 2. Replace row 2 with the 
result. 41. {(-3, -1)} 43. {(—21, 9)} 45. Infinitely many 
solutions; {(x, y)|x + 3y = 3}; dependent equations 

47. {(3,-l)} 49. {(-—10, 3)} 51. No solution; { }; 
inconsistent system 53. {(1, 2, 3)} 55. {(1, —2, 0)} 


57. WO fl 


rref (LAI) 


58. NORMAL FLOAT AUTO a+bi DEGREE CL fl 


rref (LAI) 


(C1 @ -3] 
(@.4.71]] 


59, NORMAL FLOAT AUTO a+bi DEGREE CL fl 60. NORMAL FLOAT AUTO a+bi DEGREE CL fl 


rref (LAI) rref(LA]) 
{£1 @ -21] 
(@.1.9 1] 


61. Dae 


Chapter 3 Review Exercises, pp. 335-338 
1. a. No b. Yes 2. False 3. True 4, True 


5. {(3, 2)} 6. {(-4, -1)} 


7. Infinitely many solutions; 8. No solution; { }; 
{(@, y) | 6x + 2y =4}; inconsistent system 
dependent equations 


9. {(4,-lD} 10. {(2, -7)} 11. No solution; { }; 

inconsistent system 12. No solution; { }; inconsistent system 

13. Infinitely many solutions; {(x, y)| 10x — 2y = 3}; dependent 
equations 14. Infinitely many solutions; {(x, y)|4x+y=7}; 
dependent equations 15. 30 months 16. 8 days 

17. {(1, D} 18. {(2,-l} 19. {(2, -1)} 

20. Infinitely many solutions; {(x, y)|3x + y = 1}; dependent 
equations 21. No solution; { }; inconsistent system 

22. {(6, —2)} 23. {(2, -3)} 24. {(-10, 25)} 

25. {(0, 6)} 26. {(—2, 7)} 27. She invested $4500 at 5%. 

28. There were 21 student tickets and 33 adult tickets. 

29. 10 L of 20% solution must be mixed with 6 L of 50% solution. 

30. The plane travels 150 mph in still air, and the wind speed is 


10 mph. 31. a. fix) =915x+275 b. g(x) = 965x 
ec. 5.5 months 32. The angles are 76° and 14°. 

33. 
{cool 


36. y 
3) 
4 
Beg} 
j a 
< 1 es or 
¢ 
- - zt > Xx 
i) =) 8) =) 1,273 4 5 
? a leese : 
rd 
=U -y>dx—2 


ISTUDY 


37. y 38. y 

x>-3 st . a5 
\ poe mead 
Pe BSW sec miaanesenant cae ee Ste a icins 
i i < 
eed moe Des xs? 
1 i 
fo 1, eat hen 
1 x 

-5 -4 4. ae) il 3.4 5 

U 

— re) 
t 

a. 3 
poole call, 
Vv a5 


» {(2,-1,5)} 
. Dependent equations 
. The sides are 5 ft, 12 ft, and 13 ft. 


10 20 30 40 50 60 70 80 90 100 


47. Inconsistent system 
49. {(-1, -2, 2)} 
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51. The pumps can drain 250, 300, and 400 gal/hr. 
52. The angles measure 113°, 38°, and 29°. 


53.3x3 54.3x2 55.1x4 56.3x1 
1 1 3 | 1 -l 1 ; 
37. | | 58. | 2-1 3] 8 
AES —2 2 -1|-9 
a a ee ee a ee 
1 2 0/-3 
mal] @e[o2 fa 
322/15 
1 2 0/-3 
ii f =o 4 a 63. {(1,2)} 64. {(-3, 6)} 
0 8 21-4 


65. {(1, 3, —2)} 66. {(6, 1, -1)} 


Chapter 3 Test, pp. 339-340 
1. Yes 2. b 33.¢ 4. a 
5. {0,4} 


6. {(—2, 1)} 


y 


-5-4 -3-2 


4y-2y=-4 


av+y=7 


11 
8 {(54)} 
10. Infinitely many solutions; {(x, y)|3x — 5y = —-7}; 
dependent equations 11. {(2, -6)} 12. No solution; { }; 


inconsistent system 13. {(5, 0)} 


7. {(—4, 5)} 9. {(0, —3)} 


300x + 400y > 1200 


3 


18. {(16, —37, 9)} 
at 6.5% and $3800 at 5%. 
120 L of 60% solution. 
23. Joanne can process 142 orders, Kent can process 162 orders, 
and Geoff can process 200 orders. 


19, {(2, —2,5)} 20. She borrowed $1200 
21. Mix 80 L of 20% solution with 
22. The angles are 80° and 10°. 


2 1 
24. Forexample:}Q0 —-—4 


26 7. 
1 2 1{-3 1 2 1| -3 
25. a. 0 -8 -3| 10} b. |0 -8 -3 10 
-5 -6 31! 0. 0 4 81-15 


26. {(6, -1)} 27. {(2, —4, 3)} 
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Chapter 4 


Section 4.1 Activity, pp. 348-349 
AA. a. (a+ x + xx x\(x-x) =x? Db. x x ST 


(G2 k= 2G k= eK aw) 


81. a. $8x 10° b. 3x 10° DVDs 
ce 14x10% eV d. 1.602x 107 J 


83. a. 200,000,000,000 b. 0.000004 m 
c. 108,200,000,000 m 


UPS OAS Ve a Se 


“ Ww:Ww:w 


85. 3.5 x 10° 87. Proper 

89. Proper 91. 3.38 x 104 

93. 1.608x10' 95. 3.4x 10" 
BM _ yan 97. 2.5x10° 99. 1.204 x 10% hydrogen 
bY atoms and 6.02 x 107° oxygen atoms 


(t-t-t-Ot-t-t-Ot-t-t-d 
(2c)(2c)(2c) 


(APah3at 


(oP =a 


101. There are 2 x 10* or 20,000 people per 
square mile. 103. $5.25 x 10" 


105. a. 540 months b. $10,800 


TG fd [G)-S-4 [@-€ 
ae ( 3 3)\3 oS a) pn |e) ae c. $55,395.45 
107. y+? 109. x°“~* 
ae b-b-b-b i Bt t-4 pay | pa 6.6 
FF b-b-b-b pias a cae ze 111. x“~°y 
b? b-b 1 pes aay 1 Ge be 
AB. alah = aye" 
b° b-b-b-b-b Bb LY Bb |e 
b 2x3" = baat 
A9. 34 A.10 fet A. => Section 4.2 Activity, pp. 358-359 
Aika be we a oe Al, a. 60 b, —4x? +x—5 ‘ 
1 16 16 64 A.2. a. For example: 4b. For example: —x* + 3x 
h-—— Aj13.a.1 b.-1 ce 1 d. -6 2 
64 A.3. a. 6x°—9x—7  b. Add like terms by applying the distributive 
A.14, property. A.4. a. Ty? — 3y +4  b. Multiply each term by —1, which 
[Siandara Ronn) | Jxpandealionn | /SaciiReNoate te ae 
7 A.5. a. iw +w- ; b. 5x’y’ + 3xy —7 ce. The difference of a 
63,000 6.3 x 10,000 6.3 x 10 . . 
and b is translated as a — b. On the other hand, a subtracted from b is 
0.008 8x an or 8X 8x 10° translated as b — a. 
WM A6. ao x+4  b. P(x) = 2(x + 4) + 2(x) or equivalently P(x) = 4x + 8 
8,120,000 8.12 x 1,000,000 8.12 x 10° c. A(x) = (x + 4) - x or equivalently A(x) =x? + 4x d. P(12) = 56 means 
2000 2 1000 2x 10° that if the width of the rectangle is 12 cm, then the perimeter is 56 cm. 
e. A(7) = 77 means that if the width of the rectangle is 7 cm, then the 
0.034 Big ope ieee 3.4.x 107 area is 77 cm? 
iT? : 
1 1 i A - fs 
028 5.6 X75 05.6 x Brl0 Section 4.2 Practice Exercises, pp. 359-363 
3 
AIS. a. 5X 10° b. 5X10" cells/L ce, 2.35 x 10” cells/pint Riot Boas Beco leet REO 
A.16. 8.125 x 10! or equivalently 81.25. Earth is 81.25 times as massive R.9. a 11 b. -11 R.11. a. f(-4)=18  b. f(0) =6 
as the Moon. 1 
(3) =5 


Section 4.1 Practice Exercises, pp. 349-352 
R1. 64 R364 RS. 125 R77. -125 


R9. a 100 b.10' Rata. a b. 10% ¢. 107 


1. a. exponent b. 1 c. (=) or z d. scientific notation 
3. ab’=a-b-b-b 
(aby = (ab) - (ab) - (ab) =a-a-:a-b-b-b=a°b? F 


7. For example: = =x 


5. For example: (xy)? = x°y° 


9. _ example: x° = 1 an 11. 13. = 15. = 
17. — 19. —64 21. — 23. —— 25... 1 27. 1 
25 ® aq tre ad 
29. 8 31. 13? or 169 33. y8 35. 34x* or 814° 37. = 
P 
11 1 1 1 
39. 7 or 343 41. 2 43. 7 45. 7° 47. 7 49. ab’ 
65 26 5 ¢ 
51. 1 53. — 55. — 57. 59, = = 
4 25 3 2 ° P 
7 16 4 ul 8 
O- CG. oe. oe aS 
2a 8ly"z n Pp y 
16a’ 2797" 4x 
73. a 75. — aa Ts, 79. 27x77? 


1. a. polynomial b. coefficient;n c. 1;1 d. leading; leading; 
coefficient e. greatest f. zero g. exponents h. polynomial 


3. binomial 5. 6 
7. -6a° +a’ —a; leading coefficient —6; degree 3 
9, 3x7 + 6° —x-1; leading coefficient 3; degree 4 
11. —f + 100; leading coefficient —1; degree 2 
15. For example: x° + 2x +1 
19. m>+10m 


13. For example: 3x° 
17. For example: 6x* — x? 


2. 3x4 429 -8242x 23, 2w + 3 +0.9w 


25. 17ey—4xy-14 27. 4a? - 1la-7 

29. 9 -—5x°+2x-8 31. 30y? 33. —4p? —2p + 12 
35. llab’-—ab =. 337. 6 —62— 339. — 2x9 +. 40° +5 
41. -2xy°4+3xytrxy+5 9 43. P-13P - 91-13 


1, 9 cee 
45. 5f 9 + 3 +8 47. -° + 6x— 16 
49, 3P —x'-40411 9 51. 4y945y? 53. -774- 1Ir 
55. 9+ 5xy+1ly 57. 18ab—42b? 59. 3p -9 


61. 2m’? +6 63. 7x° + 4x —5 65. 12a°b + ab — 5ab” 
67. 12° — 6x7 +1 69. 8a°b — Sab” + 4ab 
71. -3x - 16x? + 10x+1 


73. —2.2p> — 15.5p*—8.5p?—5p?-7.9p 75. 12x° + 2x 


ISTUDY 


77. Yes; degree 2 79. No; the term = = 3x! and -1 is nota 
x 


whole number. 81. Yes; degree 0 83. No; the term |x| is not of 
the form ax". 85. a. -17 b. -8 c. -5 d. -4 
1 9 7 3 
87, a. 7 b. 7 c A d. 7 
91. a. P(x) =6.6x-99  b. $231 
93. a. D(O) = 1636 means that at the beginning of the study, (year 0) the 
annual dormitory charge was $1636. D(18) = 4048 means that in year 18, 
the annual dormitory charge was $4048. b. $5896 95. G(20) = 24 
means that when the car travels 20 mph, the gas mileage is 24 mpg. 
G(40) = 36 means that when the car travels 40 mph, the gas mileage is 
36 mpg. G(50) = 33 means that when the car travels 50 mph, the gas 
mileage is 33 mpg. 97. a. (0, 0); at t=0 sec, the position of the 
rocket is at the origin. b. (25, 27.3); after 1 sec, the position of the 
rocket is (25, 27.3). ¢. (50, 22.6) 


89. P(x) =4x+6 


Section 4.3 Activity, p. 370 
Al. 4a°b? —A.2. a. 2,3,6 b. 2w? — 13w? + 31w — 24 


A.3. a. conjugates b. 25c? + 10c — 10c — 4 = 25c? — 4 

ce. (Se? — (2 =25c?-4 AA, a. 9x? — 21x — 21x + 49 = 9x? — 
42x +49 b. (3x)? — 2(3x)(7) + (7)? = 92° — 42x + 49 

AS. x3 + 6x°y + 12xy? + By" 


Section 4.3 Practice Exercises, pp. 371-374 
R.1. 9y RB. 18y? «RS. —4a*b ORT. —2.1 ab? 
R9. 5P-2k+8 RU. -15a+30b+35c R13. 9x + 12y 


1. a. distributive b.4x-7 3. 14° 9 5. —4xy" 
7. —42x°y8 9. 11a7b’c'® 11. ja-2 


13. 2m°n? — 6min* + 8m'n? 15. 3x’y’ — 4x°y3 

17. P—xy—2y 19. 12x°+28x-5 — 21. 2y* - 21y’ — 36 
23. 258° +5st—6P 25. Sn? +3n? +50n +30 

27. 3.25a° —0.9ab—28b? 29. 6° + Ty + 4xy? +? 

31. °° -—343 9-33. 4a* — 17a*b + 8a°b* — Sab? + bt 


35. 5a tab + ac ~ 126? + 8be— 2 
37. 3x34 112-7x-5 39. ao” ~ 8 + 150 41. a? — 64 
43. 9p?-1 45. va5 47. 912-2 49. 942 — 6hk +12 


Z 
3 

57. 4z+—w® 59, 25x4 — 30x°y + Oy” 61. a. Yes b. No 

63. a. A°— Bb. x° + 2xy + y’ — B’ Both are examples of multiplying 
conjugates to get a difference of squares. 

65. w+2wtv-4 67. 4-x -2xy-y 

69. 9a —24a+16-b? = 71. Write (x+y) as (x + y)*(x+y). 
Square the binomial and then use the distributive property to multiply the 
resulting trinomial by the remaining factor of (x + y). 


73. 8+ 12y+6xy+y 75. 64a° — 48a°b + 12ab* — b* 


77. Multiply and simplify the first two binomials. Then multiply 
the resulting trinomial by the third binomial, using the distributive 
property. 79. 6a'+32a7+10a? = 81. 0° + Sx — 9x — 45 

83. —l6x°+2x-22 85. -3y-10y-8 87. (r+) 

89. xr -y' 91. The sum of p cubed and g squared 93. The 
product of x and the square of y 95. A(x) = 4x7 + 70x + 300 

97. a. Vix) = 40° - 320° + 64x b. 36in? = 99. x? — 4x +4 
101. °-4 = 103. -9 105. 9x7 +30x7 107. 2x +h -3 


109. Multiply (x + 2)°(x + 2)? by squaring the binomials. Then multiply 
the resulting trinomials using the distributive property. 


111. (5x - 6) 113. (2y — 1) 


51. P-144+49 953. +6uvt+9v 55. + hk + soe 
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Section 4.4 Activity, pp. 382-383 


A.l, a, 12a*_ , -6a* | 184, -20’ +a-3 
—6a -—6a —6a 


A.2. 6 —k+4—- = A.3. Use long division when the divisor 


2 


has two or more terms. A.4. 1626 = 


A.5. a. 28 = 3x2 xd $e b. 23-3 +x-4 

ce x-3 d. 2x*-9x°4+ 10x7-7x+10 e. -2 

f. 2x4 — 9x3 + 10x — 7x + 10 = (x — 3)(20° — 3x7 +x —4)4+(-2)V 
A.6. a. (27x° + Ox? + Ox + 8)+(Gx+2) bd. 9° - 6x44 

c. 9° —6x+4 d. 3x+2 @ 27748 f£.0 

g. 270° +8 = Gx + 2) — 6x +4) V 
A.7. a. aioe eros b. sy eayeee OT 

y +0y—2 y -2 
c. 3y' + 2y — 6y + 1 =(" — 2)(3y + 2y + 6) + (—2y + 13) 


A8 a. 3[2 -9 10 -7 10 b. 28-3 4+x-4 


6 -9 3-12 
2.33. 1 —4 |-2 


ec -2 d. 2x = 3x? x4 + Yes 
ae 


e. Answers will vary. 
A.9. a. P+ St +25 b. P- 125=(t-5)\(P +5t+25)V 
A.10. Synthetic division can be used if the divisor is of the form x — r 
where r is a constant. 
A.11. Long division A.12. Monomial division 
A.13. Long division or synthetic division A.14. Long division 


Section 4.4 Practice Exercises, pp. 384-386 
R.1. Dividend: 8945; divisor: 9; quotient: 993; remainder: 8 
R.3. 8x° — 24x? + lox — 8 R.5. 16b* — 40b3 + 96b" 
R.7. 11° R.9. 2x° — 2x 


1. a. division; quotient; remainder b. Synthetic 
3. p> 5. 7a‘ Ts a 9, -4P +4-5 
y 
11. 124+8y4+2y 913. P+3xy-y 15. 2° +3y-—8 
1 1 1 5 
17. -=p?+p’-=pt+s 19. a? 1-= 
P +p gts a+5Sat : 
21. —3s°t +45 — 5 23. 8p’¢° — 9p?g? — 11p - me 
Pd 
25. a. Divisor: (x — 2); quotient: (2x° — 3x — 1); 
remainder: (—3) b. Multiply the quotient and the divisor, then add 
the remainder. The result should equal the dividend. 


-9 2 9 
27, x+7+— 29. 3y° + 2y + 2 + -—— 
eee Te A i al ee 


31. —4a+11 33. 6y —5 35. 6° + 4x 454 oe 


3x-2 


37. 4a°-2a+1 39. x? —2x +2 


He Petes 43, Pat? 
r= 2 
3 2 2 2y +6 

45. n’+2n°+4n+8 47. 3y°-34+ 


y+ 


49. The divisor must be of the form x — r. 
51. No. The divisor is not of the form x — r. 


53. a.x-5 box +3x4ll ec. 58 
55.x+6 57.1-4 59. 5y-+ 10+ 
= 
61. ae 63. x? —x-2 
y+3 
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65. a’ +2a’> + 4a? + 8a+ 16 67. x° + 6x + 36 


OO WeeeS6 ~The a 
x+4 
Miwgsi4= Baye 
x 3y° — 2y+5 
77, 2x? +3x-1 79. 26 = ae + 1-3 
81. ree 
5 x 


Chapter 4 Problem Recognition Exercises, p. 387 
La. 9° +6x4+1 b. 9-1 2 2a. -10 bd. 81m? —25 
—5 

2x-1 


& Rie 80a aie 2r+4—2 b. 2x+5+ 


ce. 4x4+124+ 


4 
4.a. y-S5+— b. y-7+ 
x-1 aed as 3y+6 


a 3. Se 0 he 150: 
7, 2° +t-1 


y+6 
6. a. -8x—32 b. -20 «0 
8. —15x4-5x°4+100 9. 367-25 10. 99° +.2y —3y +1 
11. 6b°-11b+4 = 12. 100° + 19a? + 11a +2 

13. P-6P +8143 14. 2b°+4b4+5 915. Fh +-4k +25 

16. 3842-5 17. 78-122 +2 18. y+ 294 
11; 


la 1 = 6 a 4 
1? ~5P + opts 20. —30.6w®? + 15.6w? — 7.2w 


21. 36a* — 48a*b + 16b° 22. ria 9 


19. 
23. m>—8m—7 


25. 2m* — 8m? — 13m? + 46m — 21 
27. 25-—10a—10b+a°+2ab+b° 


24, 0° +3x-14 
26. 0° +4x + 16 


28. @—x+2xy-y 29. 4xy 30. a’ — 12a? + 48a — 64 
31. “e + > - Z 32. —Say'ew 


Section 4.5 Activity, p. 393 
Al. a. 18x°y?=2-3- px XY b. 3xy" 
12°y3 = 2-2 “Key c. 3xy"(6x? + 4xy + 3y") 
Oxy" = 3 yey 
A.2. a. 2(a+ 2b) b. 2(a + 2b)(2x + 3) 
A.3. a. 8x(—x +3) b. —8x(x—3) ce. The sign of each term is changed. 


Ad. 10x° + 45x + 6xy+27y ALS. a. Sx(2x +9) + 3y(2x + 9) 

b. (2x + 9)(5x + 3y) . The product is equal to the polynomial 

10x? + 45x + 6xy+27y.  A.6. (c + 5)(c — 2d) 

A.7. a. 1(8x? + 15y) + 2x(5 + 6y) b. The two binomial expressions 
do not match. c. (2x+3y)(4x+5) d. (2x + 3y)(4x + 5) 

= 8x? + 10x + 12xy + I5y V 


Section 4.5 Practice Exercises, pp. 393-396 
RA. 24-3-5 = R3. -3x° + 7x-8 RS. -10d° + 40d" 
R.7. 15x*y — 10° y+5x°y RO. 18ax — 66x + 15a — 55 


1. a. product b. greatest; common; factor 
3. 3(x+4) 5. 22(3z +2) 7. 4p(p? — 1) 
9. 12°00? -—3) UL. 94st +3) 13. 9a b*(a? + 3ab — 2b") 
15. S5xy(2Qx+3y-1) = 17. b(13b— 11a’ — 12a) 
19. -10°+10x-—7) 21. —3xy(4x? + 2x + 1) 
23. —(2P—11t+3) 25. (32 —2b)(2a — 5) 
27, (2x —3)(2x7 +1) 29, (2x + 1)°(y — 3) 
31. 3(x—2)°(y +2) 33. For example: 3x° + 6x? + 12x4 
35. For example: 6(c + d) + y(c + d) 37. a. (2x — y)(a+ 3b) 


b. (2w — 1)(5w— 3b) ec. In part (b), —3b was factored out so that the 
signs in the last two terms were changed. The resulting binomial factor 
matches the binomial factor from the first two terms. 


39. (y+ 40°+3) 9 4. (Dp -7)(64 9) 43. (m+ n)(2x + 3y) 


47. (x° — 3)(x- 1) 
51. 100(x — 3)(x* + 2) 
55. (4—by(at3) 


45. (2x — 3y)(Sa — 4b) 


49. 6p(p +3)(q - 5) 


53. (3a + b)(2x — y) 57. Cannot be 


factored 59. It is not possible to get a common binomial factor 
regardless of the order of terms. 61. A= z 
b b v+ew 
63. y= x or y= 65. Length = 2w + 1 
c-a a-c 


69. 18(3x + 5)°(4x + 5) 
73. Sw°(2w — 1)°(7w — 3) 


67. (a+3)*(6a + 19) 
71. (t+ 4)(t+ 3) 


Section 4.6 Activity, pp. 407-408 
A.l. a. 1 ob. Yes ec. a=6,b=1,c=-12 d.-72 e. -8and9 
f. 6x° -— 8x+9x-12 g. (3x—4)(2x+3) h. (2x + 3)Gx—4) is the 
same as (3x — 4)(2x + 3) by the commutative property of multiplication. 
A.2. a. 1b. No; 2x°+13x+6 ce. (2x4 1)(x 4+ 6) 
d. (2x + 1) + 6) 
=2x° + 12x+x4+6 
=2x? + 13x+6V7 
A3. a1 b. Yes 5 d. 5x’ e. (5x +4)(x + 6) 
f. (5x + 4)(x + 6) 
= 5x° + 30x + 4x + 24 
= 5x° + 34x +247 
A.4. a. 1b. Allofthese c. Bothnegative d. (4c — 3d)(2c — 3d) 
e. (4c — 3d)(2c — 3d) 
= 8c? — 12cd — 6cd + 9d? 
= 8c? — 18cd + 9d? V 
A5. a. 3y b. —3yG? —4y — 32) ¢. Different d. —3y(y — 8)(y + 4) 
e. —3y(y — 8)(y + 4) 
= —3y(y" + 4y — 8y — 32) 
= —3y(Q” — 4y — 32) 
=—3y? + 12y’ + 96yV 
A.6. a. 1, 4,9, 16, 25, 36, 49, 64, 81, 100, 121 be 2°, x4, x8 8 x! x? 
c. Even powersofn  A.7. a. a? +2ab+b> b. (a+b) 
c. 9p? +42p +49 d. 3p+7) e. The first and third terms are perfect 
squares. The middle term is twice the product of the square roots of the 
first and third terms.  A.8. 2(2m — 5n)? 


Section 4.6 Practice Exercises, pp. 408-411 

Ri. -4and10) =- RB. 5P 4146413 RS. 4x07 + 5x +3) 
R.7. ° — 14x4+33 RY. 16p? — 34p — 15 

R11. 603d? — 44c7d? — 32cd” R13. 9c? + 48c + 64 

R.15. Ga—b)(2x—1) = RIT. (2x — 5)(4x + 3) 


1. a. positive b. opposite ce. Both are correct. 
d. 2(3x—5)(x+1) e (a+b); (a— by 3. Both negative 
5. (2x + 3)(x — 4) 7. (5x + 3)(2x + 5) 9. (b - 8)(b — 4) 
11. (y+ 12)(—y - 2) 13. (x + 10)(x + 3) 15. (c — 8)(c +2) 
17. (2x + 3) — 5) 19. (6a —5)(a+ 1) 21. (s + 32)(s — 22) 
23. 3(x — 18)(@ — 2) 25. 2(c — 4)(c + 3) 27. 2(x — y)(x + Sy) 
29. Prime 31. (3x + Sy)(x + 3y) 33. Suv(u — 3v)° 
35. x(x — 7)\(x + 2) 37. (2z —5)(5z + 1) 39. Prime 
41. —2(t+ 4)(t- 10) 43. (Ja — 4)(2a + 3) 
45. 2b3a+2)(at+3) 47. a. x°+10x+25 b. (x+5) 


49. a. 9x7 — 12xy+4y b. Gx—2y)? = 51. 30x 
53. l6rt = 55. (y— 4)? 57. (8m +5)? 
59. Nota perfect square trinomial 61. (3a — 5b)’ 


63. 4(4° — 20tv + 5v’); Not a perfect square trinomial 

65. 5(b-2)P = 67. a (u—-5Y_ ob. ( -—5Y—e. (a — 4)? 

69. a. (u+13)u—2) b. (W24 13)(w?-2) ©. (y+ 9)(y — 6) 

71. Bx-4Bx4+1) 73. Qx-9(x-1) 75. By + 11) +6) 
77. By +2)0°+3) 79. 4p? + Dy’ +1) 


[STUDY 


81. 0° +12)@°+3) 83. The factorization (2y — 1)(2y — 4) is not 
factored completely because the factor 2y — 4 has a GCF of 2. 


85. (w+6) 87. Owt5)P 89. 3(a + b)(x — 2) 
91. 2abc*(6at+2b—3c) 93. —2x(5x — 6)(2x — 5) 
95. Prime 97. (2w? — 15)(w? — 2) 
99. (1 —d)(1 — 3d) or (3d — 1)(d—- 1) 
101. (a+ 2b)(x—5Sa) 103. 8(¢ — 4w)(z + Tw) 
105. (y+ x)(a — Sc) 107. g(x) = Bx+2)~4+4) 
109. n(t)=(t+ 10 = 11. OW) = (e+ 4)(e +: 2) 
113. k(a) =(a—4)(a° + 2) 


Section 4.7 Activity, pp. 418-419 

Al. a. @—b’ b. (a—byatb) ¢ 25y°-16 d. (Sy —4)(Sy + 4) 
e. The two terms have opposite signs and their absolute values are 
perfect squares. 


A.2. (8p — 7)(8p + 7) A.3. 5(3m? — 2n)(3m? + 2n) 

A. (9F + 4)3t- 2)(3t + 2) A.5. a. Factoring by grouping 
b. (2x + 3)(x? — 25). Yes. x? — 25 can be factored further as a 
difference of squares. d. (2x + 3)(x — 5)(x + 5) 


A.6. a. The first pair of terms and the second pair of terms do not share 
acommon binomial factor. b. y? —(2+8z+16) ¢ y—(¢+4y 
d. [y — (2+ 4] Ly + ( + 9)], which simplifies to (vy -— z -4(y +z + 4) 
A.7. a. 1,8, 27, 64,125 b. 2°, x°,x°, x'? en must be a multiple of 3. 
A8. a a—b b. (a— ba +ab+b’) 
A.9. a. (a+ bya —ab+b’) b. (5x) «. (4% d. a=Sx,b=4 
e. (Sx + 4)(25x" — 20x + 16) 
f. (Sx + 4)(25x° — 20x + 16) 
125x° — 100x* + 80x + 100x* — 80x + 64 
1253+ 64 ¥ 
A110. a. (a—b)(a+ab+b*) b. (’Y — e. (2d) 
d. a=C,b=2d — e. (? — 2d)(c* + 2c°d + 4a’) 
f. (c? — 2d)(c* + 2c?d + 4d’) 
= co + 2c1d + 4°? — 2c1d — 4c7d’ — 8a? 
=c°-80 ¥ 


Section 4.7 Practice Exercises, pp. 419-422 
RA. 5y? RB. 4p) ORS. -3P OR. 9x — 25 
R9. 6-256 RAL -—1l6x+64 =RA3. y-8 


1. a. difference; (a+b)(a—b) b. sum ec. isnot d. square 
3. difference; cubes 5. (a+b)(a’ — ab +b’) 7. 8,64, 2°, x° 
9. No, the sum of squares is prime. 11. (6-3) +3) 


13. 4-7w\(4+7w) 15. 22a -9b)2a+9b) 17. Prime 

19. 2(@° +4)(a—2)(at+2) 21. (7-7 +P) 

23. (x-4)(x+4~—-1) 25. x4 12x 1)(x +3) 

27. (Sy + 7)(y — 2)(y + 2) 29. (7x+2—y)\(7x+2+4+y) 

31. (w—3nt+Dwt3n-1) 33. (WP -5—-P)\(p?-5 +27) 

35. (uw? —2v?+5)3u+2v?—5) 37. Look for a binomial of the 
form a’ + b°. This factors as (a + b)(a® — ab + b’). 


39. (Qx—1)(4x°+2x4+1) 9 41. (5c +3)(25c? — 15¢ +9) 
43. (x— 10)? +10x+100) 45. (4° + 1)(l6r — 4° + 1) 
47, 2(10y" + x)(100y* — 10y°x + x”) 

49. 22(22-3)(42+62+9) 51. (pt —5)(—p8 + 5p* + 25) 


53. ( = 3) ( 5 3) 55. 2(3d° — 4)(3d° + 4) 


57. 211217 +16) 59. 4(x—2)(x+2) ~~ 61. (5 — Tg)(5 +79) 
63. (t+ 2s —6)(t+ 2s + 6) 65. 3 -—1)9+4+3t+P) 


67. (30 " >) (907 : 5a ae *) 69. 20m + 2\(m? — 2m + 4) 


71. (w—y)xt+y)Q? +’) 
73. (a+ bya — ab + b’)\(a’ — a°b? + b) 


Student Answer Appendix SA-27 


1 i 1 1 1 
ae 2 ) 77. Pri 
(5° Blea + T0? + 35 eee 


Ee V\f/t.,. 1 
79. (se—p) (52439) 
81. (a+ b\(a — ab + b°\(a — b)(a? + ab + b’) 
83. (2+y)(4-2y+y)2-y4+2y+y) 
85. WP +k)ht-Wke +k) 87. (2x7 +5)(4x4 — 10x° + 25) 
89. 4x°-9 91. 82-27 9093. 640° +> OSL a 
b. (x«t+y)x—-y) ce 20in? = 97. (x+y)(~@—y+1) 
99, (x+y)? —xy ty + 1) 
101. GBa—c)(3a + c)(4a — 1)(16a" + 4a + 1) 


Chapter 4 Problem Recognition Exercises, 
pp. 422-424 
1. A polynomial whose only factors are | and itself 
2. Factor out the GCF. 3. Difference of squares a’ — b’, 
difference of cubes a® — b*, or sum of cubes a® + b* 
4. Look for a perfect square trinomial, a* + 2ab + b* 
or a? —2ab+b’. 
5. Try factoring by grouping 2 terms by 2 terms or by grouping 
3 terms by | term. 6. Let u = (4x° + 1). The polynomial becomes 
3u° + 20u + 12. Factor this simpler expression and then back substitute. 
7. a. Trinomial b. 3(2x + 3)(x —5) 


8. a. Trinomial b. m(4m-+ 1)(2m — 3) 

9. a. Difference of squares b. 2(2a —5)(2a +5) 
10. a. Grouping b. (b+ y)(a—b) 
11. a. Trinomial b. (2u — v)(7u — 2v) 
12. a. Perfect square trinomial b. (3p — 2g)" 
13. a. Difference of cubes b. 2(2x — 1)(4x° + 2x + 1) 
14. a. Sum of squares b. Prime 
15. a. Sumof cubes b. (3y + 5)(9y* — 15y + 25) 
16. a. None of these b. Prime 
17. a. Sum of cubes b. 2(4p? + 3q)(16p* — 12p7q + 9q’) 
18. a. Perfect square trinomial b. 5(b— 3)? 
19. a. Difference of squares b. (2a — 1)(2a + 1)(4a? + 1) 
20. a. Perfect square trinomial b. (9u —5v) 
21. a. Grouping b. (p-—6-—c)(p—6+¢c) 
22. a. Sum of squares b. 4(x? + 4) 
23. a. Grouping b. 2(2x — y)(3a+b) 
24, a. Difference of cubes b. (Sy — 2)(25y" + 10y + 4) 
25. a. Trinomial b. (Sy — 1) +3) 
26. a. Difference of squares b. 2(m — 8)(m* + 8) 
27. a. Difference of squares b. (t— 10)(t+ 10) 
28. a. Difference of squares b. (2m — 7n)(2m + 7n) 
29. a. Sum of cubes b. (y + 3)(y? — 3y +9) 
30. a. Sum of cubes b. (x + 1)? —x+4+ 1) 
31. a. Trinomial b. (d—4)(d +7) 
32. a. Trinomial b. (c + 8)(c — 3) 
33. a. Perfect square trinomial b. (x — 6)’ 
34. a. Perfect square trinomial b. (p + 8)” 
35. a. Grouping b. (ax +b)(2x — 5) 
36. a. Grouping b. (4x + a)(2x — db) 
37. a. Trinomial b. (2y — 1)(5y + 4) 
38. a. Trinomial b. (32+ 2)(4z+4+ 1) 
39. a. Difference of squares b. 10(p — 8)(p + 8) 
40. a. Difference of squares b. 2(5a — 6)(5a + 6) 
41. a. Difference of cubes b. 2(z — 4)(¢ + 4z + 16) 
42. a. Difference of cubes b. t(t— 2)(? + 2t+ 4) 
43. a. Trinomial b. b(b+5)(b—9) 
44. a. Trinomial b. y(vy—4)(y— 10) 


SA-28 Student Answer Appendix 


45. a. Perfect square trinomial b. (3w + 4x) 

46. a. Perfect square trinomial b. (2k — 5p) 

47. a. Grouping b. 10(2x+a)(3x- 1) 

48. a. Grouping b. 10(5x+c)(x- 4) 

49. a. Difference of squares b. (w? + 4)(w — 2)(w +2) 
50. a. Difference of squares b. (k? + 9)(k — 3)(k + 3) 
51. a. Difference of cubes b. (? —2)(4+2° +4) 
52. a. Sumof cubes b. (p? + 3)(p* — 3p? + 9) 

53. a. Trinomial b. (4p — 1)(2p — 5) 

54. a. Trinomial b. (3m + 4)(3m—5) 

55. a. Perfect square trinomial b. (6y — 1)” 

56. a. Perfect square trinomial b. (3a+7)° 

57. a. Sumof squares b. 2(x7 + 25) 

58. a. Sumof squares b. 4(y + 16) 

59. a. Trinomial b. s?(3r —2)(4r +5) 

60. a. Trinomial b. w?(7z + 4)(z — 2) 

61. a. Trinomial b. (x — 3y)(x+ I1y) 

62. a. Trinomial b. (s + 3f)(s — 124) 

63. a. Sumof cubes b. (m? +n)(m'* — m?n +n”) 

64. a. Difference of cubes b. (a—b’)(a’ +. ab’ + b*) 
65. a. None of these b. x(x — 4) 

66. a. None ofthese b. yy—9) 67. (x—y)(x+y) 


69. (a+ 3)*(6a + 19) 
71. 18(3x +.5)°(4x +5) 
1 1° 1 1/7 
73. (a + >) 74, (54 # =) 
76. (0° -2) 77. (4p° + 7 )2p — 2p +9) 


>. (i) e-be) 

81. (a+ b)(a— b)(6a +b) 

83. (+2) 84. (> +4) 
86. (a+5+b)(a+5—-b) 
88. (m—n—-3)(m—n + 3) 
90. (p -—y+3)(p+y-—3) 


68. (u—vy(u + v) 
70. (4-—b)(2—b) 


72. 5(2y + 3)°(6y + 11) 
75. 5x°(5x" — 6) 
78. (s°? + 9)(st — 3)(st + 3) 


1 1 1 
80. (2 +5) (2 = 5x +32) 
82. (2p — q)(2p + q\(p + 3q) 
85. (x+6-—a\(x+6+a) 
87. (p+ q-9(p+qt9) 
89. (b-x-—2)(b+x+4+2) 
91. (2+u-—v)\(2-—u+yv) 92. (S-a-—b)\(5+atb) 
93. Bat+b)(2x-y) 94. (¢+3)(5p —4) 

95. (u— 2)(u + 2)(w? + 2u + 4)(u? — 2u + 4) 

96. d-vdtvd+v4vyd—-v4v’) 

97. 4+ DO? + Det DO- 1) 

98. (9 + 16)(6 + 4)(y + 2)(y — 2) 

99. (a+b\a—b+1) = 100. (5c — 3d)(5c + 3d + 1) 

101. («+ y)(X? — xy +. y’)(Sw — 2z) 


Section 4.8 Activity, pp. 434-435 

A.l. a. linear; 1b. quadratic; 2 

A2. aa=O0orb=0 b. 2x+1=0orx-6=0 {-}6} 
A3. a. 3x-Da~t+4)=0 b. 3x-1=0,44+4=0 

c. {5 -4} d. Yes 

AA a. 4x -2)x-8)=0 b. 4=0,x-2=0,x-8=0 

ce. {2,8} d. Yes A.5. Quadratic; {-9, —1} 


A.6. Linear; {21} A.7. Quadratic; {5} 
A.9. Higher-order polynomial equation; {0, -5, 3} 


wn 


A.8. Higher-order polynomial equation; {3 -} 


A.10. Higher-order polynomial equation; {—4, 3, 4} 


All. a. x+2 bo. xQv+2) cox+%4+2)4+14 di x(Qxt+2)=x4+ 
(«+2)+14 e x=-4,x=4 f. The numbers are 4 and —2 or 4 and 6. 
Al2.axt11 beoxt+22 c P+ (e411 =(4+22" de x=-l1l, 
x = 33. The solution x = —11 does not make sense in this scenario because 
x represents the distance between two cities. e. The distance between 
Ann Arbor and Detroit is 33 mi. The distance between Ann Arbor and 
Toledo is 44 mi, and the distance between Toledo and Detroit is 55 mi. 
A.13. a. Quadratic 

b. P(100) = 3200 means that if Cassandra produces 100 boxes, she 
makes a profit of $3200. 

ec. P(200) = 4400, P(300) = 3600, and P(400) = 800 

d. This may be due to limited demand for boxes. If Cassandra makes 
too many boxes, she may not be able to sell them all. 

e. (0, 0) and (420, 0) mean that if Cassandra makes 0 boxes or 420 
boxes, she will have no profit. If she makes 0 boxes, she won’t 
spend any money on materials, but she also won’t earn any revenue. 
Thus, her profit is zero (she neither earns nor loses money). If she 
makes 420 boxes, she’s made more than she can sell, and the cost of 
extra materials will counter any revenue made. 


Section 4.8 Practice Exercises, pp. 435-440 


R3. {2} 


R.7. (4t — 3)(t + 2) R99. 4h(h — 3)(h + 3) 
R.11. a. f(0) =—-20 b. f(5)=0 ec. f(-4)=0 
R.13. x-intercept: (—4, 0); y-intercept: (0, —8) 


R11. {-11} R.5. (x — 8)(x + 9) 


1. quadratic 3. Pythagorean; c” 5. fix) =0; y 7. lw 


9. The equation must be set equal to 0, and the polynomial must 
be factored. 11. Correct form 13. Incorrect form. Polynomial is 


not factored. 15. Incorrect form. Equation is not set equal to 0. 
17. a. (w+9)(w-9) be {-9, 9} 19. a. (3x — 1)(x+5) 


1 91 3 
b. {5 -5} 23, {->} 25, {0, -4, 7 


27. {0.4,-2.1} 29. {-9,3} 31. {-3.5} 33. {o I 
35. {=} 39. {-32} 41. {-1.5.3} 
43. {-5,4} 45, {3.-1} 49. {5} 


5 
55. 13, -3,-2 
(3 . 5 


59. 4, -3 61. —7, —6 or 6,7 63. —9, -7 or 7,9 

65. The length is 7 ft, and the width is 5 ft. 

67. The length is 20 yd, and the width is 15 yd. 

69. a. The base is 5 in., and the height is 6 in. b. The area is 15 in.” 
71. The base is 10 ft, and the height is 5 ft. 

73. The integers are 4 and 5. 

75. a. 14mi_ b. The alternative route using superhighways 

77. The lengths are 6 m, 8 m, and 10 m. 79. The radius is 2 units. 
81. a. 0,3 b. f(0) =0 83. a. 7,-1 b. f(0)=—-7 

85. x-intercepts: (2, 0), (—1, 0), (0, 0); y-intercept: (0, 0) 

87. x-intercept: (1, 0); y-intercept: (0, 1) 89. (3, 0), (-3, 0); d 

91. (-1,0);a 93. a. The function is in the form s(t) = af + bt +c. 


b. (0, 0) and (100, 0) ¢. At 0 sec and 100 sec, the rocket is at ground 
level (height =0). d. At 1 sec and 99 sec 


95. fix) = (x —5)(x — 2); x =5 and x = 2 represent x-intercepts. 


21. {-3, -5} 


37. {-3} 
47. {-12,5} 


51. {0, 6, —2} 53. {0, 4, -—4} 


97. fix) =(x + 1)°; x =—I1 represents the x-intercept. 


99. f(x) = -(x + 1)(x+ 5); x = —1 and x = —5 represent the 
x-intercepts. 


ISTUDY 


101. (2,0), (—1, 0) 


INORMAL FLOAT AUTO a+bi DEGREE CL a 
CALC ZERO 


YA="X24X+2, 3 VA="X24X+2, 3 


ATs 


Zero 2 
Red v=o R=2 Y=0 


102. (—5, 0), (4, 0) 


NORMAL FLOAT AUTO a+bi DEGREE CL a NORMAL FLOAT AUTO a+bi DEGREE CL a 
CALC ZERO CALC ZERO 


Va="K2-K+20 25 Va="K2-K+20 25 

-10 LN \ 10 -10 AN 10 
ee ge a 

103. (3, 0) 104. (—2, 0) 

NORMAL FLOAT AUTO a+bi DEGREE CL a INORMAL FLOAT AUTO a+bi DEGREE CL a 

CALC ZERO CALC ZERO 
Yi=k2-6X89 w “\t 10 

~10 10 -10 10 
owe oi BS oe 


105. The radius is 6 ft. 

107. The length is 8 ft and the width is 6 ft. 
109. (x—2)(x+2)=0o0rx —4=0 

111. (x-0)(x +3) =0 or +3x=0 


Chapter 4 Review Exercises, pp. 446-449 


5.5 18 2 3x° be 
1. 3 or 2437 er 3. —3xy 4. oF ae 
a Sty x . 
6. 7. 8. 9. a. 3.6866 x 10 
16b° 4420 5 
b. 1x10 = 10. a. 1X10 b. 5.1557 x 10° 


11. a. 0.001 b. 0.000000001 12. a. 5,230,000,000 ft” 
b. $1,091,000,000,000 13. 6.25 x 10° 14. 2x 10-8 


15. 3.24 x 107 16. 3.64 x 10°% 17. Trinomial; degree 4 
18. Monomial; degree 0 19. a. -7 b. -23 «5 


20. a. 12 b. 10 ec. -2 21. a. A(5) ~ 25 means that in year 5, 
Americans on average consumed approximately 25 gal of bottled water 
each. b. A(15) = 49 means that in year 15, Americans consumed 
approximately 49 gal of bottled water each. 22. -2x° —3x-xy-1 


23. 20xy—18xz—3yz 24. 3a°+5a°+6a =. 25. —2a° + 6a 


26. xt'- x -1 27. ee 28. 6x — 6y 29. —5x + 9y 
30. -llx+1 31. 4x° -— 11x 32. -3x-11 33. —3x 
34, 2°-—14x°-8x 35. —18x° + 15x° — 12x 
36. 2@—-x-42 37. 2-11x418 38, pens 
39. Dy By ae 40.2724125 41 x2-¥ 
42, 4220x425 43. oe tart 16 44, 92-121 
4 1 

45. 36w?-1 46.-P-16 47. 2-— 

9 camer. 


48. P+444+4-b? 49. ? —w?-6w-9 

50. 8° +12 +6x+1 51. y°—9y4 +279? — 27 

52. a. 4x°+12x4+9 bd. 16x°4+24x4+9 ©. 12x°+ 12x 

53. a. P(x) =8x+4 db. A(x) =3x° 42x 

54. a. False; cannot add unlike terms True b. True 
False; when subtracting like terms, keep the variable the same. 


55. 2x°+4xy—-3y 556. —2x° — 3x44 


Student Answer Appendix SA-29 


57. a. 3y°—2y°+6y—4_ b. Quotient 3y° — 2y* + 6y — 4; no 
remainder cc. Multiply the quotient and the divisor. Then add the remainder. 
xed BO xea n= 
x+4 
60, 2x9 + 2x7 + 84244 22—4 
3x 
61. 20 — 22 + 5x-44 2-4 
xX +x 
62. Synthetic division can be used with a divisor in the form x — r. 
63. a. x—3) b. 24+ 11x? 4+31x4+99 ©. 298 
64. P-1+6 ae ee ew Cees 
x+5 x+4 
67. w= 3-94 68. p' + 2p? +4p +8 
69. x(-x° -—4x 411) or -x0°4+4x-11) 70. 738W'-—w+2) 
71. (x—7)(5x — 2) 72. (t+4)(3t+5) 
73. (m—8)\(m’ +1) 74, :12(2x — 3)? +3) 
75. x(2a + b)(2x — 3) 76. (y—6)(y" + 1) 77. The trinomial 
must be of the form a? + 2ab+b* or a*—2ab+b’. 
78. (3x + 2y)(6x + 5y) 79. (3m — 5t)(m + 21) 
80. 5a°(3+4a\4—a) or —5a°(4a+3)(a—4) 
81. P(3kK+2)(2k+1) 82. (7x-6) ~— 83. 2(5z + 4)? 
84. Qw+7)9w+1) 85. (4x — 3)? 
86. 3(3a?—1)(2a7 +5) 87. (w* + 1)3w? -5) 
88. (5—y)(Sty) 89. (« . s)(# + 7 +3) 
90. Prime 91. h(+9) 92. (a + 4)(a" — 4a + 16) 
93. (P+4)(k-2)k+2) 94. y(By — 2)(3y + 2) 
95. (x — 4y — 3)(x —4y + 3) 96. (a+6—-—b)\(at+6+b) 
97. (t+8—Sc\(t+8+5c) 98. (y-—3 —4x)(y - 3 + 4x) 
99. It can be written in the form ax*+bx+c=0 (a#0)- 
100. It is a parabola. 101. Quadratic 102. Quadratic 
103. Linear 104. Quadratic 105. a. (5x -— 4)(~ 4+ 2) 
b. {3 -2} 106. a. (3x-—7)(x-4) Db. {Za} 107. {-3,5} 
3 4 9 
108. {= 109. ; —=,-1 110. 4 1,-5,= 
(37) w. {4-1} ne (23) 
111. (1, 0), (-1, 0), (0, 4); b 112. (1, 0), (-1, 0), (0, —2); d 
113. (2, 0), (—2, 0), (0, 40); c 114. (2, 0), (—2, 0), (0 3) 3a 
115. Length 15 ft; width 8 ft; height 10 ft 
- : es 
0 —1280 
1 -624 
3 592 
10 3840 
20 5760 
30 4480 
42 —1280 


b. The position of the missile is below sea level. c. The missile will be 


at se: 


a level after 2 sec and again after 40 sec. 


Chapter 4 Test, pp. 450-451 


1. 


6. 
8. 


10. 


25x" 


12 12 
sa? xt 3 a Bs. 5.68 
25y'4 x 
2.3 x 10° 7. F(-l)=1 FQ)=40 FO)=8 
8x2 — 8x +8 9. 2a* — 13a* + 2a +45 


2x — ox -6 11. 25x" — 16y* 
+ 49 does not include the middle term 70x. 


12. The expression 


SA-30 Student Answer Appendix 


5 1 2 1 1 t+4 
13. 49x°-56x+16 9 14. xy + oxy -3y-= 37. = = 39. 41. - es 
ae Pte => 3 x+5 40-5 +3 
2 
Bh aPapart 46. y+ 2? + 4y +64 45. Ce) a7, 3% a 
- + = + 
17. By-4)(y+7) 18. Prime a —5 ' ° 
19. 3(a+6b)(a+3b) 20. (c- c+ IC +1) aS at Sel, Seat eee 
21. (y—7)(x+3) 22. Prime ~—- 23. —10(w — 2)(w — 1) di, £4 eomiottedinpiiéel  wa——2 
24. 3(2r—5)(2t+5) 25. S(y—5)?>_— 26. 7q(3q +2) ca4 12+) 
27. (x4 1(x— 2x42) 2B. (y— 5p? + Sy +25) 65. 7} 67. 1. 69. a m1, 242 
29. (x+4—-yet4ty) 30. PP + 16-40 +4) i ee (a—5)? . 
73. 75. 77. 79, 
31. 0° +3)0°+2) = 32. (2-c)(6at+b) ~— 33. {3 -5} 2b — 3 Pi —3 a-2 5 
l 11 81. += 2 . Mel dias 85. For example: 
34. {0,7} 35. {8-2} 36. {3-1} 37. {o,2, -} x+2 a x-2 
38. {-7} 39. 256 ft 40. a. P(4) = 127.292. In year 4, al a are 
the population of Japan was approximately 127.292 million. Section 5.2 Activity, pp. 467-468 
b. 126.968 million c. 124.52 million 41. (4, 0), (2, 0), (0, 8); c 6 . 
42. (4,0), (3, 0), (-3, 0), (0, -36); b MS ASG 
43. (3,0), (-1,0),(0,-6);d 44, (4,0), (-3, 0), 0,0); a Aa a, BO=-? + 5)Qy-3) yo 
-yi2y-3) 40 -5)(y +5) 2y 
Chapter 5 AA, < rea wed ea ; 3 
Section 5.1 Activity, p. 460 (deo ‘ - 7 
A. a3 b.2 ©. 6 d. Undefined AG. a are 
rz 7 
A.2. a x= ne denominator zero. b. (—oo, —2) U (—2, 00) i = 9% (2x + Dx +2) 
AS. & eeo= ree ~ ek aes -| "Ga De—ms4) Ox—-DOr+D 
sl 
C.. 
©. (-o, -1) U (-4,2) U (2, 00) e—w+4 
d 2(x + 5) . 1 : : . 
BOS ad , provided that x 4 2 and.x # -3 Section 5.2 Practice Exercises, pp. 468-470 
Ad. a. -y+Sor5-y b.-1 AS. a. 4a+2b b. -1 Ria 7b4 cial pga rtisxtl4 
A. a. Ste aes 32ST 
Ag, 202! peti 0e 2 andte 4 P aA 
t+1 R5.6 R7-2 RO9S RAD 
4 2 10 
Section 5.1 Practice Exercises, pp. 461-464 
4 1 traetpB® 3 2 5-2 72 9 1097 
R11. 27-3-7 RB. = RS. =1 RI. Rs Gs" ar * 10 a) “3 ‘ 
RU. 12.3(2x— 5) R13. (6c — 5d)(6c + 5d) RAS. (Tw — 4)(2w — 3) yy, 22-3) 23-7) 4g 45 47, yy 2) 
R.17. (4a — b)2c +3) R19. (4x — 9)? * Pee 1) * Sw44 : oy 
R.21. (—00, —3) U (-3, ©); 14 2 11 r+3 
19; 21. = 23. 25. 
— 5 5 5a‘b* 4r 
3 1 4 2s + St 
27. 29. : 
é (p + 2)(6p —7) (b + 2)(b + 3) s+5t 
1. a. rational b. denominator c.=— d. 1;-1 2 
i : oe — a. aS 
3. K)=—F, K-1)=-1, kQ)=—5, k(-4) is undefined a+b 3(@ + 2) 4y y 
2a 2(x + 3) x —3y 3y —x 
1 2a 2 + 3) _ = 
5, n(1)=2,n(0)= 1.n(-4) Se eee 12 6 45.m—n 47. a 
7. a. {x|x is areal number,x 40} b. (—oo, 0) U (0, oo) 49. | 51, 22 3 53. 40(2x + 1) 55. (x — 6)(3x + 2) 
9. a. {v|vis areal number, v#7} b. (—co, 7) U(7, 00) at+4 3 3x —2 
11. a. {x|xis areal number, x #3} b. (—c0, 3) U (3, 0) 57, & ee 
13. a. {qg|qis areal number, g 4 —9, g #3} h ? 
b. (—oo0, —9) U (—9, 3) U (3, co) 15. a. {c|c is areal number} . a 
b. (—00, 00) 17. a. {x|x is a real number, x 4 —5, x #5} SRGUON Dio ARVIN PPE ATa 279 
hi (es ES Ss Ad. : AR2¢5 AB a, = . +5 b. 23, x2, y*, and the 
: “xy x 
19. a. {x|xis areal number} b. (—oo, 00) product is 23,2y4 oF 8x2y4 
21. (—c0, —4) U(—4, 00);b 23. (—00, 4) U (4, 00); d 5 - , 
5 1 iy 1 
25. a. »b. Canotbesimplified 27, a, @TOG+2 5 +: gy, ey 
y ‘ ae (x + 4)(x— 1) dxy* [2x] 8° >] 8x°y 
x+ i 
.xX#—-4x#1 . a, A 
Rhea Bes ag Pe eo AM eee ie ie & 2 a eg 
iG 25x wes 1 5%, 35 15x 15x 15x 15x 
b. x#9,x#-9 3 33. S85. 5 ae 2 8 b. 3-6) 
ae: - i - +6 
aa 9y : Amin * 36-6 G—OG+6) sae 
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2+ 6) 8-3 a. 2246-24 , _ 2 Section 5.4 Practice Exercises, pp. 488-490 
3(x -—6)(x+6) 3-@-6)(x+4+ 6) 3(x — 6)(x + 6) 3(x + 6) R1. 9x3 R3. y?+ 10y +9 R5. d—c 
y 1 ia 
A.6. a. + - b. (vy + 4)(y -—7 1 5 10 + 3x a: 
fa 7-7 pang. Road bd? 4 RAE Rut 
yy -7) ly+4) u 
O+40-1) V+40-7 W+40-7) 1. complex 3. x a. % * 9, -4 
x 
yy — 7) +1 +4)- 11 yt+l 3- 2 
: - Sp: a+3 
© +4\y=7) yaa 11. 28y 13. -8 15. are 
As . t A(w - 1) 1 x+2 
.7. a. The expressions x — 3 and 3 — x differ only by a factor of -1. 19. ——— 21. — 23. 25. 
5 5 ie 5 -] 5 t+1 w+2 yt4 Kad 
b. c. d. = ( ) : ( ) J or 
x—3 7 3-x% 7° x=3) \x-3/) \-1) x43 a7, ag, 442 gy th gg? 
: 5 (t+1y -a—3 y-5 x(x + h) 
equivalently 
3-x 36 1 2b? + 3a -1 Pe: 
* x0? + 3) * b(b =a) “ 44+) “xQ+h) 
Section 5.3 Practice Exercises, pp. 479-482 i. ple, ge gee 
R172 R336 RS 2:x40,y¢40 RD. Pty ye om oe i 
Sy = 49, (x+y) =_—_= simplifies to —~ 
R9, -10;x43 RAL -5°4+30r R13. 15x? - 16x-7 xt+y! (/x)+(/y) yx 
R.15. a, b,c 51. —x(x- 1) 
prr par : Pet ‘ 
Se gee deiner encima Chapter 5 Problem Recognition Exercises, 
- 490-491 
$24 See: 2 os! ead ; 
y x xt 4y -—8y +9 2 x +x—13 3 4x-1 4 a-5 
ii, soe 13.2 15. 40x 17. 30m'n’ "  2y(2y — 3) "xy 4 “4x-3 3a 
(2x + 9)(x — 6) ‘ 5 é— 7, 4+4 — g -3)0+2) 
19. (x-—4)(x + 2)(x - 6) 21. (x = 1(x+7) . (y-Dot+l “wt+4 ray 7 t 
23. (x — 6)(x — 2) 25. a—4or4-a 27. 1Sxy a 2xy* —?4+4xy-y? x? -4xy+y? 
: 8p — 15 os ee 11. or 
29.2344 3h y-y 33. = 35. —— a- (x-yety) (Y= +4) 
1p s _ 
1 2b +20 2x 2x 12, 3-4) 13, tae 14 et 1a $99 
37. 3 39. bb +5) 41 so or Aaa 6(x — 2) 10(x + 7) 
6b° + 5b+4 10x 3y-1 g—- ag)  anpsa ip eeeet 
8 Goer)  Gene-y a 4 : : oe 
ice 7 - 19 3(x + 4) 323 u 9x? + 6x + 15 2x+3 
x+ . . -_— . 
49, ——"*?_ 5, 53. 2x —3 229 4Gx— 1 1—5x 
(@— Ox + Oa + 3) w ; id wen) 
lly-1 
10—x x—10 a2 Ie he 
55. = 
3@—S\at5) 365-6 +x) (y +3) -2) 
-5 XV +7x+6 w 3 
57, —“--____ 59, 61. i ivi 
(m+ 5)(m + 3) 2x2 wed Section 5.5 Activity, p. 497 
63, ~EtBK-3 gg 3 P+xt6 Ad, a 15 b. 251-6 © 151-7 a. {-1} 
“x(x = 1)? "443 "204+ 1) a i " 8 , ee 
pce oy or 2y me Gad” gad Gee 
" @= 3) +4) “ @-y)aty) (y — x +x) c. (x+4)(x—4) d. {—1}; The value +4 does not check. 
2; 
ee en ae _ Et 134 38 : A3. a2 b. 22-17x421=0 {3.7} 
3(p + 4) (x +5) (z+ 1)\(z-1) 2 
50) 5x2 412x424 gi, +584 18 AA. a. bo=act+ab b. be=ale+b) « aa 
(x — 2)(x + 2)(x? + 2x + 4) 3x7 
g3, = 2x+50 Section 5.5 Practice Exercises, pp. 497-500 
(x — 3)(x +5) RL. 20-4) =-R3. 8 +5) ORS. pp? OR. 17x — 28 
: gad R9. -4p-8 RAL x¢0x¢4 RAB (4,8 
Section 5.4 Activity, pp. 487-488 ae ve - ; } 
A. a. 19 b. 1 : 19 R.15, {-4 3} R.17. w= T R.19. y= 7* -2 
ig 2 9 
2 _ 1. a. rational b. denominator c. No 3. 70 
eg Le . . 
ry ; 5B ¢F5,e%51 7 {2} 9. {-14} 
A3.a.18 b19 «9 a ra iP 
92 11. {-24) 13. {-3} 15. {6} 17. {5} 19. {6} 
2 2 2 9, y xX 
AA. avy bey - 47 xy + 2ry de 
ia y 21. {-25} 23. {3,1} 25. {4,-4} 27. {8,-2} 
a x 1 29. {—2} (The value 2 does not check.) 31. {60} 
AS. a. ——*— pb. « —— 
a ec x+1 33. { } (The value 5 does not check.) 
Me x? 


35. {2} 37. {5} (The value —2 does not check.) 


ISTUDY 
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39. { } (The value 4 does not check.) 
11 FK IR 
Ho) aa ae 
{ 4 } sa a K 


47. goo =" or a a0, Ro or poe 25 
I i h 

fie ee 53, x=—2— -—Y 

x-a a-x 1- yz—-1 
55. h= ue «RS Rik 

at+b R,+R, 
oe ge Be, «= Gi {-=} 

v v 5 

63. {-6, 2} 65. {>} 67. {>} 69. {-5, 5} 
71. {d|dis areal number} 73. {3} 75. y=5 77. x=5 


Chapter 5 Problem Recognition 
Exercises, pp. 500-501 
2w + 30 


La 
(w — 5)(w + 5) 
is an expression, and the problem in part (b) is an equation. 


b. {-15} c. The problem in part (a) 


2. a. as > { -5} ec. The problem in part (a) is an 
expression, and the problem in part (b) is an equation. 
1 1 v-12 
3. 7 5. {1 6. {5 7. 
at+l1 c+2 tH} {5} x(x — 1) 
23 3 8p-11 
8. 9. {-1) 10. {5-1} Nye = = 
5(t — 4) a 2 4(2p — 3) 
—(2x + 1) - 1) x+3 15a+2 { *} 
12. 13. 14. 15. 5 -— 
2(x + 2) 6x" 12a” 15 
16. {-10} 17, —S+7 i 
(c+ 3) (c+ 1) (y -— 5) — 2) 
19. { } (The value 4 does not check.) 
20. { } (The value —2 does not check.) 
Section 5.6 Activity, pp. 508-509 
3 cookies _ 9 cookies 
Bele Be? ies AsO ca 
A.2. a. Let x be the sales tax on an item that costs $1250. 
$11.70 _ x 
$180 $1250 
c. $81.25; This is the sales tax on an item that costs $1250. 
5 _ a : 
A.3. a. 1890-—x b. 47-1800 2x" x = 1050, which means that there 


are 1050 men at the school. Thus, there are 840 women at the school. 
A4. a=6cmandy=9cm 
A.5. a. One possibility: Let x represent the average speed on the old 


bicycle. 
b. 
eas F at 
Riding old bike 21 a = 
Riding new bike 28 x+4 as 
x+4 
21 28 


A = d. x=12  e. Mike rides his old bike an average 

x xt4 
of 12 mph and his new bike 16 mph. 

1 pond lpond lpond 1 1 1 

x+6hr Djbr 4 °x+6°% 4 

ce. x=6,x=-—4 d. The solution x = —4 does not make sense in this 

scenario because the time required to fill a pond cannot be negative. Thus, 

it takes the large hose 6 hr to fill the pond and the small hose 12 hr to fill 

the pond. 


A6. ao x+6 Db. 


Section 5.6 Practice Exercises, pp. 509-512 


ul 3 2 
RA. (-2,-3) R&S RS {33} RF 
1. proportion 3. {8} 5. {6} 7. {-15} 
1 20 ie 
7) J tee ade 
(3) {GS} 18 {5-5} 


17. {8, -5} 19. There must be 6 adults. 


21. A 14-o0z box contains 84 g of fat. 23. 1000 swordfish were 
caught. 25. Pam needs 11.5 gal of gas. 27. There are 
approximately 4000 bison in the park. 29. There are 31 men. 

31. 595 are men and 500 are women. 33. a=8 ft,z=8.4 ft 


35. x=12in., y=13 in.,a=4.2 in. 37. The number is 3. 


39. The number is = 41. a.x+7 Db. s c. a 
5 x x+7 


43. The motorist drives 40 mph in the rain and 60 mph in sunny 
weather. 45. The Broadmoor truck travels 70.4 mph and the 
Wescott truck travels 76.8 mph. 47. The cyclist rode 10 mph against 
the wind. 49. Celeste walks 5 ft/sec on the ground and 7 ft/sec on 
the moving walkway. 51. Joe runs 6 mph and Beatrice runs 8 mph. 

53. It will take them = hr. 55. It will take them 2) hr. 


57. a. The new pump will take 20 hr. b. The technician should 
return at noon on Friday. 59. Gus would take 6 hr; Sid would 
take 12 hr. 


Section 5.7 Activity, pp. 518-519 


A.1. The equation z = kp represents a direct relationship between z and 


p, and z = k represents an inverse relationship between z and p. 


P 
A.2. a. increase b. decrease 
= ols 
A3. a. A=kw b. k= s0°.4= 50” c. more d. 3.6¢g 
e459 f. 24¢ 
Ad. a. C=* pb. k= 2400; C= 7409 6. down a. $0.40 


e. $0.30 f. $1.00 
A5. a y=kbVve be k=3 c. y=3bve d. 126 


Section 5.7 Practice Exercises, pp. 519-522 


R1. (5) R3. (0.64) RS 48 R72 
lak bo © ckew 3 Inversely 5. T=kg 7. b=4 
9. g=% MW.c=kt 13. Lakwvv ie 

17. k=3 19.k=512 2 k=175 23. x= 70 

25. b=6 27. Z=56 «29. Q=9 3 L=9 

33. B= 2 35. a. The heart weighs 0.92 lb. b. Answers will vary. 


37. a. Sturkeys b. 10 turkeys ce. 50 turkeys 


d. 8 turkeys; Note that the answer was rounded up, because it would 
be better for the chef to have too much food than too little. 


39. 355,000 tons 41. 42.6 ft 43. 300 W 45. 18.5 A 
47. 20 |b 49. $3500 


Chapter 5 Review Exercises, pp. 528-531 


1. a. k(2)= 2 k(O) = 0, k(1) undefined, k(—1) undefined, 


1 2 
i(5)=-3 b. (—00, -1) U(-1, 1) UCL, o) 
i 1 3 /1\_2 
tw Ais — hie OAS =— He lS 
a. h(1) =>, WO) =0, h(-1) =~, (3) 5 A(5) =2 
2 
b. (—c0, 00) 3. 2a 4 5.x-1 
6222 gg ete a) 


k-3 . 34+x 


2t+5 y(y + 2) 
- 10. ——— 
t+7 y-3 

12. a; (—0o, —2) U (—2, oo) 
3 
14. d; (—c, 15. — 16. —= 
d; (—00, 00) 5 6 5 


1k — 4) atl 


11. c; (—co, 3) U (3, o) 
13. b; (—00, 0) U (0, 3) U (3, 00) 


17, 2 or Y= 


5x 5x 
x-5 


2 
18. («+ 8) 19. (k= 2) er 


8 50° +1) 


21. 
x-4 


1 
2. 23,8 24, 

b Ow? 70° - 2y +4) 
26. Bk+5)\k+5) 27, 2 t2=! 


5 
5. ) 
2(3x + 4) 


ra 

y-3 3-y a-4 
. 0. 

Qy-1  1—2y 2a +3) 


4x? + 17x +11 2a’ — 5) 
x+4 * (a-—5)(a+3) 


13x + 19 6(7 — 4x) 


“(+ 2) - 2) 


4 —k+3 
“(k+ I°k= 1) 


—6(4x — 7) 


* wt D(x + 3) 4 2) 3x —5 


2(16k — 9) 
* (4k + 3)(k — 1)(4k — 3) 


5y°-17y—9 1 


3x-5 


9a +a+4 
* Ga -1)(a— 2) 


4, &~DE+2) 


: 39. 
(y — 3) + 2) x+1 

ay + D l+a 
4y l-a 


42. -y 43. 


i 4 gg, CORY 
x-y 3b 


50. { } (The values 3 and —3 do not check.) 


= (4) 


55. x= 


53. {5,1} 54. {1} 


A 


orx=— 56. P 


c-a a-c 


15 216 
, { 2 } - { 7 } 
61. The quarterback would gain 231 yd. 
Canadian. 
the second day. 
would take 4? hr. 
smaller would take 18 hr. 


68. y=16 69. y= 12 


un 
| 


70. 48 km 


Chapter 5 Test, pp. pp. 531-532 


47. m 


TH+ 


»{-F) 


15 


_atl 
a-1 


49. {3} (The value | does not check.) 


51. {0,17} 


«(-) 


62. Erik can buy $253.80 

63. Tony averaged 20 mph the first day and 15 mph 

64. His speed driving was 60 mph. 
66. The larger pipe would take 9 hr and the 

67. a. F=kd b. k=3 ce. 12.61b 


65. It 


1. a. A(O)= 2 h(5) = 2 h(7) is undefined, h(—7) is undefined 


b. (—co, —7) U (-7, 7) U (7, 00) 


2. (—0o, 00) 
2 2m? 9(x + 1) 
: = 4. 5. 
i fe) x-4 3n 3x+5 
7. -(x~—-3) or -x4+3 8. x-4 
929. 
ic iy 12. -a 
4 2(v? — uv + uw) 
14. {3} 15. {0,4} 
ie a aes 18. m, = 
pr-v v-p 
19. = or 2 20. a=14m,y=15m 


21. The cities are 1960 mi apart. 
against the wind and 20 mph with the wind. 


23. It would take 2? hr working together. 
24. x= fe 25. 3.3 sec 


Pr 


ISTUDY 


3. a. {x|x is a real number and x 4 4, x 4 —3} 


23 


1 
- (x + 5)(x + 3) 


16. { } (The value 4 does not check.) 


Fr 


22. Lance rides 16 mph 
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Chapter 6 


Section 6.1 Activity, p. 542 
Al. a. b=a b. 3?=9 c& (-3%=9 d. Va;nonnegative e. 3 
A.2. a. b"=a_ b. (-4)° =-64 c. 2°=32 d. 3,125 e 5 
A.3. a. No real number when squared equals a negative number. 
b. No real number when raised to the fourth power (or any even 
power) equals a negative number. 
c. V—8 = —2 because (-2)? = -8. In general, a negative real 
number when raised to an odd power is negative. 
AA. a. Va’ is the principal square root of a*. Therefore, the simplified 
form must not be negative. Because we do not know the value of 
a (which could be a positive or negative number), the absolute 
value bars ensure that the answer is nonnegative. 
b. For a root with an odd index, the absolute value bars are not 
needed because the value can be positive, negative, or zero. 
A.5. a. even b. [0, 00) c. [5, 00) d. (—0o, 5] 
A.6. a. odd b. (—o0, 9) ¢&. (—co, ce) d. (—00, 00) 


Section 6.1 Practice Exercises, pp. 542-546 


27 
R.1. R.3. 0.16 R.5. “15 
4 16 
R.7. 6A R.9. x R.11. 81 


1. a. b;a_ b. principal c. b";a_ d. index; radicand 
e. cube f. isnot;is g. even;odd h. Pythagorean; Cc 
i. [0, co); (—00, 00) +=j. —5 and —4 

3. a. 8,-8 b. 8 ec. There are two square roots for every 
positive number. V 64 identifies the positive square root. 


5. a9 b. -9 7. There is no real number b such that 
bP=-36. 97 11. -7 13. Notareal number 
15. : 17.09 19-04 2a8 b4 
ce. —8 d. —4 e. Notarealnumber f. —4 
23, <3 25, 5 27.2 29. ~ 31. Nota real 
number 33. 10 35. —0.2 37. 0.5 39. |a| 
4a 43. fal 45. [xt 1] 47. [xly? 49. = 
51. a 53.-92 55.2 57.-923 59, y! 
61. « 63. 65. 3xy’z «67. me 69. -+ 
71. 2y? 73. 2p’gi «= 75. 9cm—s7.:13 ft 


79. They were 5 mi apart. 81. They are 25 mi apart. 


83. a. Notareal number b. Not areal number 


ce. 0 d. 1 e. 2; Domain: [2, 00) 85. a. —2. b. -1 
ec. 0 d. 1; Domain: (—oo, 00) 87. (-2.5| 
89. (—o0, 00) 91. [5, 00) 93. (—00, 00) 
95. a. (—co, 1] 
b. : 


f= vinx 4 


99. a. 101. 
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103. q+p? 105. © 107. Bin. 


x 
109. 8.3066 110. 76.1446 111. 3.7100 
112. —0.5566 113. 15.6525 114. —6.2403 


115. —0.1235 116. 1.0622 


118. 


119. 120. 


Section 6.2 Activity, p. 511 
Ad. a. Va b. V9=3 c, V=125 =-5 


d. The definition a!” = Va is true only if the radical is a real 
number. The a aa V —16 is not areal number. 


A2. a. Va" or Wa) b. W125? or (1/125) = 25 
MiG ot Wie) = 8 
A3. a tb. - AA a. yt b, y8/5 A5. a. 25 b. 24 


o 


Meme hos ARGH ho? 
no iD 3 i 
A8. aah’ b. ab? A9, a. a b. a 


Section 6.2 Practice Exercises, PP. 552-555 


RI a R3. = RS. _ R7. a Sp 
y n 


R9 1 R11. a. 4 b. 16 cc. 2 R.13. 27 R.15. +2 


lL. a. Va b. (Wa) or Va™ 


1 
a J be ee SS 
V49 
5. a. V—6F b. VF e. 7.12 9, -12 
Vea 


11. Not areal number 13. —4 15. : 17. -) 
19. a" =a"; The numerator of the exponent represents the 

power of the base. The denominator of the exponent represents 

the index of the radical. 21. a. 8 b. —8 c. Not areal number 


d. 3 e. -| f. Not a real number 


23. a. 125 b. -125 c. Notareal number d. —— 
1 35 


1 
&. “5 f. Not a real number 25. 512 27. 27 


1 27 
29. “31 31. 000 33. Not a real number 35. -2 
3 


37. =2 39. 6 41. 10 43. ri 45. | 47. ; 


VP SLAP sad 55 2 
VP 
57. x17 59. 100"? 6. 863. (ab) 4 


6.4 6p 9%. 76 73, 
x t 


4 9 3 
75. a 71, = 79.% 81. ss 83. Sxy*c3 
x 


85. x8243g7, *¥ go. a. 10.9% be 8.8% 
Zz 


c. The account in part (a). 91. 2.7 in. 93. v/v 
95. Vz 97. V2 OD Vx 101. 4x4? 
103. 2xVy 105. Vx = 107. Vw 109. 3 

111. 0.3761 113. 2.9240 115. 31.6228 


Section 6.3 Activity, p. 560 

Al. a. Vab be 2V5) ec. V50 = V25-2 = V25- V2 =5V2 
d. vx = Vx = VS Vx =x 

A.2. a. 24-3) b. 24+ 3x8 
c. of (2x 4Ay®) © Bx) or ¥( (16x*y®) Gx) de 4x°y8 V3x 

A3. 5° AA. 10V2 


Section 6.3 Practice Exercises, pp. 560-563 
R11. 2-3?-7 ~—-R.3. 4, 9, 25, 100, y?, y*, y® 
R.5. 1,16,81,b*,b® —R.7. - R9. 5 


R.11. —6 R.13. —4 R15. b° R17. 3c°d? 


1. a. Wa; Wb b. The exponent within the radicand is greater 
than the index. c¢. isnot d. 3 e. 7” 


3. Vx = 20)., = Vx. xaivx 

8. Vil = Vx21. 2 = Va). Ve = VE 

7. poe A ey iy ei) 

9% eve Ik g@yq 13.ePVa 15. —xy Vy 


17.2V7) 19. 2V5— 2 1S V2 23. 3225. Shab 
27. 25x 29, -2x7\/2y 3. Qwe53 33. x85. p 


37. 5 39. 5 41. eZ 43. a 45. 4V5 
47. -30V3 49. ae 51. ee 2 «53. 2w 
55. 57.2 59, 2alb*clS!' Ve 

10y° b 


61. 3a°bW2b 63. —10a°b’V3ac 65. xy/Txy 
67. 30bV6— 69. 2V3_— TLL avs 


| simplifies to, 75. ve simplifies to kVk 
we us 


77. 2VA4il ft 79. 6V5m 81. The distance is 90-V2 ft or 


3 


approximately 127.3 ft. 83. The path from A to B and B to C is faster. 


Section 6.4 Activity, p. 566 

A.1. index; radicand A.2. a. No; the radicands are different. 
b. No; the indices are different. c. Yes d. Yes 

A3. a. 9x b. OVE c. 9VZ 


d. In each case, apply the distributive property to add like terms. For 
example, 4.x + 7Vx —2VxX = Vx(4+7—2) = Vx- (9) or 9V¥ 


a. 16,-12,1 b. 5V3¢ 

a. 3x°yV5x_ b. —4x°yV5x ce. 6x?y 5x 

d. 3x°yV'5x — 4x°y V5x + Oxy V5x ee. Sx? 5x 
a. 3xV74+5V7_ b. V78x +5) or Bx +5)V7 


Section 6.4 Practice Exercises, pp. 567—569 
R11. a. Yes b. No c. Yes d. No R3.-y RS. cd 
R7. 3V3. RY. Sxyv2y 


ISTUDY 


1. a. index; radicand b. 2V3x  ¢. cannot; can 
3. Not like radicals 5. Like radicals 7. Not like radicals 
9. a. Both expressions can be simplified by using the distributive 
property. b. Neither expression can be simplified because the terms do 
not contain like radicals or like terms. 
I. a 8 b8vx 13.a.-7 b.-7VF 15. OVS. 
17. iw = 19. 5V10.— 2. 83 -V14 23. 2V +2 


25. Cannot be simplified further 
27. Cannot be simplified further 29. AG 


31. 0.7x/y 33. Simplify each radical: 3V2 + 35. V2. Then add 
like radicals: 38V2 35. 15-37. 8V3. 


39. 3V7 4. -5V243V30 438. V3 45. -5 V2 
47. 8°PV2 49. 6xVx SL. 14p’V5 

53. -Vab 55. (5x+6)Vx 57. (5x6) V2 

59. 33dV2c 61. 2a2bV6a_—63._« SW 2 — 6W/x 

65. False; V9 + V16 # V9 + 16;745 67. True 

69. False; /y + Vy =2/y # V2y 

71. False; 2wV5 + 4wV/5 =6wV5 ¢ 6W’°V5 

73. V48 + V12 simplifies to 6V3 


75. sv —.x° simplifies to 4x7 77. The difference of the 
principal square root of 18 and the square of 5 


79. The sum of the principal fourth root of x and the cube of y 
81. 9V6cmx22.0cm 83. x= 2V2 ft 
85. a. 10V5yd_ b. 22.36 yd_ ec. $105.95 


Section 6.5 Activity, p. 575 
Al. Vab A2. a. 102 b. 10x ©. 10V2 


d. Parts (b) and (c) illustrate that we multiply the coefficients of 
each term and multiply the radicals. In part (b), however, it was 
necessary to simplify the resulting radical. 


A3. a. 2 +4ry try b. 2x+ 4x t+ Vay 
AA. a. 10x°+3x—-18 b. 10x+3V¥—-18 
c. 10x —2V6x + 5V3x —3V2 
AS. a. 25x -—30x+9 b. 25x-30V¥49 ce. 25x-10V3x +3 
A.6. a. 4y°-49 b. 4y—49 ©. 4y—-7 
AT. a Tp 2S @ 73.25 dg, 75/15.23/15 gg WE. WO 
£ VP.2 


Section 6.5 Practice Exercises, pp. 576-578 
R1. -40ey = -R3. —3a? —5a°b+2ab? RS. 3c? — 2c? + Te + 20 


R7. 4a —20ab +250 RD. rien 16? RAL. 8y V7 


l. a. Vab b. x c. a d. conjugates e. m—n 
3.a2 b v¥-v¥= Vil =x 
5.a.% b. Vi-VP=y[P]=F 
7. 
9. 


a. 50x? b. V5x- V10x = V50x2 = SxV2 

V2i 1 2V5.— 13. 445. 820 
17. -24abVa ss 19. 6V10.— 21. 6xV2_— 23. 100°’ Vb 
25. -24r°y?/2y 27. babV2a°b? 29, 12-6 V3 


31. 2V3-V6 33. ~2x- TV 35. -8 +7V30 


37. x-SVx-36 39. Vy - Vy -6 

41. 9a-—28Vab+3b = 43. 8\/p +3p +5 pg + 16g — 24 
45.15 47.3y 49.6 51.709 53a x-y 
b.2x°-25 955. 294+8V13. 57. p—2\/7p +7 

59. 2a—6V2ab+9b 61. 3-x 63. 4 


Student Answer Appendix SA-35 


65. a-y 67. a. 3-x b. 34+2V3x4+x 


ec. 3-2V3x4+x 69. True 71. False; 
(w—- V5 =x -2xV5+5 73. False; 5 is multiplied by 3 only. 
75. True 77. 6x 79. 3x+1 
81. x+19-8Vx4+3 83. 2¢ + 10V 24-3 +22 
85. 12V5f2 87. I8VI5in2 = 89. VP? 
9. VOQ2% 93. p/p 95. wu 
97. Vey 99. VBP orV72 101. V/2958x7y7 
103. 2mV3°2mn> 105. a+b 


Section 6.6 Activity, pp. 585-586 


n 3 
Ad. gs a2, BYE ag 5x 
Vb y 
4 
Aa a © VE _ ove, ove 
— 
Fy 3fa-3 3fa-3 
AS ee Eg AD 
VPy VTy Voy VPY y 
A6. a. 492-4 b. 7x7-4 ©. 3 d. No 
W/7 +2 
e 2 (rea) 4(V7 +2) or 4V7-+8 
(V7 -2) (V7 +2) 
A.7. a. denominator b. conjugate ce. eae 


Section 6.6 Practice Exercises, pp. 586-589 
R1. x R3. ab RS. p-16 RZ. 3 


n va 
ip erate ty Given = «& 2av2 
Vb y x 
«3 
1 IN2 op ub 13 VY ag, VS 
k 2b* w 5 
3 4 
1% = i VE gg 
2 V3z Ve 3 
58 Vx 35 3V/2y a av 2a 41 3V2 
x y 2 2 
3 3 3 
33, 3¥4 gg, ~8VE gy, 1V2 ag, Vw 
2: 2 w 
4 3 
an, 2V27 gg, V2X gg 2V6 gg Vx 
3 x 21 x? 
4,2 st. V24V6 53. Ve-23 
55. Ave I ot Ave 2 By, A/G 48 
59. -V21+2V7_ OL. ave 63. Vx- V5 
65. wt llVw +18 67. 4V/xy -—3x-y 
8l-—w y-x 
69. 5-VI0 71. tual vit 8 6S = 18 
75. a simplifies to Bv2 77. simplifies recs E) 
V/4 x- V2 x-2 
3 
79, 7%? sccm itlsee Bia 2 p, V4 
4 2 2 
83, V5a S-a@ gs 2V6 87 17V15 
5a ca 3 15 
3 
go, BV gs -33 amb 
5 2V3-12 a+2Vab+b 
3 5 


5. ———_ 97, ——————_ 
V54+3h+ V5 V4+5h+2 


SA-36 Student Answer Appendix 


Chapter 6 Problem Recognition Exercises, 

pp. 590-591 

a2V6 b.2V3 2. a.3V6 b. 3V2 

a. 10yV2 b. 2254. a. 427/22. 24 

a4V5 b.2V10 « 2V5 6a. 4V3 bd. 2V6 ce. 2V3 
a eyVvx be Vee. xyVay" 

a ab'Vb b. aba c. abvab 

b. 2stV2sF ce. 2st 10. a. 2° 12w" 
b. 2wV6r c. 2wwiV3F 1 a. 2V5 oS 


eA we 


9. a. IsP-V 43° 


12. a.2V10 b. 10 13. a. -3V6 b. 60 
14. a. -7V7_ b. 210) 15. a. 3V2_ ob 4 
16. a. 3V3 b.6 ~~) =17. a. 7V2__ ib. 240 
18. a. -—V2 b. 60 19. a. 1473 b. 489 
20. a. V2 b. 3004 
21. a. 3V2_ b. Cannot be simplified further. ¢. V2 
22. a. V7 b. 2V7_ ec. Cannot be simplified further. 
23. a. 92 +b. 9+6V242 6. 9-z 
24. a. 16-8Vx+x b. 16-x « 16x 
25. 2. 6V 2x b. Vox 7 12V2 — 12x 
x x 2-x 
26. a. ive b. sve c. wi 


27. a. 3V5—-1 bd. 8-3V5 ©. 10-4V5 
28. a. -8+11V3 b. 124+ 16V3 «. 3V3-9 
29. a. da’Va_ ib. 2a>V2_— 30. a. By. 3By*/3y 


Section 6.7 Activity, pp. 598-599 

A.1. a. Divide both sides by 3 or multiply both sides by 7 
. Cube both sides of the equation. 

A.2. { } b. x=25. No, because V25 4-5. c. even 


A.3. 


. {16} d. {5} e. {21} f. {85} 


. Parts (c), (d), and (f). In each part, it was necessary to check the 
potential solutions because we raised both sides of the equation to 


meerppop 


an even power. 
Aa, a. x° — 10x + 25 
b. {4}. (The value 7 does not check in the original equation.) 
A5. {1} 
A6. a. Vx+2=1-V2x45 bd. xt+2=2x4+6-2V2045 
e. -x-4=-2V2x45 do xt4=2V2x45 
e. x + 8x+16=4(2x+5) fi x=2,x=-2 
g. {-—2}. (The value 2 does not check.) 


Section 6.7 Practice Exercises, pp. 599-602 


R41. P+ 166+64 R3. 3r4+1 R5. m—-14vm+49 
R7. {5} R9. {-3,7} RAL ‘fs 3} 


1. a. radical b. isolate;7 c. extraneous 
3. d 5.e Th 9. f 
11. {100} 13. {4} 15. {3} 17. {42} 19. {2} 
21. {29} 23. {140} 25. { } (The value 25 does not check.) 
27. {7} (The value —1 does not check.) 
29. { } (The value 3 does not check.) 


_ 4ar >_Pr-rr 2 Pr 
31. V= 3 33. h =) or h Z r 


35. a? + 10a +25 37. Sa-6V5a+9 
39. r+224+ 10Vr—3 41. {-3} 


. Add 3 to both sides. Divide by 2 (or multiply by 4) on both sides. 
. Add 3 to both sides. Divide by 2 (or multiply by 4) on both sides. 


43. { } (The value 4 does not check.) 
45. {2} (The value 18 does not check.) 


51. {2} 53. {2} 
5 
55. { } (The value 9 does not check.) 
57. {-Z} 
4 


61. {—1} (The value 3 does not check.) 63. {5 =1 \ 


47. {9} 49. {-4} 


59. { } (The value § does not check.) 


65. { } (The values 3 and 23 do not check.) 

67. {6} 69. {2} (The value 18 does not check.) 

71. a. 30.25 ft b. 34.5m 

73. a. $2 million b. $1.2 million c. 50,000 passengers 


75. The x-coordinate of the point of intersection is the solution to the 
equation. 


HORITAL FLOAT AUTO @ebt DEGREE CL 
ALC INTERSECT i) 


yoggrvenion ais 


76. The x-coordinate of the point of intersection is the solution to the 
equation. 


MORTIAL FLOAT AUTO abl DEGREE CL 
CALC INTERSECT i} 


—10 20 


=5 
> yah veg 


77. a. 121b- b. (18) =5.1. An 18-Ib turkey will take about 5.1 hr to 
cook. 79. b= V25-W" 81. a= Vk — 196 


Section 6.8 Activity, p. 610 
A.l. i;-1 


Mair wie ae ape 222 


2 


A.3. a. Write the expression as i V4 -iV25. b. —10 


: . iv50 
A.4. a. Write the expression as . bd 
e iv2 
AS. a P=?-GJ=-1-GJ=-i b. *=?-PJ=-1-E=1 
A6 a P=-GJ=1-GJ=i b. f=7-FJ=1-Elj=-1 


a. 
a. 
ea f=%-?-GJ=-i d ®=%-[4=1 
AJ. a -i bol ec -l di 
A.8. a. 3 + (—7)i. Real part: 3; imaginary part: —7 
b. 4+2¥V3i. Real part: 4; imaginary part: 2V3 
¢ 


. 9+ 0i. Real part: 9; imaginary part: 0 
d. 0+ i Real part: 0; imaginary part: : 
A9. a. 1+10x b.1+10i A.10. a. —12x°-10x+12 b. 24-108 
A.11. a. 81— 100%? b. 181 A12. a. 16x7+40x+25 b. 9440i 


5G +4vx) 15+ 20Vx 34. aaa, 3.447; 


OAD gaa Gala a Se 2 


Section 6.8 Practice Exercises, pp. 611-613 


RA. -2y-2 = R3. —9x+17 R.5. 10n? — 19n — 56 
R7. 497-25 R29. 100b°-60b+9 RU. 3V10 
2 1 
R.13. RAS. =+= 
3. 3 3 + 3% 


ISTUDY 


1. a. imaginary b. V—1;-1 ec. iVb de at+bi; V-1 

e.real;b f.atbi 3. V-l=iand-VI=-1 5. 7i 
on ae 11.12: «13. iV3 15. -21 V5 
17. -60 19. 13i/7 9-21. -7 —s- 23. -12 


25. -3V10 9 27.iV2) 29.30 3. iS 3 1 
35.i 37.1 39-1 41.-1 43. a-bi 


45. Real: —5; imaginary: 12 47. Real: 0; imaginary: —6 


49. Real: 35; imaginary: 0 51. Real: 2 imaginary: | 
: 3... 3, : 
53.7461 55. 545i 57. Siv2 


59. —1+ 10i 61. —24+ 0: 63. 18 + 67 
65. 26 — 261 67. —29 + 0i 69. —9 + 40i 


Tl. 354201 73. -20448i 75. 72 +0i 
Meet Wesese sc 4s 
es 25. 25 29 * 29 
17 1. 1 3, i 4, 
83. “To 10° 85. 77 9 87. 7 3 
89. 14101 91. ats 8, 14H 
95. -2-iVv3 97. 148i 99. Yes 101. Yes 


Chapter 6 Review Exercises, pp. 620-622 
1. a. False; /0 = 0 is not positive. b. False; Y=R =~ 
2. ¥(-3" = V9 =3 3. a. False b. True 


4.3 55 66 %a3 dO a V7 
Kiet Rat bet 62 aise 
3 
9 244 abl bx eh dxtl 
2x 


11. a. 2|y| b. 3y ec |y| dey 12. 8cm 
13. Yes, provided the expressions are defined. For example: 
PP =P and xl. 2 = x3 14. n represents the root. 


15. Take the reciprocal of the base and change the 


exponent to positive. 16. —5 17. 5 18. 4 
l6y? 
x2 
23. (2y7)'8 24. 2.1544 25. 6.8173 26. 54.1819 


27. a. The radicand has no factor raised to a power greater than 
or equal to the index. b. The radicand does not contain a fraction. 
c. There are no radicals in the denominator of a fraction. 


28. 6V3. 29. xe/xy 30. —10ab/2H— 3. “ 


32. a. The principal square root of the quotient of 2 and x 
b. The cube of the sum of x and 1 33. 31 ft 

34. They are like radicals. 35. Cannot be combined; the indices 
are different. 36. Cannot be combined; one term has a radical, 
but the other does not. 37. Can be combined: 3y/3xy 


38. Can be added after simplifying: 19V2 

39. 5V7 40. 92-8 4 10V2— 42. 132 
43. False; 5 and 3 Vx are not like radicals. 

44, False; V/y + Vy =2,/y (add the coefficients). 

45.6 46.2V2 47. -2V21 +633 

48. -6V15 +15 49, 4x-9 50. y— 16 

51. Ty—2,/2Ixy+3x 52. 12W + 20V3w +25 

53. -2:-9V6z-42 54. 3a+5V5a — 10 


2 
55. ve 56. Vaw 57. ae 
= 2x2 yx 
2 


3: 
19. 5° 20. 21. =. 22. 4 


58. 59.9w = 60. — ~—s 61. 


Student Answer Appendix SA-37 


E} 3 2 
a 2 gg Be og 
3 3p x 


65. VIO-V15 66. 3V5 -3V7_—s 67. Vt + V3. 


68. Vw+ V7 69. The quotient of the principal square root of 
2 and the square of x 


70. {+} 71. {31} 72. {-12} 73. {7} 


74. {9} 75. { } (The value —2 does not check.) 
76. {5 a} 77. {-—2} (The value 2 does not check.) 


78. 6V5mx134m 79. a. v(20) ¥ 25.3 ft/sec. When the 
water depth is 20 ft, a wave travels about 25.3 ft/sec. b. 8 ft 


80. a+ bi, where a and b are real numbers and i = V—1 
81. a+ bi, where b #0 


82. Multiply the numerator and denominator by 4 — 67, which is 
the complex conjugate of the denominator. 


83. 4i 84. -iV5 85. -15 86. -2i 87. -1 
88.i 89% -i 90.0 91. -54+5i 92. 9417i 
93. 25+0i 94. 24-10: 


95. - + i; real part: — imaginary part: | 


96. —2 —i; real part: —2; imaginary part: —1 


4 7, . 3 ass 

97. cae 5 98. 3+4i 99. == + a 
4 16, 2, vi10. : 
100. “7 + 7 101. 3 + “eo 102. 2 -4i 


Chapter 6 Test, pp. 623-624 
1. a. 6 b. -6 2. a. Real b. Notreal c. Real 


d.Rel Say bbl 43 & 4 6. 24 


2 


7. &bevVbe 8. 3xxy2/Rxy 9. ww 102. 2 

y 
11. = 12. a. f(—8) =2V3; f(—6) =2Vv2; 
A-4) =2;f(-2)=0 b. (-co,-2] 13. —0.3080 


2,3 
4-3 15.2%" 16.4% 17. M10 


Zz 
18. 3V5 19. 3V2x —3V5x 20. 40 — 10V5x — 3x 
3 
ay, 2 gg FF 6+SVE 93 a aie be. 8 
x 9-x 
c. 542i 24.1-1li 25. 30+16i 26, -28 
‘ 17. 6. 
27. —33 —56i 28. 104 29. 25 + 25! 
30. B+ Si 31. r(10) = 1.34; the radius of a sphere 


of volume 10 cubic units is approximately 1.34 units. 
32. 21ft 33. {-16} 34, {Z} 


35. {2} (The value 42 does not check.) 


Chapter 7 


Section 7.1 Activity, pp. 632-633 

A.l. a. {-7,7} b. {-4,4} . (51? =—25 and (—5i)? = —25 
d. Vk and —Vk or simply + Vk 

A.2. a. {+8} b. {-11,5} e& {-7, 1} 

A3. a. {42V5} b. {(442V5} «. {44iv6} 


Ad. a5 b. 25 c. 2410x425 = (x45) a. ( 


by 


21: 2 =121,(/,_ U1)? =i ( 3) 
A.5. a. n=81;(y+9) b. n=tZh (: x)  N=759) x+75 


Nik 


SA-38 Student Answer Appendix 


A6 a +4x4+10=0 b. °+4x=-10 c 0° 4+4x4+4=-1044 


d. (x+2"=-6 e. {-2+4iv6} 


Section 7.1 Practice Exercises, pp. 633-637 


RL {5} R3. 12+ “3 RS. lland-11 R77. 6V2 
R9. “et RAL y— 14449 RAB. Ow? + 24w + 16 


R15. (p+11" ~— ‘R17. (8x -— 9) 


1. a. 0;0 b.0 c Vk;-Vk d. 2: {3,-3} e completing 
f. 100 g. 451 h. 8 


3. (2) 5. fev7} 7. {= 3} 9. {+51} 
a ee a {25-7} 18. {-5+3iv7} 
Tae cg Se ge mean ar 
5 65 
23. 1. ak and applying the zero product rule. 2. Applying 


the square root property. {+6} 25. a. {16} b. {2,-2} 
27. n=9;(x—3y 29. n= 16; (t+ 4) 
5 


L. 2 2d, : 
31. a= 7) (c-3) 33. n= 4° (y+ 2) 


21. {4i, —47} 


39. 1. Divide both sides by a to make the leading coefficient 1. 
2. Isolate the variable terms on one side of the equation. 3. Complete 
the square. 4. Apply the square root property and solve for x. 


41. {-3,-5} 43. {[-34iv7$ 45. {-2 42} 


47. {5,-2} 49. {- 12h 51. {ox2\ 
1 8 3, VO5 
53. {223} 55. {- + 2B} 57. {24 VI1} 


59. (1,-7} 61. a. V4 b. 8 sec 

63. raft or r= an 65.a=Va-b-c 
a a 

67. r= or r=~ a 69. The shelf extends 4.2 ft. 
Tl Tl 


71. The sides are 7.1 in. 73. a. 4.5 thousand textbooks or 
35.5 thousand textbooks b. Profit increases to a point as more books 
are produced. Beyond that point, the market is “flooded,” and profit 


decreases. There are two points at which the profit is $20,000. Producing 


4.5 thousand books makes the same profit with fewer resources as 
producing 35.5 thousand books. 


Section 7.2 Activity, pp. 648-649 


—b+ Vb’ —4ac 
2a 
A.2. a. a=2,b=-12,c=16 b. {2, 4} 


Al. x= 


A3. a a=1,b=-4,c=5 b. {2+i} 

AA a. a=-1,b=-6,c=-9 b. {-3} 

A.5. a. Imaginary b. Real ec. 1;2 d. discriminant 

A.6. a. 16 b. Two real solutions c¢. Yes 

A.7. a. —4  b. Two imaginary solutions c. Yes 

A.8. a. 0 b. One real solution c. Yes 

A.9. a. The solutions to the equation give the x-intercepts of the graph. 
b. The discriminant tells us the number of real solutions to the 


equation and thus the number of x-intercepts of the graph. In 
this case, the discriminant is 16, indicating that the equation 
2x? — 12x + 16 = 0 has two real solutions, and the graph of 
feo = 2x° — 12x + 16 has two x-intercepts. 

A.10. a. 0 b. 1 


c. Function g is shown in graph ii. Function / is shown in graph i. 


Section 7.2 Practice Exercises, pp. 649-653 
RA. 2V6 = -R3. 2475 RS. 2V14 


R7. {3 +} R9. {-59} RAL {-742VIT} 
—b + Vb? —4ac 


a 
ec. 8;—-42;-27 d. 7; 97 3. Quadratic 5. Neither 


2vil, 


1. a. quadratic; b. ax’ +bx+c=0 


7. Linear 9. {-12,1} UL {327% 


1, v4, =3 + V4T 
B. {22°F} 15. {7,-5} 17. (asa 
19. {2} 21. (34iv5} 23, ae 
25. {+8} 27. {-$+ ae ay, {2215 | 
31. {-2,-4} 33. {22 8) 


35. a. (x—3)0° +3x+9) bd. {3 tH 


37. a. 3x0? —2x+2) b. {0,1+i} 39. The length of each 
side is 3 ft. 41. The legs are approximately 1.6 in. and 3.6 in. 
43. The legs are approximately 8.2 m and 6.1 m. 
45. a. Approximately 4.5 fatalities per 100 million miles driven 
b. Approximately 1 fatality per 100 million miles driven 
ce. Approximately 4.2 fatalities per 100 million miles driven 
d. For drivers 26 years old and 71 years old 
+ V5 
2 


47. The times are avs 


sec & 2.62 sec or pet sec © 0.38 sec. 


49. a. 2° 4+2x4+1=0 


a 
b. Oc. 1 rational solution 51. a. 19m” -8m+0=0 b. 64 
c. 2 rational solutions 53. a. 5p?+0p—21=0 b. 420 

c. 2 irrational solutions 55. a. n° +3n+4=0 b. - 

2 imaginary solutions 57. Discriminant: 16; two x-intercepts 
59. Discriminant: 0; one x-intercept 

61. Discriminant: —39; no x-intercepts 


63. x-intercepts: ‘Ge. 8.0), (& #.0); 


2 


y-intercept: (0, 3) 65. x-intercepts: none; y-intercept: (0, —1) 


67. x-intercepts: (= = var 0). (= sale . 0); 


4 4 


y-intercept: (0, —2) 69. {-1 +37} 


Dg 3v2; La. 
71. {-} \ 2B. {3+ 75. {-5 +2} 
71. {7 zVT\ 499, elas 81. (2+ v2} 
13 
‘ eee 8° a 
a. {-3+ c. Answers will vary 


89 RIAL FLOAT AUTO Gobi DEGREE NORHIAL FLOAT AUTO GebU DEGREE CL 
Bae CALC PERO pag CALC ZERO 


91, 


i? 10 ves 


ISTUDY 


Section 7.3 Activity, pp. 657-658 


A.l. a. quadratic b. vw? — 13u+36=0 
ce. u=4andu=9 d. {53} 
A u=xr—-3;W—-9u-52=0  =AB. u=x'75 30° —u-4 =0 


AA u=2x73 0? — 29u + 100 =0 AS vane Paysite 


x 
A.6. {+i,+4} A.7. {F -1} A.8. {45,42} A.9. {5 3} 


Section 7.3 Practice Exercises, pp. 658-660 


2 _ 
RL vi R3. VZor(vz) RS. {-2,9) RI, {—ttV3? sr 


R9. {43} RAL {+V5i} RB. {125} RAS. {8} 
1. a. quadratic b. 3x-1 « p'? 
3. Letu=3m4+4;w—-—4u-5=0 
5. Letu=y’'+1;u-7u+10=0 
a Letwa He 4 n= 8=0 
x 
9. a. {-4,-6} b. {-4, -1, -2, -3} 
11. {1 +iv2,1+ V2} 13. {5,-1, 2} 15. {27,8} 


17. {-35: -243} 19. {4} (The value 64 does not check.) 


21. {3} (The value 4 does not check.) 23. {-7} 
25. (16}:yes 27. (434, +V5} 29. {a3 sivs} 


31. {35} 33. {223 | 35. {2+ v3} 


: 7 3 1 1 
427.4 ee ae 2 ae, = 
37. {+2, +2i} 39. { re >} 41. {5 v2, v2} 


43. {2 1,-1+iv3, 423i} 45. {5,4} 47. {0,2} 
49. {1.43} 51. (64,-125} 53. {4 V2, +2i} 
55. {+4i,1} 57. {4,4iV5} 59. {5.2} 


61. a. {+iV2 } b. Two imaginary solutions; no real solutions 
c. No x-intercepts 


d. 


10 10 


—10 
62. a. {1,-1} b. Two real solutions; no imaginary solutions 
c. Two x-intercepts 


d. Gia aa fl 


—-10 


63. a. {0,3,-2}  b. Three real solutions; no imaginary solutions 
c. Three x-intercepts 


10 


10 10 


Student Answer Appendix SA-39 


64. a. {+1,+3}  b. Four real solutions; no imaginary solutions 
c. Four x-intercepts 


d. 
10 


Chapter 7 Problem Recognition Exercises, p. 661 
1. {-S£V22} 2. {8+ V59} 3. {-g2- i} 


{3+ aa i} 5. a. Quadratic b. {2,—-7} 


4. 

6. a. Quadratic b. {4,5} 7. a. Quadratic form 
» {- 

9. 


Db 3, -1, 1, 3} 8. a. Quadratic form b. {2, —2, i, —i} 


a. Quadratic form (or radical) b. {16} (The value 1 
does not check.) 10. a. Quadratic b. { 9+ x 89 \ 


11. a. Linear b. {4} 12. a. Linear b. {-1} 

13. a. Quadratic b. {+iV2} 14. a. Quadratic 
b. {tivo} 15. a. Rational b. {2,-1} 

16. a. Rational b. {-2, 4} 

17. a. Quadratic b. {10+ VIOI} 

18. a. Quadratic b. {-9+ V77} 


19. a. Quadratic b. {at ar | 


My a Ouadratie hk: (ase 1} 


21. a. Radical b. {3} (The value —1 does not check.) 
22. a. Radical b. {6} (The value —1 does not check.) 
23. a. Quadratic form (or radical) b. {—125, 27} 
24. a. Quadratic form (or radical) b. {—64, -1} 


Section 7.4 Activity, pp. 669-670 

Instructor Note 

Students can complete the tables by hand and plotting points or, if time is 
a consideration, consider having them use a graphing utility. 


A.l. 


g(x) =x? +1 


y 
r 


~ fx) =? 


> xX 
-5 4-3-2 2345 


Nia) =x? = 2 


3 


A.2. The graph of y = x° + k is the graph of y = x° shifted up k units. The 
graph of y = x° — kis the graph of y = x° shifted down k units. 


SA-40 Student Answer Appendix 


A3. x |r? | ee =e+0? | a= @-27 Section 7.4 Practice Exercises, pp. 671-676 
1 


0 0 4 R.1. a. (—00, 00) b. [—4, 00) ¢. x-intercepts: (—1, 0) and (3, 0) 
1 1 1 d. y-intercept: (0, —3) R.3. a. (—00, co) b. (—o0, -1] 
4 Fi i c. x-intercepts: None d. y-intercept: (0, —5) 
3 9 16 1 1. a. parabola b. >;<_ c. lowest; highest 3. Downward 
ai 1 0 9 5. Maximum 7. Vertex: (—3, 1); axis of symmetry: x = —3 
2 4 1 16 9. The value of k shifts the graph of f(x) = x’ vertically. 
= 9 A 25 11. ey 13. 
i fa)=x2+2 
15. y 17. } 
7 : n(x) = 32-5 
4 S@)=e2+ 3 ie 
gaa OP m s 
A.4. The graph of y = (x + A)’ is the graph of y = x° shifted to the left h 19. ; 21. a eh cay 
units. The graph of y = (x — h)? is the graph of y = x” shifted to the i : 
right h units. i 
3 
; rx) = (x + 1? 
-5-4-3 =2-1,[ 123 437" 33 
23. i 25. 4 
j AQ) = (+92 1 
5-4-3 -2 i234 3 5-4-3 -2 ae site: é 4 bsp 
27. The value of a vertically stretches or shrinks the graph of f(x) =x’. 
29. y 31. y 
eet 
33. 3 35. y 
i v(x) = cae 
A.6. a. For a> 1, the graph of y = ax’ is the graph of y =x? witha 
vertical stretch by a factor of a. 
b. For 0 <a <1, the graph of y = ax’ is the graph of y = x° witha 
vertical shrink by a factor of a. 
c. For a <0, the graph of y = ax’ is the graph of y = x* reflected over 
the x-axis. There may also be a vertical shrink or stretch if |a| # 1. 
A.7. ai b. iii ii x 
A.8. a. y b. (-2, 4) 
> ce x=-2 
d. Maximum value 4 [-3, 00) 
e. Domain: (—009, 00); 


range: (—oo, 4] 


ISTUDY 


Domain: (—oo, oo); range: (—co, —2]_ Domain: (—oo, oo); range: (—co, 3] 
53. ; 55: } 


C1) 


1 
5-4-3 -2-] 12345 
I 


xye-l = 
“x= 


Domain: (—oo, 00); range: [1, co) Domain: (—oo, oo); range: [0, co) 


Domain: (—oo, 00); range: (—co, 2] Domain: (—oo, 00); range: [1, co) 
65. a. y=x° +3 is y= x shifted up 3 units. 
b. y= (x +3)’ is y=.” shifted left 3 units. 
¢. y = 3x" is y=2° with a vertical stretch. 
67. Vertex (6, —9); minimum point; minimum value: —9 
69. Vertex (2, 5); maximum point; maximum value: 5 
71. Vertex (—8, 0); minimum point; minimum value: 0 


73. Vertex (0. >): maximum point; maximum value: oa 


75. Vertex (7. -3); minimum point; minimum value: -> 


77. Vertex (0, 0); minimum point; minimum value: 0 
79. True 81. False 83. a. (60,30) b. 30ft ec. 70 ft 
85. a. The fireworks will explode at a height of 150 ft. 

b. Yes, because the ordered pair (3, 150) is the vertex. 


Section 7.5 Activity, pp. 683-684 


A.1. Complete the square to write the function in vertex form 
f(x) = a(x — hy +k, or apply the vertex formula. 


A.2. The x-coordinate of the vertex is given by =. The y-coordinate is 
most easily found by substituting the x-coordinate of the vertex into 
the function. 

A3. a. f= 207 -2x)-6 be 1 oc fw =2(°-2x+1-1)-6 
d. f(x) = 20° — 2x + 1) + 2-1) — 6 or equivalently 

fQO = 267 —2x+1)-8 
e. f(x) =2(x- 1)? -8 f. (1, -8) g. Upward 
h. Minimum value:-8 i. x= 1 
j- x-intercepts: (—1, 0) and (3, 0); y-intercept: (0, —6) 
k. 


Student Answer Appendix SA-41 


A.4. (1, —8). They are the same. 

A.5. a. (-3, -1) b. Downward ec. Maximum value: —1 
d. x= -3  e. x-intercepts: None; y-intercept: (0, —10) 
f. y 


-14-12-10-8 -6 — 


A.6. a. (50, 12,250) 


b. The vertex means that 50 sec after launch, the rocket will reach 
its maximum height of 12,250 m. 


Section 7.5 Practice Exercises, pp. 684-687 
3 


R.1. rr R.3. x-intercept: (—2, 0); y-intercept: (0, —8) 
R.5. {-4,8} R77. {-2,2} R9 {-12} R11. n=49; @-7) 
-b. -b 
a. —;— b. True ec. True d. True e. False 
2a 2a 


. 9) =(x- 4) - 11; (4, -11) 
. n(x) = 2(x + 3)? — 5; (—3, —5) 
. p(x) = -3(x — 1)? — 2; (1, -2) 

_ 1) _ 89. (_7 _89 
rae (=+5) “Fil 2 7) 
V1. F(x) =5(x + 1)? - 4; (-1, -4) 


13. Pa) =-2(x-4) +4 (3 ;) 15. (2,3) 


oe NM Ww 


4) "3 \arg 
17. (-1,-2) 19. (-4,-15) 2. (1,2) 23, 1,3) 


3 3 
25. (7 27. (-4, -1 29. (-1,4 
(3) meas meus 
31. a. (-1 33. a. (4,4) b. (0,4) 
c c. No x-intercepts 


37. a. (—1, 4) Db. (0, 3) 


35. a. 
(3, 0) c. (1, 0), (—3, 0) 
‘ d. ey 


39. a. 164.25 ft b. 3.125 sec 41. a. 45mph_ b. 32 mpg 

43. a. 48hbr b. 2g 45. a=-9,b=5,c=4;y=-9° 45x44 
47, a=2,b=-1,c=-5;y=2—x—-5 
49. a=-3,b=4,c=0;y=-3x° + 4x 


Hoey 10 ved 


Reser v0 


57. a. The sum of the sides must equal the total amount of fencing. 
b. A=x(200— 2x) ce. 50 ft by 100 ft 


Section 7.6 Activity, pp. 696-697 

A.l. a. 0,5,and—-4_ b. f(—1) = 0, f(4) =5, and f(1) = -4 
ce. —land3 d. (-1,3) e. (—oo, -1)U(3, «) 

A.2. a. {-1, 3} b. «—4 | oa 

-1 3 

ec. (—oo, —1) and (3, co) d. excluded e. (—oo, —1) U (3, o) 
f. (-1,3) g. The solutions to the related equation x” — 2x — 3 =0 
correspond to the x-intercepts of the quadratic function. The 
solutions to the inequality x* — 2x — 3 > 0 are the values of x for 
which the function is positive (above the x-axis). The solutions to 
the inequality x* — 2x — 3 < 0 are the values of x for which the 
function is negative (below the x-axis). 


A.3. a. {3} b. Undefined for x = 2; no 
c. < | | = 
2 3 
d. (—oo, 2) and [3, 00) e. Yes f. (—0o, 2) U [3, 00) 
g. The solution set would not include the boundary x = 3. 
The solution set would be (—o0, 2)U (3, co) ~=h. (2, 3] 


A. a. (x—3) b. (x-—3)? <0;no ec. { }. The expression 
2x° — 6x + 9 is a perfect square trinomial. Thus, the inequality is 
equivalent to (x — 3)’ < 0. The square of any real number is greater 
than or equal to zero. This means that there are no real numbers that 
make the expression (x — 3)” negative. d. The inequality 
x — 6x +9 < 0 allows for the expression x° — 6x + 9, or equivalently, 
(x — 3) to be equal to zero. This occurs for x = 3. The solution 
setis {3}. e. (—00, co) f. (—00, 3) U (3, 00) 


Section 7.6 Practice Exercises, pp. 697—700 


RA. {-7,-2} R3. {-4} RS. {56} R7. {5} 


3. V23. 
2S 
R9. {3+ 4 i} 


1. quadratic 3. test point 5. rational 7. { };(—co, 0) 
9. a. (—00, -2)U (3, co) b. (—2,3) e. [-2, 3] 

d. (—oo, —2] U [3, oo) 11. a. (—2, 0) U (3, co) 

b. (—o0, —2) U(0, 3). (—co, —2) U [0, 3] 

d. [-2,0]U[3,00) 13. a. {4,-4}  b. (—c0, 4) U(4, 00) 

ce. (-4,4) 15. a. {-10,3} b. (—10,3)  (—co, -10) U (3, oo) 


17. a. {-33} b. |-5 3| és (-oo, -4| U[3, 00) 
19. (1,7) 2. (—00,-2)U(5, 00) 23. [-5, 0] 


a7. (-=. ava) Gj ¢ ue c) 


25. [4, 8] 


29, = = v3, = a) 31. (—11, 11) 
2 2 
33. (-c°, -;| U3, 00) 38. (—co, -3] U[0, 4] 


37. (—2, -1) U (2, oo) 39. a. {7} Db. (—co, 5) U(7, 00) 


G7) 4a, (4) bs 46) | 00,4106, 0) 
43. (1, co) 45. (—0o, —4) U (4, 00) 
7 1 
47. (2, 5) 49. (5,7] 51. (00, 0)U [>°) 
53. (0,00) 55. (-c0,00) 57. {} 59. {0} 


61. {} 63. {} 
67. (—oo, -11) U(-11, «) 


65. (—co, co) 


3 
69. { >} 
[-4, 4] 73. Quadratic; (—oo, oo) 75. Linear; (—3, co) 
77. Rational; (—oo, —1) 79. Polynomial (degree > 2); 
(0, 5) U (5, co) 81. Polynomial (degree > 2); (2, oo) 
83. Polynomial (degree > 2); (—0o, 5] 
85. Quadratic; (-V2, V2) 


87. Quadratic; (-=. = =) U = — c) 


89. Rational; (—oo, —2] U (5, oo) 91. Linear; (—00, 5] 
93. Quadratic; (—00, oo) 95. The fuses should be set for between 
1.3 sec and 5.4 sec after launch. 


71. Quadratic; 


Chapter 7 Problem Recognition Exercises, p. 700 


1. a. Equation quadratic in form and polynomial 
equation b. {+2V2, +1} 2. a. Absolute value 
inequality b. (—4, 1) 3. a. Polynomial inequality 


b. [-4, 5] 4. a. Radical equation b. {1} 
5. a. Absolute value equation b. {9, —1} 
6. a. Rational equation b. {4+2V6} 
7. a. Polynomial inequality b. [—5,—2] U [2, co) 
8. a. Compound inequality b. (—oo, 1) 
9. a. Linear inequality b. [—23, co) 
10. a. Absolute value equation b. {9, 1} 
11. a. Rational inequality b. (—co, 2) U[5, co) 
12. a. Absolute value inequality b. (—oo, —13) U(5, co) 
13. a. Radical equation b. {—4} (The value —7 does not check.) 
14. a. Quadratic equation b. {32-24 
15. a. Compound inequality b. (—oo, —6) U (4, co) 
16. a. Linear equation and rational equation b. {+} 
17. a. Polynomial inequality b. {5} 2 
18. a. Rational inequality b. { } 
19. a. Radical equation and equation quadratic in form 
b. {16, 81} 20. a. Polynomial equation and equation 


quadratic inform b. {+2, +3} 


Chapter 7 Review Exercises, pp. 706-709 
1. {tv5} 0. {424} 3 (49) {si} 


8. (2x6v2} 6. {24it ee 


—_. 3 
8. {4+ V5} 9. 5V3in.w87in. 10. Yin. 


Ui. SV6in.x12.2in. 12. n= 64; (x +8) 


81 9\ 1 1; 
1 =—; == 14 =—; = 
sia (: 3) BG (»+3) 
é) 
15. n= 555 (2-3) 16. {-243i} 17. {1+ V6} 
18. {342V3} 19. {443i} 20. {3-1} 


1 | V Vath 
21. {5-4} 22. r ah or r 5 


23. s= ft or sat 


ISTUDY 


24. There will be two imaginary solutions. 

25. Two rational solutions 26. Two rational solutions 
27. Two irrational solutions 28. Two imaginary solutions 
29. One rational solution 30. Two imaginary solutions 


a. (eva) 3 (325¥3/) as, (2,3 


se fs) (S) mb 
37. {242iV7} 38. {44 VO} 39. {221 


40. {8,-2} 41. {-74 V3} 42. (-1 + V1} 

43. a. 1822 ft b. 115 ft/sec 44. a. ~ 53,939 thousand b. 2021 
45. The dimensions are approximately 3.1 ft by 7.2 ft. 

46. The distance between Lincoln and Omaha is approximately 50 mi. 
47. {49} (The value 9 does not check.) 


48. {4,16} 49. {+3,4V2} 50. V6, +i 
51. {-243,32} 52. {32,1} 53. {3+ V10} 
54, ‘ray ist 55, {+3i,+iV3} 56. {+ V7, +2} 


57. { 58. i 


3] Aare t3 


Domain: (—oo, oo); range: [—5, c0) Domain: (—oo, 00); range: [3, oo) 
59. i A(x) = (x -— 5)? 60. k(x) = (x +3)? | 


Domain: (—oo, 00); range: [0, 00) | Domain: (—oo, oo); range: [0, oo) 
62. 


64. 


P(x) = ~2(0¢- 5)? — 5 


—S: 
g(x) =A + 32 +3 


Domain: (—oo, oo); range: (—co, —5] Domain: (—oo, 00); range: (—0o, 3] 


65. (4 3) is the minimum point. The minimum value is 2 


66. G -;) is the maximum point. The maximum value is = 


2 3 
67. aaa ri 68. x= 75 


69. <(x) = (x — 3)? — 2; (3, -2) 

70. b(x) = (x — 2)" — 48; (2, —48) 

71. p(x) = —5(x + 1)? — 8; (-1, -8) 

72. g(x) =-3(x + 4) — 6; (-4,-6) 73. (1, -15) 


Student Answer Appendix SA-43 
74, (-1,7) 75. (5-4) 


122 
76. (-—, = 
a) (45) 


77. a. (2,—-3) b. (0, 0), (4, 0) 78. a. (—2,4) b. (0, 0), (—4, 0) 
Cc. y Cc. y 


79. a. 3sec b. 144 ft 80. a. 150 meals b. $1200 
81. a=1,b=4,c=-l;y=xr+4x-1 
82. a=1,b=-1,c=6;y=xr—-x+6 
83. a. {—2, 2}; The x-intercepts are (—2, 0) and (2, 0). 
b. On the interval (—2, 2) the graph is below the x-axis. 
c. On the intervals (—oo, —2) and (2, oo) the graph is above the x-axis. 
84. a. x=2 Db. {0} c. (—co,0]U(2, 00) d. [0, 2) 
85. (—2, 6) 86. (—co, co) 87. (—oo, —2) U [0, co) 
88. (—oo, —1] U(1, oo) 89. (—2, 0) U (5, oo) 


90. (—2, 0)U G. ©) 


91. (—c0, —2 — V3] U[-2 + V3, «) 
92. (—00,-5)U(1, 00) 93. (3, co) 
94. (-3,00) 95. {-5} 96. (—c0, —2) U (2, 0) 


Chapter 7 Test, pp. 709-711 
1. {2,-8} 2. {242V3} 3. {-1+i} 


2 
eel, (a+>) 5. {(-3+3V3} 


4° 2 
6. {3+ at 7. a. 2-314 12=0 
4 4 
b. a=1,b=-3,c=12 ce. —39 d. Two imaginary solutions 


a 
8 a. y—2y+1=0 b. a=1,b=-2,c=1 «0 
d. One rational solution 


9. { 1, 3} 10. {==4} 
3 2 
11. The height is approximately 4.6 ft and the base is 6.2 ft. 
12. The radius is approximately 12.0 ft. 
13. {9} (The value 4 does not check.) 
14. (8,-64} 15. {> 6} 


16. (+V6,43} 17. {iaserl 18. {5, -;\ 
19. {44 V15} 20. {-7+2iV6} 21. (6 + V23} 
22. The vertex is (3, —17). 


y 


x 
12345 


“| ge) = $4 2P-3 


Domain: (—oo, oo); range: [—3, co) 

26. The rocket will hit the ground 256 ft away. 

27. a. 1320 million b. 1999 28. The graph of y = x” — 2 is the 
graph of y =x° shifted down 2 units. 29. The graph of 
y =(x +3)’ is the graph of y =.° shifted 3 units to the left. 


SA-44 Student Answer Appendix 


30. The graph of y = —4x” is the graph of y = 4x” opening 
downward instead of upward. 
31. a. (4,2) b. Downward c. Maximum point 
d. The maximum value is2. e. x=4 


32. a. g(x) =2(x-—5)° +15(5, 1) bz (5, 1) 

33. a. fx) =(x+2)?- 16. b. Vertex: (—2, —16) 
c. x-intercepts: (—6, 0) and (2, 0); y-intercept: (0, —12) 
d. The minimum value is -16. e. x=—-2 

34. a. 200ft b. 20,000f2 35. [5:6) 36. (-5, 5) 


37. (—00, —3) U (-2, 2) 
39. {} 40. {-11} 


3 
38. (-3. ->) 


Chapter 8 
Section 8.1 Activity, p. 718 
Al. a. f(0)=—-4 b. g(0)=2 ec f(0)+9(0)=—- 

d. (f+ g))=1 e (f+8)(-2)=- 
Ad. a. (f— 8)(%) =f) — g@)_ db. (fF: 8)@) =f@) - 8Q) 

f@) 

° (Ze )= g(x) 

A.3. a. Substitute the quantity x — 4 for all values of x in function f. 
Then simplify the result. 


b. f(x-4) =? -9x4+8 & 9g? -—x-12)=—x-16 
AA. a. (fo g)(X) = f(g); (g oN) = 8(fQ)); 

b. (fog) =x -9x4+8 & (gof\(x) =x —x— 16 
AS. a. (he kA) = hIK(E)] = MET) = ~7 

b. (ke h)(0) = k[h((Q))] = KCE4) = a) 
A.6. a. (he k)(6) = — 

b. (he k)(5) is undefined because k(5) is undefined. 

ce. (ke h)(1) =—= 

d. (ke h)(3) is undefined because h(3) = 5, but 5 is not in the 

domain of k. 


A.7. a. (f- 9-1) =0 b. (g —f)(-3)=-9 ({)o=- 


is undefined 


-2 
d. The value f(—2) = 0. Therefore, the quotient os 
because division by 0 is undefined. 


e. (feg(-l=—-4 f. (ge f\(-2)=2 


Section 8.1 Practice Exercises, pp. 718-721 


RA. 92-3x-8 R3. 2445-6 RS. aa ; 
— 2 2 

7, —Xx R.9. (—0o, 00) R.11. (-0o, 3 U —3 co 
R13. (=00,00) RS. Goo,2] RI28 R19, —6 


1. a. f(x); g(x) be g(x); g(x). f(g(x)) 
3. (f+ g(x) = 2° + 5x44 

5. (g —fy(x) = 2x + 3x -4 

1 f Dwar t+4etxt4 

9. (g-f\(x) = 2x? + 12x° + 16x 


11. (Fe yet) x#—-4 


Ney acer z 
13. (L)= At xe0.04 2 


15. (fe g(x) = 2x? + 4x44 
17. (go f)(x) = 2x" + 20x + 48 


19. (ko h)(x) =——_ 
21. (ke g)(x) = x#0,x#-2 23. No 


25. (fo g)(x) = 25x° — 15x + 13 (ge f\(x) = 5x? — 15x +5 
27. (fe g)) =| - ls (ge f@ =P - 1 
29. (heh)(x)=25x—24 31. 0 33. -64 35. 2 


1 
39. — 41. 0 
64 


47. -2 49. 2 51. 0 53. 1 55. 0 


37. 


a 


43. Not a real number 


45. 


ol & 


57. Undefined 59. -1 61. 2 63. 2 65. —1 

67. —2 69. 3 71. -6 73. -1 75. 4 

77. 0 79, 2 81. a. P(x) =3.78x-1  b. $188 

83. a. F(t) =0.2t+ 6.4; F(t) represents the amount of child support 
(in billion dollars) not paid for year ¢. b. F(4) = 7.2 means that in year 4, 
$7.2 billion of child support was not paid. 

85. a. (Der) (t) = 560t; This function represents the total distance 
Joe travels as a function of time that he rides. b. 5600 ft 


Section 8.2 Activity, p. 728 

A.1. one-to-one 

A.2. horizontal 

A.3. Yes 

A.4. No; the ordered pairs (5, —3) and (—1, —3) have different 
x-coordinates, but the same y-coordinate. These ordered pairs 
fail the horizontal line test. 


A.5. a. {(—4, 2), (1, -3), (—2, 0), (3, -4)}  b. Yes 


A.6. a. {(1, 4), (-3, 5), (-3, -1), (5, -2)} b. No; the ordered pairs 
(—3, 5) and (—3, —1) have the same x-coordinate but different 
y-coordinates (these ordered pairs fail the vertical line test). 


A.7. a. The graph of fis a line with slope $ and y-intercept (0, —2). 


b. Yes; yes 
x-4 y-4 
A8. a y= 5) b. x= — ce y=2x+4 da. f'\() =2x4+4 
e. (fof '\a) =x and (f° f(x) =x 
Ad. a. al (@a2+4 


b. The graphs of a function and its inverse are symmetric with 
respect to the line y = x. 


A.10. a. 


>X 
-3 -2-1 123 4567 


b. Yes c. f(x) = Vx-2 
d. Yes 


> 
—3 -2-L¢ 123435 ¢7 
: Pi] aeiocnetedimandene ‘ 


ISTUDY 


Section 8.2 Practice Exercises, pp. 729-733 


R.1. 


R.7. 
R.9. 


1. 


. subtracts; x — 4 


Yes R3. x= 244 or y= -ty-F RS. x=y? +1 
aAV=6 RAD’ 4 pees a (25) = 


(fe g(x) = 4x7 + 17 


a. {(2, 1), (3, 2), (4,3)} b. one-to-one; y 
c. isnot d.is e. y=x 


g'={(5, 3), (1, 8), 9, 3), (2,0)} 5. 7! = (3, a), (6, 5), 9, c)} 


The function is not one-to-one. 9. Yes 11. No 13. Yes 

a (fogya)=6(=*) +1=x b. @ofy= GFF I= 1K 
1s 3-\3 

a. (fogy= Si =x b. ieenn=a(%) =x 


a. (fo gx) =(vVx-1P +1=x db. (go f@)=Ve+1I-1=x 


23. divides; 2 


heared i play =k 27. KG) =2—-4 
ms3e4D) Shiplweei0 S8.a=2*—4 
: irq) =2t 37. fa) = Vx—-1 

: elo"?! 41. gx) = Vx—9 

- a, 1.2192 m,1524m b flo=—e ee 4921.3 f 

. False 47. True 49. False 51. True 53. (b, 0) 


. a. Domain: [1, oo), range: [0, 00) b. Domain: [0, oo), range: [1, co) 
. a. [-4,0] b. [0,2] c. [0,2] d. [-4,0] 


d. [0, 2] 


62. kK) = Vr e4 


NORMAL FLOAT AUTO o+bt DEGREE CL fi 


Student Answer Appendix SA-45 


63. g (x)= Vix+4 64. m"'(x) = a2 5 sd 
10, 10 | 
-t 10 = 10. 
L ~10 J Y -10 l 
65. g'i@=r-4,x>0 67. c'@)=r-4,x< 0 
69. f= +0 om cyst? 93, ts oVeSs 
=X Pa 


Section 8.3 Activity, pp. 739-740 
A.1. exponential A.2. b,c 


_ x [rons [oy 


0 il 1 
13 1 
»/| 9 1 
ai 2 ; 
Ss 5 


b. For each 1-unit increase in x, the function values (y values) 
increase by a factor of 3. 

c. For each 1-unit increase in x, the function values (y values) 
decrease by a factor of 3. 


d. y 


fa =F 


g(x) = (3) 


. Exponential growth f. Exponential decay g. No 

. Domain: (—09, 00); range: (0, 00) 

A(8) = 32 and means that after 8 days, 32 units of '*'T is left. 

. A(16) = 16 and means that after 16 days, 16 units of '*'I is left. 
. A(24) = 8 and means that after 24 days, 8 units of '*'T is left. 


. After each half-life (each increment of 8 days), the amount of 
substance is cut in half. 


AA. 


aeoep Foe 


Section 8.3 Practice Exercises, pp. 740-743 
R.1. a. 16 be. 1 oc. Ee R.3. a. * b. 1 ec. 16 
16 16 
1. a. b* b. isnot;is c. increasing d. decreasing 
e. (—00, 0); (0,00) f. (0,1) g. y=0 
3. 5.8731 5. 1385.4557 7. 0.0063 
ll. a. x=2 b. x=3 ec. Between 2 and 3 
13. a. x=4 b. x=5  c. Between 4 and5 


15. f(0)=1,f0) = 5/2) = 55, f(D =5,f(-2) = 25 


9. 0.8950 


SA-46 Student Answer Appendix 


17. h(0) = 1, h(1) = 3, h(-1) = 7 h(V2) & 4.73, h(x) & 31.54 Section 8.4 Activity, pp. 752-753 
19. If b> 1, the graph is increasing. IFO <b< 1, Bee Beco: Me Dy Seles ene ae 


aaa eee ial ete 
21. y 23. y 


A.2, (AzemG) log, 16 = 2 
A3. en log, 81 = 4 
A4, Baas li = 7 
m(x) = (3)" 
AS. Boga logs 125 =y 
A6. 6'= logs 6 =1 
e S432-1,[123 45°" AT. ie log; 1=0 
Fea il 
25. 27. A AB. a Te loga7¢ =-4 
yi 1 1 
9. 107% =—-~ oi? 
cist AS. a °8 700 
: Al0.5 AJL 2 A122 Ad3.-3 Ald 0 
(x) =5~* 
: 0.1) A15.1  A16.a.3 b.4 ce. Between3and4 
rd) . 
[12345 jaa eee AIT. a, 3) =x 
fi234 2 
ene a zs b. Ere y 


5 
29. a. 0.25¢ b. x0.16¢8 31. a. 758,000 b. 379,000 i 9 4 
c. 144,000 33. a. P(t) = 153,000,000(1.0125)' 9 3 
b. P(41) = 255,000,000 35. a. $1640.67 b. $2691.80 i il : 
c. A(O) = 1000. The initial amount of the investment is $1000. 3 i a 
A(7) = 2000. The amount of the investment doubles in 7 years. 1 0 “Ly Pata Sak oa teint 
37. 38. Cae fi eee - 
5 


Le | ‘ = | ; A.18, a. (3) ng 


5 
». 4. 


5 5 
1 0 
| 4 
-5 5 -5 5 3 


-5 


5 
a 22 


A.19. (0, 00) A.20. (—00, 00) A.21. x = 0 (the y-axis) 


5 5 
J cy, A.22. (1, 0) A.23. a. increases b. decreases A.24. (0, 00) 
Sa oo ‘ 1 
= 5 5 5 A.25. (4, 00) A.26. (—00, 4) A.27. (-} c) 
5 5 Section 8.4 Practice Exercises, pp. 753-757 
3. Daa il 44, R.1. 5 R.3. 16 R.5. a R.7. 2 R.9. -4 
5 5 
\ \ R11. -3 R.13. —2 R.15. (3, 00) R.17. (—00, 6) 
5 — 5 5 4 5 1. a. logarithmic; bb. logarithm; base; argument 
c. (0, 00); (—0co, 00) d. exponential e. common 
5 5 f. increasing; decreasing g. 2,3,and4 h. y=x 


3. =x 5. a. 521=25 pb. log; 25 =[2 
7. a, 381=27 b. log, 27=B 9a. SU=8 Db. log. 8= 


i. 5¢=625 13. 10-*=0.0001 15. 6 = 36 


10 
17. Bb =15 19. 3*=5 21. (3) =x 23. log; 8l=x 


a 


ISTUDY 


Student Answer Appendix SA-47 


= 1\__ = 97. Domain: (2, 00); 98. Domain: (—8, 00); 
a aL tog,(7) ss 2B: ERIE asymptote: x = 2 asymptote: x = —8 
31. log y=x 33, log 1/3 9=—2 35. 2 37. -1 39 1 NORMAL FLOAT AUTO a+bi DEGREE CL NORMAL FLOAT AUTO a+bi. DEGREE CL 
e . . . i 
2 
41. 0 43. 5 45. 1 47, 3 49. 5 51. 1 53. 3 
55. 6 57. —2 59. 0.7782 61. 0.4971 63. —1.5051 H 
65. -2.2676 67. 5.5315 69. -7.4202 10 10 —10 10 
71. a. Slightly less than 2 b. Slightly more than 1 
c. log 93 = 1.9685, log 12 = 1.0792 =2 =2 
1 1 1 99. Domain: (—oo, 2); 100. Domain: (—oo, 3); 
73. a. ( )=-3.7( )=-29(G)=-1 2); as 
ar 64 f 16 f 4 asymptote: x = 2 asymptote: x = 3 
fd) = 0, f(4) >= 1, f(16) = 2, f(64) = 3 NORMAL FLOAT AUTO o+bi DEGREE CL ‘ NORMAL FLOAT AUTO o+bi DEGREE CL 
b. y 
5 
4 
Bb ssnebonenee in Simei tt it 
Cfo ciate | -10 10 -10 10 
in dd 
el = “2 


Chapter 8 Problem Recognition Exercises, p. 758 
lhe 21 33) 4g 5c 6a 
5. Pax 7k 8b 81 Wh %Wdf 12d 


Section 8.5 Activity, p. 764 
Al.al bl «wl dil A2a0 b0¢40 40 


2 —2 
: = A3. a3 be 4 «5 dep A4. a. 25 b. 16 c. ; d. x 
3 
1 0 A.5. |3]=|2]+ [1 log,x - y) = log,x + log, y 
3 1 es 
A.6. |2}= [3] — Th 1,(*) = log,x — log, y 
0 2) y 
A.7. |3}=|3]- ik log, x)’ =p: log, x 
A.8. log, ie Ad. 4-1 tor 449 10p y= lowe 
yw 2 
y 
= Section 8.5 Practice Exercises, pp. 765-767 
' RL  R3w! RS? OR 
3 4 = e 
2 : 6 
=i = 
pan ees, eile) Ro. 2 Ra 3 RA -4 RAS. 3 
2-1 |. N@345678 1 0 ~ 
“1 O ad j 
—2 “ 1. a. 1;0;x;x b. log, x+ log, y; log,x—log,y e¢. plog,x 
‘a Pipi ii a 2 d. False e. False f. False 
a a mane 3. a,b,c 5.1 7.4 9. 11 11. 3 13. 0 
79, (5,00) 81. (-00,2) 83. (3,00) 85. (-1.2, 00) 15.9 17.0 193 211 232% 28.4 27.0 
29. Expressions a and c are equivalent. 
87. (00,2) 89. (00, 0)4(0, 00) 91. 7.35 31. Expressions a and c are equivalent. 


sili t (months) 0 1 p) 6 12 24 33. log;x — log; 5 35. log2+logx 37. 4 logsx 
5,0) o1 | 820 | 76.7 | 656 | 576 | 49.1 BOs log4 a lobe = les 
1 
SO 88/835 || 808 |) 7539] 71411 67.0 41. | log, x + log, y — 3 log, z — log, w 
1 
b. Group 1: 91; Group 2: 88 ¢. Method II 43. log,(x+ 1) -—2 log, y—- 5 log z 
95. Domain: (—6, co); 96. Domain: (—2, oo); 1 2 1 
asymptote: x = —6 asymptote: x = —2 45. 3 loga+ 3 log b-— 3 os c 47. —5 log w 


NORMAL FLOAT AUTO o+bi DEGREE CL NORMAL FLOAT AUTO a+bi DEGREE CL 


49. 5 log,a~3 — log, 51.3 532 55, toe (=) 
y 


ac Bs 
57. toes $ 59. log, x” —-61. logs (8a°) or logg a’ + 1 
Vb 


a3 
63. tog 25) 65. log, (— : -) 
; - 


SA-48 Student Answer Appendix 


67. a. Domain: (—00, 0) U(0, co) +b. Domain: (0, 00) 


NORMAL FLOAT AUTO a+bi DEGREE CL 


NORMAL FLOAT AUTO oa+bi DEGREE CL f 


-10 10| |-10 10 


c. They are equivalent for all x in the intersection of their 
domains, (0, oo). 
68. a. Domain: (—co, 1) U(1, 00) ~=b. Domain: (1, 0) 


NORMAL FLOAT AUTO a+bi DEGREE CL fi NORMAL FLOAT AUTO o+bi DEGREE CL 


c. They are equivalent for all x in the intersection of their 
domains, (1, 00). 


69. 1.792 71. 2.485 73. 4.396 75. 0.916 77. 13.812 


79. 16.09 81. a. B=10log/—10log/, b. 10log/+160 


Section 8.6 Activity, pp. 775-776 
A.1. a. 2.71801 b. 2.71825 ¢. 2.71828 d. 2.71828 
A.2. a. 2.71828 b. Growth 


A.3. a. $17,000; after 30 years of simple interest, $5000 will grow to 
$17,000. 


b. $50,313.28; after 30 years of interest compounded annually, 
$5000 will grow to $50,313.28. 


c. $55,115.88; after 30 years of continuous compounded interest, 
$5000 will grow to $55,115.88. 


d. Continuous compounding e. $38,115.88 


f. NORMAL FLOAT AUTO arbl DEGREE CL fi 


A.4. logarithmic; y = In x 
A.5. a. Domain: (—0o, 00); range: (0, 00) 
b. Domain: (0, 00); range: (—00, 00) 
c. The domain of fis the range of g, and the range of f is the 
domain of g. 


A6. a0 b1 4 a6 AZ. n( =") 
z 


A.8. 2Ina-Inb- sin c A.9. a. (—4, 00) _b. (—00, 6) 


log, x 
log, b 


e. 4.3219 f. 4.3219 g. They are the same. 


A.10. a. log, x= b. 4 c¢. 5 d. Between 4 and 5 


Section 8.6 Practice Exercises, pp. 776-782 
R.1. a. 2.717603 b. 2.718281 
R30 R51 R75 R93 


3 
RAL. log.( Y= KS fies eter =H ies 
85|—> 5 log gy g 


Zz 


l. awe bee c. natural;Inx d.0;l;p,x e. Inx+Iny; 
Inx-Iny f. pInx g. log,b 3. e 5. increasing 


-4 0.05 
=3 0.14 
—2 0.37 
-1 1 

0 2.72 

il 39) 

* 

—2 2.14 
-1 Desi 

0 3 

1 4.72 

2 9.39 

5 ns Domain: (—0o, co) 


11. a. $12,209.97 b. $13,488.50 ce. $14,898.46 d. $16,050.09 
An investment grows more rapidly at higher interest rates. 
13. a. $12,423.76 b. $12,515.01 e¢. $12,535.94 
d. $12,546.15 e. $12,546.50 
More money is earned at a greater number of compounding 
periods per year. 
15. a. $6920.15 b. $9577.70 ¢. $13,255.84 
d. $18,346.48 e. $35,143.44 
More money is earned over a longer period of time. 


17. 


19. 


Domain: (0, oo) 


21. a. b. Domain: (—oo, oo); range: (0, co) 


ce. Domain: (0, co); range: (—0o, co) 


23.1 25.0 27.-6 29 2x4+3 31. In(p*/q) 


2 4 
35. n( 3 ) 37. n( 2) 
bVc ye 


39. 2Ina-—2Inb 41. 2Inb+1 43. 4Ina+5Inb—Inc 


33. In 


<,| & 


45. 5 lna+zInb Zinc 47. (4, 00) 49, (-3-«) 


51. (—co, 7) 53. a. 2.9570 b. 2.9570 c. They are the same. 
55. 2.8074 57. 1.5283 59. —2.1269 61. 0 


63. —3.3219 65. —3.8124 67. a. 15.4 years b. 6.9 years 
c. 13.8 years 69. a. 19.8 years b. 13.9 years ec. 27.8 years 
71. a-b c. They appear to be the same. 


NORMAL FLOAT AUTO a+bi DEGREE CL f 


4 
-10 (i 
-4 


72. a-b c. They appear to be the same. 


NORMAL FLOAT AUTO o+bi DEGREE CL f 


-10 ‘ae 
—-4 
73. Dara il 74, 
4 10 
-10 ee -10 10 
-4 -10 


NORMAL FLOAT AUTO a+bi DEGREE CL 


75. o 


10 


-10 


Chapter 8 Problem Recognition Exercises, p. 782 


il 2a? log, 32=5 
2, eS log; 81=4 
& iy log.x=y 
4. bo=a log, a=c 
Sb 10° = 1000 log 1000 =3 
6. 10'= 10 log 10=1 
ae e=b Inb=a 
8. Gp. Inp=q 
9. Om log ip@) = 2 
10 G)?=9 log, 9 = —2 
11 107 =0.01 log 0.01 = —2 
12. 10°=4 log 4=x 
13. js Inl=0 
14. el=e Ine=1 
15 a =S logy; 5 =4 
16. e'=2) logy62=4 
ih C=8 inka 
18. e=w Inw=r 
19. 15? =e logis (ds) =-2 
20. J =p log; p=—1 


Student Answer Appendix SA-49 


Section 8.7 Activity, pp. 791-792 
Al. aox=y b. SH=5? ©. {2} de {5} 
A2 a et!=10 b. Inet! =In 10 ce x+Dine=In10 


d. { hs or approximately {0.6513} 


A.3. a. log 3** = log 8° b. (x — 4) log 3 =x log 8 
4 log 3 
log 3 — log 8 
e. ee? ; or approximately {—4.4803} 
log 3 — log 8 
Ad. a. x=y b.x=3 ce. { }; (The value 3 does not check.) 

d. The domain of logarithmic functions is the set of positive real 
numbers. Therefore, any potential solution to a logarithmic 
equation that makes the argument to a logarithmic expression 
negative or zero must be discarded. 


ce. xlog3-—xlog8=4log3 d. x= 


A.5. a. log; x +logs(x — 20) =3 b. logs[xG@ — 20)] = 3 
ce. x¢—20)=5? d. x=25,x=-5 
e. {25}; (The value —5 does not check.) 

A.6. a. 1.3 pg b. 27 days 


Section 8.7 Practice Exercises, pp. 792—796 
R.A. log [@-Do@+2)] RB. woa(5*5) R5. 1 


R.7. 6 R.9. (2x + 1)- log 5 RU. 4 R.13, 2-9 
R.15. {—5} R.17. {-16} R.19. {-6, —2} 


loaex=y be x=y 3. a. {2} b. {25} 
Body (i Ki {io} 7. {9} 9. {10%} a, £008) 


13. {10°°-40} 15. {5} 17. {10} 19. {25} 
2. (59) 23. {1} 25. {0} 27. {-=} 


29. {3} (The value —3 does not check.) 31. {4} 33. {3} 
35. {2} 37. { } (The value —3 does not check.) 39. {4} 


41. {-6} 43. {5} 45. {2} 47. {5} 49. {1} 


2 12 
4 In 21 
51. {=} 53. {-2,1} 55. {2} 57. {In 8.1254} 
In 15 In3 
59. {log 0.0138} 61. {ar} 63, {7} 


In3 21n2 In4 
nes agony} OA ee ©. {Sor} 


125 In 20 
1. fou(22 2B. 2 
Bm (E)} 3 {Tas t2} 
a 
b 
Cc. 
a 


75. a. © 1285 million (or 1,285,000,000) people 
. & 1466.5 million (or 1,466,500,000) people 
The year 2049 (t = 50.8) 
77. a. 500 bacteria b. +660 bacteria c. % 25 min 
79. It will take 9.9 years for the investment to double. 81. 5 years 
83. a. 7.8g b. 18.5 days 85. The intensity of sound of heavy 
traffic is 10->°7 W/m’. 87. It will take 38.4 years. 


NORMAL FLOAT @UTO a-bU DEGREE CL NORMAL FLOAT AUTO a+b DEGREE CL 
89. CALC INTERSECT : K 90. CALC INTERSECT . a 
40°" 30. 
Intersection 
QOxtiNestese  v=2a_ 5 ORE yeas 5 


91. a. 1.42kg b. No 93. {105,103} 95. {x 3} 


SA-50 Student Answer Appendix 


Chapter 8 Review Exercises, pp. 802-806 
1. (f-g)()=24+9x-7 9-2. (f+ g)(Qx) =-28° - 7x -7 


3. (F-my@) = 2 x42 4. (f- myx) =28 — 72 


Di oe 8) (y) = 2 = 8 
5; (E)o-2 E40 6. (E)w-= x27 AT 


7. (mef\(x)=(x-TY orx’—14x+49 8 (nef) =a r#9 
9. 100 10. 11. -167 12. -10 


13. a. (2x41) or 4x? + 4x41 b. 2x7+1 ©. No, fog #eof 


14. ; 15. —3 16. 0 17. -1 18. 4 19.1 


20. No 21. Yes 22. {(5, 3), (9, 2), (-1, 0), 1, 4)} 


23. gi@= Fx +2) 24. g(x) = (x - 3) 


25. f'j=VE+1 26. nay = +4 
x 

28 (fo gna) =5(4e 42) -2= 142-254 
1 2 2 2 

@eG)={Gx-2)+o=x-St eax 


28. The graphs are symmetric about the line y = x. 


% 5 


29. a. Domain: [—1, oo); range: [0, 00) b. Domain: [0, oo); 
range: [—1, co) 30. p(x) = (x - 2, x>2 


31. 1024 32. 358 0.028 33. 2 34. 10 
35. 8.825 36. 16.242 37, 13627 38. 0.681 
y 40. y 
8 
7 
6 
5 
‘4 
ae =OrV 
ae emt ae he ae 1 2 3.4°5 i 
-2 
41. y 42. , 


h(x) =5~* 


x 


S432-1 [12343 * S=433-1 [234s 

H ol i 2 

43. a. Horizontal b. y=0 44, a. 15,000 mrem 

b. 3750 mrem_ ec. Yes 45. -3 46. 0 47. 1 
48. 8 49. 4 50. 4 51.5 52. -1 

53. x 54, y 


r(x) = log, x 


x 
2-1 W2 3 45678 


L = 5 
55. a. Vertical asymptote b. x=0 56. a. 2.5 b. 9.5 
57. 1 58. 6 59. 0 60. 7 


61. a. log,x+log,y b. toz,(*) c. p log, x 


4 
: tes( 22) 63. tozs( ; a ) 64. log 5 


6 


N 


2q4 


65. 0 66. b 67. a 68. 148.4132 69. 14.0940 
70. 32.2570 71. 57.2795 72. 1.7918 73. —2.1972 
74. 1.3424 75. 1.3029 76. 3.3219 77. 1.9943 
78. —0.8370 79. —3.6668 80. a. $33,361.92 


b. $33,693.90 ec. $33,770.48 d. $33,809.18 

81. a. S(0) = 95; the student’s score is 95 at the end of the course. 
b. S(6) ~ 23.7; the student’s score is 23.7 after 6 months. 
c. S(12) = 20.2; the student’s score is 20.2 after 1 year. 

82. (—o0, co) 83. (—00, co) 84. (—co, co) 


85. (0,00) 86. (-5,00) 87. (7,00) 88. (3.0) 
89. (—co,5) 90. {125} 91. {=} 92. {216} 
1001 


93. (3!) 94. {=} 95. {9} 


96. {5} (The value —2 does not check.) 97. {=} 


4 In 21 In 18 
99. + — 100. 101. 
ci ” tne} ? st 


102. {-In0.1} 103. {41 104. (ee 


eet { 3 In2 \ 
105. 106. ; ——_ 
: { 3 ” In7 —In2 


98. {-1} 


108. a. 1.09 pg b. 0.15 pg 


107. { 5 In 14 \ 


In 14-In6 


ec. 16.08 days 109. a. 150 bacteria b. ~ 185 bacteria 

ec. 99 min 110. a. V(O) = 15,000; the initial value of the car is 
$15,000. b. V(10) = 3347; the value of the car after 10 years is 
$3347. c. 7.3 years 


Chapter 8 Test, pp. 806-808 


1. A function is one-to-one if it passes the horizontal line test. 
2b 3 f'a@=4r-12 4 ¢'o=Vx41 
5. x 6. a. 4.6416 b. 32.2693 ¢. 687.2913 


8. a. logig8 => b. x =31 


gx) = logyx 
x 


-2-1 124945 6 7°8 © 


11. a. 1.3222 b. 1.8502 ¢. —2.5850 

12. a. 1+log;x b.-5 13. a. log,(Wxy*) 

b. log (=) or-loga® 14. a. 1.6487 b. 0.0498 
a 


ec. —1.0986 d. 1 15. a. y=Inx be y=e 


ISTUDY 


16. a. p(4) x 59.8; 59.8% of the material is retained after 
4months. b. p(12) x 40.7; 40.7% of the material is retained 
after | year. c. p(0) =92; 92% of the material is retained at the end 
of the course. 17. a. 9762 thousand (or 9,762,000) people 
b. The year 2020 (t ~ 20.4) 
18. a. P(O) = 300; there are 300 bacteria initially. 
b. 35,588 bacteria c. 1,120,537 bacteria d. 1,495,831 bacteria 
19. {25} (The value —4 does not check.) 


20. {32} 21. {e+ 7} 2). {-7} 23. {29} 


In 250 In 58 7In4 
24, 25. 26. § ————_ 
{ 2.4 } (no +3} fi (nenna} 
27. a. P(2500) = 560.2; at 2500 m the atmospheric pressure is 
560.2 mmHg. b. 760mmHg ec. 1498.8 m 


28. a. $2909.98 b. 9.24 years to double 
29. (£)= x-4 30, (hg =**? x40 


g +2 
31. (geAG@)=2—-Bx+18 32 (hef@=—x#4 
3 1 
33.48 34. -5 38. 736, 18 
g& x +2 
37. (£)w-= moar 
Chapter 9 


Section 9.1 Activity, pp. 815-816 
A.l. a. Cyclist 1: (4, 8); Cyclist 2: (12, —4) 


b. , 
12 
10. A an : 
8 Bat . 
at 
2 i 
1 i i 
4-2,| 2 4 121416" 
72: : Soondinnt 
ale ee 
6 (12, -4) | 
c. Horizontal distance: 8 mi; vertical distance: 12 mi 
d. 4V13 mix 14.4 mi 
A. a d=VO.—-x)y +02-yy? be 4V13 mi 
c. horizontal; vertical d. 4V13 mi; No 
A.3. a. Add the numbers and divide by 2. 
X,; +X. yy +yo 
b. a. vir? ‘ 2 
(a) oe 


A.4. a. center; radius b. (@— A)? +(y-kP =P 

A.5. Center: (5, —2); radius: 2 

A.6. Center: (+ 0) ; radius: 2V5 

AT. a. x +6x4+94+y —8y 4+ 16=-164+9+4 16 
b. +3) +(y—4)?=9 ce. Center: (—3, 4); radius: 3 
d. 


¥ 
A 


fil 


ete eee eee 


2 


AB. x +(y +4)? = 49 


Student Answer Appendix SA-51 


Section 9.1 Practice Exercises, pp. 816-821 
Ri. 5V2_— RB. : RS. i 


R7. 7° +16x+64 = RY. n= 36; (x - 6" 


1. a. VQ —x, +(¥2-y)) Db. circle; center ¢. radius 


_ py =pr= x1 t+X2 Vit y2 
d. (xh) + —-be=P e. ( mus ) 


3.3V5. 5. VA, <2 94 IL8 
13. 4V2 15. V42 17. Subtract 5 and —7. This becomes 
5-(-7)=12. 19% y=13,y=1 
21. x=0,x=8 23. Yes 25. No 
27. Center (4, —2);r=3 29. Center (-1,-1);r=1 


5 


31. Center (0, 2); r=2 33. Center (3, 0); r=2V2 
4 8 
35. Center (0, 0); r= V6 37. Center (2. 0); r= 


39. Center (1, 3); r=6 41. Center: (0, 3); r=2 


y 
6 
J foi: f ty, 
~$-4-3-2-1 [123.45 
2 


3 
4 


45. Center: (—1, —2);r=3 


rr, 
x 
} 5-4 2345 


47. Center (0,0); r=1 


49. eP4+y=4 SL 4-27 =4 
53. (xt 27 +(y-2%=9 855. P+ y= 49 


SA-52 Student Answer Appendix 


57. (x +3) +(y+ 4) = 36 59. (x -—5/ + (y — 37 =2.25 1. a. conic; plane b. parabola; directrix; focus c¢. vertex; 
61. (1, 2) 63. (-1, 0) 65. (—1, 6) symmetry d. y=k 

13 3. ? 5. y 
67. (0,3) 69. (-3: =) 71. (-0.4,-1) 


yaQt2ye1 


73. (40, 74); they should meet 40 mi east, 74 mi north of the 
warehouse. 75. a. (1,3) b. (W—1)+(y-3) =5 
77. a. (0,3) b. P+(y—3P =4 


73. 0 
10 


| 10 —_ 
Ae : 
y=-2x-27 +8 
-16.1 wy 16.1) -16.1 16.1 
ee J =10 J 
SSA GISEMT ] 5> piiilel hghisac A | = 
10 5 | 11. Y 13. 


-16.1 16.1 -8.05 8.05. 


8. H. 


19. (2,-1) 24. (5,-1) 23. (2 *) 25. (5 -3) 
27. (10, -1) 29. The maximum height of the water is 22 ft. 
31. A parabola whose equation is in the form y = a(x —h)’? + k has a 
vertical axis of symmetry. A parabola whose equation is in the form 


8 
7 
6 
5 x =a(y — k) +h has a horizontal axis of symmetry. 
4 
> 
2 
I 


85. (x—4)? + (y—4) = 16 87. (x— 1) +(y- 1)? =29 


y 


33. Vertical axis of symmetry; opens upward 
35. Vertical axis of symmetry; opens downward 


Ties 4s 6789 37. Horizontal axis of symmetry; opens right 
“2 39. Horizontal axis of symmetry; opens left 
41. Vertical axis of symmetry; opens downward 
Section 9.2 Activity, p. 828 43. Horizontal axis of symmetry; opens right 
A.1. a. The graph of y = a(x — h)’ + k is a parabola with vertex (h, k) 
and axis of symmetry x = h. The parabola opens upward if a > 0 Section 9.3 Activity, p. 837 
and opens downward if a < 0. A.1. a. The graph of x? + y? = 4 is a circle centered at the origin with 


b. The graph of x = a(y — ky + his a parabola with vertex (h, k) radius 2. 
and axis of symmetry y = k. The parabola opens to the right if 
a> O and opens to the left if a < 0. 


A2. y x-intercepts (3, 0) and (—3, 0) and y-intercepts (0, 2) and (0, —2). 
1 


2 
b. The graph of 2 + - = | is an ellipse centered at the origin with 


A.3. The graph would be a parabola with vertex (4, 1) but opening to the left. SEN : 


= = = : _1; 2 
AA. a. aes aa b. To the right Ao: The pepo — UE 4 OF pea ae oy 
ce. x=(yt+2)'-3 d. (-3,-2) e y=-2 Oe 2. a 
except that the center is (1, —3). 


2 
Section 9.2 Practice Exercises, pp. 829-831 A.3. a. The graph she +. = 1 is an ellipse centered at the origin with 


25 | 49 
Rl. a. (1,4) b. (0,3) © (-1, 0) and (3, 0) x-intercepts (5, 0) and (—5, 0) and y-intercepts (0, 7) and (0, —7). 
R3. a. (-2,0) b. (0,4) ¢ (-2,0) RS. -2 


2 
b. The graph of ze = a = | is a hyperbola centered at the origin 
with a horizontal transverse axis (the branches of the hyperbola 
open to the left and right). The vertices of the reference rectangle 
are (5, 7), (5, —7), (—5, 7), and (—5, —7). 
2 


c. The graph of rh ~ 35 = | is a hyperbola centered at the origin 


with a vertical transverse axis (the branches of the hyperbola 
open upward and downward). The vertices of the reference 
rectangle are (5, 7), (5, -7), (—5, 7), and (—5, —7). 


Section 9.3 Practice Exercises, pp. 837-841 
R.1. Center: (0, 0); radius: 4 R.3. Center: (3, —2); radius: 2V3 


1. a. ellipse; foci b. ellipse cc. hyperbola; foci 


11. Center: (4, 5) 


y 


15. Center: (2, —3) 17. Center: (0, 1) 


y y 


19. 
27. 


31. ; 33. y 


(1,0) 
-7-6 5-4 3-2 — 


ISTUDY 


Student Answer Appendix SA-53 


35. Hyperbola 37. Ellipse 39. Ellipse 

41. Hyperbola 43. Ellipse 45. Hyperbola 

47. The height 10 ft from the center is approximately 49 ft. 
51. y 


x 
5 P31 i234 5 


Chapter 9 Problem Recognition Exercises, 
pp. 841-842 


1. Standard equation of a circle 2. Ellipse centered at the 
origin 3. Distance between two points 

4. Midpoint between two points 5. Parabola with vertical 
axis of symmetry 6. Hyperbola with horizontal transverse axis 

7. Hyperbola with vertical transverse axis 

8. Parabola with horizontal axis of symmetry 

9. Parabola 10. Hyperbola 11. Circle 12. Circle 

13. Hyperbola 14. Ellipse 15. None of these 

16. Circle 17. Parabola 18. Hyperbola 19. Parabola 

20. Circle 21. None of these 22. Parabola 

23. Ellipse 24. Circle 25. Parabola 26. Ellipse 

27. Hyperbola 28. Circle 29. Ellipse 30. Parabola 


Section 9.4 Activity, p. 846 
A.l. a. 


b. (-1, 0) and (2, 3) e. {(-1, 0), (2, 3)} 
A.2. a. {(1, 3), (-1, 3), (1, -3), (-1, -3)} 
b. The points of intersection of the graphs match the solutions 
found in part (a). 


Section 9.4 Practice Exercises, pp. 846-849 
Rl. {(5,1)}  -R.3. {(1,2)} RS. Circle 
R.7. Ellipse R.9. Parabola 


1. a. nonlinear b. intersection 3. Zero, one, or two 


5. Zero, one, or two 7. Zero, one, two, three, or four 


9. {(-3, 0), (2, 5)} 


11. {(0, 1), (-1, 0)} 


y 


10] 


13. 


15. {(1, D} 17. {(0, 0)} 


wm {(>a)} 


»~8)} 23. {U4} 
»(-1,0)} 27, {(2, 0), (2, 0)} 


31. {(8, 6), (—8, —6)} 33. {(0, —2), (0, 2)} 
35. {(2, 0), (0, 1)} 37. {(4, 5), (—4, -5)} 


a. t= 2) (a 
2 2 ra at 
Oo 2 \ 
NORMAL FLOAT AUTO arbl DEGREE CL ge ' Calera \ ~~ 
ae \ 
1 
Vos v 


Section 9.5 Practice Exercises, pp. 853-858 
R.1. 


MES NORMAL FLOAT AUTO a+bl DEGREE CL 
ECT CALC IN 


HORMAL FLOAT AUTO a+bl DEGREE CL 
CALC INTERS TERSECT 


# 

t wo 

5 

ry 

3 

8 

PR 

i=) 
< 
i 
“ 


_psetng va 


43. NORMAL FLOAT AUTO a+bi DEGREE CL | 


R.3. a. The solution set would be the same except that the bounding line 


5 
would be dashed. 
b. The solution set would contain points on and below the line 
5 5 rather than above the line. 
R.5. Parabola R.7. Line 
5 R.9. Hyperbola 
a aia 1. Tve 3, Fake 
Y2="0(X) 
5 5 5. a. y 
5 7 5 pee 
-5 gotersection_¢ yen 
45. { } 46. { } b. The set of points on and “outside” the circle x7 + y? =9 
c. The set of points on the circle x? + y? =9 
10 7. a. » b. The parabola y = x? + 1 would 
3 be drawn as a dashed curve. 
-16.1 16.1 -16.1 16.1 pcatudeana 
-10 -10 “ 


47, The numbers are 3 and 4. 49. The numbers are 5 and 2 2 
9. («x-3 4)? < 625 
V7, -5 and V7, 5 and —V7, or —5 and —V7. re Baa lal ys ‘a 


Section 9.5 Activity, p. 853 
Al. a. y b. 


a 


15. ; 


> xX 
43 34 oF 


x 
5-4-3 -2,01 12 344 5 
=I . 
ro i 
A338 i 
. a 
bis cal 
Fhe n 5 


¢. The solution set would not contain the boundary y = —x* + 4. To 
denote this, draw the parabola as a dashed curve. 


d. The solution set would contain all points on and above the parabola. 


Student Answer Appendix SA-55 


19. ; 21; y 
Taner ono ; 
| \ i ; x + l6y? <16 
23. ; 25. , 26. y=(x— 3) —4; vertex: (3, —4); axis of symmetry: x =3 
| ‘dj 27. x=(y + 2)? — 2; vertex: (—2, —2); axis of symmetry: y = —2 


ysinx cy > S* 


ry 1 1 
28. x=-4[/y-= 1; : =); axi lyst 
P eceng Bae 8. x (y 5) + 1; vertex (1.5): axis of symmetry: y 2 


Ob 2 
3 29. y= -2(x + 3) + x vertex: (< 3): axis of symmetry: x = -! 


27. y 


5 
4 
3 
2 
1 
“432 T2345 12345 

-2| 
3 
” 
5 

31. } 

' Sheng 
‘ 4 
Ale. 
dont 
ie ae Ee 
Sa3a2- [12345 

3 
-4| 
= 

35. { } 

37. { 39. ; 


5 8 . . + 
4 3} 34, . Vertical 36. Vertical 37. Horizontal 
3 6 4 
- sft 
1 ented 
sac eet 
2] ; do > 
7 3432-1) 11345 
ge 4 4. V 
a E 


41. 


40. Hyperbola 41. Ellipse 42. Ellipse 43. Hyperbola 
44, a. Line and parabola 45. a. Line and parabola 
b. 7 b. 


5 


Chapter 9 Review Exercises, pp. 864-867 
1, 2V10 2. V89 3. x=S5orx=-1 
4. x=-3 5. Center (12, 3); r=4 
6. Center (-7,5);r=9 7. Center (—3, -8); r=2V5 
8. Center (1,-6);r=4V2 Ma e+ y= 64 

b. (x- 8 +(y-8" =64 = 10. (x +6)? + (y- 5 = 10 


e. {(-5, 15), 3,-1)} 


5 : : ; : 
11. (t+ 27 + (y+ 8% =8 12. (« _ 5) +(y-2 =4 46. . Circle and line 47. a. Circle and line 


2 
13. «= 3+ (y-3) =9 14. °4y => 


15. xP +(y-2P=9 16. (-4,-2) —-17. (-1, 8) 

18. Vertical axis of symmetry; parabola opens downward 

19. Horizontal axis of symmetry; parabola opens right 

20. Horizontal axis of symmetry; parabola opens left 

21. Vertical axis of symmetry; parabola opens upward c { 3), (= 
} 23. y 


22: 
aw faa(s)} 9. (( 


50. {(8, 4), (2, —2)} 51. {(2, 4), (—2, 4), (W2, 2), (-V2, 2)} 
52. {(3, 1), 3, -D, (-3, D, (-3, -)} 
53. {(6, 5), (—6, 5), (6, —5), (—6, —5)} 


ISTUDY 


Student Answer Appendix 


54. ‘ 55. 1 


e+ a <1 


56. , 57. 


3} (w-37 +0417 29 


-5-4-3-2-1 


2 


58. 59. 


60. } 61. h 


Chapter 9 Test, pp. 867-868 
5 


1 
- 4V2 2. ter:| =, —- );r= = 
v2 Center:(2 z)ir ; 


3. Center: (0,2);r=3 44a. V5 bP 4+(—y—-4)=5 
5. The center is the midpoint (3.8, 1.95). 
6. , 


—_ 


8. 9. ¥ 
+ 
7 
6 
(-4,4) 2 
Cs. <aeeE DE! (3) 
(-4, 2) 1 
=ll-10-9 -8 -7 -§-5 —4 -3 -2 aly 12 
2] 
(v + 4) 2 4 
+ 37 =1 i 
os + -3) 4] 
5 
6 
-7 


10. 4 


11. {(—3, 0), (0, 4)}; graph b 
12. { }; grapha 


13. The addition method can be used if the equations have correspond- 


ing like terms. 


14. {(2, 0), (—2, 0)} 
15. 


y 


BSS an G 345° 
Lol : 


17. 


Chapter 10 

Section 10.1 Activity, p. 875 

Al. 1 A2a+b  A3. a+2ab+b 

A.A. a + 3a°b + 3ab* +b? 

AS. a1 4 6 4 1 ~ b. at+4a%b + 6a°b? + 4ab? + bt 
A6& al b4 ca46 a4 el 


AT. a. [5x +(-y’)]}* 


Section 10.1 Practice Exercises, pp. 876-877 
R115 R3. a. 16x? - 24x +9 


1. a. a + 2ab+b’; a° + 3a’b + 3ab’ + b*; binomial 
b. n(n — 1)(n — 2)--- (2)(1); factorial ¢. 6; 2; 1; 1 
d. binomial e. Pascal’s 3. a? + 3a°b + 3ab’ + b° 
5. 1+4¢ + 69° + 49° + g4 


b. 625x* — 500x*y? + 150x7y* — 20xy° + y® 


b. 642° — 144x7 + 108x — 27 


7. p' + Tp’¢’ + 21p?q' + 35p*q° + 35p'q’ + 21p7q'® + Tpq”? + q'* 
9. 5° —5s*t + 108°? — 1087 + 5s -—P 
11. 625 — 500u? + 150u° — 20u? + ul? 
13. x°-—12x4+48x°-64 15.120 17.1 19. False 
21. True =. 23. 6! =6-(5-4-3-2-1)=6-5! 25. 1680 
27.6 29.56 31.1 33. m!! + 11m n + 55m°n? 


35. 4 — 12uv + 66uy? 37. 9 terms 
39. 9+ 6st + 155°? + 2089F + 15571 + 650° + 1° 
41. b? — 9b? +.27b - 27 


43. 16x* + 32x°y + 24275? + Bxy? + y* 


45. cl4 — Ted + 21cld? — 35c8d? +. 35c°d* — 21c1d? + 7c7d® — d’ 


pee A 5 
. 394 162 b+ 4 a 
49, x + lox*y + 96x°y" + 256xy? + 256y* 
51. -462m'n? 53. 495u'%y4 55g? 


bt — b? 


Ph = Sab} a 


Section 10.2 Activity, p. 883 


2121 1 

Mate. = halo =] 
Beng go 53 37 9 

a a 

i |COU 30 «30 


NR 


A.2, a. 


A.3. a. 100, 200, 400, 800, 1600 


b. s, = 100-2"! 


Cc. 


e. 


ry = 10(100 - 2""') or r, = 1000 - 2”"! 
1000 + 2000 + 4000 + 8000 + 16,000 


5 
d. 1000-2" 


i=l 


f. $31,000 


Section 10.2 Practice Exercises, pp. 884-886 


R.1. a. -1 


R.3. 47 


blo oe-l al 
Rae RS 


75 60 R.9. 56 


e. —1 f. 1 


Student Answer Appendix SA-57 


1. a. infinite; finite b. terms; nth c. alternating d. series Section 10.4 Activity, p. 899 
e. summation f. index; (3)° + (4)° + (5) Ad. a 
3. 22, 25, 28 5. -18, 21, —24 7. 4,7, 10, 13, 16 
23 45 
9. V3,2, V5, V6 11. “7456 Year 1 | $50,000(1.04)° $50,000 
13. 0, -3,8 15. 0, 2, 6, 12, 20, 30 17. —3, 9, —27, 81 Year 2 | $50,000(1.04)' (Kevin has 1 raise of 4% of | $52,000 
19. When 7 is odd, the term is negative. When n is even, the term is $50,000 or equivalently 


104% of his first year’s salary.) 


Year 3 | $50,000(1.04) (Kevin has 2 raises of 4%. $54,080 
This is 104% of 104% of his 
first year’s salary.) 


positive. 21. a, =2n 23. a, =2n—1 


25. a,= = 27. a,= (=1)"" 29. a, =(—1)"2" 
n 


3 
31. a,= > 33. $60, $58.80, $57.62, $56.47 Year 4 | $50,0000.04)° (Kevin has 3 raises of 4%.) _| $56,243.20 
35. 25,000; 50,000; 100,000; 200,000; 400,000; 800,000; 1,600,000 Year 5 | $50,000.04)" (Kevin has 4 raises of 4%.) $58,492.93 
37. A sequence is an ordered list of terms. A series is the sum of Year n | $50,000(1.04)2=1 (Kevin has n — 1 raises of 4%.) | $50,000(1.04)"" 
the terms of a sequence. 
31 73 b. $128,165.21 
39. 90 41. — 43. 30 45. 10 47. Db 49. 38 c. Kevin’s salary increases each year, and his raise is a percentage of 
16 : F i F this increasing salary. Therefore, his raises also increase each year. 
< 25 . 
51. -1 53.5555. yn 57. x4 59. d4i d. ¥750,00001.04)! ee. $2,082,295.41 —f. $107,295.41 
n= i= j= =I 
61. > (-1)*+ 1 A 63. > i+4 65. > ma A.2. a. Geometric; the ratio of two consecutive terms is a constant. In 
k=1 3k i= Lli n=1 this case, each term is 4 of its predecessor. 
n-1 
67. -3,2,7,12,17 69. 5, 21, 85, 341, 1365 be 16(5) at og 
71. 1,1,2,3,5, 8, 13, 21, 34, 55 2 8 
A.3. a. Arithmetic; the difference between consecutive terms is constant. 
Section 10.3 Activity, p. 891 In this case, each term after the first is 8 less than its predecessor. 
Al. a. b. b, = 16+ (nv — 1)(-8) or b, = 24 — 8n ce. —72 d. 48 
Year 1 | $55,000 + 0($2000) $55,000 A.8. Does not exist; this is a geometric series with common ratio 2. 


Because the common ratio is greater than 1, the terms of the series 


Bia 2a AD Gc asa) pres increase without bound and the sum becomes infinitely large. 


Year 3 | $55,000 + 2($2000) (Joyce has had 2 raises.) | $59,000 


Year 4 | $55,000 + 3($2000) (Joyce has had 3 raises.) | $61,000 Section 10.4 Practice Exercises, pp. 900-903 
Year 5 | $55,000 + 4($2000) (Joyce has had 4 raises.) | $63,000 Ria f()=20 bfa=s «f@=l8§ a poe 
2 
Year n | $55,000 + (n — 1)($2000) Joyce has had n — 1 | $53,000 + $2000n R.3. 32 R.5. 150 R.7. 28 ? ? 
raises.) 1-r" 
1. a. geometric b. ratio car"! d. athe eD 
b. $103,000 A.2. a. arithmetic ob. a,=a,+(n— Dd , l-r 
A3.a.17 b.-6 ce. a, =17 +(n—1)(-6) or a, = 23 — 6n i ae a a a a 
25 
d.54 = AA. a. ¥'(53,000+ 20001) —_—b. $1,975,000 7. 1,10, 100, 1000 9. 64, 32, 16, 8 
i=l 
1 1 1 
. . : 11. 8, -2,-,-— 13. 2 15. —— 
Section 10.3 Practice Exercises, pp. 891-893 _ *2’ 8 : 4 
R.1. {21} R.3. {-2} R.5. a. f() =1 b. f(2)=5 333 
17. -2 19. —3, 6, -12, 24, —48 21. 6,3,=,—,= 
c. f3)=9 d. f(4) = 13 2°48 
R.7. —3 + (-7) + (-11) + (-15) + (19); -55 23. -1,-6, -36,-216,-1296 25. a, =3(4)""! 
1. a. arithmetic b. difference c¢. a,+(n—1)d;d 27. a, = —5(-3)"! 29. a= 54)! 31. a 
, n 1 ds 
d. series e. 341 t+ ay) 3. -1, 3,7, 11 5: 3 2, 7 5 33. a 35, —48 37. -9 39. ' AL. 4 
Ts 3,11,19,. 27,35 9. 80, 60, 40, 20, 0 11. 3, = ul ae 6 43. A geometric sequence is an ordered list of numbers in which 
4°24 : : : 
the ratio between each term and its predecessor is constant. 
13.2 15. -3 17. -2 19. 3,8,13,18,23 21. 2, 2 3, Z 4 A geometric series is the sum of the terms of such a sequence. 
23. 2,-2,-6,-10,—14 25. a,=-5-+5n 45. a. 34+12+484+192 b. 255 
4 4 47 1562 49 _u 51 3124 53 665 
27. a,=—2n 29. a= 5 tan 31. a, =25 -—4n * 125 “8 * 27 * 243 


55. —172 57. a. $1050.00, $1102.50, $1157.63, $1215.51 


. a,=—-14 5.a,=17 37. ay=4 
Soi ea, ete a B. dip = $1628.89; ao = $2653.30; dy = $7039.99 


39. a7=-30 9 4. ay, = -48 43 19 45, 22 

1 . 6 1 4 
47. 23 49. 11 51. a, =—2,a,=—-5 53. 670 59%. r= es. 61. r= gi sum is; 
55. 290 = 57. -15 59.95 61. 924 ~— 63. 300 


3. ‘ : a 
65. —210 67. 5050 69. 980 seats: $14,700 63. r= > sum does not exist 65. The sum is $800 million. 


ISTUDY 


SA-58 


67. 
69. 


Student Answer Appendix 


The total vertical distance traveled is 28 ft. 


= Des ee 


a. To i0 9 71. a. $1,429,348 


b. $1,505,828 c. $76,480 


Chapter 10 Problem Recognition Exercises, p. 904 


1. 


Geometric, r= -) 2. Arithmetic, d= ; 


Geometric, r = 2 4. Neither 5. Arithmetic, d= : 
Geometric, r= -) 7. Neither 8. Geometric, r= —1 
Arithmetic, d = —2 10. Neither 11. Neither 


Atithmetic,d=4 13. Arithmetic, d= ra 


Geometric, r= —1 15. Neither 


Arithmetic, d= x 17. Neither 18. Geometric, r = 3 


Chapter 10 Review Exercises, pp. 908-909 


48. 


51. 
$12,250.43 after 3 years. 


. 40320 2.120 3.66 4. 84 
x! + 20x° + 160x° + 640x* + 1280x7 + 1024 
ct = 128d + 54c7d* — 108cd? + 81d* 
a’! —22a"b+ 22006? —-8.:1512x!°y 
. —15,000°y! 10. 160a*b? ~~ sdW.:«1, -2, -5, -8, -11 
1.13 2 24 8 16 
. -2,-16,-54 13. -,-~,2,-= eames 
3° 275° 3 3°9° 27°81 
n n ao 
aay 16. a,=(-l"-5; Ik 18.5 
aes 
, Sh Sep eee +(2)n 
i=1 2? 
2,45 
-12,-10.5,-9,-7.5,-6 24. £,1,2,2,2 
3°33 
- a,=10n-9 26. a, =—14n +20 27, an=3 
- Ar5 = —155 29. 24 terms 30. 19 terms 
.d=10 32.a,=-5n+19 33. -620 
. 92.5 35.294 36.5989 37. r=3 
111 
-r=12  39-1L7.-7E Gq 40. 10, 20, 40, 80 
__ aa S +" _ 128 
. dG, = —4(2) 42. a,=6{ 3 43. as= 355 
2 ,=270  «945.4a,=4 46.a,=1 47. 1275 
se: gee 50; = 


a. $10,700, $11,449, $12,250.43 b. The account is worth 
c. $19,671.51 


Chapter 10 Test, pp. 909-910 


1, 
4. 


5. 

8. 
10. 
b. a,=—3n-12 ¢. ay =—132 
b. a, =4(-2)""! 
15. 
18. 


22. 


1 2.210 3. at+4a°b + 6a°b’ + 4ab? + b* 
81y* — 216y%x" + 216y°x* — 96yx° + 16x® 
3 31 
4 5° 2 F 
a. 8,9.5,11,12.5,14 bo a,=1.5n+65 9 Yx™ 
n=1 


dies 90, $1 es St 


3 


—56a*c 6. -1, 7. 65 


d=— 
4 
13. a. 4, -8, 16, -32 
3 1 n-1 
14. a,==-(= 
OS G) 
16. 31 terms 17. 7 terms 
1023 1 
19, —— 20. 21. a, =— 
64 me a1 97 
23. a. $2007.50 b. $2087.80 


C. dy) = —2048 
a, =—2n+ 22 
10,900 


dy3 = -202 


c. $6260.69 d. $112,590.51 


Additional Topics Appendix 
Section A.1 Practice Exercises, pp. A-9-A-12 


1. 


3. 
13. 
19. 


21. 
29. 
33. 


39. 


47. 
49. 
53. 
equations 
57, 
61. 
67. 
69. 


71. 


bp cy 


a. determinant; ad—bc b. minor ¢. ay; b 
2 €2 


16 5. 1 7. 4 9. 6 11. 26 
6 15. 46 17. a. 30 bz. 30 


Choosing the row or column with the most zero elements simplifies 
the arithmetic when evaluating a determinant. 


12 23. -15 25. 0 27. 8a — 2b 

4x — 3y + 62 31. 0 

D= 16; D, = —63; D, = 66 35. {(2,-l} 37. {(4,-D} 
(@3)} es ee z=5 45. y=? 
Cramer’s rule does not apply when the determinant D = 0. 
51. {(0, 0)} 
Infinitely many solutions; {(x, y)|x + 5y =3}; dependent 
55. {(3, 2, 1} 

No solution; { }; inconsistent system 59. x=-19 

63. 36 65. a.2 b. -—2 c x=-1 

The measures are 37.5° and 52.5°. 


900 tickets in section A, 1500 tickets in section B, and 600 tickets 
in section C were sold. 
There were 560 women and 440 men in the survey. 


No solution; { }; inconsistent system 


w=l1 


A Angles 
applications involving, 74-75, 130, 284, 


Abscissa, 143. See also x-coordinates 308-309, 430 

Absolute value, of real numbers complementary, 74-75, 130, 284 
defined, 108, 115, 116 of right triangles, 284 
equality of, 111 supplementary, 74-75, 130, 284 


expressing measurement error with, 122 
translations of, 121-122 

Absolute value bars, 538 

Absolute value equations, 108-112 


defined, 108, 133 of conic sections, 809 

solving, 108-111, 116 of consecutive integers, 60-61, 429 
steps in, 109, 133 of ellipses, 809, 832 
with two absolute values, 112 of exponential equations, 790-791 


of triangles, sum of, 74 

Applications 
of common logarithmic functions, 750-751 
of compound inequalities, 100-101 


Absolute value functions, 223, 225 of exponential functions, 713, 737-739, 769, 789-790 
Absolute value inequalities, 115-122 of geometric series, 898 
defined, 115 of geometry, 73-75, 130 
solving, 115-118, 133-134 angles in, 74-75, 130, 284, 308-309, 430 
by definition, 115-118 perimeter in, 73-74, 130, 357 
by test point method, 119-121, 134 radical equations in, 596-597 
ac-method of factoring trinomials, 396-398, 443 similar triangles in, 503-504 
Addends, 14 of linear equations in one variable, 43, 59-68, 129 
Addition of linear equations in two variables, 141, 
of complex numbers, 607, 619 187-191, 238 
distributive property of multiplication over. of linear inequalities in one variable, 87-88 
See Distributive property of literal equations, 75-76, 130 
of functions, 714-715, 797 of mixtures, 63, 64-65, 281 
of like terms, 563 of motion (distance, rate, and time), 65-66, 
of logarithms 283-284, 504-506 
writing as single logarithm, 763-764 of natural logarithmic functions, 773-774 
writing in expanded form, 761-762 of parabolas, 809, 822 
of natural logarithmic functions of percents and rates, 61-63, 358 
writing as single logarithm, 771-772 of polynomial functions, 341, 357-358 
writing in expanded form, 772 of polynomials, 341, 369-370 
of polynomials, 353-354, 441 of principal and interest, 63-64, 282-283, 769 
of radical expressions, 563-566, 616 of proportions, 453, 502-503, 527 
of rational expressions of Pythagorean theorem, 430, 539-540 
with like denominators, 471 of quadratic equations, 429-431, 625 
with unlike denominators, 475-478 of quadratic formula, 640-642 
of terms of arithmetic series, 889-890, 907 of quadratic functions, 433-434, 641-642, 681-682 
of terms of geometric series, 895-898, 907 of radical equations, 596-597 
of terms of sequences, 881-883 of radical expressions, 533 
translations involving, 59 of radical functions, 597-598 
Addition method of rational equations, 504-507, 527 
defined, 271, 330 of rational exponents, 551 
systems of linear equations solved by, 271—276, 330 of relations, 203 
systems of nonlinear equations solved by, 845-846 of scientific notation, 346-348 
Addition property of sequences, 869, 881 


of equality, 45, 83 of slope, 161, 166 
of inequality, 83 of systems of linear equations in three variables, 308-310 
of rational expressions, 471 of systems of linear equations in two variables, 251, 279-284, 331 
Algebraic expressions of variation, 515-518 
simplifying, 342 of work, 506-507 
strategies for translating, 59 of x- and y-intercepts, 149-150 
Alternating sequence, 879 Approximations 
a”, 547-548, 615 of exponential expressions, 734-735 
a”, 547-548, 615 of nth roots, 537 


“And,” compound inequalities with, 95-97, 132 of square roots, 535 


° ~~ 
2 ° ae = ° 
° ° s °° 
° 
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° ° > 66 ° ° I-1 
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1-2 Index ° 


Area 
of rectangles, 130, 430 
of squares, 130 
surface, of spheres, 76 
of trapezoids, 76, 130 
of triangles, 130, 430 
Argument, of logarithmic functions, 744 
Arithmetic sequences, 887-889, 888, 906 
defined, 869, 887, 906 
finding number of terms in, 888-889 
finding specified term of, 888 
nth term of, 887-888, 906 
Arithmetic series, 889-890 
defined, 889, 907 
sum of, 889-890, 907 
Associative property 
of multiplication, 570 
Asymptotes, 224 
Augmented matrices, 318-323, 334 
Average, of data set, 87 
Axis, transverse, of hyperbola, 834, 861 
Axis of symmetry, of parabola 
defined, 661, 822 
horizontal, 824-826, 860 
vertical, 822-824, 860 


b® (zero exponent), 342, 550 
Bases (exponential) 
of exponential functions, 713, 734 
e (irrational number) as, 768, 801 
of logarithmic functions, 744 
e (irrational number) as, 770-772, 801 
multiplication and division of like, 342, 550 
“Between,” defined, 101 
Binomial(s) 
conjugates of, 366, 442, 593 
defined, 353, 441 
factoring, 411-418 
difference of squares, 411-413, 416, 444 
of form x° — y°, 417-418 
greatest common factor in, 389 
by grouping, 391-392 
sum and difference of cubes, 414-416, 445, 458 
summary of, 416-417 
multiplication of 
FOIL method for, 366 
special cases in, 366-368 
squaring, 367, 404, 442, 870 
square of, 716 
Binomial expansions, 870-875 
binomial theorem for, 872-875, 905 
defined, 870 
factorial notation for, 871-872 
finding specific term in, 874-875, 905 
Pascal’s triangle for, 871, 873, 874, 905 
Binomial theorem, 872-875, 905 
b". See Exponential expressions 
b™" (negative exponent), 342-343, 550 
Boundary points, definition of, 689, 705 
Braces 
in solution sets, 44 
Brackets, 94, 215 
in interval notation, 83 
Branches, of hyperbola, 834 


Calculators 
change-of-base formula on, 772-773 
exponential expressions on 
with irrational exponents, 734-735 
logarithmic functions on 
common, 747 
Center, of circle, 811-813 
Centroid, 270 
Change-of-base formula, 772-773, 801 
Charts, sign, 691 
Circles, 811-813 
center of, 811-813 
circumference of, 75 
as conic section, 822 
defined, 811 
graphing, 811-812 
radius of, 811-813 
standard equation of, 811-812, 859 
writing, 812-813 
Circumference, 75 
Clearing decimals, linear equations solved by, 49, 51 
Clearing fractions 
linear equations solved by, 49-51 
procedure for, 491-492, 494 
Coefficient matrices, 318 
Coefficients 
defined, 353, 441 
leading 
of 1, factoring trinomials with, 403-404 
negative, factoring polynomials with, 389 
of polynomials, 353, 441 
Coinciding lines, 253 
Collinear points, 148 
Column matrices, 318 
Commission, 61, 129 
Common difference, of arithmetic sequence, 
887-888, 906 
Common logarithmic functions 
applications of, 750-751 
on calculators, 747 
defined, 746, 770, 799 
evaluating, 746-747 
Common ratio, of geometric sequence, 894, 907 
Commutative property 
of multiplication, 570 
Complementary angles, 74-75, 130, 284 
Completing the square, 813 
defined, 628 
for equation of circle, 812-813 
parabolas graphed by, 823-824, 826 
perfect square trinomials from, 628-629 
quadratic equations solved by, of form 
ax’ + bx + c, 629-631, 645, 701 
Complex conjugates, 606, 619 
Complex fractions, 483-487 
defined, 483, 526 
simplifying 
by Method I, 483-484, 526 
by Method II, 484-487, 526 
Complex numbers, 605-609, 619 
addition of, 607, 619 
defined, 605-606, 619 
division of, 608-609, 619 
multiplication of, 608, 619 
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real and imaginary parts of, 606-607 
simplifying, 609 
subtraction of, 607, 619 
Composition, of functions, 715-716, 797 
with inverses, 725 
Compound inequalities, 93-101 
applications of, 100-101 
joined by “and,” 95-97, 132 
joined by “or,” 98-100, 132 
solving, 95-100 
of form a < x < b, 97-98, 132 
translations of, 100-101 
union and intersection of sets and, 93-95, 131-132 
Compound interest, 769-770 
Concentration rate, 64 
Conditional equations, 52-53 
Conic sections. See also Circles; Ellipses; 
Hyperbolas; Parabolas 
applications of, 809 
types of, 809, 822 
Conjugate radical expressions, multiplication of, 573-574 
Conjugates 
complex, 606, 619 
defined, 366, 442 
product of, 412, 584 
Consecutive integers 
applications involving, 60-61, 429 
defined, 60 
Consistent systems of linear equations, 253, 328 
Constant functions 
defined, 222-223, 240 
identifying, 226 
Constant terms 
in slope-intercept form, 188 
Continuously compounded interest, 769 
Contradictions, 52-53, 128 
Correspondence, relations as, 200 
Cost, applications involving, 279-280 
Cramer’s rule, A4—9 
Cube roots, 536 
of real number, 541 
Cubes (b°) 
difference of, 414-416, 445 
perfect, 415, 417-418, 537, 538, 557 
sum of, 414-416, 445 
Cubic functions, 223, 225 
Curie, Marie, 737 


D 


Dashed lines, 291, 292 
Decimals 
clearing, linear equations solved by, 49, 51 
Degree 
of polynomials, 353, 441 
of term, 353, 441 
Denominators, 16. See also Least 
common denominator 
like, 471 
of radical expressions, rationalizing, 
581-585, 617 
unlike, 475-478 
Dependent systems of linear equations 
solving with Cramer’s rule, A8-9 
in three variables, solving, 311-312 


° 
° 
oo ° Of ° Index 1-3 


in two variables 
defined, 253, 328 
solving by addition, 274 
solving by Gauss-Jordan method, 322 
solving by substitution, 266 
Depreciation, straight-line, 149-150 
Descending order, 353 
Determinants, Al—4 
definition of, Al 
of 2 x 2 matrices, Al—2 
of 3 x 3 matrices, A2-4 
Difference. See also Subtraction 
common, of arithmetic sequence, 887-888, 906 
in translations, 59 
Difference of cubes, 414-416, 445 
Difference of squares 
defined, 366-367, 411, 442, 573 
factoring, 411-414, 417 
in grouping, 413-414 
Directrix, of parabola, 822 
Direct variation 
applications of, 515-516 
defined, 513, 528 
Discriminant, 642-645 
defined, 642, 702 
determining number and type of solutions to quadratic equations 
with, 642-644, 702 
finding x-and y-intercepts of quadratic functions with, 644-645 
Distance 
absolute value expressions for, 121 
formula for, 65, 810-811, 859 
between two points, 810-811, 859 
Distance, rate, and time applications, 65-66, 
283-284, 504-506 
Distributive property of multiplication 
over addition 
in addition and subtraction of like 
terms, 564 
in addition and subtraction of radicals, 
563-566, 616 
in multiplication of polynomials, 365-366 
in multiplication of radical expressions, 
571-572 
Division 
of complex numbers, 608-609, 619 
of exponential expressions with like bases, 
342, 550 
of factorial expressions, 872 
of fractions, 466 
of functions, 714-715, 797 
of polynomials, 374-382, 442-443 
long, 375-379, 442 
by monomials, 374-375, 442 
synthetic, 380-382, 443 
of radical expressions, 579-580, 
603, 617 
of rational expressions, 466-467, 524 
statement, 375 
translations involving, 59 
by zero, 163 
Division algorithm, 377 
Division property 
of equality, 45 
of inequality, 84 
of radicals, 579-580, 603, 617 
of rational expressions, 465 
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1-4 Index o 9 oe _ $0 . oe : 
, s a ge Dag : He os 
Domain relations as, 201 
of basic functions, 225 solutions to. See Solutions 
of exponential functions, 734, 736 Equivalence of exponential expressions, 786, 802 
of functions, 214-215, 240, 454, 540 Equivalent equations, 45 
of inverse functions, 727 Equivalent expression, 97 
of logarithmic functions, 747, 749-750 Equivalent rational expressions, 474 
of radical functions, 540-541 Even-indexed roots, 538 
of rational functions, 454—456, 523 Even integers, consecutive, 60 
of relations, 199-202, 239 Exclamation point, in factorial notation, 871-872, 905 
Expanding minors, A3-4 
Exponent(s) 
of exponential functions, 713, 734 
E ; ; ; 
expressions with. See Exponential expressions 
e (irrational number) irrational, 734 
as base of exponential functions, 768, 801 negative (b~"), 342-343, 550 
as base of logarithmic functions, 770-772, 801 properties of, 342-344, 441, 549-550 
Elementary row operations, 319-320, 334 rational, 547-551, 615 
Elements in scientific notation, 346 
of matrices, 317 zero as (b°), 342 
Elimination method. See Addition method Exponential decay functions 
Ellipses, 832-834 applications of, 737-738 
applications of, 809, 832 defined, 736 
as conic section, 822 Exponential equations 
defined, 832, 861 applications of, 790-791 
focus of, 832 defined, 786 
graphing, 833-834, 837, 861 solving, 786-789, 802 
standard form of equation of, 832, 861 Exponential expressions (b”) 
Empty sets, 52, 93 equivalence of, 786, 802 
Endpoints, 813-815 with irrational exponents, 734-735 
English words. See Translations logarithmic equations converted to, 744-745 
Equality simplifying 
of absolute values, 111 properties of exponents in, 342-346, 550 
addition property of, 45, 83 with rational exponents, 547-548, 550 
division property of, 45 Exponential form, of logarithmic equations, 744-745 
multiplication property of, 45, 50, 283 Exponential functions, 733-740 
subtraction property of, 45, 83 applications of, 713, 737-739, 769, 789-790 
Equal sign, 44 defined, 713, 733-734, 799 
Equations domain of, 734, 736 
absolute value, 108-112, 133 e (irrational number) as base of, 768, 801 
of circle, 811-813, 859 graphing 
conditional, 52-53 Sx) = b*, 735-737, 749, 799 
contradictions as, 52-53 F(x) = &, 768 
defined, 44 logarithmic functions as inverse of, 744, 747-749 
of ellipse, 832, 861 polynomial function vs., 735 
equivalent, 45 Exponential growth functions 
exponential, 786-789, 802 applications of, 737, 739 
of hyperbola, 834-835, 850, 861 defined, 736 
identities as, 52-53 Expressions. See Algebraic expressions; Exponential expressions; 
of inverse of functions, 725-727, 798 Logarithmic expressions; Radical expressions; 
of lines, 173-181, 237. See also Linear equations Rational expressions 
horizontal lines, 150, 179, 222, 235, 237 Extraneous solutions, 494, 591 
parallel lines, 178 
perpendicular lines, 179 
from point-slope formula, 177, 237 F 
from slope-intercept form, 176 
from two points, 177-178 Factor(s) 
vertical lines, 150, 179, 235, 237 See also Greatest common factor, 389 
literal, 75-78, 130, 496, 632 negative, 389 
logarithmic, 783-786, 801 switching order of, 391, 392, 398 
nonlinear. See Nonlinear systems of equations Factorial notation (n!), 871-872, 905 
of parabola, 682, 823, 825, 860 Factoring 
quadratic. See Quadratic equations of binomials, 411-418 
in quadratic form, 654-657, 702 difference of squares, 411-413, 416, 444 
radical, 591-598, 618 of form x° — ys, 417-418 
rational. See Rational equations greatest common factor in, 389 
reduces to identity, 265 by grouping, 391-392 
° a ° Fa ° 7 ° sg. 7 
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defined, 388 
of integers, 388 
of polynomials 
defined, 388 
difference of squares in, 413-414 
greatest common factor in, 388-392 
by grouping, 390-392, 413-416, 443 
of quadratic equations, 426-427 
strategy for, 422 
substitution in, 406-407, 414, 444 
quadratic equation, 426 
of quadratic equations, 626 
sum and difference of cubes, 414-416, 445 
summary of, 416-417 
of trinomials 
by ac-method, 396-398, 443 
of form ax’ + bx + c, 397, 399, 400-401, 407 
with leading coefficient of 1, 403-404 
perfect square, 404-405, 458, 628 
sign rules for, 401 
substitution in, 406 
switching order of factors in, 398 
by trial-and-error method, 399-404, 444 
Feasible regions, 295-297 
Fibonacci sequence, 886 
Fifth powers, perfect, 537 
Finite sequences, 878, 906 
Finite series, 881 
First-degree linear equations, 426 


First-degree polynomial equations, 44, 425. See also Linear equations 


in one variable 
Focus (pl. foci) 
of ellipse, 832 
of hyperbola, 834 
of parabola, 809, 822 
FOIL method, 366 
Form fitting, 77 
Formulas 
change-of-base, 772-773, 801 
for distance, 65, 810-811, 859 
geometric, 130 
Heron’s, 533 
as literal equations, 75 
midpoint, 813-815, 859 
point-slope, 176-179, 237 
quadratic. See Quadratic formula 
rational equations in, 496-497 
for slope of a line, 162-164 
summary of forms of, 179-180, 237 
vertex, 680-681, 704, 827-828 
Fourth powers, perfect, 537 
Fourth root, 536, 593 
Fractions 
clearing, 492 
linear equations solved by, 49-51 
procedure for, 491-492, 494 
complex, 483-487, 526 
division of, 466 
multiplication of, 465 
negative sign in, 174 
numerical, 483 
simplifying, 456, 872 
Function(s), 878 
absolute value, 223, 225 
algebra of, 714-715, 797 
combining, 716-717 


° ° ? Index 


composition of, 715-716, 725, 788, 797 
constant 
defined, 222, 240 
identifying, 226 
cubic, 223, 225 
defined, 209-210, 239, 722 
domain of, 214—215, 240, 454, 540 
evaluating, 212—213 
exponential. See Exponential functions 
graphs of, 222—228, 240 
finding intercepts of, 227-228 
finding values from, 214, 717 
identifying, 209-211, 226 
vertical line test for, 210-211, 239 
identity, 223, 225 
inverse. See Inverse functions 
linear, 223, 240 
identifying, 226 
logarithmic. See Logarithmic functions 
names of, 212 
one-to-one, 722-724, 798 
polynomial, 356-358 
quadratic. See Quadratic functions 
radical, 540-541, 614 
range of, 214, 239 
rational, 454-456, 523 
reciprocal, 223, 225 
square root, 223, 225 
switching order of, 716 
translations of, 212 
Function notation, 212-213 
for basic functions, 223 
defined, 212, 240 
finding intercepts using, 227-228 
Fundamental principle of rational expressions, 
456, 459 


G 


Gauss-Jordan method, 317-323 
defined, 320, 334 
systems of linear equations solved by, 
319-323, 334 
GCF. See Greatest common factor 
General term of sequences. See nth term 
of sequences 
Geometric sequences, 894-895 
defined, 869, 894, 907 
definition of, 869, 894, 907 
finding specified term of, 895 
nth term of, 894-895, 907 
Geometric series, 895-898 
applications of, 898 
defined, 895-896, 907 
definition of, 895-896, 907 
infinite, 897-898, 907 
sum of, 895-898, 896-898, 907 
Geometry. See also specific geometric shapes 
applications involving, 73-75, 130 
angles in, 74-75, 130, 284, 308-309, 430 
perimeter in, 73-74, 130, 357 
similar triangles in, 503-504 
formulas in, 130 
radical equations in, 596-597 
Golden ratio, 625 
Golden rectangle, 625 
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Graph(s) 
of basic functions, 223-225, 240 
of circles, 811-812 
of constant functions, 222 
of ellipses, 833-834, 837, 861 
of exponential functions 
F(x) = e*, 768-769 
of feasible region, 295-297 
of functions, 222—228, 240 
finding intercepts of, 227-228 
finding values from, 214, 717 
F(x) = b*, 735-737, 749, 799 
of hyperbolas, 835-836, 850-851, 861 
of inverse functions, 727, 798 
of linear equations in two variables, 144-147 
horizontal lines in, 150-151 
using slope and y-intercept, 174 
vertical lines in, 150-151 
of linear functions, 223 
of linear inequalities in two variables, 291-293, 332, 850 
systems, 293-295 
of lines 
horizontal lines, 151 
from linear equations in two variables, 145-147 
from slope-intercept form, 173-174, 237 
vertical lines, 150-151 
of logarithmic functions, 747—750, 799 
change-of-base formula for, 773 
natural, 771 
of nonlinear inequalities in two variables, 850-851, 863 
of nonlinear systems of equations, 842-845, 862 
of nonlinear systems of inequalities, 851-852, 863 
of parabolas 
by completing the square, 823-824, 826 
with horizontal axis of symmetry, 825-826 
with vertical axis of symmetry, 823-824 
of quadratic functions, 661-669, 703 
of form f(x) = (x — h)’, 664-665, 703 
of form f(x) = ax’, 240, 666-667, 703 
of form f(x) = ax’ + bx +c, 225, 431-432, 688 
of form f(x) = a(x — h)? + k, 667-669, 676-679, 703 
of form f(x) = x’, 223-224 
of form f(x) = x7 + k, 662-663, 703 
horizontal shift of, 664-665 
vertical shift of, 663 
vertical stretch and shrink of, 667 
of radical functions, 541 
of rational functions, 455 
relations as, 200-201 
systems of linear equations solved by, 252-256, 328 
x-and y-intercepts on, 147-150, 227-228 
Graph paper, 254 
Greatest common factor (GCF) 
of binomials, 389 
of polynomials, 388-392 
defined, 388, 443 
opposite of, 389 
Grouping, factoring polynomials by, 390-392, 443 
difference of squares in, 413-414 
Grouping symbols. See specific symbols 


H 


Half-life, 737 
Heron’s formula, 533 
Horizontal asymptotes, 224 


Horizontal axis of symmetry, 824-826, 860 
Horizontal lines, 150-151, 293 
defined, 150, 179 
equation of, 150, 179, 222, 235, 237 
graphing, 151 
zero Slope of, 163 
Horizontal line test, 722, 798 
Horizontal shift, of graphs of quadratic functions, 
664-665 
Horizontal transverse axis, of hyperbola, 834, 861 
Hyperbolas, 834-836 
applications of, 809 
as conic section, 822 
defined, 834, 861 
focus of, 834 
graphing, 835-836, 850-851, 861 
standard form of equation of, 834, 850, 861 
transverse axis of, 834, 861 
vertices of, 834 


Identities, 52-53, 128 
Identity functions, 223, 225 
Identity property 
of multiplication, 459 
Imaginary numbers (i) 
defined, 602, 619 
powers of, 604—605 
simplifying expressions in terms of, 603-605 
as solutions to quadratic equations, 640, 642 
Imaginary parts, of complex numbers, 606-607 
Inconsistent systems of linear equations 
solving by substitution, 265-266 
in three variables, solving, 312 
in two variables 
defined, 253, 328 
solving by addition, 274-275 
solving by Gauss-Jordan method, 323 
Independent systems of linear equations, 
253, 328 
Index 
of nth roots, 537-538 
of radical, 536, 574-575 
of summation, 881, 882, 890 
Inequalities 
absolute value, 115-122, 133-134 
addition property of, 83 
boundary points of, 689 
compound. See Compound inequalities 
division property of, 84 
linear. See Linear inequalities 
multiplication property of, 84 
nonlinear, 849-852, 863 
on number line, 82—83 
polynomial, 690-692, 705 
quadratic, 688-690 
rational, 692-694, 705 
with special case solution sets, 695 
subtraction property of, 83 
symbols for, 84 
Inequality signs, 6, 84, 95 
Infinite sequence, 878, 906 
Infinite series, 881 
geometric, 897-898, 907 
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Integers 
consecutive 
applications involving, 60-61, 429 
defined, 60 
as exponents. See Exponent(s) 
factoring, 388 
as fraction, 50 
Interest 
applications involving, 63-64, 282-283, 769-770 
compound, 769-770 
compounded continuously, 769 
simple, 61-62, 129 
Intersection, of sets, 93-95, 131-132 
Interval notation, 215, 541 
for domain and range of functions, 215 
for domain and range of relations, 202 
for domain of radical functions, 540-541 
for domain of rational functions, 455-456 
for linear inequalities, 83, 116 
for union and intersection of sets, 94-95 
Inverse function property, 724, 798 
Inverse functions (f'), 722-727, 798 
composition of, 725 
defined, 722, 724, 798 


of exponential functions, logarithmic functions as, 744, 747-749 


finding equation of, 725-727, 798 
graphing, 727, 798 
with restricted domain, 727 
Inverse of f, 722. See also Inverse functions 
Inverse variation 
applications of, 516-517 
defined, 513, 528 
Irrational numbers 
defined, 535 
e 
as base of exponential functions, 768, 801 
as base of logarithmic functions, 770-772, 801 
as exponents, 734 
as solutions to quadratic equations, 642 


J 


Joint variation 
defined, 514, 528 


L 


LCD. See Least common denominator 
Leading coefficient 
of 1, factoring trinomials with, 403-404 
defined, 353, 441 
negative, factoring polynomials with, 389 
Leading terms, of polynomials, 353, 403, 441 
Least common denominator (LCD), 15 
of rational expressions, 472-473, 475-478, 525 
in solving linear equations, 49-50 
Least common multiple, 273 
Like radicals 
addition and subtraction of, 563-564, 616 
defined, 563, 616 
Like terms 
addition and subtraction of, 564 
defined, 353-354 
in nonlinear systems of equations, 845-846 
in polynomials, 353-356, 441 
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coinciding, 253 
equations of, 173-180, 237. See also Linear equations 
horizontal lines, 150, 179, 222, 235, 237 
parallel lines, 178 
perpendicular lines, 179 
from point-slope formula, 177, 237 
from slope-intercept form, 176 
from two points, 177-178 
vertical lines, 150, 179, 235, 237 
graph of 
from linear equations in two variables, 
145-147 
from slope-intercept form, 173-174, 237 
horizontal. See Horizontal lines 
midpoint of segment of, 813-815 
parallel. See Parallel lines 
perpendicular. See Perpendicular lines 
slope of. See Slope 
solid vs. dashed, 291, 292 
vertical. See Vertical lines 


Linear equations in one variable 


with addition and subtraction properties of 
equality, 45 
applications of, 43, 59-68, 129 
by clearing decimals, 49, 51 
by clearing fractions, 49-51 
conditional, 52-53 
with consecutive integers, 60-61 
contradictions as, 52-53, 128 
defined, 44, 128, 143, 425 
identities as, 52-53, 128 
with multiplication and division properties of equality, 45 
solving, 45-49 
steps in, 47, 128 
translations of, 60 


Linear equations in three variables 


defined, 305-306, 333 
solution to, ordered triples as, 305 
systems of. See Systems of linear equations in three variables 


Linear equations in two variables 


applications of, 141, 187-191, 238 

defined, 143, 235, 842 

graphing, 144-147, 292 

horizontal lines in, 150-151 

point-slope form of, 176-179, 237 

slope-intercept form of, 173-176, 179, 237 

solutions to, ordered pairs as, 144 

standard form of, 143, 173, 177, 179, 237 

systems of. See Systems of linear equations in two variables 

using slope and y-intercept, 174 

vertical lines in, 150-151 

x-and y-intercepts of, 147—150, 235 
finding, 148-149 


Linear functions 


defined, 223, 240 
identifying, 226 


Linear inequalities in one variable 


applications of, 87-88 
defined, 82, 131 

interval notation for, 83, 116 
negative numbers in, 84-86 
properties of, 83-84, 131 
set-builder notation for, 83 
solving, 82-86 

test point method for, 86 
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Linear inequalities in two variables Matrices 
defined, 291, 332 augmented, 318-323, 334 
and feasible regions, 295-297 coefficient, 318 
graphing, 291-293, 332 column, 318 
solution to, ordered pairs as, 291 defined, 317, 334 
systems of, 293-295 order of, 317-318, 334 
test point method for, 292—293, 332, 849 row, 318 
Linear models, 187-192 square, 318 
defined, 187-188, 238 determinants of, Al—4 
interpreting, 189-190 systems of linear equations solved by, 317-324, 334, A4—9 
writing, 187-189 Maximum values, of quadratic functions, 668 
from observed data points, 190-191, 238 Mean, of data set, 87 
Literal equations, 75-78, 130 Measurement error, absolute value expressions 
applications involving, 75-76, 130 for, 122 
defined, 75, 130 Midpoint formula, 813-815, 859 
solving, 76-78, 496, 632 Minimum values, of quadratic functions, 668 
Logarithm(s) Minor, of matrix elements, A2—3 
defined, 744 Mixtures 
exponential equations solved with, 788-789 applications involving, 63, 64-65, 281 
power property of, 760-761, 764, 771, 787 pure substance in, 281 
product property of, 759-761, 771 Models 
quotient property of, 760-761, 771 linear, 187-192 
summary of properties of, 761,771, 800 defined, 187-188, 238 
sum or difference of interpreting, 189-190 
writing as single logarithm, 763-764, 771-772 writing, 187-189, 190-191, 238 
writing in expanded form, 761-762, 772 mathematical 
Logarithmic equations defined, 187 
converting to exponential form, 744-745 limits of, 188 
defined, 783 of population growth, 738-739 
solving, 783-786, 801 quadratic 
Logarithmic expressions of form y = ax” + bx +c, 682-683 
change-of-base formula for, 772-773 variation 
evaluating, 745-747 finding, 515, 528 
in expanded form, 761-762, 772 translating to, 513-514 
simplifying, 759-760, 771 Monomials 
single, 763-764, 771 defined, 353, 441 
Logarithmic form division of polynomials by, 374-375, 442 
converting to exponential form, 744-745 multiplication of, 364 
defined, 744 Motion, applications involving, 65-66, 283-284, 504-506 
Logarithmic functions, 744-751 Multiplication 
common associative property of, 570 
applications of, 750-751 of binomials 
on calculators, 747 FOIL method for, 366 
defined, 746, 770, 799 special cases in, 366-367 
evaluating, 746-747 squaring, 367, 404, 442, 870 
defined, 744, 799 commutative property of, 570 
domain of, 747, 749-750 of complex numbers, 608, 619 
evaluating, 745-746 distributive property of, over addition. 
exponential vs. logarithmic form of, 744-745 See Distributive property 
graphing, 747-750, 799 of exponential expressions with like bases, 342, 550 
as inverse of exponential functions, 744, 747-749 of factorial expressions, 872 
natural, 770-772 of fractions, 465 
applications of, 773-774 of functions, 714-715, 797 
e (irrational number) as base of, 770-772, 801 identity property of, 459 
graphing, 770 of monomials, 364 
Long division of polynomials, 364-370, 442 
of polynomials, 375-379, 442 applications of, 369-370 
vs. synthetic division, 382 by monomials, 364 
by polynomials, 365-366 
special cases in, 366-368 
M of radical expressions, 570-575, 616 
with different indices, 574-575, 616 
Magnitude, order of, 346 multiplication property of radicals in, 570-572, 616 
Mathematical models. See also Linear models special case products in, 573-574 
defined, 187 of rational expressions, 465—466, 524 
limits of, 188 translations involving, 59 
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Multiplication property 
of equality, 45, 50, 283 
of inequality, 84 
of radicals, 556-558, 570-572, 603, 615, 616 
of rational expressions, 465 


N 


Natural logarithmic functions, 770-772 
applications of, 773-774 
defined, 770 
graphing, 770 
logarithmic functions on 
change-of-base formula for, 772-773 
properties of, 771 
simplifying, 771 
sum or difference of 
writing as single logarithm, 771-772 
writing in expanded form, 772 
Negative numbers 
as exponents (b™), 342-343, 550 
in linear inequalities, 84-86 
nth root of, 537 
in polynomials, 354 
factoring, 389 
square root of, 534, 535, 602-603 
in trinomials, factoring, 401 
Negative slope, 162-163 
Negative square roots, 534, 535 
n factorial, 871 
Nonlinear inequalities in two variables, 849-852 
graphing, 850-851, 863 
systems of, 851-852, 863 
test point method for, 850-851, 863 
Nonlinear systems of equations in two variables 
defined, 842 
solving 
by addition method, 845-846 
by graphing, 842-845, 862 
by substitution method, 842-845, 862 
Nonlinear systems of inequalities in two variables, graphing, 
851-852, 863 
Nonzero real number, 745, 870 
Notation 
factorial, 871-872, 905 
function. See Function notation 
interval. See Interval notation 
radical, 534, 536, 549 
scientific. See Scientific notation 
set-builder, 83, 256 
summation, 881, 882-883 
nth roots, 536-539 
defined, 536-537, 614 
principal, 536-537 
of real numbers, identifying, 537 
simplifying 
in form af d, 537 
in form "a", 538-539, 557 
of variable expressions, 537-539 
nth term of sequences 
arithmetic sequence, 887-888, 906 
defined, 878, 906 
finding, 880 
geometric sequence, 894-895, 907 
Null sets. See Empty sets 
Number line. See Real number line 
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complex, 605-609, 619 

imaginary, 602-605 

integers. See Integers 

irrational. See Irrational numbers 

rational, 642 

real. See Real number(s) 
Numerical coefficients. See Coefficients 
Numerical fractions, 483 


oO 


Odd-indexed roots, 538 
Odd integers, consecutive, 60-61 
One-to-one functions 
defined, 722, 798 
horizontal line test for, 723, 798 
identifying, 723-724 
inverse of, 724-725 
finding equation of, 725-727, 798 
graphs of, 727 
Opposite(s), 165, 271, 355 
of binomials, 366 
of greatest common factor, 389 
of polynomials, 354-355 
in rational expressions, 459 
of real numbers, 354 
“Or,” compound inequalities with, 98-100, 132 
Ordered pairs 
defined, 143 
graphs of, 143, 145-147 
relations as set of, 199, 200, 239 
as solution to linear equations in two variables, 144 
as solution to linear inequalities in two 
variables, 291 
as solution to systems of linear equations, 252 
as solution to systems of nonlinear inequalities, 851 
Ordered triples 
defined, 305 
as solution to linear equations in three variables, 305-306 
as solution to systems of linear equations in three variables, 
305-306, 333 
Order of magnitude, 346 
Order of matrix, 317-318, 334 
Order of operations 
radical expressions simplified using, 558-559 
Ordinate, 143. See also y-coordinates 
Origin, on rectangular coordinate system, 142 
ellipse centered at, 832-834, 836, 861 
hyperbola centered at, 834-836, 861 


P 


X (pi) 
in exponential expressions, 734 
Parabolas, 822-828 
applications of, 809, 822 
axis of symmetry of 
defined, 667, 822 
horizontal, 824-826, 860 
vertical, 822-824, 860 
as conic section, 822 
defined, 226, 240, 431, 661, 822, 860 
directrix of, 822 
focus of, 809, 822 
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Parabolas—Cont. 
graphing 
by completing the square, 823-824, 826 
with horizontal axis of symmetry, 825-826 
with vertical axis of symmetry, 823-824 
as graph of quadratic functions, 226, 240, 
431-432, 661-669 
standard form of equation of, 682, 823, 825, 860 
vertex of 
defined, 661, 822, 860 
finding, 679-681, 704 
Parallel lines 
defined, 164, 175 
equation of, 178 
identifying, with slope-intercept form, 175 
slope of, 164-166, 236 
Parentheses, 47, 94, 144, 213,541, 843 
in function notation, 212 
in interval notation, 83, 116 
Pascal, Blaise, 871 
Pascal’s triangle, 871, 873, 874, 905 
Percents 
applications involving, 61-63, 358 
conversion to decimal form, 62 
Perfect cubes, 415, 417-418, 537, 538, 557 
Perfect fifth powers, 537 
Perfect fourth powers, 537 
Perfect squares, 404, 417, 535, 538, 557 
Perfect square trinomials 
from completing the square, 628-629 
defined, 367, 404, 431, 442, 444, 573, 628 
factoring, 404-405, 458, 628 
Perimeter 
applications involving, 73-74, 130, 357 
of rectangle, 74, 75, 130, 357 
Perpendicular lines 
defined, 164, 175 
equation of, 179 
identifying, with slope-intercept form, 175 
slope of, 164-166, 236 
Plus or minus symbol, 122, 627 
Points 
boundary, 689, 705 
collinear, 148 
distance between two, 810-811, 859 
finding slope of a line using two, 162-164 
midpoint between two, 813-815, 859 
plotting, 143 
test. See Test point method 
Point-slope formula, 176-179 
defined, 176, 179, 237 
finding equation of line using, 177-178, 237 
Polynomial(s). See also Binomial(s); 
Monomials; Trinomials 
addition of, 353-354, 441 
applications of, 341, 369-370 
defined, 353, 441 
degree of, 353, 441 
division of, 374-382, 442-443 
long, 375-379, 442 
by monomials, 374-375, 442 
synthetic, 380-382, 443 
factoring, 397 
defined, 388 
difference of squares in, 413-414 
greatest common factor in, 388-392, 417 


by grouping, 390-392, 413-416, 443 
with negative coefficients, 389 
strategy for, 422 
substitution in, 406-407, 414, 444 
leading coefficient of 
1 as, 403-404 
defined, 353, 441 
negative, 389 
leading term of, 353, 403, 441 
multiplication of, 364-370, 442 
applications of, 369-370 
by monomials, 364 
by polynomials, 365-366 
radicals multiplication vs., 571 
special cases in, 366-368 
opposite of, 354-355 
prime, 397, 400, 413 
ratio of two. See Rational expressions 
subtraction of, 354—356, 441 
translations involving, 368-369 
Polynomial equations 


first-degree, 44, 425. See also Linear equations in one variable 


higher-degree, solving, 428-429 

second-degree, 425. See also Quadratic equations 
Polynomial functions, 356-358 

applications of, 341, 357-358 

defined, 356 

evaluating, 357 

exponential function vs., 735 


Polynomial inequalities, solving with test point method, 690-692, 705 


Population growth, 713 

model of, 738-739 
Positive numbers. See also Signed numbers 
Positive slope, 162-163 
Positive square roots. See Principal square roots 
Power of a product, 342, 550 
Power of a quotient, 342, 550 


Power property of logarithms, 760-761, 764, 771, 787 


Power rule for exponents, 342, 550 
Prime polynomials, 397, 400, 413 


Principal, applications involving, 63-64, 282-283, 769 


Principal nth root, 536-537 


Principal (positive) square roots, definition of, 534, 614 


Problem solving, 59-60, 129. See also Translations 
Product(s). See also Multiplication 

special case, 366-368, 573-574 

in translations, 59 
Product, power of a, 342, 550 
Product property of logarithms, 759-761, 771 
Proportions 

applications of, 453, 502-503, 527 

defined, 501, 527 

with similar triangles, 503-504 

solving, 501-502 
Pythagorean theorem 

applications of, 430, 539-540 

defined, 430, 539, 614 

finding distance between two points with, 810 


Q 


Quadrants, on rectangular coordinate system, 142 
Quadratic equations 

applications of, 429-431, 625 

defined, 425, 445 

equations reducible to, solving, 656-657 
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factoring, 426 
higher-degree, 428-429 
solutions to, discriminant in determining, 
642-644, 702 
solving, 494 
by completing the square, 629-631, 
645, 701 
by factoring, 426-429, 626, 645 
review of methods for, 645-648 
summary of methods for, 645, 702 
using quadratic formula, 639-640, 645 
using square root property, 626-627, 629-631, 645, 701 
using zero product rule, 425-429, 445, 626 
Quadratic form, equations in, 654-657, 702 
defined, 654 
solving, 654-656, 702 
Quadratic formula, 680 
applications of, 640-642 
defined, 638, 702 
derivation of, 638 
quadratic equations solved using, 639-640, 645 
Quadratic functions 
analyzing, 641-642, 678 
applications of, 433-434, 641-642, 681-682 
defined, 223, 225-226, 240, 431, 445 
graphs of, 661-669, 703 
of form f(x) = (x — h)’, 664-665, 703 
of form f(x) = ax’, 240, 666-667, 703 
of form f(x) = ax? + bx + c, 225, 431-432, 688 
of form f(x) = a(x — h)? + k, 667-669, 
676-679, 703 
of form f(x) = x’, 223-224 
of form f(x) = x + k, 662-663, 703 
horizontal shift of, 664-665 
vertical shift of, 663 
vertical stretch and shrink of, 667 
identifying, 226 
minimum and maximum values of, 668-669 
x-and y-intercepts of, finding, 432, 680-68 | 
with discriminant, 644-645 
Quadratic inequalities 
defined, 688 
solving 
with graphs, 688-689 
with test point method, 689-690 
Quadratic models 
of form y = ax? + bx + c, 682-683 
Quotient. See also Division 
in translations, 59 
Quotient, power of a, 342, 550 
Quotient property of logarithms, 760-761, 771 


R 


Radical equations 
applications of, 596-597 
defined, 591 
solving, 591-598 
with one radical, 592-594 
steps in, 592, 618 
with two radicals, 594-596 
Radical expressions (radicals). See also Cube roots; nth roots; 
Square root(s) 
addition of, 563-566, 616 
applications of, 533 
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conjugate, 573-574 
division property of, 579-580, 603, 617 
index of, 536, 574-575, 616 
like, 563-564, 616 
multiplication of, 570-575, 616 
with different indices, 574-575, 616 


multiplication property of radicals in, 570-572, 616 


polynomials multiplication vs., 571 
special case products in, 573-574 


multiplication property of, 556-558, 570-572, 603, 


615, 616 
product property of, 810 
rationalizing the denominator of, 581-585, 617 
simplified form of, 556, 579 
simplifying, 555-559, 615 
before addition or subtraction, 565 
in form a)", 572 
using division property of radicals, 580 
subtraction of, 563-565, 616 
using multiplication property of radicals, 
556-558, 615 
using order of operations, 558-559 
Radical functions, 540-541 
applications of, 597-598 
defined, 540, 614 
domain of, 540-541 
graphing, 541 
Radical notation, 534, 536 
converting between rational exponents 
and, 549 
Radical sign, 534, 536 
Radicand, 536 
Radioactive decay, 737, 774, 790-791 
Radius, of circle, 811-813 
Range 
of basic functions, 225 
of exponential functions, 736 
of functions, 214, 239 
of relations, 199-202, 239 
Rate of change, 166, 188 
Rates, applications involving, 61-63. See also 
Distance, rate, and time applications 
Ratio(s) 
of -1, simplifying, 459-460 
common, 894, 907 
defined, 527 
golden, 625 
of two polynomials. See Rational expressions 
Rational equations 
applications of, 504-507, 527 
defined, 491 
formulas involving, 496-497 
solving, 491-496 
by reducing to quadratic equations, 656-657 
steps in, 494, 527 
Rational exponents, 547-551, 746 
applications of, 551 
converting between radical notation and, 549 
of form a” 
defined, 547-549, 615 
evaluating expressions with, 548-549 
of form a!” 
defined, 547, 615 
evaluating expressions with, 547 
properties of, 549-550 
simplifying, 547-548, 550 
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Rational expressions 
addition of 
with like denominators, 471 
with unlike denominators, 475-478 
defined, 454, 456, 523 
division of, 466-467, 524 
equations with. See Rational equations 
equivalent, 474 
fundamental principle of, 456, 459 
least common denominator of, 
475-478, 525 
finding, 472-473 
multiplication of, 465-466, 524 
restrictions on variables in, 457 
simplifying, 456-459, 523 
with ratios of -1, 459-460 
subtraction of, 525 
with like denominators, 471 
with unlike denominators, 475-477 
Rational functions, 454-456, 523 
defined, 454, 523 
domain of, 454-456, 523 
evaluating, 454-455 
graphing, 455 
Rational inequalities 
defined, 692 
solving with test point method, 692-694, 705 
Rationalizing the denominator, 581-585, 617 
defined, 581, 617 
with one term, 581-583, 617 
with two terms, 581, 583-585, 617 
Rational numbers 
as solutions to quadratic equations, 642 
Real number(s) 
absolute value of. See Absolute value 
negative 
cube root of, 541 
square root of, 541 
nonzero, 745, 870 
nth roots of, identifying, 537 
opposite of, 354 
subtraction of, 355 
Real number line 
absolute value on, 108, 115 
inequalities on, 82-83 
Real parts, of complex numbers, 606-607 
Reciprocal functions, 223, 225 
Rectangles 
area of, 130, 430 
golden, 625 
perimeter of, 74, 75, 130, 357 
Rectangular coordinate system. See Graph(s) 
Reduced row echelon form, 320-322, 334 
Relations, 199-204. See also Function(s) 
applications of, 203 
defined, 199, 239 
domain and range of, 199-202, 239 
as functions, identifying, 209-211 
Right circular cylinders, volume of, 76 
Right triangles 
angles of, 284 
Pythagorean theorem on, 430, 539-540, 810 
Roots. See also Cube roots; nth roots; Square root(s) 
of variable expressions, 537-539 
Row matrices, 318 
Row operations, elementary, 319-320, 334 


Sales tax, 61, 129 
Scientific notation, 346-348 
applications of, 347-348 
defined, 346, 441 
writing numbers in, 346-347 
Second-degree polynomial equations, 425, 646. 
See also Quadratic equations 
Segments, line, midpoint of, 813-814 
Sequences, 877-881 
alternating, 879 
applications of, 869, 881 
arithmetic. See Arithmetic sequences 
defined, 869, 877 
example of, 877-878 
Fibonacci, 886 
finite, 878, 906 
geometric. See Geometric sequences 
infinite, 878, 906 
terms of, 878-880 
addition of, 881-883 
Series, 881-883 
arithmetic. See Arithmetic series 
defined, 869, 881 
finite, 881 
geometric. See Geometric series 
infinite, 881, 897-898, 907 
Set(s) 
of complex numbers, 606 
empty, 52, 93 
solution, 44 
union and intersection of, 93-95, 131-132 
using interval notation to express. 
See Interval notation 
Set-builder notation 
for domain of rational functions, 455-456 
for linear inequalities, 83 
for systems of linear equations, 256 
Sigma (2), 881 
Sign charts, 691 
Signed numbers 
in polynomials, 355 
factoring, 389 
in sum or difference of cubes, 415 
in trinomials, factoring, 401 
Similar triangles 
applications of, 503-504 
defined, 503 
Simple interest, 61-62, 129 
Simplification 
of algebraic expressions, 342 
of complex fractions, 483-487, 526 
by Method I, 483-484, 526 
by Method II, 484-487, 526 
of complex numbers, 609 
of exponential expressions 
properties of exponents in, 342-346, 550 
with rational exponents, 547-548, 550 
of expressions, 458 
in terms of imaginary numbers, 602-605 
of fractions, 456, 872 
of logarithmic expressions, 759-760, 771 
of nth roots 
in form "/a, 537 
in form ("/a)", 538-539, 557 
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of radical expressions, 555-559, 615 
before addition or subtraction, 565 
in form ("s/a)", 572 
using division property of radicals, 579-580 
using multiplication property of radicals, 
556-558, 615 
using order of operations, 558-559 
of rational exponents, 547-548, 550 
of rational expressions, 456-459, 523 
with ratios of -1, 459-460 
of square roots, 535-536 
Slope-intercept form, 173-176 
constants and variables in, 188 
defined, 173, 179, 237 
finding equation of line using, 176 
finding slope and y-intercept using, 174, 237 
graphing line using, 174, 237 
identifying parallel and perpendicular lines using, 175 
in systems of linear equations, 254 
Slope of a line, 160-167 
applications of, 161, 166 
defined, 160-161, 236 
finding, 161 
using slope-intercept form, 174, 237 
using two points, 162-164 
formula for, 162-164 
negative, 163 
of parallel lines, 164-166, 236 
of perpendicular lines, 164-166, 236 
positive, 163 
as rate of change, 166, 188 
undefined, 163 
zero, 163 
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Square(s) (geometric shape), area of, 130 
Square brackets. See Brackets 
Square matrices 
defined, 318 
determinants of, Al4 
definition of, Al 
in 2 x 2 matrices, Al—2 
in 3 x 3 matrices, A2—4 
Square root(s) 
defined, 534 
identifying, 534 
negative, 534 
of negative numbers, 534, 535, 602-603 
principal (positive), 534, 614 
of real number, 541 
simplifying, 535-536 
Square root functions, 223, 225 
Square root property, 626 
defined, 626, 701 
quadratic equations solved using, 626-627, 
629-631, 645, 701 
Standard form of equations 
of circle, 811-813, 859 
of ellipse, 832, 861 
of hyperbola, 834-835, 850, 861 


of linear equations in two variables, 143, 173, 177, 179, 237 


of parabola, 682, 823, 825, 860 
Straight-line depreciation, 149-150 
Strict inequalities, 292, 689 
Subscripts, 76 
Substitution method 
defined, 262, 329 
dependent systems of linear equations solved 


SOAP, 415 
Solid lines, 291, 292 
Solutions, to equations 
defined, 44 
extraneous, 494, 591 
to linear equations in three variables, 305-306 
to linear equations in two variables, 144 


to quadratic equations, discriminant in determining number and type 


of, 642-644, 702 
by substitution, 630 


to systems of linear equations in three variables, 305-306, 333 
to systems of linear equations in two variables, 252—253, 328 


to systems of nonlinear inequalities in two variables, 851 
Solution sets 
defined, 44 
empty, 52 
special case, inequalities with, 695 
Special case products, 366-368 
with radical expressions, 573-574 
Special case solution sets, inequalities with, 695 
Sphere, surface area of, 76 
Square(s) (b’) 


by, 266 
in factoring polynomials, 406-407, 414, 444 
inconsistent systems of linear equations solved by, 265-266 
nonlinear systems of equations solved by, 842-845, 862 
systems of linear equations solved by, 262-266, 329 


Subtraction 


of complex numbers, 607, 619 
of functions, 714-715, 797 
of like terms, 564 
of logarithms 
writing as single logarithm, 763-764 
writing in expanded form, 761-762 
of natural logarithmic functions 
writing as single logarithm, 771-772 
writing in expanded form, 772 
of polynomials, 354-356, 441 
of radical expressions, 563-565, 616 
of rational expressions, 525 
with like denominators, 471 
with unlike denominators, 475-477 
of real numbers, 355 
translations involving, 59 


of binomials, 367, 404, 442, 593, 716, 870 
completing the. See Completing the square 
difference of 
defined, 366-367, 411, 442, 573 
factoring, 411-414, 417, 444 
perfect, 404, 417 
sum of, 413, 444 
translations of, 368-369 
perfect, 535, 538, 557 
sum of, 456 
of two-term radical expressions, 573 


Subtraction property 

of equality, 45, 83 

of inequality, 83 

of rational expressions, 471 
Sum, 14 

of expression, 271 

in translations, 59. See also Addition 
Summation notation, 881, 882-883 
Sum of cubes, 414-416, 445, 458 
Sum of squares, 413, 444 
Supplementary angles, 74-75, 130, 284 
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Surface area, of sphere, 76 
Synthetic division 
defined, 380 
of polynomials, 380-382, 443 
vs. long division, 382 
Systems of linear equations in three variables, 
305-314 
applications of, 308-310 
Cramer’s rule for, A6-8 
defined, 305, 333 
dependent, 311-312 
inconsistent, 312 
solutions to, 305—306, 333 
solving, 307-308, 311-312, A6-8 
Systems of linear equations in two variables 
applications of, 251, 279-284, 331 
consistent, 253, 328 
Cramer’s rule for, A4-6 
defined, 252 
dependent 
defined, 253, 328 
solving by addition, 274 
solving by Gauss-Jordan method, 322 
solving by substitution, 266 
solving with Cramer’s rule, A8—9 
inconsistent 
defined, 253, 328 
solving by addition, 274-275 
solving by Gauss-Jordan method, 323 
solving by substitution, 265-266 
independent, 253, 328 
solutions to, 252-253, 328 
solving 
by addition, 271-276, 330 
by graphing, 252-256, 328 
with matrices, 317-324, 334, A4-6 
by substitution, 262-266, 329 
Systems of nonlinear equations. See Nonlinear 
systems of equations 
Systems of nonlinear inequalities. See Nonlinear systems 
of inequalities 


T 


Terms 
constant, 188 
degree of, 353, 441 
leading, 353, 403, 441 
like. See Like terms 
of sequences, 878-880, 887-889 
addition of, 881-883, 906 
arithmetic, 887-889, 906 
variable, 188 
Test point method 
for absolute value inequalities, 119-121, 134 
defined, 86, 689 
for linear inequalities in one variable, 86 
for linear inequalities in two variables, 292-293, 332, 849 
for nonlinear inequalities, 850-851, 863 
for polynomial inequalities, 690-692, 705 
for quadratic inequalities, 689-690 
for rational inequalities, 692-694, 705 
Third root, 536 
Time applications. See Distance, rate, 
and time applications 


Translations 
of absolute value expressions, 121-122 
of compound inequalities, 100-101 
in function notation, 212 
of linear equations in one variable, 60 
of polynomials, 368-369 
tips and strategies for, 59 
of variation, 513-514 
Transverse axis, of hyperbola, 834, 861 
Trapezoids, area of, 76, 130 
Trial-and-error method of factoring trinomials, 


399-404, 444 


Triangles 
area of, 130, 430 
Pascal’s, 871, 873, 874, 905 
right 


angles of, 284 
Pythagorean theorem on, 430, 539-540, 810 


similar 


applications of, 503-504 
defined, 503 


sum of angles of, 74 
Trinomials 

defined, 353, 441 

factoring 


by ac-method, 396-398, 443 

of form ax” + bx + c, 397, 399, 400-401, 407, 443-444 
with leading coefficient of 1, 403-404 

perfect square, 404-405, 458 

sign rules for, 401 

substitution in, 406 

switching order of factors in, 398 

by trial-and-error method, 399-404, 444 


perfect square, 823 


U 


from completing the square, 628-629 
defined, 367, 404, 431, 442, 444, 573, 628 
factoring, 404-405, 458, 628 


Undefined expression, 454 
Undefined slope, 162-163 
Union, of sets, 93-95, 131-132 


Vv 


Variable expressions, roots of, 537-539 
Variables 
case sensitivity of, 496 
in rational expressions, restrictions on, 456 
substitution for, 263 
Variable terms 
in slope-intercept form, 188 
Variation, 513-518 
applications of, 515-518 
direct 


applications of, 515-516 
defined, 513, 528 


inverse 


applications of, 516-517 
defined, 513, 528 


joint 


applications of, 517-518 
defined, 514, 528 


translations involving, 513-514 
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Variation models 

finding, 515, 528 

translating to, 513-514 
Vertex 

of hyperbola, 835-836 

of parabola 

defined, 661, 822, 860 
finding, 679-681, 704, 827-828 

Vertex formula, 679-680, 704, 827-828 
vertex of 

finding, 827-828 
Vertical asymptotes, 224 
Vertical axis of symmetry, 822-824, 860 
Vertical bars, 318, Al 
Vertical lines, 150-151, 293 

defined, 150, 179 

equation of, 150, 179, 235, 237 

graphing, 150-151 

undefined slope of, 163 
Vertical line test, 210-211, 239, 723, 812, 834 
Vertical shift, of graphs of quadratic functions, 663 
Vertical stretch and shrink, of graphs of quadratic 

functions, 667 

Vertical transverse axis, of hyperbola, 834, 861 
Volume, of right circular cylinders, 76 


Ww 


Word problems. See also Translations 
checking, 61 
tips and strategies for, 59, 129 
Work, applications involving, 506-507 


X 


x-axis, 142 
x-coordinates 
defined, 143 
in one-to-one functions, 722 
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x-intercepts, 147-150 

applications of, 149-150 

defined, 147, 235, 644 

finding 
with discriminant, 644-645 
using function notation, 227—228 

of horizontal and vertical lines, 150-151 

of linear equations in two variables, 147—150 

of quadratic functions, finding, 432, 680-681 
with discriminant, 644-645 


Y 


y-axis, 142 
y-coordinates 
defined, 143 
in one-to-one functions, 722 
y-intercepts, 147-150 
applications of, 149-150 
defined, 147, 235, 644 
finding 
with discriminant, 644-645 
using function notation, 227-228 
using slope-intercept form, 173-174, 237 
of horizontal and vertical lines, 151 
of linear equations in two variables, 147—150 
of parallel lines, 164, 175 
of quadratic functions, finding, 432, 680-68 1 
with discriminant, 644-645 


Z 


Zero 
division by, 163 
as exponent (b°), 342, 550 
square root of, 534 

Zero product rule, 656 
defined, 425, 445 


quadratic equations solved using, 425-429, 445, 626, 645 


Zero slope, 163 
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Perimeter and Circumference 


5 ‘ii a b 
I Ss c 
Rectangle Square Triangle Circle 
P=21+2w P=4s P=atbt+c Circumference: C = 2zr 
Area : 
l 
AY AY 
Ww Ww 
i) 
I Ss b 
Rectangle Square Parallelogram 
A=lw A=s A=bh 
by 
| h 
; h 1 
4 
b i 
Triangle Trapezoid Circle 
A=4bh A=(b, + bh A=ar 
Volume 
AY 
h h 
wv Ss 
1 Ss 
Rectangular Solid Cube Right Circular Cylinder Right Circular Cone Sphere 
V=lwh V=s V=arh V=tarh V=4ar 
Angles 


e Two angles are complementary if the 
sum of their measures is 90°. 


BA 


x 


e Two angles are supplementary if the 


sum of their measures is 180°. 
y ‘ 
x 


¢ Zdand ZC are vertical angles, and Zb and Zd are e The sum of the measures of the angles of a 
vertical angles. The measures of vertical angles are equal. triangle is 180°. 
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x+y +z = 180° 


Linear Equations and Slope 
The slope, m, of a line between two distinct points 
(x), yy) and (x9, ya): 


ma 221 v1 Xy — x, #0 
X2— *| 


Standard form: Ax + By = C (A and Bare not both zero.) 
Horizontal line: y =k 

Vertical line: x =k 

Slope-intercept form: y = mx + b 


Point-slope formula: y — y; = m(x — x)) 


Midpoint Formula 
Given two points (x, y,) and (9, y2), the midpoint is 


X; +X. Vi + V2 
2-.1 32 


Properties and Definitions of Exponents 


Let a and b (b #0) represent real numbers and m and n 
represent positive integers. 


b” 
b" 


a m q 1 n 
b m — mpin. we =—; b° = 1; bo ae 
a@rnan G) 7 (5) 


The Quadratic Formula 
The solutions to ax” + bx + c = 0 (a $0) are given by 


Pe V b> — 4ac 


2a 


bb" = prt. = pe (b’")" = br"; 


The Vertex Formula 
For f(x) = ax* + bx +c (a #0), the vertex is 


—b 4dac — b* ae a4 —b 
2a Aa 2a’ sa) 


The Distance Formula 


The distance between two points (x), y,) and (%, y) is 


d= Vm — x) +O» - 1) 


The Standard Form of a Circle 
(x — hy + y- ky = r’ with center (h, k) and radius r 


Properties of Logarithms 


Let b, x, and y be positive real numbers where b # 1, 
and let p be a real number. Then the following properties 
are true. 


. log, 1 =0 
. log,b=1 


- log, (b") =p 
GO — x 


nN WN 


. log, (xy) = log,x + logyy 
x 

6. tons(*) = log, x — log, y 
y 


7. log,(x’) = p log, x 


Change-of-Base Formula: 


log,.x 
1 = 
vaee log,b 


a>0,a#1,b>0,b41 


Properties and Definitions of Radicals 


Let a be a real number and nv be an integer such that n >1. 
If Wa exists, then 


al™= Wa; at =(Wa)" =Wa" 


Let a and b represent real numbers such that Wa and W/b are 
both real. Then 


Wab =Wa-Wb Multiplication property 
a Wa ae 

—= Division property 

b Wb 


The Pythagorean Theorem: 


a+b=c’ a 4 
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CHAPTER OUTLINE 


11.1 Transformations of Graphs and Piecewise-Defined Functions 11-2 
11.2 Fundamentals of Counting 11-15 
11.3 Introduction to Probability 11-24 


Mathematics in Animation 


Have you ever watched a low-quality animated cartoon in which a character is 
racing across the screen? Instead of moving the character across the screen, the 
illusion of movement is accomplished by moving the background elements such 
as the trees and the clouds in the opposite direction. That is, if the character is 
portrayed to move from left to right, then the background trees and clouds move 
from right to left. Animators accomplish this by using transformations of the 
curves representing the clouds and trees. Transformations include shifting a 
curve to the left, right, up, or down, along with shrinking or stretching the curve 
in the horizontal or vertical direction. In this chapter, we will study the transfor- 
mations of basic functions. 

The concept of a piecewise-defined function is also presented in this 
chapter. A piecewise-defined function is made up of a series of functions, each 
defined on an indicated domain. The concept of restricting the domain of a 
function on an interval is also used in computer gaming to draw figures mathe- 
matically. For example, the ice cream cone shown here was rendered from the 
equations 


y= V25-—x?, y=2.5x-—10 for O<x<4, and y=—2.5x—10 for -4<x<0O. 
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Transformations of Graphs and 
Piecewise-Defined Functions 


1. Transformations of Graphs 


1. Transformations of Graphs The graph of a quadratic function of the form y = a(x — h)* + k has the shape of a parabola. 
> Piecowise:Detined The values of a, h, and k have the following effects on the graph of the parent function 
Functions p= des 

¢ The value of h shifts the graph of y = x° to the left or right. 

¢ The value of k shifts the graph of y = x* upward or downward. 

e The value of a will stretch the graph vertically if |a| > 1 and shrink the graph vertically 

if 0 <|a| <1. 
e Finally, if a < 0, the graph is reflected across the x-axis. 


Shifting, stretching, shrinking, and reflecting the graph of a function is sometimes 
called transforming graphs. Such transformations can be extended to the graphs of any 
function. Given a function defined by y=/f(x), the graph of y=a-f(x—h) +k can be 
graphed according to the following guidelines. 


shifting and Reflecting the Graph of a Function 


FOR REVIEW Given a function defined by y= a- f(x —h) +k, then 
Take a minute to review the graphs : A 
of six basic functions presented Ifk> 0, shift the graph of y =f (x) upward by units, ‘ 
previously in the text. If k < 0, shift the graph of y = f(x) downward by [A] units. 
f(x) = If h > 0, shift the graph of y = f(x) to the right by / units. 
: : 3 If h < 0, shift the graph of y = f(x) to the left by |/| units. 
f(x) mp If a <0, reflect the graph of y = f(x) across the x-axis. 
f@)= ad Tf |a| > 1, stretch the graph of y = f(x) vertically. 
FO) == If 0 < |a| < 1, shrink the graph of y = f(x) vertically. 


| Example1 | Shifting the Graph of a Function 


Graph the functions, and determine the domain and range of each. 


a. f(x) = Vx—-2 b. g(x) =|x+ 1|-4 


Solution: 


a. The graph of y = Vx is shown 
in black (Figure 11-1). The graph : 
of f(x) = Vx — 2 is in the form 3 i 
y=f(x—h), where h = 2. Since 2 
h> 0, shift the graph to the right : 7 
(shown in blue). 2d 23 4 3878 


x 


The domain of fis: [2, 00) = ; 
The range of fis: [0, co) Figure 11-1 
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b. The graph of y = |x| is shown in 
black (Figure 11-2). The graph of 
g(x) = |x + 1| — 4 is in the form 
y=g(x—h) +k, whereh=-1 


and k = —4. Since h < 0, shift 


the graph to the left. Since k < 0, 


shift the graph downward 


(shown in red). 


The domain of g is: (—0o, co) 
The range of g is: [—4, oo) 
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> xX 


gx) = |x + 1[-4 


Figure 11-2 


Skill Practice Graph the functions and determine the domain and range. 


2. fix) = Vx—-3-1 


1. g(x) =|x4+3] 


| Example2 | Reflecting the Graph of a Function 


Graph the function and determine the domain and range. 


Solution: 


g(x) = —x° 


The graph of y = x° is shown in Figure 11-3. The graph of g(x) = —x° is the graph of 
y = ° reflected across the x-axis (Figure 11-4). 
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Figure 11-3 


x 


The domain of g is (—co, ©). 
The range of g is (—oo, 00). 


Reflect across 


the x-axis. 


Figure 11-4 


Skill Practice Graph the function and give the domain and range. 


3. h(x) = —|2| 


In Examples 3 and 4, we analyze graphs involving a vertical shrink or stretch from the 


parent function. 


FOR REVIEW 


When using interval notation, use 
parentheses, ( or ), with oo and —co 
and to indicate that an “endpoint” 
is not included in the set. Use 
square brackets, [ or ], to indicate 
that an “endpoint” is included in 


the set. 


Answers 


1. Domain: (—oo, oo); range: [0, oo) 


Be 
4 
5 
4 


4) 800 = |x + 3| 


5 


3. Domain: (—oo, oo); range: (—0o, 0] 


h(x) = —|a| 
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| Example 3 _| Stretching and Shrinking the Graph of a Function 


Graph the function and determine the domain and range. {HH=3Ve 


Solution: 


The graph of y = Vx is the basic square root graph (Figure 11-5). 


a 


-yavr 
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—2 


Figure 11-5 


The graph of f(x) = 3 Vx is the graph of y = ax, where a = 3. Since a > 1, graph of f 
is the graph of y= Vx with a vertical stretch by a factor of 3 (Figure 11-6). 


KH VNwRUAA OH. 


Figure 11-6 


Notice that for each point on the graph of y= Vx, the y-coordinate is multiplied by 3. 
For example, the point (1, 1) on the graph of y = Vx corresponds to the point (1, 3) on 
the graph of f. The point (4, 2) on the graph of y = Vx corresponds to the point (4, 6) 
on the graph of f. 


The domain of fis [0, oo). 
The range of fis [0, 00). 


Answer Skill Practice Graph the function and determine the domain and range. 
4. Domain: (—co, oo) 4. f@a= Alx| 
Range: [0, co) 


Nf) = ain 


In Example 4, we apply multiple transformations to the graph of y = f(x). In such a case, 
we apply a horizontal shift to the right or left first. Then we apply any vertical shrink, 
stretch, or reflection, followed by a vertical shift upward or downward. 


>Xx 
“oat 12 34 5 
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Applying Multiple Transformations to a Graph 


Graph the function and determine the domain and range. f@M= sh -1| 


Solution: 


The graph of y = |x| is the parent function (Figure 11-7). 


y 


Figure 11-7 


Next, the expression x — 1 within the absolute value bars indicates a shift to the right 
1 unit (Figure 11-8). 


Figure 11-8 


Next, the factor of —4 shrinks the graph vertically and reflects the graph over the 
x-axis. That is, the y-coordinates of the graph of y = |x — 1| are multiplied by —4. For 
example, the point (3, 2) on the graph of y = |x — 1| (shown in green in Figure 11-9) 
corresponds to the point (3, —1) on the graph of f(x) = —4|x — 1| (shown in blue). 


ad 
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5 -4 -3 -2 -1 5 
: Answer 
3, {= =3\x-1| 5. Domain: (—0o, oo) 
_4 : i Range: [0, oo) 


-5 


Figure 11-9 


ao) = 2 £3y | 


y 


A 
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-7-6 5 -4 F3\.2 — 
The domain of f is (—0o, co). = 3N? 
The range of fis (—co, 0]. 


Skill Practice Graph the function and determine the domain and range. 
5. g(x) =-2(x +3)" 


1 
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2. Piecewise-Defined Functions 


Sometimes a function may be defined by more than j iz 
one rule on different intervals within the domain. Such 3 
a function is called a piecewise-defined function. The BE 
function y= k(x) pictured in Figure 11-10 is defined : oS 
piecewise. S432-1,[ 12345" 
: 2 
4 if x < —2 3 
k(x) = 4 x? if-2<x<1 2 
x+2  ifx>1 Figure 11-10 


e For x values less than or equal to —2, the function is constant and follows the first rule, 
k(x) = 4 (pictured in red). 
For x values greater than —2 and less than or equal to 1, the function follows the second 
rule, k(x) = x? (pictured in blue). 


i) |=» The open dot indicates 


that the point (1, 3) is not . : F 
included in the graph. ¢ For x values greater than 1, the function follows the third rule, k(x) =x + 2 (pictured 


in black). 


EEE Evaluating a Piecewise-Defined Function 


Evaluate the function for the given values of x. 


ne 
Jel b. k(—3) 4 ifx<-2 
Recall the meanings of the inequality c. k(5) k(x) = x2 if—2<x<1l 
cn d. k(1) x+2. ifx>1 
Is less than: < 
Is greater than: > e. k(—2) 


Is greater than or equal to: > Solution: 


¢ Is less than or equal to: < 
e Is not equal to: # 


To evaluate a piecewise-defined function, the value of x determines which rule to use. 
a. To evaluate k(0), note that x = 0 is on the interval —2 < x < 1. Use the second rule. 
k(x) =x for-2<x<1 
k(O) = (0)? 


=0 


b. To evaluate k(—3), note that x = —3 is on the interval x < —2. Use the first rule. 
k(x) =4 forx<-2 
k(-3) =4 


c. To evaluate k(5), note that x = 5 is on the interval x > 1. Use the third rule. 
kx) =x+2 forx> 1 
k(5) = (5) +2 
=7 


Section 11.1. Transformations of Graphs and Piecewise-Defined Functions 11-7 


d. To evaluate k(1), note that x = 1 is the right endpoint of the interval —2 <x <1. 
Use the second rule. 


kK) =x for-2<x<1 


k(1) = (1)? 
= 1 
e. To evaluate k(—2), we see that x = —2 is on the interval x < —2. Use the first rule. . a ] 
Note that x = —2 is not in the interval —2 <x < 1. mee on values 


in Example 5 can be 
k(x) =4 forx<-—2 confirmed with the graph of 
y = k(x) given in Figure 11-10. 
k(—2) = 4 


Skill Practice Evaluate the function for the given values of x. 


x-4 ifx<-l 


g(x) = < |x| if-l<x<3 
5 ifx>3 
6. g(—2) 7. 9(A4) 8. g(—0.5) 9. g(-1) 10. g8(3) 


To graph a piecewise-defined function, graph each component function, showing only the 
portion of that function over the indicated domain. 


Graphing a Piecewise-Defined Function 


x+3 forx<-l 


Graph the function defined by f(x) = 
|x| for x >—-1 


Solution: 


The first rule f(x) = x + 3 defines a line with slope of | and y-intercept (0, 3). This line 
should be graphed only on the interval x < —1 (i.e., to the left of x = —1). The point 
(—1, 2) is an open dot, because the point is not part of the graph of the function. See 
Figure 11-11 (red portion of graph). 

The second rule, f(x) = |x| is the absolute value function. Its graph is a “V” shape 
with vertex at the origin. We sketch this function only for x values of —1 and greater. 
The point (—1, 1) is a closed dot to show that it is part of the graph of the function. 
See Figure 11-11 (blue portion of the graph). 


y 


Answers 
6. —6 7.5 8. 0.5 
9.1 10. 5 


11. 


Figure 11-11 


From the graph, we see that the domain of fis (—co, co). The range is (—0o, oo). 


x 
—5 -4 -3-2 -1 123 45 


Skill Practice 


—x+1  forx<0 4 
11. Graph the function defined by = f(x) = { - a “ +0 ee 
x orx> - 
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MURAD Practice Exercises 


[STUDY 


Vocabulary and Key Concepts 
1. Explain how the graph of g(x) = (x + 2)* — 8 is related to the graph of y = x’. 


2. Explain how the graph of h(x) = —(x — 3)* + 5 is related to the graph of y = x’. 


Concept 1: Transformations of Graphs 


For Exercises 3-8, match the function with its graph. 


3. f(y =x 
6. f(x) = |x| 
a. FQ) 
A 
d 0) 
; A 


> Xx 


4. f(xy =x 

1. ({Qova 
b. fa) 
e. 


> Xx 


For Exercises 9-29, graph the function. Also determine the domain and range. (See Examples 1-4.) 


9. fx) =lxl-4 


y 
A 


> 
1s a a 


x 


10. g(x) = Vx +3 


~% 
123 4 5 


11. p@=vx-3 


> xX 
L234 5678 
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12. qa=|x-4| 13. A(x) =(x-1)° 14. k(x) =(x + 4 
y y 5 
A A 
5 5 5 
4 Zi 4 
3 3 3 
2 2 2 
1 1 Ln 
> x > xX > xX 
2-1 [12345678 S4-3-2-1 [123 45 -§-7-6-5-4-3-9-1 [1 2 
2 2, —2; 
-3 -3 3 
-4 -4 -4 
-5 -5 -5 
15. (x)= -1 16. w(x) =x? +4 17. n(x) = 2|x| 
y y y 
A A A 
5 8 7 
4 7 6 
3 6 5 
2 5 4 
4 3 
> XxX 3 2 
-5-4-3-2-1 | 1234 5 
a 2 1 
—2 1 > xX 
5 aoa [ot sae 
-3 >Xx Sicrgei Sind ; 
-5-4-3-2-1 | 1234 5 
4 -1 —2: 
elas old 3 3 
18. v(x) = 3x 19. f= Vx4+1-4 20. g(x) = |x -— 2) +5 
y y » 
A A A 
7 4 8 
6 3 7 
5 2 6 
4 by 5 
3 >x 4 
3-2-1 [1234567 
2 : =)! S : 3 
1 a) o 
xX -3 1 
-5§-4-3-2-1 | 1234 5 
1 4 >Xx 
5432-1 | 1234 5 
~2 : -5 aera : 
¥ Lae a 
21. c(x) =|x+ 3/42 22. d(x)= Vx—-44+2 23. h(x) =-Vx 
y y y 
A ry A 
5 ety 5 5 
4 4 4 
3 3 3 
2 2 2 
I I 1 
ay ey a] 
4343231 [1234 3a [12s 45 67 8 44334 [13345 
—2) —2 —2 
3 -3 =3) 
-4 -4 -4 
-5 5 -5 
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24. kxy)=— 
x 


> XxX 


25. v(x) = -(x- 


y 


Transformations, Piecewise-Defined Functions, and Probability 


1-3 


A 


-16 


Concept 2: Piecewise-Defined Functions 


For Exercises 30-32, match the function with its graph. 


30. f@®) =-x+2;x<-1 


a. 2 


> 
123 45 


For Exercises 33-36, evaluate the function for the given values of x. (See Example 5.) 


r-3  forx<1 
ey Deel fora >t 
a. f(3) 
b. f(0) 
ce. fC) 


d. f(3) 


x 


b. 


>X 
123 45 


a 
2 4 6 8 10 


31. f(xy) =—-x4+2;x<-1 


y 


34. g(x) = { 


a. g(4) 
b. g(-1) 
c. g(2) 
« e(-3) 


Q 


—|x| +4 
x-5 


26. f(x) =—-(x+ 2)? +4 


y 


> Xx 


29. (x) = 3 —2)°+1 


y 
A 


FEF NwWRUDA NA DW 


24 31-9 <1 
gong d 


2 


>X 
12345 6 


32. f(x) =—-—x+2;-lL<x<3 


c. 3 
ane 
3 
2: 
1 
i 
i fae ae 123 45 
—2. 
3 
-4 
—5 
for x <2 
for x > 2 


x 


for x < —2 
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36. k(x) =< 1 


x+2 forx<-—3 
for -—3 <x <3 
x for x >3 


a. k(4) 
b. k(-4) 
c. k(—2) 
d. k(-3) 
e. k(3) 


. Sketch both y = f(x) and y = g(x) on the same graph to represent the piecewise defined function, h. 


> Xx >X 
123 45 -5 -4 -3 -2 -1 2 3 4.5 


. Sketch both y = f(x) and y = g(x) on the same graph to represent the piecewise-defined function, h. 


35. h(x)=< |x-3| for—2<x<1 
Vx forx>1 
a. h(4) 
b. h(—3) 
ce. h(-1) 
d. h(—2) 
e. h(1) 
37. a. Graph f(x) = x for x < 0. 
b. Graph g(x) = Vx for x > 0. 
c 
(See Example 6.) 
x forx <0 
h = 
@) { vx forx>0 
a. y 
5 
4 
3 
2. 
1 
S433 | 12 3 4 cant 
=3 
-3 
-4 
5 
38. a. Graph f(x) = |x| for x < 1. 
b. Graph g(x) = 2 for x> 1. 
c 
< 
= . forx <1 
forx> 1 
a. y 


11-11 
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For Exercises 39-45, graph the function. Also determine the domain and range. (See Example 6.) 


1 
3. forx<-l — forx <0 
39. f(x) = { iia 40. g(x)= 2 x 
x forx>-1l 
x+1 forx>0 
y y 
A A» 
5 5 
4 4 
3 3 
2. 2. 
1 1 
-5 -4 -3 -2 ee 123 4 5)" —5 -4 -3 -2 a4 1 23 t. 5)" 
<2 —2, 
= = 
-4 -4 
5 5 
+1 for x <2 2 fe <1 
Al. h(x) = {" x 42. ka) ={ x or x 
—x-1 forx>2 —2x forx>1 
> 5 
4 4 
3 3 
2. 2. 
1 1 
“$4 93-1 | 1 34 4 5 $4 43434 | 134 4 5 
2. —2 
3 -3 
4 -4 
5, 5 
2 
—4 forx<0 —x-1 forx<—-1 
43. p(x) = e 7 44, g(x) = { 
e 2x-4 forx>0O - vx+1  forx>-l 
5 5 
4 4 
3 3 
2. 2. 
1 1 
=5 =4 -3 -2 aly f 2 3 4 gt =5 4 -3 -2 ah 1 2 3 4 3 
2. —2 
29 = 
—4 —4 
= —5 


—x fe 
45. fwM= { ; sone D 46. What basic function resembles the graph of y = f(x) 
x for x >0 from Exercise 45? 
; 
5 
4 
3 
2 
1 
SAA |i 2 a 4 5 
-2 
-3 
—4 
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47. A bicyclist rides at a steady speed of 16 mph for 35 min. Then she encounters a hill and her average speed 
immediately slows to 10 mph for the next 25 min. Then, after reaching the summit, she rides down the hill and 
her speed increases at a rate of 2 mph per minute until she reaches the finish line 7 min later. 

The bicyclist’s speed can be approximated by the piecewise-defined function, where f is time measured in 
minutes and s(f) is speed in mph. 


16 forO<t<35 
s(t)= < 10 for 35 <t<60 
2t-—110 for60<t<67 


a. Evaluate s(30) and interpret the meaning in the context of this problem. 
b. Evaluate s(40) and interpret the meaning. 

c. Evaluate s(65) and interpret the meaning. 

d. Find the bicyclist’s speed at the end of the ride. 


e. Sketch y= s(f). 


20 


Speed (mph) 


| | | | | | Jy 
10 20 30 40 50 60 70 


Time (min) 


48. A sled accelerates (gains speed) down a hill and then slows down after it reaches a flat portion of ground. The speed 
of the sled can be approximated by the piecewise-defined function. 


1.5t for0<t<16 ae end s(t) 
S(t) = 24 for t> 16 fob FE 
t-—15 
where f¢ is in seconds and S(/) is in feet per second. 


a. Evaluate S(O), S(10), S(16), S(20), and S(25). 


Speed (ft/s) 


>t 
5 10 15 20 25 30 35 40 
Time (seconds) 


b. Locate the points defined by the function values in part 
(a) on the graph of y = S(#). 


For Exercises 49-52, produce a rule for the function whose graph is shown. 


49. ; 50. ' 
5 5 
4 4 
—___> 3 
2 2 
1 : : 1 
>X age 
= 4-3-2 ala 1 2 3°94 55 soe4 aria) 1 2 3 4 5 
aS 2 
i. —3 re - —3 zs x 
mn feat Ht fea { 
5 : L 
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51. ; 52. 
5 
4 
3 
2) ——— 
1 Aimee atti 9 
-5-4-3-2-1 | 123 4 ral 
2 
= 
More | fe@e{ 
5 
53. A shopping cart rolls across a parking lot at 54. A student makes $8 per hour for the first 40 hr 
a constant speed and then crashes into a tree worked in a week. Then she makes time and a half 
and stops. Which graph of speed as a ($12/hr) for the work exceeding 40 hr. Which graph 
function of time represents this scenario? best depicts her total salary as a function of time? 
Explain your answer. Explain your reasoning. 
a. b. a. b. ~ 
e ge 
z z e zB o——— 
3 3 3 3 
a oF a n 
n 
= 320 @ 320 
= = 
° | | 
Time Time 40 40 
Time (hours) Time (hours) 
C. d. 
3 = c. S d. é 
a. a Pay > 
a ie 
n n 
S 320 3 320 
Time Time & & 
| 
40 40 
Time (hours) Time (hours) 
Expanding Your Skills 
For Exercises 55-56, graph the function. 
—-x-3 forx<-l 3 for x < —2 
55. fM=< xr for-l<x<2 56. g(x) = 4 |x| for -—2<x<l 
4 for x >2 —-x+2 forx>1 
y y 
A ry 
5 5 
4 4 
3 3 
2. 2. 
1 1 
S43-2-1 [123 4 ia 54-331 [i 2 34 5 
2) —2, 
—3 —3 
—4 —4 
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Fundamentals of Counting Section 11.200 
1. Fundamental Principle of Counting 


A child makes an ice cream sundae with one scoop of ice cream plus a syrup. Suppose there 1. Fundamental Principle 
are three choices of ice cream (vanilla, chocolate, and strawberry) and two choices of syrup of Counting 

(fudge and caramel). For each of the three ice cream choices there are two possible syrups, 2. Permutations 

yielding 3 - 2 = 6 possible sundae combinations (Figure 11-12). . Combinations 


4. Comparing Permutations 


wW 


Pudes and Combinations 
Vanilla 
Caramel 
Fudge 
Chocolate < 
Caramel 
Fudge 
Strawberry < 
Caramel 
Figure 11-12 


This example illustrates the fundamental principle of counting. 


Fu ndamental Principle of Counting 


If one event can occur in m different ways and a second event can occur in n different 
ways, then the sequence of both events can occur in m- n different ways. 


The fundamental principle of counting can be extended to more than two events as 
demonstrated in Example 1. 


| Example1 | Applying the Fundamental Principle of Counting 


Suppose Denisha visits Jimmy G’s, a Cajun restaurant in Houston, Texas. She opts for a 
combo-meal in which she may choose from 12 different entrées, 4 different soups, and 
3 different desserts. How many different dinners can she choose if she selects one item 
from each category? 


Solution: 


Applying the fundamental principle of counting, we have 144 different dinners. 


12-4-3=144 


Number Number Number 
of of of 
entrées soups desserts 


Skill Practice 


1. Ten-year-old Max chooses his outfit for school each morning. He has 5 pairs of 
pants, 8 shirts, and 3 caps. Each day he chooses one pair of pants, one shirt, and 
one cap. How many different outfits can he choose? 


Answer 
Sometimes the events in a sequence depend on a preceding event as shown in Example 2. 1.5-8-3=120 
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Answers 
2. 7!=5040 
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3. 10-9=90 


| Example 2 _| Applying the Fundamental Principle of Counting 


Maximus has five different photos that he wants to arrange on a shelf. In how many 
different ways can he arrange the five photos? 


Solution: 


Think of the photo arrangement as five different slots on the shelf (Figure 11-13). 


i 55 bak EE Pm 


Figure 11-13 


(cat nap): Michelle Jefferies/Flickr Open/Getty Images 
(kitten): Lilun_Li/iStockphoto/Getty Images 

(family): Martin Barraud/Caia Image/Glow Images 
(dog): Ammit Jack/Shutterstock 

(puppies): DAJ/Amana Images/Getty Images 


The first slot can have any of the five pictures. However, once the first picture is in 
place, there are only four available for the second slot. Similarly, once the first two 
pictures are in place, there are only three remaining, and so on. The total number of 
photo arrangements is 


Skill Practice 


2. Chuck has seven award-winning photos to arrange in a row on the wall of his 
gallery. In how many ways can he arrange his photos on the wall? 


The solution to Example 2 could have been written using factorial notation. 
5-4-3-2-1=5! 


Let n be a positive integer. Recall that n! (read as “n factorial”) is defined as the prod- 
uct of integers from 1 to n. That is, 


n! = n(n— 1)(n — 2) --- (1) and by definition, 0! = 1. 


| Example 3 | Applying the Fundamental Principle of Counting 


Suppose eight horses run in a race. How many first-, second-, and third-place arrange- 
ments are possible, assuming no ties? 


Solution: 


Any of the eight horses can come in first place. That leaves seven possibilities for 
second place, and six possibilities for third. Therefore, there are 8 - 7 - 6 = 336 possible 
first-, second-, and third-place arrangements. 


Skill Practice 


3. Ten performers are finalists in a talent competition that awards first- and second- 
place prizes. How many first- and second-place arrangements are possible? 
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2. Permutations 


The scenario presented in Example 3 has three different horses selected in a specified order 
from a group of eight horses. Each of the 336 arrangements 1s called a permutation of eight 
horses taken three at a time. In general, an ordered arrangement of r different items selected 
from n different items is called a permutation of 7 items taken r at a time. The number of 
all such arrangements is given by the following formula. 


Permutation Rule 
If ,P, represents the number of permutations of n items taken r at a time, then 


n! 
ina 


Other commonly used notations for the number of permutations of n items taken r at 
a time are P* and P(, r). 

From Example 3, we found the number of ways three different horses could be selected 
from eight horses in a race in a specified order. This value is equivalent to gP3. 


__ 8! _8!_8-7-6-35-4-3-771 
(8—3)! 5! 53 -4-3-2-1 


=8-7-6=336 


gP3 


This is consistent with the result of Example 3. 


Computing Permutations 


Compute. a. Ps b. 7P3 
Solution: 
12! 12!) 12-11-10-9-8-7-6-5-4-3-2-7 
a. pPs= = — 
(2-4)! 8! 8: 7.6-5-4-3-2-1 
= 12-11-10-9 
= 11,880 


This result implies that there are 11,880 ways to select 4 items from a group of 12 items, 
where the 4 items are selected in a specified order. 


7! 7! 7! 
b. 7P7= (T=7)! = 0! = 1 = 7! = 5040 Avoiding Mistakes 
ee ee eT eee EEO CLT CUTER TEC CUPT CTT eee) eee Remember that by definition, 

This result implies that there are 5040 ways to select seven out of seven items in a Ol=1. 
specific order. 
Skill Practice Compute. 

4. a. (P; b. oP; 

Answer 


4. a. 120 b. 9 
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The order of 
selection is important in 
Example 5, because the 
four prizes are different. For 
example, suppose person A 
is awarded the $100 prize 
and B is awarded the $50 
prize. It would be a different 
outcome if B got the $100 
prize and A received the 
$50 prize. 


Answer 
5. oP3 = 720 


Example 5 will apply the permutation formula to solve a counting problem. 


| Example5 | Applying Permutations to a Counting Problem 


From a group of nine students, four are to be selected to receive cash prizes of $100, 
$50, $25, and $10, respectively. In how many ways can the four students be selected? 


Solution: 


Because four different students are to be selected from a group of nine in a specified 
order, we have 9P4. 


9! 9! 9-8-7-6-5-4-3-2-1 


= === =9-8-7-6=3024 
(9-4)! 5! 5 -4-3-2-1 


oP 4 


There are 3024 ways to pick four different students from a group of nine in a specific 
order. 


Skill Practice 


5. From a group of 10 employees, Ali must choose 3 to receive bonuses of $1000, 
$500, and $300. In how many ways can three employees be chosen to receive these 
bonuses? 


3. Combinations 


In Example 5, we saw that a permutation defines a selection of four distinct items in a 
specified order from nine items. Now we will compare an event in which the order is 
important to one in which the order is not important. 

Suppose that from a group of four members of student government we want to select 
two to serve as president and vice-president. If we label the students as A, B, C, and D, we 
can list all possible selections. The first student listed is designated as president and the 
second student listed is designated as vice-president. There are 12 possible outcomes 
shown here. 


AB AC AD BC BD CD 


\ 12 permutations 
BA CA DA CB-~ DB~ DC 


These outcomes represent the set of all permutations of four students taken two at a 
time. Therefore, the number of president/vice-president selections can also be found by 
computing 


— At at 4-3-2-4 © 
aa 3 2 Det. 


Py 12 

Now suppose that we want to choose two students from the group of four to form a 
safety committee. In this case, there is no specific label assigned to the two students 
selected (in other words, we are not assigning roles to the students such as president or 
vice-president). In some sense, the two people selected are “equals.” They are not holding 
distinguishable positions. In such a case, we can see that the order of selection is not impor- 
tant. Hence, selecting A first followed by B forms the same committee as selecting B first 
followed by A. We do not want to count the outcomes AB and BA twice. Therefore, there 
are only six possible groups as shown here. 
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In this situation, the order of selection is not important. In general, an unordered 
number of com- 


selection of r different items taken from n different items is called a combination of n ae : 
binations of n items taken r 


at a time can also be found 
by computing the number of 
permutations and dividing 
the result by r!. The factor 

of r! divides out repeated 


items taken r at a time. The number of all such groupings is given by the following 
formula. 


Combination Rule combinations that result from 

If ,C, represents the number of combinations of 7 items taken r at a time, then order within the permutations. 
Therefore, the combination 

n! f 
ore ormula 
(ai) e iA) 
= : can also 
mr (n= ner 
P 


be written as ,C,= nn 


To count the number of ways two students can be selected from a group of four without 
regard to order, we compute 4C). 


7 A! — Al 463-201 
fae WI (ed (2e dy 


aC? 


Notice that the combination formula differs from the permutation formula by a fac- 
tor of r! in the denominator. In this example, there is an additional factor of 2! in the 
denominator. This factor divides out the repeated arrangements within the groups of 
two that result from order. In other words, the factor of 2! divides the total list of per- 
mutations by 2 to divide out the repeated arrangements such as AB and BA, AC and 
CA, and so on. 


Computing Combinations 


Compute. a. 10C 2 b. pC 


Solution: 


10! — 10! 10-9 -8t_ 
(O=202o) Bot Bea 


a. 1002 = 45 


i) You might have 
noticed that the formula to 
compute ,C, follows the 
same format as the formula 
used to compute the 
coefficients of a binomial 


This result implies that there are 45 ways to select 2 items from a group of 10 when the 
order of selection is not considered. 


12! 12! l2t 


(2-—12)!-12! O!F-12! 1-l2t 


b. pC = 


This result implies that there is one way to select 12 items from a group of 12 without 


regard to order. expansion. 
Skill Practice Compute. 
6. a. gC, b. oC, 
Answer 


6. a. 28 b. 10 
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Applying Combinations to a Counting Problem 


Sara picked out 15 different CDs that she likes equally well. However, she only has 
enough money to purchase 4 CDs. In how many ways can she select 4 CDs from the 
group of 15? 


Solution: 


In this example, there is no implied order. Therefore, the number of ways she can select 
4 CDs from 15 CDs is given by ,5C,. 


15! IS!) 15-14-13-12- Ut 


C= = — 
ee A5=4l-al 111-4! it 432-1 


= 1365 


Skill Practice 


7. Coach Petersen has 8 girls on her tennis team, but is only able to take 5 of them to 
tennis camp for the summer. In how many ways can she select 5 girls from the 
group of 8? 


4. Comparing Permutations and Combinations 


In this section, three different rules for counting have been presented: the fundamental 
principle of counting, the permutation rule, and the combination rule. Perhaps the most 
difficult part of solving a counting problem is to select the most appropriate rule to apply. 


e The fundamental principle of counting can always be applied, but it is not always the 
most convenient method. 


e The permutation rule can be applied when r different items are selected from a group 
of n different items in a specified order. 


Answer e The combination rule can be applied when r different items are selected from a group 
7. 9C5 =56 of n different items in no specific order. 


Me Practice Exercises 


Concept 1: Fundamental Principle of Counting 


For Exercises 1-6, evaluate the factorial expression. 


1. 5! 2. 6! 3. 8! 


4. 4! 5. 0! 6. 1! 


For Exercises 7-12, apply the fundamental principle of counting. (See Examples 1-3.) 


7. Atacertain hospital the dinner menu consists 8. Mr. Dehili must dress for an important business 
of 4 choices of entrées, 3 choices of meeting. He can choose his outfit from 3 different 
salads, 8 choices of beverages, and 6 suits, 6 different shirts, and 12 different ties. Assuming 
choices of desserts. How many different meals that Mr. Dehili has no regard for color combination, 
can be formed if a patient chooses one item how many different outfits can he form, given that he 


from each category? picks one item from each category? 


9, 


11. 


In how many different ways can 6 people be 
seated in a row? 


In a garden show, the best four flower 
arrangements receive the honors of first place, 
second place, third place, and honorable 
mention. How many ways can the awards be 
given if there are 16 arrangements to choose 
from? 


Concept 2: Permutations 


13. 


For Exercises 15-22, compute the permutation. (See Example 4.) 


15. 
19. 


23. 


25. 


Evaluate ,)P3 and interpret its meaning. 


Ps 16. 6P4 
In how many ways can a chairperson and an 


assistant chairperson be selected for the English 
department if there are eight faculty members 
qualified for the positions? (See Example 5.) 


How many six-letter permutations can be 
made from the word Euclid? 


Concept 3: Combinations 


27. 


For Exercises 29-36, compute the combination. (See Example 6.) 


29. 
33. 


37. 


39. 


Evaluate ,)C3 and interpret its meaning. 


12Co 30. 6C4 
Cg 34. 4C4 
How many tests can be made if an instructor 


selects 12 questions from a bank of 15 questions? 
(See Example 7.) 


Nora and Stu decide to order two different 
desserts and plan to share them. How many 
different ways can they choose two desserts from 
five different desserts listed on the menu? 


10. 


12. 


14. 


17. 


21. 


24. 


26. 


28. 


31. 


35. 


38. 


40. 
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In how many different ways can 10 children line up 
to leave the classroom? 


At the All-State Music Festival, a group of 3 soloists 
will be awarded a blue ribbon, a red ribbon, and a 
silver ribbon. How many arrangements of the 
ribbons are possible if there are 12 soloists at the 
festival? 


Evaluate 7P, and interpret its meaning. 


How many five-letter passwords can be formed from 


the letters in the name Fermat? 


In how many ways can five different cereal boxes be 
displayed on a shelf? 


Evaluate 7C, and interpret its meaning. 


A Shakespeare Festival offers five plays during one 


season. If Olivia can purchase tickets for three plays, 
how many combinations of plays will she have to 
choose from? 


A team of 4 officers is selected to investigate a 
case. How many ways can the team be selected 
from 16 officers? 


11-22 


Concept 4: Comparing Permutations and Combinations 


41. 


For Exercises 43-50, use the permutation or combination rule. 


43. 


45. 


47. 


49. 
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Given the set of elements {W, X, Y, Z}, 


a. List all permutations of two elements 


b. List all combinations of two elements. 


How many first-, second-, and third-place 
finishes are possible in a dog race containing 10 
dogs? 


Heather wants to invite 11 girls from her fifth-grade 


class to a slumber party. However, her mother 
will only allow her to invite six people. In 

how many ways can she invite 6 girls out of the 
11 to her party? 


A book club offers 5 books for $9.99 as an 
introductory offer. If you can choose from a list 
of 10 books, in how many ways can you make 
your selection of 5? 


Suppose there are eight employees who work at 
a chain coffee shop in Chicago. The manager 
wants to select two employees to work at two 
new shops (shop A and shop B) to help train 
new employees. If one of the selected employees 
is to work in shop A and the other is to work in 
shop B, how many possible selections can the 
manager make? 


Mixed Exercises 


For Exercises 51-66, use an appropriate rule of counting. 


51. 


53. 


Bi 


Most radio stations that were licensed after 1927 
have four call letters starting with K or W such 
as WROD. Assuming no repetitions of letters, 
how many four-letter sets are possible? 


In how many ways can a book buyer select 
4 books from a list of 10 different books? 


Three men and three women have reserved six 
seats in a row at a concert. In how many ways 
can they arrange themselves if the men and 
women are to alternate seats and a man must sit 
in the first seat? 


42. 


44, 


46. 


48. 


50. 


52. 


54. 


56. 


Given the set of elements {A, B, C}, 


a. List all permutations of two elements. 


b. List all combinations of two elements. 


In how many ways can a judge award blue, red, 
and yellow ribbons to 3 films at a film festival if 
there are 12 films entered in the contest? 


How many different five-member committees 
can be formed from 100 U.S. senators? 


A basketball coach must pick 5 players from a 
roster of 12 to start a game. In how many ways 
can he choose his staring 5 players assuming 
that all players have equal ability? 


A disc jockey has five songs that he must play in 
a half-hour period. How many different ways 
can he arrange the five songs? 


A lock on a school locker consists of three 
different numbers taken from | to 39 ina 
specific order. How many three-number codes 
are possible? 


How many samples of size 6 can be selected 
from a population of 30 members? 


Three men and three women have reserved six 
seats in a row at a concert. In how many ways 
can they arrange themselves if the men must all 
sit together and the women must all sit together? 


57. A musician plans to perform nine selections. In 
how many ways can she arrange the musical 
selections? 


59. From a jury pool of 40 people, 12 are to be 
selected. In how many different ways can a jury 
of 12 be selected? 


61. A committee is to be formed from a collection of 
10 men and 8 women. How many committees 
can be made consisting of exactly 3 men and 
1 woman? 


63. Ifa fair coin is flipped three times, how many 
different sequences of heads and tails can be 
formed? 


65. In how many ways can a 10-question true or 
false test be answered assuming that a student 
answers all questions? 


Expanding Your Skills 


67. In how many ways can the batting order be 
determined for a co-ed softball team with six 
women and three men if 


a. There are no restrictions? 


b. The first and the last batters must be women? 


c. The men must all be after the women? 


69. Given the set of numbers {2, 3, 4, 5, 6, 7, 8}, 


a. How many different three-digit numbers can 
be formed? 


b. How many different three-digit numbers can 
be formed if the number cannot have 
repeated digits? 


c. How many different three-digit numbers can 
be formed if the number is to be even and 
repetition of digits is allowed? 


58. 


60. 


64. 


66. 


68. 


70. 
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From a pool of 12 candidates, the offices of 
president, vice-president, treasurer, and 
secretary must be filled. In how many different 
ways can the offices be filled? 


To play the Georgia lottery, a person must 
choose 6 numbers (in any order) from a list of 
49 numbers. How many different choices of 

6 numbers are possible? 


. A committee is to be formed from a collection of 


10 men and 8 women. How many committees 
can be made consisting of 2 men and 2 women? 


If a couple plans to have four children, how 
many different gender sequences can be 
formed? 


At a pizza place, a customer can order a pizza 
with or without any of the following options: 
pepperoni, sausage, mushrooms, peppers, onions, 
olives, or anchovies. How many different pizzas 
can be formed? 


In how many ways can a group of six men and 
five women be lined up for a photograph if 


a. There are no restrictions? 


b. The men and women must alternate? 


c. There must be a man on each end? 


Given the set of numbers {1, 2, 3, 4,5, 6, 7}, 


a. How many different four-digit numbers can be 
formed? 


b. How many different four-digit numbers can 
be formed if the number cannot have 
repeated digits? 


c. How many different four-digit numbers can 
be formed if the number is to be divisible by 5 
and repetition of digits is allowed? 


For Exercises 71-74, use the following description of a standard deck of 52 cards. A standard deck of cards has four suits 
(clubs, diamonds, hearts, and spades). Each suit has 13 cards. The hearts and diamonds are red cards, and the clubs and 
spades are black cards. Assume that five cards are selected from a standard deck. In how many ways can the following occur? 


71. All five cards are black. 


73. There are three diamonds and two clubs. 


72. 


74. 


All five cards are hearts. 


There are three red cards and two black cards. 
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Section 11.3, Introduction to Probability 


Concepts 1. Basic Definitions 
1. Basic Definitions The study of probability provides a mathematical means to measure the likelihood of an 
2. Probability of an Event event occurring. It is of particular interest because of its application to everyday events. 


3. Estimating Probabilities 
From Observed Data 

4. Events Expressed as 
Alternatives 


e The National Cancer Institute estimates that a woman has a | in 8 chance of developing 
breast cancer in her lifetime. 


e The probability of winning the California Fantasy Five lottery grand prize is 


1 
575,757 


e Genetic DNA analysis can be used to determine the risk that a child will be born with 
cystic fibrosis. If both parents test positive, the probability is 25% that a child will be 
born with the disease. 


To begin our discussion, we must first understand some basic definitions. 
An activity with observable outcomes is called an experiment. Each repetition of an 
experiment is called a trial. The result of a trial is called an outcome of the experiment. 
The set of all possible outcomes of an experiment is called the sample space, S, of the 
experiment. 
> word die is the For example, if a single die is rolled, the sample space is {1, 2, 3, 4, 5, 6}. If a coin is 
singular of the word dice. : tossed, the outcomes are heads (H) or tails (T). The sample space is {H, T}. 
thes Siero emay. rl gee Any subset of a sample space is called an event. For example, if we define event, E), 
of dice, but we roll a single . : : 
ale: as the event that a number greater than 4 is rolled on a die, then, EF, = {5, 6}. If event E, is 
the event that a coin lands as a head, then EF, = {H}. 


2. Probability of an Event 


The number of elements in a sample space is denoted by n(S). The number of elements in 
the sample space that are also in event E is denoted by n(E£). The notation P(E) denotes the 
probability of event E, defined as follows: 


ae) 


number of elements in the sample space _n(S) 


NE) 


For the event, F,, of rolling a number greater than 4 on a die, we have E, = {5,6} and 
S= {1,2,3,4,5, 6}. Then 


mE) _ 2 1 
n(S) 6 3 


For the event, E>, that a coin will land as a head, we have E, = {H} and S= {H, T}. Then 


P(E\)= 


mE) _1 


P(E) = n(S) 7 
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The value of a probability can be written as a fraction, as a decimal, or as a percent. 
Therefore, P(E) = 4, or 0.5 or 50%. In words, this means that theoretically we expect half 
(50%) of the outcomes to land as a head. This does not necessarily mean that exactly one 
out of every two coin tosses will land as a head. Instead, it is a ratio that we expect experi- 


mental observations to approach after a large number of trials. For example, if we flip a 


coin 1000 times, we might get 493 heads for a ratio of 755, or 0.493. This value is close to 


the theoretical value of 0.500. 


| Example1 | Computing Probabilities 


A box contains two red, four white, and one blue marble. Suppose one marble is 
selected at random. Find the probability of selecting 


a. Ared marble. 


b. A white marble. 
c. A green marble. eee 


Solution: 
Denote the sample space as S = {R,, R5, Wy, Wo, W3, W,, B,}. 


a. Let R represent the event of selecting a red marble. Because there are two red 
marbles, then R = {R,, Rj}. Then 


iy 2 
nS) 7 
b. Let W represent the event of selecting a white marble. Because there are four 
white marbles, then W= {W,, W,, W3, W,,}. Then P(W) = 4. 


c. Let G represent the event of selecting a green marble. Because there are no green 
marbles in the box, then G equals the empty set. G= { }. Then P(G) =$=0. 


Skill Practice 


1. A bag of M&M’s contains 7 red, 10 brown, 8 yellow, and 4 blue candies. Find the 
probability of choosing: 


a. Ared M&M. 
b. A brown M&M. 
c. A blue M&M. 


From Example 1(c), the event of selecting a green marble is impossible. The probability of 
an impossible event is 0. An event that is certain to happen is called a certain event. Its 
probability is 1. For example, if a die is tossed, the probability that the die will land as a 
number between 0 and 7 is certain to happen. Any of the six outcomes 1, 2, 3, 4, 5, 6 will 
satisfy the event. Therefore, the probability of rolling a number between 0 and 7 is $= 1. 
In general, for any event E, 


O<P(E)<1 


The counting rules we have already learned can be helpful in determining the number 
of elements in an event and in a sample space. This is illustrated in Example 2. 
Answer 
7 10 


Le = bo oS 


"29 29 


4 
29 
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11-26 


Answers 

2, 362 _28_ 4 
wl 66 33 

3, 12! 


—=-—or 0.12 
38 go 5 
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| Example 2 _| Applying the Counting Rules to Probability 


Suppose a group of politicians consists of nine men and five women. If three people 
are selected at random to form a committee, what is the probability that all are 
women? 


Solution: 


Let W represent the event that a committee of three women is selected. 


Let S represent the sample space consisting of all possible committees of three with no 
restrictions. 


There are 14 people available to form a committee of 3. If no restrictions are imposed, 
the number of possible committees of three is given by ,4C3 = 364. The number of 
possible committees of three selected from the group of women is given by ;C3 = 10. 
Therefore, the probability of selecting a committee that consists of all women is 
given by 


nW)_ ;C3_ 10 _ 5 


P(W) = a Se 
W= 9 uC, 364 182 


Skill Practice 


2. A cooler of drinks contains eight bottles of water and four sodas. If two drinks are 
chosen at random, what is the probability that both are water? 


3. Estimating Probabilities From Observed Data 


We were able to compute the probabilities in Examples 1 and 2 because the sample space 
was known. Sometimes we need to collect information from a series of repeated trials to 
help us estimate probabilities. 


| Example3_ | Estimating Probabilities From Observed Data 


In acarnival game, Erin will win a prize if she can toss a ring around the neck of a bowling 
pin. After observing 200 players that had gone before her, she learns that 15 players won 
a prize. Based on this observation, what is the probability of winning a prize? 


Solution: 


In this situation, we may think of the outcomes of the 200 trials as the sample space. In 
this case, 15 trials came out as wins. Therefore, if W represents the event of a win, then 


is ...3 
PWS == ae 75 
= 500 40° 


Skill Practice 


3. In a class of 88 students, it was observed that 11 were left-handed. Based on this 
observation, what is the probability of being left-handed? 
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Determining Probabilities From a Graph 


The data in the pie chart (Figure 11-14) categorize the number of accidental deaths in 
the United States for a recent year. 


Number of Accidental Deaths by 
Principal Type, U.S. 


Fire 
3,900 


Poisoning 
14,500 


Drowning Motor 
3,300 vehicle 
42,900 
Falls 
14,200 
Firearm 
800 
Figure 11-14 


a. Based on the chart, what is the probability that an accidental death is caused 
by fire? 


b. What is the probability that an accidental death is caused by a motor vehicle? 


Solution: 


First note that the total number of accidental deaths depicted in the graph is 79,600. 


a. Let F represent the event that the death is caused by fire. 


3900 _ 39 


Biche t 4.9%. 
79,600 ~ 796 or about 4.9% 


Then P(F) = 


b. Let M represent the event that the death was caused by a motor vehicle. 


42,900 _ 429 
79.600 ~ 796 or about 53.9%. 


Then P(M) = 


Skill Practice 


4. Based on Figure 11-14 in Example 4, what is the probability that an accidental 
death is caused by drowning? 


4. Events Expressed as Alternatives 


A compound event in probability involves two or more events. If two events are expressed 
as alternatives, they can be considered as a compound event often joined by the word or. 


Answer 
3300 33 


* 79,600 796 


=—— 2A 
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| Example 5 _| Finding the Probability of Two or More Events 


The safety and security department at a certain college asked a sample of 265 students 
to respond to the following question. 


“Do you think that the College has adequate lighting on campus at night?” 


The table shows the results of the survey by gender and response. 


If one student is selected at random from the group, find the probability that 
a. The student answered yes or had no opinion. 


b. The student answered no or was female. 


Solution: 


a. Let Y be the event that a student answered yes, and let Z represent the event that 
the student had no opinion. There are 128 people who answered “yes” and 28 who 
had “no opinion.” The total number of unique elements in the event Y or Zis 156. 
Therefore, 


P(Y or Z) = =e or about 58.9% 


b. Let N be the event that a student answered no, and let F be the event that a student 
is female. The events N and F “overlap.” That is, some people who answered 
“no” are also “female.” We must be careful not to count any element in the 
sample space twice. There are 109 people who answered “no” (some of whom are 
female). Counting 109 “no” answers and the remaining females, we have a total 
of 109 + 36 + 24 = 169 unduplicated individuals who answered “no” or who are 
“female.” Therefore, 


P(N or F) = oe or about 63.8% 


Skill Practice 


5. Fifty college students were asked if they owned a PC or Mac computer. The chart 
shows the results of the survey. If one student is selected at random from 
this group, what is the probability that: 


a. The student has a Mac or no computer? 


b. The student is a male or owns a PC? 


Male 


Female 


Answer 
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Practice Exercises _ Section 14.3 


Review Exercises 


1. In how many ways can 4 songs be selected from 2. Samira wants her father to buy her six toys, but 
10 different songs without regard to order? he only has enough money to buy two. In how 
many ways can Samira’s father choose two toys 
from six? 
3. In how many different orders can the five musical 4. In how many ways can Mr. Zahnan rank three 
notes A, B, C, D, and E be played? movies from a group of seven? 


Concept 1: Basic Definitions 


5. Which of the values can represent the probability 6. Which of the values can represent the probability 
of an event? of an event? 
a. 57% b. = Cc. - a. 0.5 b. = c. a 
2 4 3 5 
d. 0.8 e. 120% f. —0.41 d. 1.00 e. 150% f. 3.7 
7. Which of the values can represent the probability 8. Which of the values can represent the probability 
of an event? of an event? 
2 5 
a. 1.62 b. a c. 0.00 a. 4.5 b. 4.5% c. 4 
d. 200% e. 1.00 f. 0.87 d. —0.6 e. 0.00 f. 0.02% 


Concept 2: Probability of an Event 


9. Ifa single die is rolled, what is the probability 10. Ifa single die is rolled, what is the probability 
that it will come up as an odd number? that it will come up as a number divisible by 3? 

11. Ifasingle die is rolled, what is the probability 12. Ifasingle die is rolled, what is the probability 
that it will come up as a number less than 5? that it will come up as a number greater than 5? 

13. A jar contains 7 yellow marbles, 3 red marbles, 14. A jar contains 4 yellow marbles, 10 red marbles, 
and 6 green marbles. What is the probability of and 6 green marbles. What is the probability of 
selecting a red marble? (See Example 1.) selecting a yellow marble? 

15. Ina group of eight students, three are female and 16. Ina group of 10 students at a community college, 
five are male. If a committee of two is to be 6 are freshmen and 4 are sophomores. If a committee 
selected at random, what is the probability that of two is selected at random, what is the probability 


that 
a. Both members are female? (See Example 2.) 


hi: Hoth qaembede aie quale? a. Both members are sophomores? 


b. Both members are freshmen? 
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17. In the California Fantasy Five lottery, a player wins 18. In the Florida lottery, a player wins a grand prize if 
the grand prize if the player picks the winning 5 the player picks the winning 6 numbers (in any 
numbers (in any order) out of 39 numbers. order) out of 53 numbers. 

a. What is the probability that a player will a. What is the probability that a player will win 
win the grand prize? the grand prize? 

b. What is the probability that a player will not b. What is the probability that a player will not 
win the grand prize? win the grand prize? 


c. Joanne thinks that the probability of winning 
the grand prize in the lottery is 0.50, because 
according to her “There’s a 50-50 chance of 
winning, because you either win or lose.” 
What is wrong with Joanne’s logic? 


Concept 3: Estimating Probabilities From Observed Data 


19. The final exam in a course in contemporary science 20. A sample of students is taken from a physical 
resulted in the following distribution. education class at a 4-year college. The distribution 
is given in the table. If one student is selected at 
orule S E g Zl i random, find the probability that 
Number of Students 8 5) Pil 10 5 


a. The student is a sophomore. 
a. What is the probability that a student selected at 


random received an “A” in the course? b. The student is not a senior. 


are Crass___| Number of Students 


b. What is the probability that a student did not Fecha 15 
pass the course if a passing grade is a “C” or Ropnomer rr 
better? EE —— 
Junior 6 
Senior 
21. The tardy record for a group of second-graders for 22. The table displays the length of stay for vacationers 
one school year is given in the table. If one student at a small motel. 


is picked at random, find the probability that the 


stideat wae bic: a. What is the probability that a vacationer will stay 


for 4 days? 
Ey eae: b. What is the probability that a vacationer will stay 
b. Between | and 5 days, inclusive. for less than 4 days? 
c. At least 4 days. 
d. More than 5 days or fewer than 2 days. Ea ees 
2, 14 
3 13 
4 18 
0 4 5 28 
1 2 6 11 
2, 14 7 30 
3 10 8 6 
4 16 
B) 18 
6 10 
7 6 


23. The data in the pie chart categorize the method 
by which workers in a college town commute to 
work. If one working member of the community 
is selected at random, find the probability that 
the individual 


a. Commutes by bicycle. 
(See Example 4.) 


b. Does not use public transportation. 


Method of Commuting to and From Work 


Bicycle, 40 


Public 
transportation, 
85 


Drive alone, 


7 
Carpool, 70 305 


Concept 4: Events Expressed as Alternatives 
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24. The data in the pie chart categorize the blood 
types in a sample of students. If one student is 
selected at random, find the probability that the 
individual 


a. Has blood type B. 
b. Does not have blood type O. 


Blood Type 


AB, 8 
B, 22 0, 90 
A, 80 


For Exercises 25-30, use the following table categorizing a sample of smokers and nonsmokers according to their blood 


pressure levels. (See Example 5.) 


Smokers 


Nonsmokers 


If one person from the sample is selected at random, find the probability that 


25. The person has elevated blood pressure. 


27. The person has normal blood pressure. 


29. The person is a nonsmoker or has normal blood 
pressure. 


26. The person is a nonsmoker. 


28. The person is a smoker or has normal blood 
pressure. 


30. The person is a nonsmoker or has elevated 
blood pressure. 


For Exercises 31-36, use the following table categorizing a sample of alcoholics and nonalcoholics according to their 


cholesterol level. 


Alcoholic 


Nonalcoholic 
Total 


180 


270 


If one person from the sample is selected at random, find the probability that 


31. The person is nonalcoholic. 


32. The person has elevated cholesterol. 
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33. The person does not have elevated 34. The person is an alcoholic or has elevated 
cholesterol. cholesterol. 

35. The person is a nonalcoholic or has normal 36. The person is an nonalcoholic or has elevated 
cholesterol. cholesterol. 


A standard deck of cards has 52 cards divided into four suits: clubs, diamonds, hearts, and spades. Each suit has 13 cards 
consisting of an ace, a king, a queen, a jack, and cards numbered from 2 to 10. Assume that one card is selected from a 
standard deck. For Exercises 37-48, find the probability of selecting the indicated card. 


37. A heart 38. A face card (face cards are jacks, queens, and 
kings) 

39. A red card (hearts and diamonds are red) 40. A red card or a jack 

41. A heart or a6 42. A spade or a heart 

43. Aclub 44. A5oral0 

45. A black card (clubs and spades are black) 46. A black card or an ace 

47. A diamond or a2 48. A club or a diamond 


Expanding Your Skills 


49. The firefighters in one county in the United States 50. The following table depicts the grade distribution 
consist of 600 members: 120 women and 480 men. for a college algebra class based on age and grades. 
Over a 5-year period, 160 firefighters were 
promoted. The table shows the breakdown of 
promotions for male and female firefighters. 


17-26 years 
27-36 years 140 | 200 | 220 90 
37-46 years 


650 


If one student is selected at random from the group, 
find the probability that 


If one firefighter is selected at random, what is the 


probability that a. The student received an “A” in the course. 


a. The firefighter is a female? b. The student was in the 27-36 age group. 


c. The student was in the 37-46 age group or 


b. The firefighter was promoted? . sigs aiee 
received a “B” in the course. 
c. The firefighter is male or was not 


promoted? d. The student received an “A” in the course, given 


that the student is in the 37-46 age group. 
d. The firefighter was promoted, given that he is 


ate? e. The student received an “A” in the course given 


that the student is in the 17—26 age group. 


e. The firefighter was promoted, given that she . see . 
f. Write the probabilities in parts (d) and (e) in 


is female? ‘ ‘ 
decimal form (round to 3 decimal places). What 
f. Write the probabilities in parts (d) and (e) in does the difference in probabilities mean in the 
decimal form (round to 3 decimal places). What context of this problem? 


does the difference in probabilities mean in the 
context of this problem? 
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Chapter 11 Summary 
| Section 11.1 | Transformation of Graphs and 


Piecewise-Defined Functions 


Key Concepts Examples 

The graph of y=a- f(x — h) + kis the graph of y = f(x) with Example 1 

the following transformations. Graph y=—Vx—1—2 by shifting the graph of y= Vx 
e Horizontal shift / units 1 unit to the right, reflecting y= Vx over the x-axis, and 
e Vertical shift k units shifting the graph 2 units downward. 


e Vertical shrink if 0 < |a| <1 
e Vertical stretch if |a| > 1 


x 
e Reflection across the x-axis if a <0 4 
3 
Bae) 
1 
5-4 3-2-1, 
—24- 
—3 - 
4 
=5 
x 
a) 
4 
3 
2 
1 
-5 -4 -3 -2 -1 1 2345 


A piecewise-defined function is defined by more than one Example 2 
rule on different intervals within the domain. Graph the piecewise-defined function. 


|x| forx<1 


f= { ; 


x forx>1 


ISTUDY 


ISTUDY 
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| Section 11.2 | Fundamentals of Counting 


Key Concepts 


The fundamental principle of counting states that if one 
event can occur in m different ways and a second event can 
occur in n different way, then the sequence of both events 
can occur in m-n different ways. 


A permutation is an ordered arrangement of items. The 
number of permutations of n items taken r at a time is given 
n! 


A combination is an unordered arrangement of items. The 
number of combinations of n items taken r at a time is given 


n! 
in. — 
va Ge ea 


Examples 
Example 1 


The number of ways six people can stand in line for a picture 
is6-5-4-3-2-1=720. 


Example 2 


The number of ways that a president and vice president 
can be selected from a board of five directors is 
! | eds 
ieee 3! _!_5 4-3t _ 49 
(5-2)! 3! 2) 


Example 3 

The number of ways that a two-person subcommittee can be 
selected from a five-person committee is 

= 3! — Ss! 5 -4-Al 

ae (GaP O) St. Bl e(Pe 1) 


10 


| Section 11.3 _ Introduction to Probability 


Key Concepts 


The sample space S of an experiment is the set of all possible 
outcomes. An event E is a subset of the sample space. 


The probability of an event E is given by 


number of elements in the event 
number of elements in the sample space 


_ n(E) 
n(S) 
The probability of an event E is a value between 0 and 1, 
inclusive. That is, 0< P(E) <1. The probability of an 
impossible event is 0. The probability of a certain event is 1. 


P(E) = 


Examples 
Example 1 


A person is holding five cards consisting of two kings, 
one queen, and two jacks. 


a. What is the probability of selecting a jack from this 
hand? 
n(jacks) 2 


P(jack) = ——~—- = = 
Gack) n(total cards) 5 


b. What is the probability of selecting a face card? 


Phe ead= n(face cards) = i] = 
n(total cards) 5 


c. What is the probability of selecting an ace? 


n(aces) _ 0 


=~=0 
n(total cards) 5 


P(ace) = 
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Chapter 11 Review Exercises 


Section 11.1 For Exercises 9-12, graph the function. 
; : i if x<1 
For Exercises 1-4, graph the function. 9. g(x) = i" if x<2 10. f() = - : x 
2 4 if x>2 x if x > 1 
1. f@) =x -2 2. g(x) =2|x —2| 
i y eS 5 
5 ~8 4 4 
4 7 3 5 
3 Gfomipnrttinnepuconbaniadenad 5 5 
2 5 ; ; 
1 aA ; a : : i 7 
>x 3 34 3 2 1 23 4S “574-3 2-1 [1 2 3 4 8 
5 4-3-2 -1 12345 
‘ a en : _ 7 an 
—2: 1 —3 —3 
Fe 433-1/[1323456 = 4 
-4 “1 : , 5 -5 
5, i “2 
3. f=Vx-241 4, A(x) =-x -1 . i if x<—l 
ad Xx (x) a 11. 9(x) Oe ee 
4 rn 
5 pas y 
4 4 ee 
3 3 Aleve 
2 ys Bed 
1 1 2 : 
2-1 [12345678 ~ 5439-1/f1i2345 He 
we eee E . ws Beicdactctenseertey in Paanne sama (evra ST = E 25 1 ry 3 4 5% 
—3 3 : 9: A : 
4 -4 -3 
-5 5 -4 


For Exercises 5—8, evaluate the function for the given : 

values of x. 12. AW) = if x<-3 

x if x<-2 2 if x>-3 

5. A(x) =< x4+4 if -2<x<1 
Ve Gf #21 


a 


Fr Nw 


a. h(-2)  b. h(O) c. h(1) d. h(4) 


: : ee 
a cee ea ee 123 45 


6. g(x) = 


a. g(-2) ob. g(-lI)— se. gO) d. g(2) 


Qx-1 if x<4 Section 11.2 
7. f(y= { : 
: Vx—1 if x24 For Exercises 13-18, evaluate the expression. 
a. f(-2) —b. (0) ce. f(4) d. f(10) 13. sP2 14. GP; 
15. 5C 16. 6C 
peeps 4x+1 if x<0 oe oe 
nn (x—5)Y if x>0 17. 3P3 18. 3C; 


19. In taking a survey, 5 different people need to be 
selected at random from group of 30. In how many 
ways can this be done? 


a. h(0) b. h(2) c. h(-1) d. h(—2) 


20. In how many ways can four different vases be 
arranged on a shelf? 


ISTUDY 


[STUDY 
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21. 


22. 
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A combination lock has a 4-digit code. How 
many different codes can be made from 10 digits 
(0, 1, 2,3 ...9) with no repetition of any digit? 


A restaurant offers a complete dinner including one 
appetizer, one entrée, and one dessert. If the 
restaurant has three appetizers, four entrées, and 
three desserts, how many different meals can be 
selected? 


Section 11.3 


23. 


24. 


25. 


26. 


27. 


Which of the values can represent the probability of 
an event? 


a. ss b. 0.3 «0 d. 75% 


e. 125% 
6 


f. 0.75% 


Which of the values can represent the probability of 
an event? 


Lb. 150% 


a. = 
2 
e. 2.5% f. 2.5 


c. 0.185 d. 1.00 


In a lottery, a player can win a grand prize if the 
player chooses the correct 6 numbers from 46 num- 
bers. What is the probability that the player wins the 
grand prize? 


What is the probability of choosing 3 red cards from 
a deck of cards that contains 26 red cards and 26 
black cards? 


At a state fair there is a game where a player throws a 
ball to knock down some pins. If enough pins are 
knocked down, then the player wins a prize. Richard 
observes that in 150 games, 12 people won. Based on 
this observation, what is the probability of winning 

a prize? 


28. 


29. 


30. 
31. 
32. 
33. 


Ben realizes that he mixed up four new batteries with 
two old batteries in a box. If he selects one battery at 
random, what is the probability that he will get a new 
battery? 


A sample was taken of the viewers of a popular 
cable news network. The distribution of ages is 
given in the table. Suppose that one person is 
selected at random from the sample. 


<18 iD 
18 to 34 By 
35 to 54 84 
55 to 74 60 
75 to 94 52) 


What is the probability that 


a. The person is younger than 18? 
b. The person is between 18 and 34, inclusive? 


c. The person is 55 or older? 


A standard deck of cards has 52 cards divided into 
four suits: clubs, diamonds, hearts, and spades. Each 
suit has 13 cards consisting of an ace, a king, a 
queen, a jack, and cards numbered from 2 to 10. 
Assume that one card is selected from a standard 
deck. For Exercises 30-33, find the probability of 
selecting the indicated card. 


The ace of hearts 
A5 
An 8, 9, or 10 


A diamond or a jack 


Chapter 11 Test 


For Exercises 1-4, graph the function. Also write the 
domain and range in interval notation. 


1. a. hd) = |x| b. f(x) = |x - 3} 
¥ y 
rY A 
25 5 
4 4 
3 3 
2 2 
I 
x x 

-§-4-3-2-1 | 123 45 §4-3-2-1 | 12345 
2 = 
3 3 
- -4 
= 5 


2. a. f(y= xr b. ga) = —x +2 
ba y 
A A 
5 3 
4 2 
3: i 
2. >x 
-5 -4-3-2 -1 123 4 5 
1 : : -1 : 
> —2 
-5-4 -3 -2 -1 1 2 3 4 5 3 
= 4 
= 5 —5, 
4: -6 
5 7 


3. a. h(x) = Vx b. g(x) =Vx+2 -3 
y y 
A A 
5 5 
4 4 
3 3 
2 2. 
1 1 
>X x 
—5 -4 -3 -2 ae 1 2 3 4 5 -5 =4 -3 -2 ree 1 2 3 4 5 
—2. —2. 
3 3 
4 —4 
+5 —5 
4, a. fyax b. g(x) =(x- 2)? +1 
» y 
A A 
5 5 
4 4 
3 3 
2 2. 
1 1 
> xX > xX 
-5 -4 -3 -2 ay 1 2 3 4 5 —5 -4 -3 reCaresey 1 2 3) SS 
-2 2 
—3 —3. 
4 4 
—5: 


For Exercises 5—6, evaluate the function for the given 


values of x. 
x+4 ifx<l 
Sal = ae ifx>1 
a. f(—2) b. f(0) ec. fC) d. f(3) 
= ifx<-l 
6. g=2" 
Se 0 if-1<x<2 
ve ife>2 
a. 2(9) b. g(1) c. g(0) d. 9(—3) 


For Exercises 7-10, graph the function. Also determine the 


domain and range. 


2 . 
7. no = {* +3 ifx<0 


x 


x+3 ifx>0 
F 
A 
8 
7 
6 
5 
4 
3 
2 
1 
= 
S-4-3-2-1 [1234 5 
~2 
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vx ifx>4 


x| ifx<4 
a we {hl 


y 
A 


>X 
-3 -2-1 1234567 


2 . 


2x ifx>1 


a 
34 32 123 4 5 


For Exercises 11-15, evaluate the permutation or 


combination. 
11. 4P, 12. 4C, 
13. 5P; 14. Px 
15. 3Cx 
16. A shelf can hold two different plants, three different 


vases, and two different pictures. In how many ways 
can these items be arranged? 
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17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


Chapter 11. Transformations, Piecewise-Defined Functions, and Probability 


There are 18 little league teams in one conference. 
Among the teams there will be a first-place winner, a 
second-place winner, and a third-place winner. 

How many arrangements of these places are 
possible? 


How many four-letter passwords can be formed from 
the letters in the name Euclid? 


A baseball team is selected from a pool of 20 
possible players. In how many ways can 9 players be 
selected? Assume that each player can play any 
position. 


There are five parking spaces and 12 cars that have 
access. How many ways can 5 cars be chosen to park 
in the spaces? 


Nick has won an award for basketball, for football, 
for bowling, and for soccer. He only has room for 
three awards to be displayed on a shelf. In how 
many ways can he display his awards? 


A spinner has six sections of equal size colored red, 
green, blue, purple, yellow, and pink. What is the 
probability of the spinner landing on a pink or a red 
section? 


Five people at a restaurant ordered drinks. Three 
ordered soda and two ordered coffee. The server 
forgot who ordered which drinks. If the server comes 
to the table with one soda, what is the probability 
that he will deliver it to a person who ordered it? 


The grade distribution for a history class is given 
in the table. A person is selected at random from 
the class. 


A 12 
B 8 
Cc 14 
D 5 
E 3 


What is the probability that 


a. The person earned an “A”? 
b. The person passed the class with a “C” or better? 


25. A psychology student performs a study to compare 


the attitudes of men and women concerning the 
violence on television. The table shows the results 
from a random sample of 200 people who were 
asked the question, “Is there too much violence on 
television?” 


Male 14 62 PD) 


Female 47 35) 20 


Suppose that a person is selected at random from the 
sample. What is the probability that 
a. The person is a female? 


b. The person thinks that there is too much violence 
on television? 


c. The person answered “no” or “maybe”? 


d. The person is a male or the person thinks there is 
too much violence on television? 


Student Answer Appendix SA-1 


Chapter 11 37. a. 


Section 11.1 Practice Exercises, pp. 11-8—11-14 


1. The graph of g is the graph of y = x° shifted to the left 2 units and 
shifted downward 8 units. 
3. .¢ 5. e 7. b 


9. Domain: (—oo, oo); range: [—4, oo) 


39. Domain: (—oo, 00); 41. Domain: (—0, 0); 


11. Domain: [3, 00); 13. Domain: (—o9, 00); range: (—1, 00) range: (—co, 3) 
y y 


range: [0, co) range: (—oo, oo) 


y y 


peppy Sperpeepagyengeny 
ha) s(x 
ee ne ee 


43. Domain: (—oo, 00); 45. Domain: (—0o, 00); 
15. Domain: (—oo, 00); 17. Domain: (—oo, 00); range: [-4, co) range: [0, co); 


range: (—oo, oo) range: [0, co) 
y y 


47. 


was riding 16 mph. 
19. Domain: [—1, 00); 21. Domain: (—o, 00); b. s(40) = 10; This means that 40 min into the ride, the bicyclist 
range: [—4, co) range: [2, co) was riding 10 mph. 


y 


c. s(65) = 20; This means that 65 min into the ride, the bicyclist 
was riding 20 mph. 
d. The ride ended after 67 min. Therefore, since s(67) = 24, the 
cyclist was riding 24 mph at the end of the ride. 
e- (0) 
3: 


23. Domain: [0, 00); 25. Domain: (—0o, 00); ae 
range: (—co, 0] range: (—co, —3] 5 


t 
? 10 20 30 40 50 60 70 


citeeepaseepaseeganeng ‘Time (min) 


Et v(x) = —( — 1-3 


x 


ace i 49. f= {7 forx<-l 


forx>-1 


xe forx<1 
: ale (3 forx>1 
iii 53. b. Constant speed is a constant function whose graph is a 
horizontal line. 
27. Domain: (—0o, oo); 29. Domain: (—00, 00); ae i 
range: (—co, —2] range: [1, co) Sees 


y 


y 


Section 11.2 Practice Exercises, pp. 11-20-11-23 
1. 120 3. 40,320 5. 1 7. 4-3-8-6=576 
9. 6!=720 11. 16-15- 14-13 = 43,680 


ISTUDY 


SA-2 


Student Answer Appendix 


13. 720; There are 720 ways in which 3 items can be selected from 


17.7 


19. 40,320 


21. 
27. 


10 in a specific order. 


5040 


23. gP>=56 


15. 95,040 


25. «Po =720 


11. 


120; There are 120 ways in which 3 items can be selected from 


10 items in no specific order. 


29. 220 


31.7 


33. 1 


35. 
41. 


b. WX, WY, WZ, XY, XZ, YZ 


7 


37. sC yp = 455 


39. ;C,= 10 


a. WX, XW, WY, YW, WZ, ZW, XY, YX, XZ, ZX, YZ, ZY 


43. P3=720 45. ,,C,= 462 


49. .P,=56 


51. 2-25 - 24-23 = 27,600 


47. Cs = 252 
53. C,=210 55. 3-3-2-2-1-1=36 57. oPy= 362,880 
59. Cir = 5,586,853,480 61. pC3- gC, =960 «63. 27 =8 
65. 2 =1024 «67. a. 9! = 362,880 _b. 6-5-7! = 151,200 
c. 6!-3!=4320 69. a. 79= 343. db. 7-6-5=210 
c.7-7:4=196 7. 46C5= 65,780 73. 433 - 13Cy = 22,308 


Section 11.3 Practice Exercises, pp. 11-29-11-32 
1. pCy=210 3. S!=120 5. acd Zeoef 9% 


Nile 


ll. 3 13. 56 ic OR Oe, A 


17. 


* 575,157 575,757 
prize and losing are not equally likely events. 

8 15 1 3 5 11 
* 59 59 og 4S 3 40 - 
23. a. 0.08 or 8% bz 0.83 or 83% 25. 0 : 30 


29. ald 31. : 33. 35. u 37. : 39. : 


19. 


41. 43. 


120 1 
49, a. 600 = 5 


Nile wn 
A 


160 4 — 580 _ 29 
"60015 % 600 30 


13.20 146 1510 166 17.6 181 
19. »C;= 142,506 20. ,Py=24 
21. pPsor10-9-8-7=5040 22. 3-4-3 =36 
oo 
23. a,b,c, d,f 24. a,c,d,e 25. Ce 9,366,819 
26C3 2600 -_ 2, 2 2, 
46. 39C3 22,100 17 a 25 a 3 
12 37 16 1 
29. a. . ; ; 
a 595 as 35 5p 
1 3 4 
31.75 32 GG 3G 


2. a. Domain: (—oo, oo); 


Chapter 11 Test, pp. 11-36-11-38 
1. 


b. Domain: (—oo, oo); 
range: [0, co) 


a. Domain: (—oo, 00); 
range: [0, co) 


b. Domain: (—oo, oo); 


range: [0, co) range: (—oo, 2] 


140 


7 


20 


1 


f. 


7 


0.292; : 


= 0.167; male firefighters 


d 


e. 


* 480 24 


120-6 


24 ~ 


6 


are more likely to be promoted. 


ernnwn 


Chapter 11 Review Exercises, pp. 11-35-11-36 


ce 0 d. 8 
ce. V3 d. 3 
a. 25 b.9 c. -3 d. -7 


3. a. Domain: [0, 00); 


4. a. Domain: (—co, oo); 


. Domain: (—co, co); 


b. Domain: [—2, 00); 
range: [—3, oo) 


range: [0, co) 


b. Domain: (—oo, 00); 
range: (—oo, 00) 


y 


1 


8. Domain: (—oo, 00); 
range: [0, co) 


y 


range: [3, co) 
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9. Domain: (00, 00); 10. Domain: (—co, 00); 1.12 126 ©=©13. 2520-14. 40,320 15. 1 
range: (oo, 2] range: [—2, co) 16. 7!=5040 17. 4gP3 or 18-17 - 16 = 4896 
| | 18. ,Py=360 19. Cy = 167,960 20. C5 = 792 
_ 24 3 12 2 3d 17 
2. sP=24 22,5 = > BE Ma RD boy 
102 51 61 139 , 145 _ 29 
28. a 500-100 200 © 200 % 2007 40 


ISTUDY 


A 


Absolute value functions, graphing, 11-7 
Alternatives, events expressed as, 1 1-27—11-28 
Applications 
of counting 
combinations in, 11-20 
fundamental principle of, 11-15—11-16, 11-34 
permutations in, 11-18 
of piecewise-defined functions, 11-1 
of probability, 11-24 
of transformations, 11-1 


Cc 


Certain events, probability of, 11-25, 11-34 
Combination rule, 11-19, 11-20 
Combinations, 11-18—11-20 
applying to counting problems, 11-20 
computing, 11-19 
defined, 11-19, 11-34 
formula for, 11-19, 11-34 
order of items in, 11-18-11-19 
permutations compared to, 11-20 
Compound events, 1 1-27—11-28 
Counting, 11-15-11-20 
applications of 
combinations in, 11-20 
fundamental principle of, 11-15—11-16, 11-34 
permutations in, 11-18 
combination rule for, 11-19, 11-20 
fundamental principle of, 11-15—11-16, 11-20, 11-34 
permutation rule for, 11-17, 11-20 
and probability, 11-26 


D 


Decimals, writing probabilities as, 11-25 


E 


Events 
as alternatives, 11-27—11-28 
certain, 11-25, 11-34 
compound, | 1-27-11-28 
defined, 11-24, 11-34 
impossible, 11-25, 11-34 
probability of, 11-24—11-26, 11-34 
computing, 11-25—11-26 
with two or more events, 1 1-27—11-28 
Experiments, defined, 11-24 


F 


Factorial notation, 11-16 
Formulas 
for combinations, 11-19, 11-34 
for permutations, 11-17, 11-19, 11-34 


Fractions, writing probabilities as, 11-25 
Functions 
absolute value, 11-7 
piecewise-defined, 11-1, 11-6—11-7, 11-33 
quadratic, 11-2 
transformations of graphs of, 11-2—11-5 
multiple, 11-5 
reflecting, 11-2, 11-3, 11-33 
shifting, 11-2—11-3, 11-33 
shrinking, 11-4, 11-33 
stretching, 11-2, 11-4, 11-33 
Fundamental principle of counting, 11-15—11-16, 11-34 
applications of, 11-15—11-16, 11-34 
defined, 11-15, 11-34 


G 


Graphs 
of absolute value functions, 11-7 
of piecewise-defined functions, 11-6, 11-7, 11-33 
probability determined from, 11-27 
of quadratic functions, | 1-2 
transformations of, 11-2—11-5 
applications of, 11-1 
multiple, 11-5 
reflecting, 11-2, 11-3, 11-33 
shifting, 11-2-11-3 
shrinking, 11-4, 11-33 
stretching, 11-2, 11-4, 11-33 
Greater than (>), 11-6 
Greater than or equal to (>), 11-6 


H 
Horizontal shift, 11-2—11-3, 11-33 


Impossible events, probability of, 11-25, 11-34 
Inequality symbols, 11-6 


L 


Less than (<), 11-6 
Less than or equal to (<), 11-6 


N 


Notation, factorial, 11-16 
Not equal to (#), 11-6 


oO 


Observed data, estimating probability from, 11-26-11-27 
Open dot symbol, 11-6 
“Or,” compound events joined by, 11-27 


1-2 Index 


Order 
in combinations, 11-18-11-19 
in permutations, 11-18 
Outcomes, defined, 11-24 


P 


Parabolas, as graph of quadratic functions, 11-2 
Parentheses, 11-3 
Percents, writing probabilities as, 11-25 
Permutation rule, 11-17, 11-20 
Permutations, 11-17—11-18 
applying to counting problems, 11-18 
combinations compared to, 11-20 
computing, 11-17 
defined, 11-17, 11-34 
formula for, 11-17, 11-19, 11-34 
order of items in, 11-18 
Piecewise-defined functions, 11-6—-11-7, 11-33 
applications of, 11-1 
defined, 11-1, 11-6, 11-33 
evaluating, 11-6—11-7 
graphing, 11-6, 11-7, 11-33 
Probability(ies), 11-24-11-28 
applications of, 11-24 
applying counting rules to, 11-26 
computing, 11-25—11-26 
determining from graphs, 11-27 
estimating, from observed data, 1 1-26—11-27 
of events, 11-24—11-26, 11-34 
computing, 11-25—11-26 
with two or more events, 1 1-27—11-28 
terminology of, 11-24, 11-34 


Quadratic functions, graphing, 11-2 


R 
Reflection, of graphs, 11-2, 11-3, 11-33 


S 


Sample space, defined, 11-24, 11-34 
Shifting, of graphs, 11-2—11-3, 11-33 
Shrinking, of graphs, 11-4, 11-33 
Stretching, of graphs, 11-2, 11-4, 11-33 
Symbols, open dot, 11-6 


T 


Transformations of graphs, 1 1-2—11-5 
applications of, 11-1 
multiple, 11-5 
reflecting, 11-2, 11-3, 11-33 
shifting, 11-2—11-3 
shrinking, 11-4, 11-33 
stretching, 11-2, 11-4, 11-33 
Trials, defined, 11-24 


Vv 


Vertical shift, 11-2—11-3, 11-33 
Vertical shrink, 11-2, 11-33 
Vertical stretch, 11-2, 11-4, 11-33 
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